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Abstract. In this paper, we introduce decidable multimodal logics to describe
and reason about navigation across object structures. The starting point of these
navigation logics is the modelling of object structures as Kripke models that con-
tain a family of deterministic accessibility relations; one for each pointer attribute.
These pointer attributes are used in the logics both as first-order terms in equal-
ities and as modal operators. To handle the ambiguities of pointer attributes the
logics also cover a mechanism to bind logical variables to objects that are reach-
able by a pointer. The main result of this paper is a tableau construction for de-
ciding the validity of formulas in the navigation logics.

1 Introduction

In describing structures of objects, we distinguish two main levels of abstraction. First,
there is themodelling levelas specified by the Unified Modelling Languagem(.)

[10]. At this level, inuMmL, a structure of objects is described in terms of a diagram
consisting of classes that are related to each other via associations. Consider for instance
the diagram depicted in Figure 1, which covers a cRason that is related to a class

Book via the associatiod uthor and a clas€ompany that is related to the clag2ook

via the associatioPublisher. As indicated in the diagram, the multiplicity of these
associationluthor and Book is one-to-many.

Author 4 Book ¥ Publisher

- - Company

Person

Fig. 1. A class diagram at the modelling level

Second, we distinguish thimplementation levelwhich describes the execution of
an object-oriented programming language, like for instame®, directly in terms of
the classnstancesAt this level, the associations of the high-level class diagram are
implemented by means of pointer attributes antlection objectdike sets, sequences,
enumerations and bags that achagtiplexers Consider for example the object struc-
ture in Figure 2, which depicts an instangef the classPerson, instance$,, b, and



bs of the classBook, instanceg; andc, of the classCompany, and multiplexersn,

mo andms. Persons have a pointer namédthorOf to a multiplexer, multiplexers
have pointers namettem (1), item(2), item(3) etc. to books, books have a pointer
AuthoredBy to a person and a pointéwblished By to a company, and companies have
a pointerPublisherOf to a multiplexer.

Fig. 2. An object structure at the implementation level

A central concept for the description of object structures at both the modelling and
implementation level imavigation[7]. The main problem addressed in this paper, is a
logical description of navigation at the implementation level, which denotes the opera-
tion of successively following pointers across an object structure. A crucial property of
navigation isreachability, i.e., the question whether starting at an object it is possible
to reach another object by navigation. For instance, in the object structure of Figure 2,
persorp is the author of a book that is published by companyin terms of navigation
this means that it is possible to reaghfrom p by navigating the attributed uthorOf,
item(3) and PublishedBy. Conversely, company is the publisher of a book that is
authored byp. However, it is not possible to reaghfrom ¢, by navigation because
there is no pointer froms to p. This could indicate aerror in the programming code.

Standardirst-order logic which allows only quantification over objects, is not ex-
pressive enough to describe reachability in a network of objects. Moreover, the validity
problem for first-order logic is undecidable. Standaratdal logicq9] are suited to nav-
igate through Kripke models, but although they are decidable, they also lack expressive
power because they do not distinguish betwbemilar Kripke models, such as for
instance between a loop and its infinite unfolding.

Over the last decade, a new family of modal logics has come up, which combine
modal operators with first-order variable-binding mechanisms. These languages are re-
ferred to as the family ohybrid logics[2]. In contrast to standarfirst-order modal
logic [6], these logics cover mechanisms to bind variables tontbdds of a Kripke
model. In particular, in [5], a general logical framework is presented that extends the
navigation mechanism of standard modal logic with a variable-binding mechanism that
allows the binding of variables to worlds that are in the domain of the current world,
like for instance the worlds that are accessible.

The starting point of the navigation logics presented in this paper is the modelling
of object structures at the implementation level as Kripke models that contain a family
of deterministicaccessibility relations; one for each pointer attribute. Additionally, we



introduce a variable-binding mechanism along the lines of [5] that allows the binding of
logical variables to objects that are reachable by a pointer. These pointer attributes can
be used in the logic both as first-order terms in equalities and as modal operators. The
main result of the paper is a tableau construction for deciding the validity of formulas
in the navigation logics.

The plan of the paper is as follows. In Section 2, we define the syntax of the basic
navigation logic. The semantics of this logic is developed in Section 3. Additionally, in
Section 4, we present a tableau construction for deciding the validity of formulas in the
basic navigation logic. In the subsequent section, we discuss two decidable extensions
of the basic navigation logic; viz. an extension that includes a collection of jump oper-
ators and an extension that covers navigation programs. Finally, in Section 6, we wrap
up by providing several directions for future research.

2 Basic Navigation Logic

In this section, we define the basic navigation logic. Met {A4,,..., A, } be afinite
set ofpointer attributesandC = {nil, self} be the set ofonstantsThe constantil is
used to denote ‘undefined’ and the constaftto denote an object itself. Additionally,
let Var be a set ofvariableswith typical elements:, y, z. The setl = AUC U Var,
with typical element, denotes the set aérms Finally, let’? be a set opropositional
atoms with typical elementg, ¢ andr.

Definition 1. Thebasic navigation languag®, consists of formulag that are gener-
ated by the following BNF-grammar;

pu=p | (ti=t2) | ~¢ | p1 Vo | (Ap | Tu=t(p)

We have the usual abbreviatiops— ) for ¢ V ¢, 1 A o for =(=p1 V —p2),
andp < foro — P Ay — .

In the languagé&,, pointer attributes can be used both as first-order terms in equal-
ities and asnodaloperators for navigation, which are appliedféemulas A formula
(A) expresses that holds for the object that results from following the pointer
Different objects, and in particular different objects from the same class, can have
attributes with the same name. To handle the ambiguities of these pointer attributes,
i.e., in order to be able to compare the pointer attributes of different objects, the lan-
guage covers gariable-bindingmechanism3, -, (¢) denotes the formula in which
the variabler is bound to the object denoted by the ternfor instance, the formula
J.—a(B)~(z = A) expresses that the pointer attributeof the current object and the
pointer attributeA of the object that is reached by following the poinférfrom the
current object, have different denotations. This variable-binding mechanism is further
illustrated in the example below.

Example 1.Consider the structure depicted in Figure 3 in which the objects are ar-
ranged in a ring. Each object has two pointérand R to denote its left and its right
neighbour, respectively. As an example, we have that each object s the left neighbour of
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Fig. 3. Objects arranged in a ring structure

®

its right neighbour; formally, for each object in the ring the formiilas.;; (R) (L = z)

is true. Second, each object’s right neighbour is the same object as the left neigh-
bour of the left neighbour of its left neighbour; that is, for each object the formula
3,=r(L)(L)(L = x) holds.

The above example illustrates the difference with the variable-binding mechanism
of first-order logig in which this form of binding can be modelled by substitution. That
is, in first-order logic, the formuld,—;(¢) can be modelled by[t/z], which denotes
the substitution of for = in ¢. If we would apply such substitution to the formula
J.=r(L)(L)(L = x) we obtain(L)(L)(L = R), which expresses that for the left
neighbour of an object’s left neighbour it holds that the left neighbour and the right
neighbour are the same. This does not hold for any of the objects in the above figure.

Finally, as our primary concern is the development deaidablenavigation logic,
we only include the datatype of pointers. We assurpmaositional encodingf infor-
mation about the state of an object, which may include other datatypes like integers and
booleans; e.g., the faet < y, which expresses that the value of the integer variable
is less than the value @f can be represented by a particular proposition

3 Semantics

In this section, we introduce the semantics{gfthat is based on a formal description
of object structures in terms of Kripke models that contain a deterministic accessibility
relation for each pointer attribute.

Definition 2. A Kripke model M is a triple (O, K, ), whereO denotes the set of
objects, which form thetatesor worlds of the Kripke modelK is a total function of

type
K:0—-(A—-0)

and is a valuation function of type
7 :0 — p(P).

We assume an element € O that stands for ‘undefined’, i.e., the value of.
The functionK defines the accessibility relations of the model; that is, for each object



o and attribute4, we have thatf< (0)(A) denotes the object that is accessible fram
by following the pointerd. Moreover, if K (0)(A) = L then A is called a nil pointer.
Additionally, the functionr constitutes a valuation function that maps each wottiol
the set of propositions that are true in it.

Definition 3. Givena modeM = (O, K, r), a stateo € O and an assignment function
s : Var — O, theinterpretatior]t]ar,,,s of atermt € T is defined by:

[[nil]]M,o,s =1
[selflar,os =0
[A]ar.0,s = K(0)(A)
[[x]]M,o,s = s(z)
Additionally, thetruth definitionM,0,s = ¢ for the languagel, is inductively
given as follows:

M,o0,s = (t1 =t2) & [t1i]lmo,s = [t2]rm05

M,o,s Ep < p € (o)
M,o,s Ep1 Vs & M,0,5 = p10rM,o,s =@
M,O7S':_|(P <:>M,O7S%(p

M,o0,s E (A)p & M,d,s = ¢, whereo' = K(0)(A) # L
M,o0,s = 3,=i(p) & M,0,s{x — o'} |= ¢, whereo' = [t]ar,0,s

wheres{z — o'} denotes the function that behaves likexcept for the input for
which it yields the output’.

We definél, o |= ¢ if for all assignments it holds that)M, o, s |= ¢. Additionally,
we haveM [ ¢ if M, o = ¢ holds for all objects. Finally, = ¢ holds if M = ¢ for
all Kripke modelsi/.

In standard modal logic with deterministic Kripke models, there is only a subtle
difference between the interpretation of the possibility and the necessitation operator:
The possibility operator requiresxactly oneaccessible world to exist, while in the
case of the necessitation operator it is requireddhatost oneccessible world exists.
Here, we have chosen for tip@ssibilityinterpretation of the navigation operator; the
necessitatiomeading of the operator would be:

M,o,s |E[Alp & if o' = K(0)(A) # LthenM,o',s = .

Thus, the difference is that in the latter reading the formula is also true if there is
no accessible state. Note that[A]y <> ((A)¢ V A = nil). An alternative to dealing
with nil pointers is to use a three-valued logic, which besides the truth values true and
false includes a value for undefinedness, but this would unnecessarily complicate the
technical treatment. Note that in the evaluatiordpf,(y) we do allowt to be a nil
pointer.

Finally, we remark that in the evaluation of formulas, the roles of constants and
variables are interchanged: The interpretation of variables remamsantduring the
evaluation of a formula, in other words, their interpretation is ‘frozen’, while the inter-
pretation of constantgarieswith the current state of evaluation.



4 Decidability of Basic Navigation Logic

In this section, we show that the validity of formulasgg can be decided by means of
a semantic tableau procedure.

Definition 4. Given a setO of objects, we construct semantic tableguvhich is a
tree-like structure with nodes of the fowm I", whereo € O \ {1} andI’ C L.

The construction of a tableau involves three typdsrahch extension ruleeamely
conjunctive rulesdisjunctive ruleandnavigation rulesThey are of the following gen-
eral format, respectively:

0: A 0: A ) A
o: AT 0: AT | o: AT

The rules are as follows (we omit the context_ L,):

0:=(p1 V) 0: Jptp 0: —3u=t(ip) 0: -
01, TP o:x=t, p o:z=t, p o:p
0:p1V s o: (A

0:¢p1 | 01 0: (A~ | 0: A=mnil

o:I" —A> o Iy
wherel'y = {¢ | (A)p € I'} ando' is a fresh label.

Given an input formulg € Lo, the construction of the tableau ferthen proceeds
as follows:

(0) Start with an initial tree consisting of the root node .

(1) If a conjunctive or disjunctive rule is applicable then apply it and goth else
goto(2)

(2) If the navigation rule is applicable then apply it once for each attribdte¢hat
occurs inI” such thatl'4 is non-empty and got@l), else terminate.

The construction of the tablealwaysterminates. Formally, this can be shown by
a straightforward induction on the length of the input formgla

Before considering the soundness and completeness of the tableau construction, let
us briefly sketch how a model can be extracted from a tableau. A tableau consists of
a number of branches; the branches with a consistent theory can be used in the model
construction. The theory of a branch is given by the set of literals that occur on it, but
as the interpretation of these literals is relative to the nodes of the branch, we need to
replace them by absolute literals whose interpretation is node-independent. A model is
then obtained from a consistent branch by identifying the nodes that are expressed to be
equal in the theory; in other words, each world of the model represents an equivalence
class of identified nodes. Although the branch is a tree structure, the corresponding
model may contain cycles due to these identifications. Finally, the accessibility relation



and the valuation function of the model can be extracted from the branch in a straight-
forward manner.

The remainder of this section is devoted to an outline of the soundness and com-
pleteness proofs of the above semantic tableau method. From now on, @gwixh
1 € 0, to be the set of objects used in the tableau construction.

First, we give a definition of terms and propositions, so-cadlesolute termsnd
absolute propositionsvhose evaluation does not depend on the current object.

Definition 5. The set7,;, of absolute termand the sef,;; of absolute propositions
are given by:
Tabs = VaruOU{0.A|o€ O, Ae A}

Pups ={op|o€ O, pe P}

An absolute literals an (in)equation between termshfs or (the negation of) an
absolute proposition oP .

Next, we define the interpretation of absolute terms and propositions.

Definition 6. Given a Kripke modeM = (O, K, 7), a corresponding assignmest
and a strict (with respect to the respective bottom elements O and L' € O)
mappingd € O — O, we define thénterpretation[t] »s,s,» of an absolute term as
follows:

[2]am,s0 = s(2)

[olam,s0 = 0(0)

[o-A]a.s,0 = K(0(0))(A)

Additionally, for allty, t> € T,ps @ando.p € Py We define:

M,s,0 = (t1 =t2) & [tilms,e = [t2]ar,s,0
M,s,0 =o.p < pen(fo))

Note that the strictness éfyields[ L] 59 = L .
The following definition associates with eagke O \ {L} an operation that trans-
forms aterm: € T into a corresponding absolute term.

Definition 7. Foreachtermt € 7 and objecb € O\ { L} we define thetern? € T,
by:

nil® =1
self° = o
A° =0.A
° ==z

The following lemma states some truth-preserving properties of this operation.

Lemma 1. For every modelM = (O', K, r), corresponding variable assignmest
and strict mapping € O — O’ we that have for every tertne 7

IIt]]M,Q(o),s = IIto]]M7379



Similarly, for every equalityt, = t») € Lo and every propositiop € P we have:

M,0(0), 5 |= (1 = 12) it M,5,0 = (tf = 13)
M,60(0),s Ep iff M,s,0 = o.p

Next, we define the deductive closure of a set of absolute literals.

Definition 8. For each setl” of absolute literals, itsleductive closur&los(I") is de-
fined to be the smallest set that contalnand that is closed under the following rules:

(t =t) € Clos(I'), for every termt occurring inI”

if (t1 =t2) € Clos(I") then(t; = t1) € Clos(I")

if (tl = t2), (tQ = t3) S ClOS(F) then(t1 = t3) S ClOS(F)
if t1 = t2, @ € Clos(I") theny[ts/t1] € Clos(I)

It is not difficult to see that ifl” is a finite set of absolute literals the¥os () is
also finite.

A branchT of a semantic tableau is a substructure that contains the root node and
that for each application of a conjunctive rule contains its child, for each application of
a disjunctive rule contains precisely one of its children, and for each application of the
navigation rule contains all its children. The theory of a tableau branch as a deductively
closed set of absolute literals, is introduced in the following definition.

Definition 9. Thetheory of a branch" is given byTh(T') = Clos(I"),
whereI' = {oplo:peT}U{-op|o:-peT}U
{th=td|lo:(ti=t) eTIU{(t§=1t3) |o:=(t1 =t2) € T} U
A
{0.A=0"]0o—0 €T}U
{-(o=1)]o€eT}.

(When we write : ¢ € T we mean that there exists a node A, ¢ in T, for some set

of formulasA. Additionally, byo —A> o' € T'we mean that iff" there exists am-link
from a node labelled by to one labelled by'.)

It is worthwhile to observe thal'h(T') is afinite set of absolute literals. Next, we
define when a tableau branch is closed, that is, does not give rise to a model.

Definition 10. A branchT is calledclosedif Th(T') is inconsistent (i.e., contains both
a literal and its negation). If" is not closed it is calledpen

In the following definition, we introduce the notion of a homomorphic mapping of
a branch of a semantic tableau into a Kripke model.

Definition 11. A strict mapping : O — O’ is ahomomorphic mappingf a branch
T of a tableau into a model/ = (O’, K, 7) with respect to a variable assignmenif
the following hold:



—ifo-Y o € T thenk (6(0))(A) = 6(o)
—ifo:peTthenM,0(o0),s = ¢

Finally, we are in a position to state and prove the soundness of the tableau method.

Theorem 1. For all p € Ly, if ¢ is satisfiable then its tableau has an open branch.

Proof. Without loss of generality we may assume thapieach variable: is bound at
most once and does not occur both free and boundMet (O', K, 7) be a model
and s a variable assignment such thaf, o', s |= ¢, for someo’. For an inductive
argument, suppose we have constructed a variable assigrraadta corresponding
homomorphic mapping : O — O’ into M of all the nodes of a branch of the tableau
of ¢ which occur at a depth smaller than some> 0. We consider the following two
main extensions.

— The branch with node : A,3,_.(¢) at leveln is extended witho : A,z = ¢,.
From the existence of the homomorphiémwe derive that\/, 6(0), s = J.—+(v).
Using the truth definition we obtaif/, 6(o0), s{z + o'} |= ¢ for o' = [t]k,(0),s-
Thus, we havel,0(o),s{z — o'} = (z = t) A 9. It follows by the above
assumption o thatz does not occur (free) in any formula occurring in the tableau
other than). So we have that is also a homomorphism inttd with respect to the
variable assignment{z — o'} and which now includes also the node A,z =
t, 0.

— Anodeo : I' € T on this branch at level is A-linked to a new node’ : I'4, for
some attributed. From the assumptiof/, #(o), s |= I" we deriveM,0",s = I'4
for o = K(0(0))(A) # L. So, we can exten@ito a homomorphisri{o’ — o'}
which includes the new nod# : I'4.

Via Lemma 1 and the construction of the homomorphésme deriveM, s, 6 =
Th(T'), for some brancl'. From this it follows thatTh(T') is consistent, i.e., th&t is
an open branch. O

To prove completeness we first show how to construct a model from an open branch.

Definition 12. Given an open branch, we define the Kripke modéf, = (O, K, )
as follows:

— The underlying se®’ of worlds consists of the equivalence classes:
[t] ={t"| (t =t") € Th(T)},

wheret, t' € Taps \ Var. The equivalence clagd | plays the role of bottom i)',
— The accessibility functiok” is defined by:

K([o])(A) = [o.4]
K([t])(A) = [nil], if there does not exist ame [¢].

— The valuation functiom is defined by:

m([t]) = {p|o:p € T forsomeo € [t]}.



It is straightforward to check that/r is indeed well-defined. Moreover, by con-
struction of M, an absolute term denotes M its corresponding equivalence class
under the strict mapping which assigns to every € O its equivalence clags]. This
is expressed formally by the following lemma.

Lemma 2. Let s be an assignment that assigns to each variable an objedt pf
i.e., an equivalence class of absolute terms. Additionallyd letO — O’ be a strict
mapping which assigns to evesye O its corresponding equivalence clagé in M.
For eacht € T, let [t]s denote the equivalence clagbitself, in caset ¢ Var, and
[z]s = s(z), otherwise. For each terme T,;; we then have:

IIt]]MT7570 = [t]s
Given the above, we are now in a position to prove the completeness theorem.

Theorem 2. For all p € Ly, if the tableau forp has an open branch thenis satisfi-
able.

Proof. Let T' be an open branch of the tableau farWe show that foralb : ¢ € T'

we haveMr,[o],s = 1 for the assignment that is defined bys(z) = [¢], where

(x =t) € Th(T) andt € Tas \ Var. Note that the existence of such an absolute
term follows from the fact that the initial formula is assumed not to contain free
variables. The proof proceeds by induction on the lengtfr.0fVe treat the following
characteristic cases.

— casep. Fromo : p € T ando € [o] we deriveMr, [0], s = p.

— case-p. Fromo : —p € T and the fact thaf” is open we derive’ : p ¢ T for all
o' € [o]. In other wordsMr, [o], s = —p.

— caset; = tp. SUppose : (t; = tz) € T. By definition of Th(T') we have
t9 = t§ € Th(T). By construction of the model/r and the definition ot we
derive [t{]; = [t3]s. From Lemma 2 we subsequently infé&fr,s,0 = (¢ =
t3), whered € O — O' is a strict mapping which assigns to everye O its
corresponding equivalence clgs$ in M. Finally, from Lemma 1 we conclude
MT, [O],S |: (t1 = tz).

— case~(t; = ta). Suppose : —(t; = to) € T. By definition of Th(T') we have
—(ty = t3) € Th(T). SinceTh(T) is consistent we hav = t3 ¢ Th(T). By
construction of the model/; and the definition of it thus follows that[t{], #
[t3]s. from which we derive by Lemma 2 thdi/r,s,0 = —(t{ = t3), where
# € O — O'is a strict mapping which assigns to everg O its corresponding
equivalence clags] in Mr. From Lemma 1 we conclud€r, [0], s = —(t1 = t2).

— case(A)p. Suppose : (A)p € T. From the construction of the tableau we de-

five that there exists a nod# with o—so/ € T ando' : ¢ € T. The induction
hypothesis yield$\/r, [0'], s E ¢. The construction of the modél;- then yields
Mr, [o], s = (A)p.

— cased,=+(y). Suppose : 3,.—:(¢) € T. From the construction of the tableau we
derive that als® : = = ¢, € T. Applying the induction hypothesis we obtain
Mrp,lo],s = (z = t) andMy, [0],s = ¢. From this we concludé/y, [o],s |=
Hz:t(w)' g



Note that from the construction of the model in the completeness theorem it follows
that the languagg, satisfies thdinite model propertyi.e., every satisfiable formula
is satisfiable in a finite model. Moreover, note that the constructed model may contain
cycles, which indicates that the languafyg does not satisfy theeee model property
stating that every satisfiable sentence has a model that is a tree of bounded branching
[12]. A counterexample is the formulh,—,.;;(A) (x = self), which is only satisfiable
in worlds that ared-linked to themselves.

5 Extensions

In this section, we briefly discuss some interesting decidable extensions of the basic
navigation logic presented above.

5.1 Jump Operators

The logicL; extends the basic navigation loglg with jump operatorsi.e., we gen-
eralise the syntax of the navigation operatot#@, wheret is a term in7 . So, if the
index is a variable:, the operator can be used to jump back to the state to whish
bound.

Definition 13. Thetruth definition/, o, s |= ¢ for the languag&; is the same as for
Lo except:

M,o,s = (typ & M,0,s = ¢, whereo' = [t]ar,0,s # L.

As an example, consider the object structiifein Figure 2. At the worldp, the
following formulais true:

(AuthorOf)3y=seir(item (1)) Ay=puslisheany (z) {item(2)) (PublishedBy = y)

which means that persgnis the author of two books that are published by shene
company.

The tableau constructiafy; is similar to that of£, modulo some minor modifica-
tions.

Definition 14. Thetableau rules fo£; are the same as fag, except for the navigation
rule, which is generalised as follows:

oI -5 o: I;
wherel; = {¢ | (t)p € I'} ando' is a fresh label.

Moreover, it suffices to modify the theor§h(T') of a branch as given in Definition 9
as follows. The support sét of absolute literals additionally contains:

{z=0|0—0 €T}U
il

{L=0|0—50 €T}U
if

{o=0| 0——0' € T}.

The soundness and completeness proofs are similar to the prodfg.for



5.2 Navigation programs

In the extensiors, which is inspired by the dynamic logic of [8], we include formulas
of the form(II)¢, wherell is anavigation progranthat defines a particular navigation
strategy.

Definition 15. Thenavigation languagé€., consisting of boolean conditios navi-
gation programd and formulasp, is generated by the following BNF-grammar:

b =p | tl :tg | —b | bl\/bz
IT == A | II;;II; | if bthen ITy else IT, | while bdo IT

o u=b| 2o | eV | Lz | (M

To formalise the meaning of a formula ity we first define the meaning of naviga-
tion programs.

Definition 16. Given a modelM = (O, K, ) and an assignment, we have the fol-
lowing (standard)denotational semantioshich assigns to each progratfi a strict

mappingM(IT) : O — O:

M(A)(o) =
M(I1y; 113) (o)

M(if b then IT; else I15)(

(0)(4)
( 113)(M(I11)(0))
M(II,)(o) if M,0,s =b
M(II,)(o) otherwise
M

/_/Hf_/H

(while bdo IT)(M(II)(0)) if M,0,s =b

M (while b do IT)(o) otherwise

The above recursive definition @#f can be justified by means of a (standard) least
fixpoint construction defined in terms of the discrete complete partial ¢€gr) that
is defined by:L. C o ando [Z o' for all distinct objects» ando’. From this fixpoint
construction it follows thatM (while b do IT)(0) = L in case the programhile b do IT
does not terminate in.

We have the following truth definition.

Definition 17. Thetruth definition, o, s |= ¢ for the language- is similar to that
for Ly except:

M,o,s = (I} & M,0d,s = ¢, whereo' = M(IT)(o) # L

Itis worthwhile to observe that the truth of the form¥ehile b do IT)true implies
that the programwhile b do IT terminates. In the light of the Halting Problem, however,
this does not imply that we cannot decide the validity of formulas in the langdage
because our navigation programs are not Turing complete.

As an example of’,, the formula

(while =(y = self) do A)true

states that the object denotedis reachable from the current object by a finite chain
of A-links.



Definition 18. Thetableau rules foC, are given by the rules fof, together with the
following rules (we omit the context):

(02 <H1, Hz)(p

o: (II1)(Il2)p

o : (if b then I1; else II5)y o : =(if b then IT; else II5)¢
O:bv <H1>§0 | o: _'b, <H2>(10 O:bv_'<H1>(10 | O:_'bv_'<H2>90

o : (while bdo IT)¢ o : =(while bdo IT)p
o0:-b,p | o:b,(II){whilebdo II)¢  o0:-b,—~p | o:b,~(I)(whilebdo IT)yp

The resulting tableau method may give risentan-termination However, in the
tableau construction, we can stop applying any further rules to a le&fin case there
already exists an ancestor node with the same set of forniul&gith this additional
rule the method is guaranteed to terminate, because starting from an initial formula,
only a finite number oflifferentformulas can be generated.

Additionally, a brancH’ of a tableau now also closes if one of its leafsI” con-
tains a formula of the fornfwhile b do IT). (Note that by definition there also exists
an ancestor node of the foroh : I'.) The new tableau method is sound and complete
because in case its theory does not contain an inconsistency, such a branaofe-
sponds to a model in which the progravhile b do IT ‘loops’, i.e., (while b do IT )
does not hold. For the same reason, a branoha tableau with a consistent theory and
a leaf which contains a formula of the form{while b do IT)¢) does constitute a model.

6 Conclusions and Future Research

In this paper, we have presented multimodal logics for navigation across object struc-
tures. The starting point of these logics is the modelling of object structures at the
implementation level as Kripke models that contain a family of deterministic acces-
sibility relations, namely one relation for each pointer attribute. The logics cover a
variable-binding mechanism that allows the binding of logical variables to objects that
are reachable by a pointer. In this way, pointer attributes can be used in the logic both
as first-order terms in equalities and as modal operators. The main result of the paper is
a tableau construction for deciding the validity of formulas in these navigation logics.

In [1], it is stated that for hybrid languages, i.e., modal logics that include mecha-
nisms for naming the worlds of a given Kripke model: “it seems unlikely that restricted
forms of (label) binding will lead to decidable systems.” However, in this paper, we
have shown that decidable hybrid languages can be obtained by restricting to particular
classes of models. This point is also illustrated in [3], where decidability of a hybrid
language is obtained for the class of strict partial orders. In [11], a decision procedure
based on a tableau construction is given for hybrid logics that do not involve variable-
binding mechanisms. Of interest in this context would be an extension of our tableau
construction to hybrid languages that do include variable-binding.

In the graphical modelling languagemL, class diagrams can also be annotated
with so-calledconstraints which are formulated in the Object Constraint Language,



ocL for short [13]. The languagecL is a textual language for the description of object
structures mainly at the modelling level. In contrast to our approachgin naviga-

tion is modelled as aereferencing operatothat is applied to first-order terms. For
instance, the term A denotes the value of the pointer attributef the object denoted

by t. By means of a formalisation of navigation in terms of a modal logic, however,
we are able to identify decidable navigation logics that are still expressive enough to
express interesting properties of object structures. Future work concerns an extension
of our approach to the modelling level of class diagrams and the development of tools
for computer-aided-verification by means of an implementation of the corresponding
tableau procedure.

At the implementation level another interesting line of future work concerns an
application of our decidable navigation logics to the computer-aided-verification of the
correctness of object-oriented programs. Such an application involves the definition of
aweakest precondition calculy4] for our navigation logics.
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