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Abstract attribute values might be more appropriate. This scoring
criterion has computational disadvantages however, since it
does not yield a closed form solution for the maximum like-
lihood parameter estimates. This means numerical methods
have to be applied to score each model, making structure
learning on the basis of conditional loglikelihood a rather

costly affair.

We present a new mapping from Bayesian Net-
work Classifiers (BNC) to Logistic Regression

(LR) models. It associates with each BNC struc-
ture an LR specification with unconstrained pa-
rameter space. We prove that a BNC structure
and its associated LR specification, index exactly
the same set of conditional distributions if and

only if the BNC structure has a so-called subper-
fect independence graph.

In this paper we propose a mapping from Bayesian Net-
work Classifiers (BNC) to Logistic Regression (LR) mod-
els. We prove that the proposed mapping yields an equiv-
alent LR specification for a large class of BNC structures.
The advantage of this mapping is twofold. Firstly, the lo-
gistic regression model has fewer parameters than its equiv-
alent BNC counterpart. Secondly, the resulting LR model
is known to have a strictly concave loglikelihood function,
which means numerical optimization is fairly straightfor-
ward and can be performed efficiently. Because the LR
specification that corresponds to a given BNC structure ac-
cording to our mapping can be determined efficiently, it be-
comes computationally feasible to perform structure learn-

The main advantage of our mapping is that it
eliminates redundant parameters, thus resulting
in an LR specification with a strictly concave log-
likelihood function. As a result, discriminative
structure learning of BNCs becomes less expen-
sive, because scoring individual structures using
the conditional loglikelihood can be performed
fairly efficiently.

We illustrate how our theoretical result can be

applied to discriminative structure learning by
performing experiments with a simple structure
learning algorithm that searches in Forest Aug-

ing of BN classifiers using the conditional loglikelihood
function.

This paper is structured as follows. In section 2 we intro-

mented Naive Bayes (FAN) space. . : i X
duce the required notation and basic concepts. In section 3

we introduce the proposed mapping by its application to
TAN classifiers with binary attributes and class label. Next,
we generalize the mapping in section 4 to BN classifiers
The study of Bayesian networks as classifiers has receivedith discrete (not necessarily binary) attributes and class
a considerable impulse by the article of Friedman, Geigerlabel. We prove that a BNC structure and its associated LR
and Goldszmidt (Friedman et al., 1997) on this subjectspecification, index exactly the same set of conditional dis-
They described several extensions of the well-known naivédributions if and only if the BNC structure has a so-called
Bayes classifier, and discussed algorithms for learning clagubperfect independence graph. In section 5 we give a short
sifiers from data using the MDL scoring criterion. The overview of related work. To illustrate the applicability of
likelihood component of this score was based onjtiiet ~ the theoretical result presented in section 4, we report on
probability of the observed attribute values and class laexperiments with a simple structure learning algorithm in
bels in the data. Since the objective is to predict the clas§ection 6. Finally, we draw some conclusions in section 7.
label from given attribute values, it has been argued that us-

ing the conditional probability of the class labels given the

1. Introduction
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2. Preliminaries to the assumption
2.1. Bayesian Networks P(X, = i|X

_ ln—( 0=JXa) _ +Zﬂ{} 3)
We use uppercase letters for random variables and lower- P(Xo = 0[X4)

case for their values. Vectors are written in boldface. A

Bayesian network (BN)X,G = (K, E),©) consists of for all j € X5, which is often referred to as the multi-
a discrete random vectd& = (X,...,X,), a directed nomial logit model or polychotomous logistic regression
acyclic graph (DAG)G representing the directed indepen- model.

dence graph oX, and a set of conditional probabilities

(parametersp. K = {0,1,...,n} is the set of nodes 3. Mapping for TAN classifiers

of G, and E the set of directed edges. Nodén G cor-

responds to random variabl;. With pa(i) (ch(i)) we In this section we introduce our mapping from Bayesian
denote the set of parents (children) of nadie G. We network classifiers to logistic regression models by apply-
write Xg,S C {0,...,n} to denote the projection of ing it to TAN classifiers (Friedman et al., 1997) with bi-
random vectorX on components with index ii5. The  nary attributes and class variable. Without loss of general-

parameter se® consists of the conditional probabilities ity We assumeX;, is the root of the tree on the attributes.
P(Xi|Xpa(i)),0 < i < n. We useX; = {0,...,d; — 1} This meansX; has parentX,, and every other attribute
to denote the set of possible valuesX®f, 0 < i < n.  Xi,i > 2has exactly 2 parents{, and.X ;). We write

The set of possible values of random vecXos is denoted

Xs = XicsX;. We also uset;” = &; \ {0}. P(%o|Xa) _ P(20)P(X1|Zo) [T;—y P(Xi| Xr(3), Zo)
In a BN classifier there is one distinguished variable P@olXa)  P(@0)P(Xal70) [Tizy P(X: ‘X”(‘)’xo)
called the class variable; the remaining variables are called _ P(&0) P(z1|%0) " P(d1]70)
attributes. We useX, to denote the class variable; ~ P(zo) P(21]%0) P(21]Z0)
X1,..., X, are the attributes. To denote the attributes, « P(&|7 i )X,,xﬂ) P(&:|Tn, & )Xi(l—X,,(i))
we also writeX 4, whereA = {1,...,n}. We define ( “ilon(@), 20 “ilTm(@), 20
7(i) = pa(i)\{0}, the non-class parents of nodeand ;=3 \ £'(@ilZ(), Zo) P(&ilx i), To)
¢(i) = {i} Un(3). For a binary variableX, we usez as ( HE )(1—Xi)X,T<i> P(i|Z (s, 0) (1=X)(1=Xr i)
shorthand forX = 1, andz as shorthand foX = 0. S - Sos o

('T7,|x71'( )wLO) P(mi|x7r(i)7x0)

2.2. Logistic Regression ] ] )

. _ o . By taking thelog on both sides, followed by expanding and
The basic assumption of logistic regression (Andersoneollecting terms, we get an expression of the form
1982) for binary class variabl&, € {0,1} is

P(70|X4)

In ———= = X; X; X
P(#o[X.) ‘ PlafXy) = +Zﬁ{ } +;ﬂ{” e
In P(Zo[Xa) = fo + Z Briy Zis 1) (4)
=1 where thefs’s are functions of therAN parameters. For
. ) . example
where the predictorg; (i = 1,...,k) can be single at-
tributes fromX 4, but also functions of one or more at- cpr(Xi, Xx(i)|Zo)
tributes fromX 4. In words: the log posterior odds are lin- Plimy =n Cpr(Xi, Xr()|Z0)’
ear in the parameters, not necessarily in the basic attributes.
So for example, the model where cp(X;, X (;)|zo) denotes the conditional cross-
product ratio betweenY; and X, given X, = zo.
P(#0[X 1) n Hence, ﬁ{i,,_r(i)} measures the differenge_in Iog Cross-
lnm =Bo+> BuyXi+ Y BunXiX;, (2)  product ratios betweenX; and X, within the two

i=1 i#] classes. If the cross-product ratio between each attribute

and its parent happens to be the same within both classes,
can be written in the form of equation (1) with the then the interaction terms drop outin (4), and in factthe LR
X;X;(i # j) as “derived” variables. In the next section we model that is linear in the basic attributes is exactly correct.
show thatTAN classifiers can be translated to equivalent
logistic regression models of the form of (2) with certain
elements of3 set to zero.

We can see from equation (4), that a givem model maps
to a logistic regression model of the form (2) with; ;, =
0 unless there is an edge between attribufesind X ; in
Generalization to non-binary class variablg € A leads  the graph.
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Clearly, the mapping is only valid when none of then Notice that we indeed fixe®(n — 1) + 1 = 2n — 1 param-
parameters equals zero, which amounts to the common reters. Since we can fix these parameters at arbitrary values
striction thatP (X)) must be strictly positive. Notice thatthe between 0 and 1, there are obviously infinitely many
logistic regression model has onlly+ n 4+ (n — 1) = 2n parameter values that yield the same conditional distribu-
parameters, while thean hasl +2 +4(n—1) =4n —1 tion as given parameter values of the corresponding logis-
parameters. To show the equivalence ofth® and corre-  tic regression model. By using the proposed mapping, we
sponding logistic regression model, we show how to derivecan score a givemaN model by optimizing a strictly con-
TAN parameters from arbitrary logistic regression paramecave function o2n parameters, instead of a non-concave
ters@ e IR?", in such a way that thean yields the same function (Roos et al., 2005) df: — 1 parameters.
conditional distribution as the logistic regression model.
We start with processing attributes that have no children4. Generalization of the Mapping
and work our way back towards the ro&4. When pro-
cessingX;,i > 2, we determine the values of thaN pa-  In this section we generalize the mapping introduced in sec-
rametersP(z;|Z (), To), P(Z|Zx (i), Zo), P(Zi|Zx (), To), tion 3 to Bayesian network classifiers with discrete valued
and P(%;|Z(;, To). As a consequence of the processingattributes and class variable, and arbitrary independence
order, we have the following equations involving these pa-graph. We prove that a BNC structure and its associated LR
rameters: specification, index exactly the same set of conditional dis-
tributions if (section 4.2) and only if (section 4.3) the BNC
structure has a so-called subperfect independence graph.

By = c+1n P(Tilf“(i)’g_m) iz P(:f"lg_c”(i)’igo)’ We use two common assumptions throughout. Firstly,
(Zi]Tr (i), To) 1= P(Z:]Tr(5), To) we assume that all conditional probabilities exist and are
. .. strictly positive. Secondly, we consider only graphs re-
whgre the con_s.tamftls aresult of values of pgramgters W'th stricted to the Markov blanket of ), as other random vari-
X, inthe conditioning set, that were determined in Previous,poc can be dropped from the conditioning set.

steps, and

&4 =1 P
{i,m(i)} — n P(

T[T iy o 1 — P(&|Zx( ),3;0) 4.1. The general mapping
n
(

o) |2

Zi|Zx (i), To) 1 — P(Zi|Zr (), Zo) Exploiting the factorisation of the joint probability accord-
T) ing to G, we can write
)

P(f ‘Iﬂ- (i) 0 —P(.i‘ |Q?7r(),$0)
P( il (i), To — P(Zi|Tr(i )7960()6) P EolXa) ) P@EoXpu) | S P(Xi| X (i) %0)
P(z0|X4) P(Z0|Xpa(0)) ieoh(0) P(Xi| X7y To)
We fix P(%;|Z(;), Zo) = a;1, Wherea;; € (0, 1), and find _ Z P(Zo|x) H I(X
from (5): P(Zo|x)
xeXpam) j€pa(0)
~ | = _ Q51
P(Zi|%r(iy, To) = 1|X7r(1 o)
(&ilZx(s), To) i1 + (1 — aj1) exp(Bgy — ¢) Z Z Plai]x H I(X; = ),
1€ch(0) XEXy(4) i1 (2) JEP(7)
Sincea;; > 0, and1l — a;; > 0, we have that )
P(Zi]Zxi), To) € (0,1). Nextwe fiXx P(Z;|Z~(;), To) =
iz, Whereag, € (0,1), and find from (6): where!(-) is the indicator function taking value 1 if its ar-
gument is true and O otherwise. For edck i < n and for
Q2

eacha € X we define a binary logistic regression vari-
aig + (1 = aiz) exp(Bii (i) — ') able I¢ = I(X; = a). Analogous to the binary case, we
excludel? from the model, in order to avoid the creation
of linear dependencies between the predictors. We have

P(Zi|% (i), To) =

After processingX;,i > 2 we process the root;. At that
point we have

S
=

By =c+n

2

_ - z; if1<a;<d—
Paifi) | 1= P(iild) 1<Xi:xi):{fz L Msmsde g
P( 1‘.%‘0) 1 —P(.f?ﬂ.i‘o)’ 1*2(1':1 Ii if x; =0

and by choosing®(#1|7¢) = a1 € (0,1) we can solve for We combine this with equation (7) to get a logistic regres-
P(%1|%¢) as before. Finally, we get sion model with variable$?. Based on DAGZ, we define
a family S of index sets as follows:
P(z0)

1 — P(%0)’

exp(fBg — ¢)

Bo =c+n R S = {8|5 C pa(0)} U{S|S C (i).i € ch(0)}  (9)

SOP(Zg) =
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Furthermore, let”(S) be the set of all valid non-zero as- whereg(i) depends only of*(X;| X, (;)),J € ch(0),i €
signments to variables with index # thatisF'(S) = {f:  pa(j).

S — Uijes X, |Vi € S: f(i) € X }. The logistic regres- b) LetS C pa(0) and f € F(S),then

sion specification correspondingbis then given by:

Sl = P(Zo|x)
! = _1)H{s€Slz;=0}| 1, Z A0 0
X Ps > (=1 n———+9(0),
m XA S g IO o) <Xy Plaolx)
P@Xa) 5 7l @ €{f(j),0}.5€S
fEF(S) z;=0,jEpa(0)\S 13)

In case of a non-binary class variablg € {0,...,do—1} whereg(0) depends only of (X;|X,;)), i € ch(0).

the logistic regression model is defineddyy— 1 vectors of
parameterg(a),1 < a < dy — 1, as stated in equation (3).
Similarly to equation (10) we get for all € X :

Proof: a) From (7),(8) and (10) it follows thaﬁs is a
sum of terms+ ln , Wherep, ¢ are conditional probabil-
ities of X;,j € ch( ) andq is obtained fromp by sub-
P(Xy =alX ; stitution of Z, with z,, moreoverp, ¢ contain X;. If X;

( 0 ‘ A o Z ﬂS HI'if(Z) (11) 0 0

In P(Xo=0|X,) is in the conditioning set op and thusg, then the term

1eRCs) ies +1n 2 just contributes tg(i). Now we consider only the
P(X;|Xri)%0)
termsi In XX, (70)° To be consistent withf we have

4.2. Equivalence for subperfect independence graphs havex; € {f(j),0},j € #(i). Clearly,z; = 0 if

A directed graph in which all nodes that have a commor/ € ¢(i) \ S, otherwiseS would contain;. With each
child are connected is called perfect. zj = 0,j € S comes a minus sign from(X; = 0) =

— . . a \{JGS\x =0}
Definition 1. We call a directed acyclic graph subperfect, 1= Ea:l I3, so each term has sigr-1) S

if it is perfect, except that some arcs between parents of thp) The assumption of the lemma immediately restricts our
class variable may be missing. attention to terms associated with conditional probabilities

_ _ of Xy. Our further reasoning is similar to part a).
We assumed- is restricted to the Markov blanket df,

thus subperfectness 6fimplies that every attribute is con- Lemma 4. The system of equations and constraints

nected taXj.
0 ﬁazln&—ln@—l—ca,forlgagd—l
Consider a subperfect graghand the corresponding LRS da 9
S. Let MBN(G) pe the set of all conditional distributions 0<pPasqa<1,for0<a<d-1
. - > (14)
modeled by all possible BN classifiers having indepen- - -
dence grapli. Let M ~(S) be the set of all conditional dis- Zpu =1, an =1

tributions modeled by all possible logistic regression mod-

els restricted bys. In the following we will prove the main . .
¥ g P has only solutions that satisfy

theorem:
Theorem 2. MBN(G) = prL(S) if and only if graphG is 0 eXp(Ba — Ca
subperfect yRIE Pa = : p(ﬁ ‘o) yforl<a<d-1
) qo + E 1 qj exp(f; — CJ)
The general idea to prove the if part is to show that for p, = — do ,
subperfect grapldé: and corresponding s&, we can find do + ijl qj exp(Bj — ¢j)
for any value of the vectqﬂié(S €S, feF(9)),values of (15)
the parameter8y, x ., (i € {0} U ch(0)) that yield the
same conditional distribution. The proof is constructive: Where we can choosg, ..., qq-1 freely as long as they

we give an algorithm to determirfrom 3. The algorithm  Satisfy the constraints expressed in (14).
makes use of the observations in Lemma 3 and Lemma 4.

Lemma 3. a) Leti € ch(0), and letS C ¢(i), f € F(S),
whereS is such that € S, then

Proof: We have = = exp(8, — ¢),1 < a <
d—1. Usingpy = 1 - Y9 1p; we getpy(l +

0 €X @ —Cq @ €X @ —Cq
. P(xi|%5)%0) : pt(lf )) + ZJE{L Hd=11\{a} Pi : pt(zfj o=
Bl = 3 (—1)Hiesla;=0} y ~THET@T0] iy g e"pflﬁ” ca) ‘which is a linear system af — 1 equalities
XEXp(i): P(@i|%x(i)o) iNpa,1<a < d—1. Itis easy to see that the equations are
z;€{f(4),0},7€5 linearly independent and thus have a unique solution. One
T=0IEHONS can verify thatp, = — o &PBa—ca) We compute
(12) Pa q0+35=1 a5 exp(B;—¢;) P
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Input: DAG G, vector of 35, whereS € S f € F(S).
Output: vector ofl x, x wherei € {0} U ch(0).
1)
init(topological-order)
processed:2
repeatch(0)| times

1 :=index-of-last(topological-order)

forl:=0to|mx(:)| do

forall W C #(i)&|W| =1do
forall f:Vje W, f(j) € X; do/I(*)

evaluateforgy {10, gliilh

processed:=processefX, }
drop-last(topological-order)
(2)
for i :=0to |pa(0)| do
forall W C pa(0)&|W|=1do
forall f:Vje W, f(j) € X, do/I(*)
evaluatefor0g/;,)

pa(i)’

—1)})

P

Figure 1. Algorithm for evaluation of BN parameters

— q0 i el
po = P 3 e L We conclude with noticing
that wheng, > 0, for0 < a < d — 1, then all numbers in

contributes to the constant. So we have

JO{(i,a)} _
woliy
T (e usle=0y, Plilxx@o) |
ey P(xiXx (i) To)
z;=f(3),J€EW
z;=0,jem(i)\W
z;€{0,a}
o P(Xi = alxz()To) N P(Xi = 0]xx(i)Zo)
P(X; = a|x-(;)0) P(X; = 0lxpiyZo)

(16)

for1 <a <d;—1,wherex;
if j € w(i)\W.

Evaluation is a procedure for determining a solution to this
system of equations. We use lemma 4 to do this. Note that
we choose a solution from an infinitely big set.

f(y)if j e W,andz; =0

Next we consider part (2) of the algorithm. The func-
tion evaluateforQ(Q{jV) evaluates the following 2 BN pa-
rameters: 0z x, .o+ Ozolx,0 (0, WhEreXpa(0) is such that

xz; = f(j) for j € W, andz; = 0 otherwise. Note that
the assumption of lemma 3(b) is satisfied. Again, the algo-
rithm guarantees that the conditional probabilitieSXof,

each fraction are positive and the numerator is contained igpecified by’ c W(W’| < |[W|) and all possible as-

the denominator, thud < p, < 1,for0 <a <d-1.0

Algorithm 1 takes as input an arbitrary DAG, and a
vector of values 0[63; (S € Sf € F(9)), and returns
values forfx,x,.., (i € {0} Uch(0)). First, let us
consider part (1) of the algorithm. In the first step we
sort the children ofX in topological order. In the main
loop we go through all indices of children ok, in

reverse topological order (first children then parents). Ini+exp(3{, —c)

step (*) we just iterate for all possible valid non-zero
assignments to variables with index ii. The function

evaluateforf(iﬁjg’}l)} , &ﬁg’}di_l)} ) evaluates the
following 2 x d; BN parametersﬂxi‘xﬂ(i@o,9Xi|xw(i>io,
wherex ;) is such that:; = f(j) for j € W, andz; = 0
otherwise. So the sdt/ and functionf determine the

configuration ofX ;).

PR

Note, that the processing order of vertices guarantees th
all children of X;, which are also children ok, have al-

ready been processed and therefore all conditional prob-

abilities of X;,j5 € ch(0) with X; in the conditioning

set have already been evaluated. We apply lemma 3(a)

for each ofﬁflﬁﬁ(?“)},l < a < d; — 1. The algorithm

guarantees that conditional probabilities ¥f, specified
by W' c W(|W'| < |W|) and all possible assignments on

W’ have been evaluated. Therefore any term in equatioffroof:

(12), containings € X ;y,3j € W : x; = 0, was evalu-
ated in some step associated Wit C W\ {;j} and thus

signments oV’ have been evaluated. Therefore we have

P("EO ‘Xpa(o))

ﬁf =In—
W P(xo‘xpa(o))

17)

+c,

where z; = f(j) for j € W, and z; 0 for
J € pa(0) \ W. We solve it to: P(Zo|Xpe0) =
cxp(ﬁ{jvfc)

and P(@olxpa(0) = T7opar g Adain

0< P(.i‘0|xpa(0)), P(50|Xpa(0)) < 1.0

This concludes our discussion of algorithm 1.

Lemma 5. Let G be a DAG and let the vector with com-
ponentsﬁ’g, S eS8, fe F(S)be avector of parameters of
a logistic regression model. We apply algorithm 1 and get
0x,1X,0 )+ @ € {0} U ch(0) - a subset of the BN classifier
parameters. Take any BN classifier on gragtconsistent
with this subset of parameters and map it to a logistic re-
%tression model obtaining parametes§ , thengy = 51

for all S € S’ and all valid f defined onS, where

S' = {SU{il}i € ch(0), S C (i)} U{S|S C pa(0)}

(18
ObviouslyS’ C S§. We say thatS’ defines the set z

used by the algorithm.

Note that in equation (7) we use only
P(X;|Xpa(iy), i € {0} Uch(0). To show thatS’, indeed, is
such as stated above, consider@lused in algorithm 1.
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For eachi € ch(0) we solve equations for eatﬂg, where  Proof: We use induction. Consider equation 16. The con-
S={}UW,W Cx(i)andf € F(S). Wheni = 0we  stant (on the first step it is 0) is a sum of bounded terms
solve for eacrﬁg, whereS C pa(0) andf € F(S). O (see equation 7), where the bounds depend on already used
ﬁg, so alld; — 1 following termsb,, are bounded, where the

Lemma 6. Suppose we are given a BN classifier on .
PP g bounds depend on already used and CUW%E’;EI‘),&U'IC, 1<

DAG G with vector of parameterg having components

0X: X0y 0 < @ < 1 If application of our mapping i<di— 1.
returns vectorg of logistic regression parameters, then

: : : bo=1n2e — 1 1<a<d -1 19
running algorithm 1 onG and 3 and making the cor- a =1 % n PR a=di — 4 (19)
rect choices at the evaluatefor step will provide us with
01X,y & € {0} U ch(0) consistent wittt. where

Proof: The algorithm only determines the order of evalu-  Pc = P(X; = c[Xr(i)T0), ¢c = P(Xi = c[Xx(i)T0),

ation. It does not restrict the set of possible solutions (see L

lemma 4).0] for0 < ¢ < d; — 1, and wherer; = f(j) if j € W and
xz; =0if j e m(i)\W.

We use lemma 4 and find thgt — Edifl"’%”ab, 1<
. , a io a5 expby
Proof: This follows from the fact tha{S|i € ch(0),5 C ¢ < g, — 1 if we defineb, = 0. To conclude we need to
o(i)} S {SU{i}|i € ch(0), S S m(i)} U{SS S pa(0)}.  show thatd < min, < % < max, Or 0 <
i 4jexpb;
Theorem 8. If DAG G is subperfect and is its associated . di—1 , =0 _
family of index sets, thew/ 2N (¢) = MfL(S), min < 2o dj xpb; < maz. We kh(?]y\/_tlhatexp %>
0Oand> q; = 1,¢; > 0,500 < minj; (expb;) <

Lemma 7. If graph G is subperfect thes’ = S.

Proof: Our mapping is defined on the set of all BN clas- Zj;_()l gjexpb; < max?;Bl(eXp b;) O

sifiers, thereforel/ V(@) ¢ M) Left to prove that | emma 10. If graph G is not subperfect the\S" is not
M(S) ¢ MBN(G), Suppose we are given a vectorf, empty. It contains some sét that is not contained in
which agrees with logistic regression specificatiinWe pa(0).

apply algorithm 1 and find'x,x . € {0} U ch(0).

We assign values to the other classifier parameters, whiclRroof; This follows from the fact that, sinc@ is not sub-
of course, we can achieve. Lemma 5 states that the maperfect, it must contain som&;,j € ch(0) that has two
ping applied to the classifier we have got will produce theunconnected parens,, X3, which are not both parents of
same logistic regression model with regard t@l] where  X,.0O

S e S, andf is a valid assignment_deﬁned oh We are Theorem 11. If DAG G is not subperfect, their 3 (€)
left to prove that these are all possible parameters, that IS7L(S)

S’ = & for subperfect grapltz. Here we use lemma 7. '

So we have constructed a BN classifier from a logistic repyoof. |n our parameterization, different logistic regres-

gression model. This classifier maps back to this modejon models index different conditional distributionsX.
and thus represents the same conditional distribution of thgerefore. ifA7BN(G) — ML) then for any value of?

class variablé] there should be a value 6f which is mapped back to that
. same value of3. Lemma 6 states that using algorithm 1

4.3. Necessity of subperfectness we can determine valus, x,,, .. i € {0} U ch(0) of 6.

In this section we show that subperfectnes&/a$ a neces- Lemma 9 states théi %”8;2;, i € ch(0) is bounded

sary condition for equivalence. In the proof we use the facby numbers dependent Qﬁfg used in the algorithm, that is
that, in our parameterization, different logistic regressionS € &'. Lemma 10 states that there exists a parameter

models index different conditional distributions &f. Bf (S* € S\ &) of the logistic regression model, that
S* 1

Lemma 9. Let us consider DAGG and vector 5  was not used by the algorithm. This means that changing
of parameters of logistic regression model. Sup-the value of this parameter will not affect the bounds. It
pose algorithm 1 is applied t@; and 5 to calculate follows from the definition of our mapping that th'ﬁg*
0x, X0t € {0} U ch(0), thenVi € ch(0),x € (S* is not contained ipa(0)) can be expressed as a sum
Koy © Mingpe, < In }zzgzi}xﬂmf:o; < maw,, ., of bounded termstln%%,i € ch(0). So, for

i Xn(i) — Zi|Xn(i)To) — Ti| Xz (i)? il (i
where ming,|x_,,»mar.,x, ., € IR and depend only equivalence to hold, the value 6f.. should be contained
on 3% used before and including the step in whichin a certain interval determined by(S € S’). To con-

P(x]%r)Z0), P(xixr3)To) Were evaluated. clude, we pick a value qﬁfg* outside this intervald
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4.4. Non-binary class variables Moreover, one can prove that the LR specification obtained
by application of their mapping models exactly the same
set of conditional distributions as the LR specification ob-
Gained by our mapping. This implies that subperfectness of
G is a necessary condition for their mapping as well, which

rovides a partial answer to what was left as an open prob-
em in (Roos et al., 2005).

Algorithm 1 needs to be changed only slightly to handle
the case of a non-binary class variable. In part (1) th
function evaluatefor should be called for eache X .

In the first call we would be able to choose a solution to
the associated equations from an infinitely big set. W
would fix probabilities P(X;|x, ;)Xo = 0) and obtain

P(Xi|xx:Xo = 1). For othera # 1 we will have prob- )
abilities P(X;|x,»Xo = a) uniquely determined. Sim- 6. Experiments
ilarly in part (2) of the algorithm we should call function

. To illustrate the applicability of our mapping, we present a
evaluateforO for each € &;;". We get equations bp y bping P

simple hill-climbing structure learning algorithm based on
f P(Xo = alXpa(0)) conditional loglikelihood scoring. The algorithm searches
By (a) =1In P(Xo = 0/%n0)) +ca; a€ Xy (20) in the space of so-called Forest Augmented Networks
0 pa(0) (FANSs) (Lucas, 2004). The search starts with a naive Bayes
which has a unique solutiol’(X, = alxp0)) = model that includes all attributes. In each step edges may
exp(B, (a)—ca) _ _ be added or removed, with the following restrictions: (1)
350 " exp (B (i) —ci) (_pUt.ﬁ(O_) - 0 andey = 0). Clearly, An edge fromX, to X; can only be removed iX; is not
this conditional distribution is valid. connected to any other attribute; (2) An undirected edge
We apply exactly the same reasoning as in the binary clagid" b€ added between attribufésand.X; only if they are

variable case to arrive at the proof of the main theorem foP0th connected tdy, and the edge does not create a cycle
the general casel/BN(G) — pL(S) if and only if graph on the attributes.

G is subperfect. During search, edges between attributes are treated as undi-
rected edges. To get a directed graph on the attributes,
5. Related Work simply direct the edges in such a way that no cycles or V-

structures are created.
Greiner et al. (Greiner et al., 2005) propose an al- ) )
gorithm calledELR for discriminative structure learning In a first experiment, we sample data from the netwerk

of Bayesian network classifiers.ELR parameterizes a depicted in the left part of figure 2, where all variables are

Bayesian network as a system of logistic regression equgginary. The logistic regression specification corresponding

tions. It uses gradient ascent to find local maxima of thd® & IS given by

likelihood function.ELR s both more general (it can han- P(i)

dle incomplete data and arbitrary network structures) and 1n P(ro) Bo+B1y X1+ 82y Xo+8 3y X+ B4y Xa+

less efficient than our approach. Experiments demonstrate

that ELR often works better than generative methods, also P53 Xs + By XaXo + B3y X Xs + Baay X3 Xy

in the incomplete data case (Greiner et al., 2005). (1)

Grossman and Domingos (Grossman & Domingos, 2004)§ince(_¥ is subpgrfgct, this logistic re.gr_ession specification
is equivalent to it, in the sense that it indexes the same set

propose a simple heuristi'c'for efficient structure Iearnir)gof conditional distributions o, asG does. Furthermore
of Bayesian network classifiers: parameters are fitted using - that this conditional distribution is in FAN-space; the

the generative estimates and the structure is chosen on the : . ; : )
basis of conditional loglikelihood. They show experimen- equivalent FAN is depicted in the right part of figure 2. We

o s . specified four different sets of parameter values@odif-
tally that this simple heuristic works quite well on alarge ;" .~ . : )
. fering in the strength of the three-way interactions between
collection of datasets.

(XQ, X, Xg), (Xo, X1, X3) and (XQ, X3, X4) For each
Our work is most closely related to that of Roos et al. (Roosnteraction strength, we drew samples of different sizes
et al., 2005). They propose a mapping from BN classifieraand fitted a naive Bayes and FAN model on this sample.
to logistic regression models and prove equivalence for th&he FAN model was selected using the hill-climbing algo-
class of subperfect independence graphs. Their mappingithm described above, where models were scored on the
however, yields an overparameterized logistic regressiobasis of AIC, i.e. conditional loglikelihood- number of
model with a likelihood function that is concave, but not parameters. The accuracy of each fitted model was com-
strictly concave. In the mapping we propose, the redundanputed on a test sample of size 10,000. For each sample
parameters are removed. More specifically, the parametessze/interaction strength combination the experiment was
obtained in our mapping are sums of parameters obtainegkplicated 20 times; then we computed the difference be-
in the mapping proposed by Roos et al. (Roos et al., 2005Yween the average accuracy of FAN and NB (see table 1).
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50 100 500 1000 NB pNB FAN
None | —35 —09 00 00 50 | 49.8 £ 4.0(0) 48.7+£5.4(2) 46.9+4.5(15)
Weak | —0.6 —08 +04 405 100 | 55.9 £ 1.8(0) 57.5+2.6(4) 52.3+3.5(33)
Mild +0.9 411 +48 441 500 | 63.3+0.7(0) 64.24+0.9(14) 65.6 +1.0(279)
Strong| +19.7 +19.2 +19.6 +19.7 1000 | 64.4+0.5(1) 64.8+0.8(25) 68.3 & 0.8(456)

Table 1. Difference in percentage correctly predicted betweenTable 2. Percentage correctly predictedstandard error for NB,
FAN and NB for different sample sizes and interaction strengths pruned NB and FAN for different sample sizes. Time to select

a model (averaged over 20 replications) rounded to the nearest
second is given between brackets.
@ ' FAN these times are for the whole selection process; for
@ example, the FAN algorithm has to scqr§) + 15 = 120
‘ ‘ models in the first step.
@ @ @ @ 7. Conclusion

Figure 2. Example networl( (left); equivalent FAN (right). We have proposed a mapping that translates BNC struc-
tures with subperfect independence graphs to equivalent
LR specifications. The LR model has less parameters and
a strictly concave likelihood function which allows for effi-
cient numerical optimization. This result is a step towards
efficient discriminative structure learning of BN classifiers.
In the no interaction case, where the conditional naiveThis is supported by our experiments with a structure learn-
Bayes assumption is exactly correct (i.e. all two-way inter-ing algorithm that searches in the space of Forest Aug-
actions drop out from (21)), the FAN does worse for smallmented Naive Bayes (FAN) models.

sample sizes, due to overfitting, but at sample size 500 it

equalizes. At the other extreme, in the case of strong inter
agtion the FAN scores much better than NB, even fo?smalﬁeferenceg

sample size. In the more realistic inbetween cases, the FARnderson, J. A. (1982). Logistic discrimination. In P. R.
goes from slightly worse to slightly better, or from slightly  Krishnaiah and L. N. Kanal (Eds.Elassification, pat-
better to clearly better as the sample size increases. tern recognition and reduction of dimensionalityol. 2

of Handbook of Statisticd69-191. North-Holland.

Models were fitted inR using themultinom function
from thennet package.

In a second experiment we consider a somewhat larger
problem with 15 attributes (not all of them binary) and Friedman, N., Geiger, D., & Goldszmidt, M. (1997).
ternary class variable. The Markov blanket of the class Bayesian network classifiersMachine Learning 29,
variable contains only 7 of the 15 attributes. We speci- 131-163.

fied mild three-way interactions involving the class vari- ) .

able. The results are given in table 2. Again, for eachCreiner, R., Xiaoyuan, S., Shen, B., & Zhou, W. (2005).
sample size 20 replications were performed, and the accu- Structural extension to logistic regression: Discrimina-
racy was computed on a test sample with 10,000 observa- tive parameter learning of belief net classifievtachine
tions. In this experiment, we included pruned naive Bayes L€aming 59, 297-322.

in the comparison, since 8 irrelevant attributes are i”dUdedGrossman, D., & Domingos, P. (2004). Learning Bayesian
The pruning was done with a simple hill-climbing strategy:  network classifiers by maximizing conditional likeli-
starting from the full naive Bayes model, attributes were 1,504, proceedings of the 21st International Conference
removed until no improvement of the AIC-score was pos- 54 Machine Learningpp. 361-368). Omnipress.

sible. The experiment was performed on a Pentium 4 ma-

chine with 2.8GHz CPU. Lucas, P. (2004). Restricted bayesian network structure

learning. Advances in Bayesian Networks, Studies in

Again, we observe that for small sample sizes FANs.are Fuzziness and Soft Computiap. 217—232). Springer.
worse than NB and pruned NB, but for larger sample sizes

FANs have higher accuracy. Overall, pruned NB is onlyRoos, T., Wettig, H., Ginwald, P., Myllynéki, P., & Tirri,
slightly better than NB, confirming NB'’s resistance against H. (2005). On discriminative Bayesian network clas-
overfitting. Times to select a model are rounded to the near- sifiers and logistic regressionMachine Learning 59,
est second and averaged over 20 replications. For pNB and 267—-296.



