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ABSTRACT

In this paper we address the problem of segmenting a tra-
jectory such that each segment is in some sense homoge-
neous. We formally define different spatio-temporal criteria
under which a trajectory can be homogeneous, including
location, heading, speed, velocity, curvature, sinuosity, and
curviness. We present a framework that allows us to segment
any trajectory into a minimum number of segments under
any of these criteria, or any combination of these criteria.
In this framework, the segmentation problem can generally
be solved in O(nlogn) time, where n is the number of edges
of the trajectory to be segmented.

Categories and Subject Descriptors
F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: Nonnumerical Algorithms and Problems
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Algorithms
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1. INTRODUCTION

Due to technologies such as GPS and RFID tags, trajecto-
ries are collected on a large scale. A trajectory represents
the locations of a moving object over a certain time interval.
Typically, a trajectory is collected by recording the location
at a number of moments in time. Such a sequence of points
with time stamps can then be interpreted as a continuous
motion path of a moving object by some form of interpola-
tion. The recording of locations can be done at regular or
irregular intervals. Due to noise in the GPS data certain
locations can be unreliable or missing. In some applications
the recording is speed-dependent, with higher sampling rates
if the moving object is faster.

With the existence of large collections of trajectory data, the
analysis of such data has also taken a flight. Examples are
detecting flocking behavior in trajectories of animals, com-
puting the similarity of the trajectories of several shoppers
in a supermarket, and determining commuting patterns in
the trajectories of people.

The analysis task we discuss in this paper is segmenting a
trajectory. The segmentation problem for a trajectory is to
partition it into a (typically small) number of pieces, which
are called segments. (Note that segment refers to subtrajec-
tory and not the mathematical line segment.) The idea of
segmentation is to obtain segments where movement char-
acteristics inside each segment are uniform in some sense.
Movement characteristics are for example, speed, heading,
or curviness, or any combination of such characteristics.
Segmentation aids in understanding the behavior of animals
from animal trajectories, it helps to find and analyze pat-
terns in movement of sports players, and is important for
content-based motion retrieval tasks.

Figure 1 illustrates the segmentation problem using differ-
ent criteria. To the top left, a possible trajectory is given,
based on points sampled with equal time intervals. This
means that the length of each edge is proportional to the
(average) speed along that edge. The heading along an edge
is the direction from the earlier endpoint to the later end-
point. To the top right, a segmentation is shown where the
criterion is that within each segment, the speed cannot dif-
fer more than a factor 2. Hence, a segment cannot contain
two edges of which one is more than twice as long as the
other. To the bottom left, a segmentation by heading is
shown, where the criterion is that within each segment, the
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Figure 1: A trajectory and three segmentations of it, indicated by squares.

direction of motion differs by at most 90°. To the bottom
right, a segmentation is shown where both criteria are used
in conjunction. In all three segmentations, the number of
segments used is minimum (3 for speed, 5 for heading, and
6 for speed and heading simultaneously).

Observe that using relative values within a segment is better
than using absolute boundary values, like 10 km/h, 20 km /h,
50km/h, and 100 km/h for speed (instead of a factor at most
2 between the highest and lowest speed within a segment).
Using absolute values segments a trajectory that has speeds
51-51-98-98-103-103 km/h along its edges wrongly. Also, it
would segment a trajectory with speeds 49-51-49-51 km/h
along its edges (needlessly) into four segments.

Trajectories can be segmented either only at vertices or also
in between vertices. We refer to the former as discrete and
the latter as continuous segmentation. In this paper, we
consider continuous segmentation because it can give fewer
segments than discrete segmentation, see Figure 2. Contin-
uous segmentation is algorithmically more challenging than
discrete segmentation. Still we will show that continuous
segmentation can be solved efficiently with a relatively sim-
ple approach. Our results can be adapted (simplified) to
discrete segmentation. Which form of segmentation is ap-
propriate depends on the application: if no new vertices may
be introduced in the segmentation process, then discrete seg-
mentation is required; otherwise, continuous segmentation
gives better results.
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Figure 2: A trajectory and its segmentation by lo-
cation. The arrow shows the maximum allowed sep-
aration of two points within one segment. Discrete
segmentation requires seven segments and continu-
ous segmentation requires four segments.

Several existing approaches segment moving object trajec-
tories with the goal of efficient data handling and mining
[1, 6, 14], rather than uniform movement properties. They
consider trajectory segmentation using minimum bounding

boxes with the objective to realize efficient spatio-temporal
range queries. Other approaches segment based on how
well each segment fits with some polynomial [10], on spatio-
temporal distances [16]. Computational techniques for tra-
jectory segmentation include dynamic programming to find
the minimum number of segments, and heuristics without
performance guarantees as an alternative, due to the high
computational cost of dynamic programming.®

Our approach to the segmentation problem is the following.
For each relevant movement characteristic we define an at-
tribute function that specifies a value at every location on
the trajectory. For instance, attributes can be speed, head-
ing, and curvature. Then we define criteria that specify that
within any single segment, the attribute values at any loca-
tion within a segment are sufficiently similar. For instance,
the speeds should be at most 30% different within each seg-
ment. This implies that we will have a guaranteed similarity
of each incorporated attribute within each segment. Within
the limitations imposed by the similar attribute values, we
minimize the number of segments used in the segmentation.

Overview. In Section 2 we define a trajectory and the in-
terpretation of it as a representation of the motion path of a
moving object. We also define the trajectory segmentation
problem and when criteria are monotone. In Section 3 we
discuss the basic attributes location, heading, speed, and ve-
locity, and which criteria for them can be used for segmen-
tation. In Section 4 we present an algorithmic framework
that allows us to efficiently segment according to many dif-
ferent criteria and combinations of these criteria. We prove
that for monotone criteria we can use a greedy strategy for
segmentation to obtain an optimal solution, and hence we
can avoid dynamic programming. We show that for natural
criteria relating to location, heading, speed, and velocity,
efficient algorithms exist. In Section 5 we consider more
complex attributes like curvature, sinuosity, and curviness,
and possible criteria for them. We will show that segment-
ing optimally and efficiently on these criteria is possible as
well, with the same approach.

'More related work exists in fields like video tracking, mo-
tion capture, and time-series analysis. Due to different ob-
jectives of the segmentation and lack of space in this paper,
we will not review it here.



2. PRELIMINARIES

DEFINITION 1. A trajectory 7 is a continuous mapping
from a time interval [to,t,] to the plane (or a higher-di-
mensional space). For any time t € [to,t,], we denote the
location in the plane at time t by 7(t). For any two times
t,t' € [to,tn] with t < t', we denote the subtrajectory of T
from time t to time t' by T[t,].

While a trajectory is the continuous motion path of a moving
object, its representation usually follows from the way it is
collected: a discrete sample of time-space positions.

DEFINITION 2. A piecewise-linear trajectory 7 is a tra-
jectory where for some sequence of time steps to < t1 <
<o < tp, the location T(t) for t € [ti,tit1] is the linear in-
terpolation over time of T(t;) and 7(tix+1), that is, the point

tip1—t t—t;
t:jllfti ’ T(ti) + tiJrljti ' T(t”l)'

Note that a subtrajectory of a trajectory is a trajectory it-
self, and the same holds true for piecewise-linear trajectories.
In this paper we are only concerned with piecewise-linear
trajectories, and from now on we use the term “trajectory”
for any piecewise-linear trajectory.

Assume that a trajectory 7 is defined by times to,t1,...,tn
and their images 7(to), 7(¢t1), . .., 7(tn). We define v; = 7(t;)
for 0 < i < n, and vo,v1,...,v, are the vertices of 7. We

define e; = w;—1v; for 1 < ¢ < n to be the edges of 7.
Notice that if for some 4, v;—1 = v;, then e; has zero length
and the moving object was not moving in the time interval
[ti—1,t:]. The speed of the moving object is constant on
every edge, which follows from the definition of piecewise-
linear trajectories.

An optimal segmentation of a trajectory is a segmentation
into a minimum number of subtrajectories (segments) ac-
cording to one or more criteria. Criteria typically concern
attributes of the trajectory that are defined at any time ¢,
and bounds on the relative values of these. A criterion is
monotone if for any subtrajectory 7" C 7, we have that if 7’
satisfies the criterion, then any subtrajectory 7/ C 7’ also
satisfies the criterion. It is easy to see that a conjunction of
monotone criteria is again monotone.

The monotonicity condition implies that if we have any sub-
trajectory for which the criterion is not satisfied, then ex-
tending the subtrajectory cannot satisfy the criterion. There
are many examples of criteria that are monotone. For in-
stance, criteria that bound the range (or maximum extent)
of an attribute are always monotone. The range can be
bounded by bounding the difference of the extreme values
(e.g., the difference in minimum and maximum speed is at
most 20 km/h), or by bounding the ratio of the extreme val-
ues (e.g., at most a factor of 1.5 different). Our algorithmic
framework to be described applies in case segmentation is
done on one or more monotone criteria.

3. ATTRIBUTES AND CRITERIA

Next, we discuss some specific, basic attributes and corre-
sponding criteria. These attributes are location, heading,
and speed. We also discuss velocity, the combination of

heading and speed. For all, natural criteria exist that are
monotone. Furthermore, the criteria that we give do not use
fixed, absolute values of the attribute to bound segments,
and hence they avoid oversegmentation.

Location. The location of a point on a trajectory is given
by its coordinates in a spatial reference system. Since trajec-
tories are continuous motion paths of objects, the location
changes continuously over time, along the trajectory. We
give two criteria based on location. Both will—intuitively—
bound the distance between points within one segment.

One criterion based on location states that each location in
a segment in a segmentation should be within a fixed-size
neighborhood of some (unspecified) location. Geometrically,
for any segment, a disk of fixed size must exist that covers
the locations of that segment completely. Clearly, the disk
criterion is monotone: if some subtrajectory can be covered
by a fixed-size disk, then any part of it can also be covered
by such a disk (namely, by the same disk). Alternatively,
we could impose the criterion that no two points within one
segment are more than some given distance apart. Geomet-
rically, we bound the diameter within a segment’s locations.
The diameter criterion is also monotone. Segmentation by
the diameter criterion was shown in Figure 2.

Heading. The heading at any moment in time is the direc-
tion in which the moving object is traveling at that moment.
It can be specified by an angle in the range [0, 27) according
to some reference system, or it is UNDEFINED if the object
is not moving. For example, purely East has angle 0 and
purely North has angle +7/2. For trajectories represented
by vertices and edges, the heading has a natural definition
on each edge, but not at vertices. To define heading at a
vertex, we can for instance choose it to be the same as the
heading on the edge just before or after the vertex. We
should choose it to make sure that no segment consists of a
single vertex.

A natural criterion for heading is that in each segment, the
heading lies within an angular range of some prespecified size
«, or it is UNDEFINED. In other words, for each segment, all
of its edges have length zero and the heading is UNDEFINED,
or there exists an angle 8 such that all edges in the seg-
ment have angles in the range [3, 8 + «]. This range should
be interpreted modulo 27, as heading has a circular scale.
The angle @ must be chosen smaller than 27; a reasonable
value might be 7/2 but it depends on the application. This
angular range criterion for heading is monotone.

Speed. The speed at any moment in time is well-defined on
any edge since we assume constant speed on any edge. At
any vertex, the speed can be chosen the same as the speed on
the edge just before or after the vertex. A natural criterion
for speed is that on any segment, the difference (or ratio)
of the maximum and minimum speed is at most some given
value. This difference criterion for speed (or ratio criterion
for speed) is monotone.

An example of a criterion that is not monotone is specifying
that the standard deviation of the speed is below a given
value in each segment. It is possible that the standard de-
viation decreases by extending a segment.



Velocity. The velocity at any location on 7 is captured by a
vector whose length is speed and whose direction is heading.
Previously we bounded speed and heading separately, but
we can also define a criterion directly on velocity. To this
end, consider the velocity vector plane, where any point p
represents the vector from the origin O to p. The origin
O represents the null vector. Since all points on any single
edge of 7 have the same velocity, they are represented by
the same point in the velocity vector plane.

Let a be some fixed angle in [0, 7] that is specified by the
criterion. An a-wedge is a wedge whose apex is at O and that
has opening angle « in the velocity vector plane. The disk
criterion for velocity specifies that there exists a disk inside
an a-wedge such that for each segment of the segmentation
and for any location on an edge in that segment, its velocity
vector has its representing point in that disk. Note that if
the representing points fit in a disk that lies inside a wedge
of opening angle «, we can always enlarge the disk to be
tangent to the bounding rays of the wedge and keep the
points representing the velocity vectors inside.

The criterion is quite similar to the angular range criterion
for heading combined with the ratio criterion for speed, for
which the shape is a sector of an annulus centered at O in the
velocity vector plane. Figure 3 illustrates the two criteria.

(a) (b)

Figure 3: The points represent velocity vectors
starting at O. (a) Speed and heading are bounded
independently. (b) Speed and heading are bounded
in conjunction with the disk criterion.

4. ALGORITHMIC FRAMEWORK

We show that a trajectory with n edges can be segmented
optimally and in O(nlogn) time if the following conditions
are fulfilled. The segmentation we compute is continuous,
that is, not necessarily at the vertices of 7.

e The criteria used are monotone.

e There is an O(m) time test whether a subtrajectory
T[ts, t;] satisfies the criteria (where m = j — i+ 1).

e If subtrajectory 7[t;, ;1] satisfies the criteria but sub-
trajectory 7[t;,t;] does not, there is an O(mlogm)
time method to maximize q € [t;_1,t;] such that sub-
trajectory 7l[t;, q] satisfies the criteria.

4.1 Greedy strategy

A greedy strategy for segmentation starts at the start of
the trajectory and makes the first segment as long as possi-
ble, until the segment would not satisfy some criterion any-
more. The remainder of the trajectory is then segmented
in the same way, always choosing the longest possible next
segment. If a segmentation problem uses criteria that are
monotone, then a greedy method can be used to efficiently
find an optimal solution. We show this next.

THEOREM 3. Given a trajectory T and a number of mono-
tone criteria for segmentation that should all be satisfied, a
greedy strategy yields an optimal solution to the segmenta-
tion problem.

Proor. Let to = ao,...,ax = t, be the sequence of
times where the greedy segmentation yields segment bound-
aries, and assume that an optimal segmentation has seg-
ment boundaries at times to = bo,...,b = t,. Let b; be the
first time with b; > a; (if no such ¢ exists then £ < [ and
the greedy strategy is optimal as well). Since b;—1 < a;—1,
the i-th greedy segment starts no earlier than the optimal
segmentation. But then, by monotonicity, 7[a;—1,b;] must
satisfy the criteria as well because [a;—1,b;] C [bi—1, b;], and
the greedy strategy would have extended [a;—1,a;] at least
up to b;. Hence, b; > a; leads to a contradiction with the
greedy strategy. [J

On the one hand, it may be natural to have the ends of
segments at the vertices of the trajectory only. On the other
hand, this is a restriction on the segmentation that is not
needed to obtain a simple and efficient algorithm. We will
discuss both versions.

4.2 Algorithm outline

With slight abuse of terminology, we use vertex also for a
time stamp like ¢;, and we use edge also for an elementary
time interval like [ti,t;+1]. The algorithm to compute an
optimal segmentation using one or more criteria has a rather
simple structure. Starting at the end time s of the last
completed segment (for the first segment s = to), we find
the longest segment that satisfies the criteria by determining
a vertex t; so that 7[s,t;_1] satisfies the criteria but 7[s, ;]
does not. If we restrict ourselves to segmenting at vertices
only, then we end the current segment at ¢;_1. Otherwise,
we proceed by maximizing the part of the edge [tj—1,1;]
that still satisfies the criteria to determine the end time of
the current segment.

Suppose that we have two routines. One is an algorithm
TEST(7[s, q]) which returns true if the subtrajectory 7[s, ¢
satisfies the criteria, and false otherwise. The other is an
algorithm FURTHEST(7[s,t;]) where t;_1 is the last vertex
for which 7[s, t;_1] satisfies the criteria, and returns the last
time in [t;_1,¢;] that satisfies the criteria. FURTHEST is not
needed in case of discrete segmentation.

Incremental method. The most simple implementation for
a greedy strategy is incremental. Let ;411 be the first vertex
strictly after s, the end time of the last segment. We incre-
mentally call TEST(7[s, ti+1]), TEST(7[s, tit2]), ..., until a
test fails. If this happens for the test TEST(7[s, ¢;]), then we
run FURTHEST(7[s, t;]).

The efficiency of this implementation depends on whether
we can efficiently run TEST(7[s, tita+1]) if we already know
that TEST(7T[s, tita]) returns true. For the monotone criteria
given for heading and speed, we can test every next vertex
and edge in O(1) time and this results in a linear running
time. In fact, using this method one can segment a trajec-
tory with n edges optimally in time O(n) with respect to
range criteria of single-valued attributes, if FURTHEST takes
O(m) time on a subtrajectory of m edges.



For the disk and diameter criteria for location, this is not the
case. We would need an algorithm to efficiently maintain the
diameter or smallest enclosing disk under insertions. Such
an algorithm exists for the problem of deciding whether a
disk of given radius exists that contains the points, under
insertions and deletions given off-line with O(log m) update
time [8], but not for the diameter version. In any case, the
method we describe next is simpler, equally or more efficient,
and more general.

Double-and-search method. We next present a different
implementation of the greedy strategy that is guaranteed
to work in O(nlogn) time for many criteria and combina-
tions of criteria. We present this result in a general theorem
later in this section. The implementation uses the doubling
search technique which combines an exponential and a bi-
nary search.

Suppose we have segmented a trajectory up to a time s, and
let tiy1 be the first vertex strictly after s. Initialize a < 1.
Then we call TEST(7[s, ti+a]). If successful, we double the
value of a and repeat. The loop ends if the test is not suc-
cessful or i +a > n. In the latter case we call TEST(7 (s, tn]).
If successful, the whole remainder of the trajectory is the
last segment and we stop.

If a =1, we know j =i+ 1. Else a = 2% for some k > 1 and
we know that j € [i 4+ a/2, min(i 4+ a,n)]. In this interval of
size at most a/2, we perform a binary search using TEST to
make decisions to determine the exact value of j. When j
is determined, we call FURTHEST(7][s,t;]) to determine the
latest time ¢ on the edge [t;j—1,t;] such that the criteria for
the segment up to ¢ are still satisfied. The time ¢ is then
used as the new starting time s in the computation of the
next segment.

p
// Input: 7 = (vo,t0),..., (Un,tn)
i < 0; s < to;
while (s # tn)

// Phase 1: find first vertex v; that “does not fit”

a + 1;

while (i+a < n && TEST(7[s, ti+a]))
{ a+ 2a; }

j < Binary search in [i + |a/2], min(i 4+ a,n)],
s.t. TEST(7[s,t;—1]) = true A
(j=n Vv TEST(7[s,t;]) = false);

// Phase 2: find latest time ¢ on edge [t;_1, ;]
q < FURTHEST(7[s,t;]);

Topt < Topt U T[s,q]; // Next segment found
s < q; 1 < j—1;

}

Algorithm 1: Simple algorithmic framework for tra-
jectory segmentation.

THEOREM 4. For a trajectory with n edges, if TEST takes
T(m) time for a subtrajectory with m edges and FURTHEST
takes F'(m) time for a subtrajectory with m edges, then opti-
mal segmentation takes O(T (n)logn+F(n)) time (assuming

T(m) and F(m) are at least linear in m and at most poly-
nomial in m, and the number of segments in the output is
at most linear in n).

PROOF. Suppose the optimal number of segments is k,
let ma,...,my be the numbers of edges (fully or partially)
spanned by the segments which are computed by our algo-
rithm. We can argue that Zle m; < 2n+(k—n) =n+kas
follows. The number of segments spanned by a segment is
at most one plus the number of vertices spanned. A vertex
can be contained in at most two segments. There can be at
most n segments that contain a vertex, the at most k — n
remaining segments each increase the sum by 1.

During the computation of one segment, TEST is called on
values that are smaller than 2m. The number of times it
is called in the while loop is bounded by the maximal z
such that 2% < 2m, i.e., z < log2m, since the test value is
doubled until it reaches the first number that is greater than
m. After this, a binary search on the interval of size at most
m will perform a maximum of O(logm) calls to TEST using
values smaller than 2m. Computing a segment spanning m
edges therefore takes at most O(T'(2m) logm + F(m)) time.
Note that FURTHEST is called only once in the end.

We conclude that the algorithm takes 3% | (T'(2m;) logm;+
F(m;)) time in total. Since T'(m) is at least linear, T'(m) logm
is at least linear as well, and since F'(m) is also linear,
SF L (T(2m;) logm; 4+ F(my)) < T(n+k)log(n+k)+ F(n+
k). Since k = O(n) and T(m) and F(m) are at most
polynomial, we have T'(n + k)log(n + k) + F(n + k) =
O(T(n)logn+ F(n)). O

The two routines TEST and FURTHEST depend on the ac-
tual criteria used to segment. For most of the monotone
criteria mentioned above for location, heading, and speed,
we can show that TEST and FURTHEST can be performed in
linear time, and Theorem 4 yields O(nlogn) time solutions
for segmentation. Note that we do not need FURTHEST for
attributes that are constant on edges.

Suppose that we require for each segment that the locations
are within a disk of radius 7, the headings are within an an-
gular range with angle «, and the ratio of the maximum and
minimum speed is at most s. Then TEST(7[t;, t;]) can eas-
ily be implemented in linear time using known, simple algo-
rithms for smallest enclosing disk on the points v, ..., v; [4,
11, 15] and trivial algorithms for heading and speed. If the
algorithm segments because of a too large difference in head-
ing or a too large ratio in speed, then it segments at a ver-
tex because heading and speed are constant over edges of 7.
Otherwise, we need to use FURTHEST to determine the latest
time that still satisfies the location criterion. First, assume
that we use the disk criterion for location. Then a simple
and efficient algorithm for FURTHEST exists because it is a
so-called LP-type problem. LP-type problems can be solved
using randomized incremental construction, a powerful tech-
nique that can solve various optimization problems with a
surprisingly simple implementation [3, 4, 5, 15]. Let P be
the set of points pi1,...,pm; assume pi,...,pm—1 fit inside
some radius r disk but not p1,...,pm. Apply an affine trans-
formation to P so that pm—1 = (0,0) and p,, = (0,1). Now
the problem of finding the disk with given radius that con-



tains pm—1 and the largest portion of p,,—1p.m, is transformed
into the problem of finding a disk with some (different) ra-
dius r’ that contains P (after transformation) and has the
rightmost possible intersection with the z-axis.

Either the optimal solution is realized by a disk whose center
is the center point of the line segment connecting the inter-
section of the disk with the positive xz-axis and one of the
points of P, or it is realized by a disk that has two points on
its boundary, see Figure 4. In the latter case, the two points
on the boundary and the intersection point form a triangle
that contains the center of the disk.

(a) (b)
Figure 4: Optimal solution determined by (a) one
point, or (b) two points. The arrow to p,, illustrates
the optimization.

The code for solving the problem is given in Algorithm 2;
the returned result must be transformed back by the inverse
of the affine transformation. Note the similarity to the code
for smallest enclosing disk or linear programming in constant
dimensions [4].

// Input: A set P with m — 1 points, and a radius r
Let (p1,...,pm—1) be the points of P in random order;
D1 + OpTDISK(7, p1);

for h+ 2 to m—1

if Dp_; contains pp
{ Dn< Dny; }
else Dy < OPTDISK(7,p1,...,ph—1) wWith the
condition that p; is on Dp’s boundary

}

return the rightmost point on the z-axis and in Dy,—1
. J

Algorithm 2: Randomized incremental construction
for FURTHEST for the disk criterion for location.

Algorithm 2 uses a routine OPTDISK which can be imple-
mented as follows. Note that a disk of fixed radius whose
boundary contains a point p, can only pivot around this
point, and has just one degree of freedom which is angular.
Every point in pi,...,pn—1 restricts the angle by some an-
gular interval, and the common intersection of these is again
an angular interval that is computed in O(m) time by a sin-
gle for-loop. Over this angular interval we can optimize the
disk easily in O(1) time. Therefore, using the standard effi-
clency analysis for randomized incremental construction [4],
Algorithm 2 takes linear expected time, where the expec-
tation is only over the randomization performed within the
algorithm (there are no difficult inputs).

LEMMA 5. Given a subtrajectory T[t;, t;] such that vs, ...,
vj—1 fit in a disk of radius v but vy, ...,v; do not fit in any
disk of radius r, the problem of computing a disk of radius r

that contains vi, . .
is LP-type.

.,vj—1 and the largest possible part of e;

Proor. We will show that the equivalent, transformed
problem is an LP-type problem. We have observed that
an optimal solution for P is already determined by up to 2
points of P, the basis of the problem, which shows that the
combinatorial dimension of the problem is 2. We need to
show the two requirements monotonicity and locality.

Monotonicity is trivially satisfied: if a point of the set is re-
moved, then the disk still covers the remaining points, and
therefore the solution for the new problem instance cannot
be worse (meaning: less of the positive z-axis covered). To
ensure locality we need to show the following: if a point set
G yields an optimal point with z-coordinate z¢ and a subset
F C G also yields zr = z¢, then the two disks are identical.
Let D¢, Dr be the disks corresponding to G and F', respec-
tively. Assume for the sake of contradiction that Dp # Dg.
Clearly all points in F' lie inside Dr N D¢g because both are
enclosing disks. The two disks have boundaries that pass
through (za,0), since they have the same optimal solution.
Let g be the other intersection point of the boundaries of D
and Dg. Now we can pivot Dr around ¢ while increasing
Dr N D¢, which necessarily results in an intersection point
of the boundary of D with the positive x-axis with higher
z-coordinate, a contradiction. []

If we use the difference criterion for speed instead of the ratio
criterion, only one simple test changes in the algorithm. If
we use the diameter criterion for location instead of the disk
criterion, then we can implement FURTHEST to run in O(m)
time, where m = j — i. We simply compute for each vertex
(including 7(s)) the furthest point on the edge e;, which is
still within distance d to this vertex and pick the closest over
all of the computed points.

THEOREM 6. An optimal segmentation using the disk or
diameter criterion for location, the angular range criterion
for heading, and the ratio or difference criterion for speed,
can be computed in O(nlogn) time for a trajectory with n
edges.

We next turn our attention to velocity without using speed
and heading separately. Recall that this problem must be
solved in the velocity vector plane, where points represent
the velocity vectors of the edges of 7. The origin O repre-
sents 0. Let o be the fixed opening angle of the wedge with
apex at the origin O specified by the disk criterion; we de-
note such a wedge by a-wedge. Note that we cannot simply
compute the minimum enclosing disk and check if the small-
est wedge that contains it has angle at most a: a slightly
larger disk that is further from O may have a smaller open-
ing angle, see Figure 5(a). Instead, we consider a-wedges
only, and will compute the smallest disk that is twice tan-
gent to an a-wedge. We can show that this is an LP-type
problem, and hence TEST for the disk criterion for velocity
can be solved in linear expected time using randomized in-
cremental construction. The algorithm may give a smallest
disk exists that is twice tangent to an a-wedge, and then we
return true, or no smallest disk exists (and therefore no disk
at all), and then we return false as the result of TEST.



The following lemma describes center points of circles that
contain a fixed point on their boundary while remaining
twice tangent to some a-wedge, see Figure 5(c).

|
e

[e%

O 32
(b)

Figure 5: (a) Computing the tangents to the mini-
mum enclosing circle is not guaranteed to give the
wedge with smallest angle. (b) The radius r and the
distance d of the circle center to O are directly re-
lated via dsin(a/2) = r. (c) The circles pivoting at a
fixed point p while remaining tangent to an a-wedge
have their center on the circle L.

LEMMA 7. For any point p, the locus of the center points
of circles that are twice tangent to an a-wedge that contains
p is a circle.

ProOOF. For any circle inside and twice tangent to the a-
wedge, denote its center by ¢ = (c1,c2) and radius by r,
and let d = d(c, O). Notice that r = dsin(a/2) for all such
circles, see Figure 5(b). Hence, p = (p1,p2) lies inside the
circle if and only if

(pr—c1)’+(p2—c2)® < r° = d*sin®(a/2) = (ci+c3) sin®(a/2).

This is equivalent to

(cl - 00821210[/2)>2+ <02 - COSQIEZ/”Y < (prrpg)%

which means that c lies inside the circle centered at the

point ( ) with radius /(p? +p§)%-

p1 p2
cos2(a/2)? cos?(a/2)
See Figure 5(c) for an illustration. [

LEMMA 8. The problem of computing the smallest disk
twice tangent to and inside an a-wedge is LP-type.

PRrOOF. If the velocity vector representations (points) of
the edges e;,...,e; of the subtrajectory can be covered by
a disk that is twice tangent to an a-wedge, then the cen-
ter point of this disk lies in the intersection of the disks of
the type described in Lemma 7. We can compute these disks
D, ...,Dj; in O(m) time, where m = j—¢+1. The radius of
a circle tangent to a wedge of apex O and opening angle « is
related to the distance d of its center to O by dsin(a/2) = r,
see Figure 5(b). Therefore, the smallest disk that covers the
points and is twice tangent to an a-wedge has its center at
the point on the boundary of D1 N---N D, and is closest to
O; its radius is uniquely defined by the position of its center
point. A basis either consists of one disk D;, in which case
the point on the boundary of D; that is closest to O is the
center point that realizes the smallest disk, or the basis con-
sists of two disks D; and Dj, in which case the center point
of the smallest disk is the intersection point of the bound-
aries of D; and D; that is closest to O. Therefore the basis

computation is trivial, and the combinatorial dimension of
the problem is again 2.

The monotonicity criterion is trivially satisfied: the intersec-
tion of a set of disks G is still contained in the intersection
if we remove a disk D; from the set. Therefore a valid solu-
tion for G is also a solution for G\ D; and the closest center
point cannot be further from O. To show that the locality
criterion is satisfied, we argue as follows. Let ' C G be
a subset of the disks in GG, and assume for a contradiction
that they define different closest center points cr and ca
that are at the same distance from O. Let R = (. D,
then cr,cq € R. By convexity of R, the whole line segment
connecting cr and cg lies in R. But then the midpoint is in
R and it is closer to O than cr and cg, a contradiction. [

The lemma above immediately implies that TEST for the
disk criterion for velocity can be made to run in linear ex-
pected time. Since velocity is constant over edges of 7, we
do not need FURTHEST for this criterion. We obtain:

THEOREM 9. An optimal segmentation using the disk or
diameter criterion for location and the disk criterion for ve-
locity can be computed in O(nlogn) time for a trajectory
with n edges.

5. FURTHER ATTRIBUTES

While location, heading, speed, and velocity are perhaps
the most basic attributes that can be defined for points on a
trajectory, there are several others that may be useful for the
segmentation problem. We study the attributes curvature,
sinuosity, and curviness, and possible criteria for these that
can be used in our algorithmic framework.

The attributes we discuss next require a neighborhood for
their definition. A neighborhood of a point 7(¢) is a subtra-
jectory that contains 7(t). For example, to define curviness
at a location 7(¢) on 7, we need to measure the total angu-
lar change for an interval around 7(t). We assume for now
that this neighborhood always exists, see Remark 14 for de-
tails on how to deal with missing neighborhood information.
There are three natural ways to obtain such a neighborhood:

k-Vertex neighborhood: The subtrajectory from the k-
th vertex before 7(t) until the k-th vertex after 7(t)
(counting 7(t) itself only once if it is a vertex, and
clipped at the start and end of 7 if necessary).

d-Space neighborhood: The subtrajectory from the loca-
tion at distance d before 7(¢) until the location at dis-
tance d after 7(t) (measured along the trajectory, and
clipped at the start and end of 7 if necessary).

{-Time neighborhood: The subtrajectory in between time
t —t and time ¢ + t (clipped at the start and end of 7
if necessary).

A vertex neighborhood may be appropriate only if the sam-
pling is regular and no data is missing, otherwise, vertex
neighborhoods are not meaningful. In case 7 was sampled
with regular time intervals, a time neighborhood is the con-
tinuous version of a vertex neighborhood. A vertex neigh-
borhood, however, changes abruptly at the vertices, while
time neighborhoods always change gradually.



(a)

(e T(t) T(trisht)
(b) T(tleft) T(t) T(tright)
(C) T(tleft) T(t) T(tright)
<d—>

Figure 6: (a) Vertex, (b) space, and (c) time neigh-
borhood of a point 7(¢) on a trajectory which was
sampled with regular time intervals.

An attribute which defines a value of the trajectory at a time
t is based on some subtrajectory of 7. Let us denote by gleft
and "8 the start and end times of this subtrajectory. The
three locations 7(£°%), 7(¢), and 7(¢"8") generally lie on
three different edges of 7, although these could be the same.
When ¢ increases, ' and #'18"* also increase, and T(tleft),
7(t), and 7(t8") move forward along 7 (unless the object

right) Since each of ¢'°ft,

was stationary at time tleft, t,ort
t, and '8P goes past the times to, . .., ¢, of the vertices of
T at most once during the whole increase of ¢ from to to t¢,,

the total number of triples of edges on which ('), 7(¢),
and 7(t"8") lic is at most 3n. We will see that as long as
(™), 7(t), and 7(¢"8") lie on the same triple of edges,
an attribute value of interest is constant or is given by a
well-defined, analytic function of t.

When the segmentation uses a criterion based on an at-
tribute that requires a neighborhood, we will preprocess the
trajectory so that we can evaluate the attribute value at
every time efficiently. We do this as follows. Perform a
sweep with ¢ from to to t,, and simultaneously keep track
of 1 and '8 Whenever ! or '8 is on one of the

times to, ..., t, that define vertices of 7, add a time stamp
t and vertex 7(t) to the trajectory (unless t is on one of the
times to, ..., tn itself already). For the time interval up to t

from the previous time stamp before ¢, determine and store
the analytic function that gives the attribute value for any
time in that time interval. How this is exactly done depends
on the attribute value definition, but for the examples we
discuss in this section (curvature, sinuosity, and curviness),
preprocessing takes only linear time. Preprocessing is triv-
ially done in linear time when the neighborhood of any point
7(t) involves only O(1) vertices. When neighborhoods can
involve many vertices, then it is still easy to perform the pre-
processing in linear time by a scan over the trajectory with
tleft ¢ and "€ simultaneously, and maintaining suitable
information about the analytic function on the way. We de-
note the analytic functions that define the attribute values
along 7 when t € [to,tn] by ¢1(t),...,¢r(t). Here, k < 3n
is the number of edges of 7 after adding the extra vertices.
The time intervals over which the ¢o(t),...,dr(t) are de-
fined form a partition of [to, ts], so together they define the
attribute of a function ¢(¢) for all of 7.

THEOREM 10. Let T be a trajectory with n edges and let
an attribute function ¢(t) be defined for any t € [to,tn] by
analytic functions ¢o(t),...,¢r(t), with k = O(n). If for

any 1 < i < k, we can (i) evaluate ¢;(t) in time O(1), (i)
compute the minima and mazima of ¢;(t) over the interval
on which it is defined in time O(1), and (iii) evaluate ¢~ *(y)
in time O(1), then the optimal segmentation with respect to
a range criterion of this attribute takes O(nlogn) time after
preprocessing, assuming there are at most O(n) segments.

PROOF. Assumption (ii) implies that each ¢;(t) has O(1)
extrema in the interval on which it is defined. We add these
extrema as time stamps and vertices to 7, and note that
7 still has O(n) vertices and edges in total. Adding time
stamps at extrema of ¢ causes ¢ to be monotone (increasing
or decreasing) on each edge. The functions ¢1 (%), ..., ¢x(t)
can each be associated with O(1) consecutive edges. With
this adaptation, TEST can be used as before, and we need
to evaluate ¢ at vertices of 7 only to determine if a subtra-
jectory T[s, t;] satisfies the range criterion of the attribute.

The routine FURTHEST(7[s, t;]) requires the computation of
the inverse function ¢;~ on some interval [t;_1,1;], to find
the last moment of time up to where the segment still sat-
isfies the criterion. We evaluate ¢ at s and the vertices
tit+1,...,tj—1 to obtain the maximum and minimum values
realized. If function ¢; is increasing, then we use the mini-
mum realized value on 7[s,t;_1] to compute the maximum
allowed value Maz of ¢;. The correct result of FURTHEST is
the time ¢].’1 (Maz). Symmetrically, if function ¢, is decreas-
ing, then we use the maximum realized value on 7[s,t;—1] to
compute the minimum allowed value Min of ¢;. The correct
result of FURTHEST is the time q&;l(Mm) By assumption
(iii), we can compute the inverse of ¢; in constant time.

Now, Theorem 4 implies that optimal segmentation takes
O(nlogn) time after preprocessing, using the same algo-
rithm as before. [

Next we discuss the attributes curvature, sinuosity, and curvi-
ness and show that we can segment optimally with respect
to a range criterion for each attribute in each case.

Curvature. Discrete curvature estimators have been stud-
ied widely to deal with the fact that the standard curvature
definition is not suitable for piecewise-linear curves [7, 9].
The commonly used methods can be classified into three
categories: those that use Gaussian smoothing, those that
use curve or circle fitting, and three-point estimators. All of
these methods define the curvature at a point based on sam-
ple points from a constant-size neighborhood of this point,
implicitly or explicitly. Three-point estimators define the
curvature at a point p using the three points p_, p, p+, where
p— is the starting point of the neighborhood of p, and py
is the location on 7 where this neighborhood ends. We now
discuss three definitions of this type, as described in [9],
and how they can be used in our framework. Different defi-
nitions of curvature exist in differential geometry which are
all equivalent. The corresponding definitions of discrete cur-
vature are not equivalent, however.

Firstly, the curvature can be defined as the rate of change
of the direction of the tangential vector. A first definition
of discrete curvature therefore uses the turning angle of the



directed line segments connecting the three points:

Z(p—,p,p+) (1)

R\P) = )
®) = T =p_+ o =]

_ , _<P—P_,p4 P> _
where Z(p—,p,p+) = arccos To—p—T-Tp7 =7l defines the turn

ing angle.

Secondly, the curvature can be based on the inverse of the
radius of the osculating circle. The second definition of dis-
crete curvature approximates this circle by the circle passing
through the three points, which is the circumcircle of the tri-
angle formed by them.

Ii( ) 2|(p _p*) X (p+ _p)| (2)

Al = ol llp = o1 - lp= = pl

Figure 7: (a) Turning angle. (b) Osculating circle.

Thirdly, the curvature is also the length of the second deriva-
tive vector if the curve is parametrized by arc length. The
third definition of discrete curvature takes the discrete deriva-
tives 7'(p+) = p+ —p and 7"(p4) = (p+ —p) — (p — p-),
plugged into the curvature formula:

_ T'(p+) x 7" (p4)
S O] )

The attribute functions ¢1(t), ..., ¢x(t) for discrete curva-
ture according to all three definitions satisfy the three re-
quirements stated in Theorem 10. When p_, p, and p4 are
on some triple of edges, the time t defining p gives rise to
a time t_ that defines p_ and linearly depends on t. The
analogous statement is true for p4. Hence, we can express
the curvature at p as an analytic function in ¢ whose form
can be stated easily. The function has O(1) extrema on its
interval that can be determined in O(1) time, it can be eval-
uated in O(1) time, and its inverse can be computed in O(1)
time as well. Hence we obtain:

COROLLARY 11. An optimal segmentation using a range
criterion for discrete curvature as defined in Equations (1),
(2), or (8) can be computed in O(nlogn) time for a trajec-
tory with n vertices.

Sinuosity. The sinuosity of a point on a path refers to the
amount of bending or winding of the path in the neighbor-
hood of this point. The term is used in the analysis of rivers
and coastlines [12, 13], but also to describe trajectories of
moving animals [2]. There appears to be no standard defi-

2fleft7 tright]

nition for sinuosity. If 7 = 7 is the subtrajectory

that represents the neighborhood of 7(t), then some authors
define the sinuosity at ¢t as the arc length of 7 divided by
() — 7(¢78h)||. We will refer to this as the detour
sinuosity. Another existing definition of sinuosity is the an-
gular range of heading, as defined in Section 3, divided by
the arc length of 7. We will refer to this as winding sinuosity.
Note that both definitions measure a slightly different wind-
ing behavior, as illustrated in Figure 8(a). While winding
sinuosity distinguishes the top two curves from the bottom
curve, detour sinuosity distinguishes the bottom two curves
from the top curve. Other definitions include the deviation
of the edges of 7 from the line segment connecting 7(¢'*)
and 7(t"88). We focus on the first two definitions and show

how they can be used in our framework.
(c)

AV ON

(a) (b)

Figure 8: (a) Segments that are distinguished dif-
ferently by winding and detour sinuosity. (b) Seg-
ments that are distinguished by curviness, but not
by winding or detour sinuosity. (c) Segments that
are distinguished by winding and detour sinuosity,
but not by curviness.

COROLLARY 12. An optimal segmentation using a range
criterion for winding or detour sinuosity using time, space
or vertex neighborhoods can be computed in O(nlogn) time
for a trajectory with n edges.

ProOOF. We claim that Theorem 10 applies in each of
the cases. If vertex neighborhoods are used, the elementary
functions are piecewise constant, both for winding sinuosity
as well as detour sinuosity. If we use space neighborhoods,
then the arc length of 7 is constant for all 7(¢). As such,
the winding sinuosity at a point depends only on the direc-
tions of the sequence of edges covered by its neighborhood.
Therefore the elementary attribute functions are constant-
valued functions in this case too. Similarly, detour sinuosity
only depends on the distance between the two endpoints
of 7 if we use space neighborhoods. Within the range of
one elementary attribute function these endpoints move on
straight lines, and the function of their distance can be ex-
pressed as the square-root of a polynomial of degree two,
which fulfills the conditions of Theorem 10. If we use time
neighborhoods, the arc length of 7 is a linear function, since
speed is constant on the edges of the trajectory. We can
apply Theorem 10 since the composition of a linear function
with the discussed functions still satisfies the conditions. [

Curviness. In the context of the discussed sinuosity defini-
tions we propose another measure that captures the winding
of a path near a point. Let v;,...,v; be the subsequence of
vertices strictly inside the neighborhood of 7(¢), then we de-
fine the curviness at 7(¢) as the total angular change, divided
by the arc length of the subtrajectory that is the neighbor-
hood of 7(t). We define total angular change as

J
D 14 (0her = vny va = vna),
h=1i



where Z(v,w) € (—m,n] is the angle of w with respect to
v, interpreted as vectors ow and ov. Again, this definition
measures a different winding behavior than sinuosity, a fact
illustrated in Figure 8 (b) and (c). The proof of the following
corollary is analogous to the proof of Corollary 12.

COROLLARY 13. An optimal segmentation using a range
criterion for curviness using time, space, or vertex neigh-
borhoods can be computed in O(nlogn) time for a trajectory
with n edges.

REMARK 14. At the beginning and end of the trajectory
some of the neighborhood information will be missing. There
are several ways to deal with this. One can extrapolate the
curve based on fitting tangents or circles; alternatively, one
could simply disregard the points with missing neighborhood
information, which only occur near 7(to) and 7(t,) if neigh-
borhoods are small. In the limit case a point will still have
a one-sided neighborhood, in which case we have to make
some adaptations. The same is true if we take time or ver-
tex neighborhoods and the object is stationary for some time.

6. CONCLUSIONS

This paper presented a framework that allows efficient and
optimal segmentation using various different criteria sepa-
rately or in combination. Our approach to segmentation
is to specify criteria formally that should hold for any at-
tribute within each segment of the segmentation. Hence, no
artificial structures like bounding boxes are needed, and the
result is guaranteed to satisfy the criteria and be optimal.

The only algorithmic technique that is needed is randomized
incremental construction [3, 4, 5], a very simple technique
that can be used for all problems that are LP-type (among
which smallest enclosing disk for a set of points). We identify
two new LP-type problems that arise in optimal segmenta-
tion, which allows the randomized incremental construction
to be used. It leads to O(nlogn) time segmentation for a
trajectory with n vertices in many cases. Our approach does
not handle outliers, these must be handled in preprocessing.

The framework extends directly to segmenting 3-dimensional
trajectories. Attributes must be defined based on 3-dimen-
sional coordinates of vertices, and the implementations of
TEST and FURTHEST must be adapted to this end. For ex-
ample, the disk criterion for location becomes a ball crite-
rion. Also, curvature is a more complex attribute in 3-space,
described by curvature and torsion [9].

The application of our framework (in which we presented
abstract, spatio-temporal attributes) to real applications re-
quires the conversion of semantically relevant characteristics
of trajectories into attributes related the ones we considered,
but specific for the application. How this can be done is a
topic for further research.
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