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How can we define a simple normal form for not diagonizable
matrices? Expecially for matrices close to each other.
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Deformations

A deformation of a matrix Ag € C"™ " is a matrix A(y) € C"™*"
with:
m enteries that are power series of variables v; € C
m variables ; close to zero, convergent in the neighbourhood of
v =0 with A(0) = A
A deformation is also called a family with parameter space
A = {~} the base of the family.
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Deformations

A deformation of a matrix Ag € C™" is a matrix A(~y) € C"*"
with:
m enteries that are power series of variables v; € C
m variables ~; close to zero, convergent in the neighbourhood of
v = 0 with A(0) = Ao
A deformation is also called a family with parameter space
A = {~} the base of the family.

L+m 3+(1—72)2)
Example: A =
P ™) ( 371 5+
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Equivalent deformations

Two deformations A(v) and B(~) of matrix Ay are equivalent if
there exists a deformation C(7) of the identity matrix (C(0) = /,)
such that:

A(v) = C(mB(MCM ™,
so A(7) can be obtained by a change of basis of B(7).
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Equivalent deformations
Two deformations A(7y) and B(7y) of matrix Ag are equivalent if
there exists a deformation C(7) of the identity matrix (C(0) = /,)
such that:

A(v) = C(NBMCM ™,

so A(y) can be obtained by a change of basis of B(~).

Mapping in parameter space

Define a mapping ¢ : C! — C close to zero, which is convergent
in the neighbourhood of zero with ¢(0) = 0. Such that ¢ is a
mapping of the parameter space {u} to {7}, and A(y) = A(p(n)).

Valesca Peereboom
Matrices depending on parameters




Deformations

ooe

Versal deformation

A versal deformation of a matrix Ag is a deformation which is
equivalent to every other deformation of Ag under a suitable
change of parameters:

B(u) = C(1)A((1)) C(1)~*, for every B(0) = Ao,
with C(0) = I, ©(0) = 0.

The deformation is universal if the change of parameters ¢ is
unique for each B(pu).

Goal: Find the simplest versal deformation for matrices Ag, with
the least number of parameters (miniversal)
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Transversality

Consider a smooth mapping A: v — M where M C C"*" |

N C M and let y be a point in A such that A(v) € N.

Then the mapping A is called transversal to N at « if the tangent
space to M at A(y) is the direct sum of tangent space of N at
A(y) and the tangent space of the mapping A:

TMagyy = Ac TAy © TNy
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Orbit

Consider a set M = C"*" and the group
G = {det(c) # 0|c € C"™*"}, then the orbit of m € M is given by

the set G(m) = {gmg~'|g € G}.
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Versality
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Consider a set M = C"*" and the group
G = {det(c) # 0]c € C"™ "}, then the orbit of m € M is given by

the set G(m) = {gmg~!|g € G}.

A deformation A(7y) is versal < the mapping A is transversal to
the orbit of Ag at v = 0.
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Universality of a sylvester family

A sylvester family:

0 1
0 1
Ala) = .
0 1
a1 o ... Qp

defines a universal deformation of each of its matrices.
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Minimal versal deformation for Ag in Jordan normal form

A matrix Ag in Jordan normal form has a versal deformation of the
form Ag + B(«) with for each Jordan block i: Bj(a) with

o1 ... Qp | ... Qpgn,

non-zeros at

and minimal number of parameters d = Z}V:’1(2j — 1)n;, for i“th
Jordan block of length N; with eigenvalue A; of orders
n > 2 ny;.
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