String Theory Exercises™
March 19, 2004

Exercise 1

Let us consider the action describing a point particle of mass m moving freely in a
d+ 1 dimensional Minkowski space-time. It will be expressed as the invariant length
of the world-line

T1 T1 71
S = / dr L = —m/ ds = —m/ dr \/—3rT,. (1.1)
TO TO T

0

where z#(7) is the space-time position of the particle at the proper time 7 and
" = dx#/dr. The space-time metric is 7, = diag(—1,+1,...,+1).

e Show that S is invariant with respect to reparametrization of the world line:
T— 1 =7(7).

e Compute the momentum of the particle p* = n* §L£/§i” and show that it
describes a particle of mass m.

e Find the equation of motion for z*(7) by minimizing the action with respect
to a variation z# — 2# 4+ dx* and find the most general solution. In particular
show that, if we give a physical interpretation to 7 as being the time, namely if
we set 2°(7) oc 7, the solution has v* = &* = const. Show that on the solutions
the action can be written in the form:

S = —mlx; — x| (1.2)
ey — o] = /(2 — 28 (1 — 7o)

zy = aM(n); @) =at(n)
oy —xfy = v (1 — 7). (1.3)

*References to equations in the lecture notes refer to the 10/02/04 version of the notes.



and that the momentum can be written as:
no_ o p
o= m () xo>. (1.4)
|71 — @0l
(for later convenience we allow p® to have also negative values and we interpret
the energy of the particle to be E = [p°|. According to this notation, in a
scattering process, the incoming particles will have p° = E > 0 while the
outgoing will have p° = —F < 0. )

Now consider a different action on the same world line of the particle, but this
time function of two independent quantities, namely e(7) and z#(7):

1
S = 3 /dT (e titd, — em?) (1.5)
Show that S’ is invariant with respect to the reparametrization transformation

in 7 which, in its infinitesimal form is:

ozt = e(r)at
d
de = p (e(1)e)
e(r) = €(n) = 0. (1.6)

[Hint: To show invariance of the action under the above infinitesimal transfor-
mations it suffices to show that the corresponding variation of the action is a
total derivative of the form written below:

d
Le+oe,z" +0i") = L(e,z")+ e (eL). (1.7)
T
for these transformations the above result follows without the use of the equa-
tions of motion. Since by hypothesis € vanishes at the extrema of integration
the total derivative in eq. does not contribute.]

Compute the field equations from S’ corresponding to the fields e(7) and z#(7)
and show that S’ is classically equivalent to S.

Consider a scattering process of N particles described by the world lines of
the particles which start at different points zf' (i = 1,...,N) and intersect
in the same scattering point y*. Let the process be described by the total
action S = Zfil S;, S; being the world line actions of the single particles, by
minimizing S with respect to the position y* of the scattering point deduce the
momentum conservation condition for the process: Zf\il pi' =0 (recall that in
our notation the incoming particles have p° > 0 and the outgoing have p® < 0).
[Hint: Use eq. to express the single actions as S; = —my; |y — x;|. Then
from the condition 0S/0y" = 0 and the expression for the momenta deduce

N
Zi:l Py =0]



Exercise 2

A generic surface S spanned by affine parameters 7, ¢ and embedded in a higher
dimensional space (ambient space) with coordinates X*, can be described by the
parametric equations X* = X#(7, o). An infinitesimal element of its surface dS
can be represented by a tensor dS"*(7, o) = (dX" N dX") s = X" (7, 0)drdo which
defines the projection of dS on the plane (X*#, XV), the tensor ¥**(7, o) defines the
plane tangent to the surface S at the point (7, o) and is defined as follows:

=0, X"0, X" — 0; X"0, X".

The area of the surface A(S) is then defined by the integral:

/@/ dS,,dSH _/dea,/ 2 (2.1)

Compute the X tensor and the area of the surface given by:

X% = Ar
X' = —-Br
X? = o

where A and B are constants, 7 € (0,1) and o € (0,1). You may consider the metric
of the ambient space to be Euclidean. Compare the result of the integral with what
you would expect.

Exercise 3

Consider the Nambu—Goto action described by equation (2.9) of the lecture notes.
Show that the expression in the square root can be written as the determinant of a
2 x 2 matrix (induced metric) h,g defined as

has = O0aX"03X, (3.1)

In the Nambu—Goto action the only independent function is X*(o, 7). It is possible
to reformulate the theory in a classically equivalent way using the Polyakov action
which describes hog(o, 7) and X*#(o, ) as independent fields and has the advantage
of not having the square root in the integral (see next exercise)



Exercise 4

Consider the Polyakov action of a string moving on a D-dimensional Minkowski
background (with metric 7, = diag(—1,+1,...,+1)):

T
S = -3 do? \/h(o) h*P (o) 0, X" 05X, (4.1)
2
o = {o,7}; Xt = X*0%);0€]|0, n]; T € (—00, x0)
Y = world sheet ; hos(0”7) = metric on ¥
h(o7) = —det(hap); a=1,2; u=0,...,D—1

where we have used the following short hand notation for partial derivatives: 0, =

8%. Moreover whenever repeated upper and lower indices occur summation is un-

derstood: v*w, = ), v W,.
e Show that the local, i.e. c*—dependent, symmetry transformations are:

reparametrization: c* — o = (o) (4.2)

Weyl transformations: hag — Q*(0%) hap

e Compute the energy momentum tensor 7,4 defined by:
hag — hag—i-éha,g =85 —- 54468

5S = —% do? \/h(0) Shas T (4.4)
%

which condition on 7,4 does invariance under Weyl transformations imply?

e Show that the global, i.e. o“-independent, transformations on the X* fields
which leave S invariant are the Poincaré transformations:

Xt — X" =Ar, XY+ a"
um Ayp Au'y = TNy (4'5)
where both the Lorentz transformation A and the translation parameter a* do

not depend on o“.

e Write the equations of motion for the fields h,g(o) and X*#(o) and show that
S is classically equivalent to the Nambu—Goto action S”:

S = -T / daz\/—det (0 X" 05X,.) (4.6)
by



Exercise 5

By fixing reparametrization invariance let us reduce the world sheet metric to the
form:

baale) = M) man = M) () 5.0

e write the action S with this metric

e consider an infinitesimal coordinate transformation on the world sheet:
o — o = 0% +¢(o) (5.2)
which implies that we transform X* as follows:
Xt — X' 40Xt = X' 4+€e0,X"
As it can be deduced from eq. , the metric h,p will transform as follows:
Ohap = (0a€") hyg+ (08€7) hoya + €0y h0p (5.3)

After fixing the metric to the form there is still a residual invariance of the
action under conformal transformations. A conformal transformation is defined
as a coordinate transformation whose only effect is to rescale the metric, namely
such that the corresponding infinitesimal variation of the metric has the general
form:

(WLag = C(CT) hag + Eﬁyayhag (54)

where C'(0) is an infinitesimal function of ¢® which depends on the infinitesimal
coordinate shift e. Using equ. ([5.3) show that the conformal transformations
are generated by an infinitesimal parameter € fulfilling the following condition:

(0n€) g + (O3 ) e = (0,67) s (5.5)

recall the convention on repeated indices and partial derivation: (0,€’ =

3. -2 €7) and find the expression of C(c) in equ. 1} in terms of e.

Y 0o
e using the light—cone coordinates:

1
ot = E(Tﬂ:()‘) (5.6)

show that conformal transformations are characterized by et = et (o") and
€ =¢(07).

e Write 7T,,3 and the conditions on it due to energy-momentum conservation and
Weyl invariance, in light—cone coordinates.



Exercise 6

Consider the global symmetries of S, i.e. the Poincaré transformations in their in-

finitesimal form:

XP XM gXH (6.1)
IXH a"  (translations) (6.2
IXr Wy (M*)P5 X7 (Lorentz) (6.3)
(MY, = s,
nt diag(—1,+1,...,+1) (6.4)

where a* and w,,, are c®-independent.

e Compute the corresponding conserved Noether currents J# and J#” by comput-
ing the variation of the Polyakov action S with respect to the transformations
(6.2) and (6.3) and expressing it (using the field equations) in the form:

5S = / dodr 0% (J a, + J" w,,) (6.5)

recall that we are using here and in all the following exercises hos = 7ag

e Write the equations of motion for X* and solve them with the following bound-
ary conditions:

O, XH (1,0 =0) = 0, X"(r,0=m) =0

XH(r,0) = X¥(r,0+7) Vo

Neumann:

Closed string:
showing that the most general solution will have the form:
XMo) = X[(oF)+ Xg(o7) (6.6)

(express solution through Fourier mode expansion and impose the boundary
conditions as constraints on the coefficients)

e Show that for the above solutions the CM momentum:
Pt = / do J¥ (6.7)
0

is conserved.

o Write the expression of P* for the above solutions.



Exercise 7

Consider an open string satisfying the usual Neumann boundary conditions along the
directions X°,... XP=2 but a different one on XP~1. For the following two cases,
compute the mode expansion of X”~! as in the previous exercise.

e Dirichlet boundary conditions at both endpoints (DD):
0. XPYr,0=0)=0, 0. XP Yr0=m)=0. (7.1)

This has the interpretation of an open string with both ends on a D-brane,
where “D” stands for Dirichlet. Is the momentum PP~! along this direction
conserved?

e Dirichlet boundary condition at one endpoint and Neumann at the other end-
point (ND):
0. XPYr,0=0)=0, 0, XP 10 =7)=0. (7.2)
This is an open string with one end on a D-brane and one free.

[Hint: Will the frequencies of the Fourier modes still be integer?]

Exercise 8

Show that the following functions:
XY= Ar
X' = Acos (1) cos (o)
X? = Asin (1) cos (o)
Xi>2 =0

(8.1)

define a solution of the string field equations with the Neumann boundary conditions
(i.e. describe a free open string). In particular show that it can be written in the

form ([6.6]).
e Compute the energy £ = P? and the angular momentum J for this solution.

e Show that the non linear constraints 7,3 = 0 are fulfilled as well, namely that:

(0. X))+ (0,X)’=0, 0. X"3,X,=0 (8.2)
e Show that:
E? 1
7] = const. = " (8.3)

and show that T'=1/(2mwa’)

e Show that this solution describes an open string with the end points rotating
at the speed of light.



Exercise 9

Consider the following parametric equations:

X0 =Ar
X! = Acos(7) cos(o) (9.1)
X? = Acos(7)sin(0)

Show that they describe a string solution, i.e. that one can write it in the form

(6.6) and that the non linear constraints in eq. (8.2)) are fulfilled. Which boundary
conditions does the solution fulfill in the various space directions?

e Plot the solution on the X!, X? plane in time for 7 varying from 0 to 27 with
steps of 7/4.

e Compute the conserved current J¥ associated with global translational invari-
ance in space—time (see problem 6). Show that the component P#=2 of the

momentum defined by eq. (6.7)) is not conserved.

e Compute the variation of the momentum between 7 = 0 and 7 = 75 and prove
the following relation:

70
PH=2 _pr=2 / dr (JE=* (1, ) — JI=3(7,0)) (9.2)
0

|T=70 |7=0

the above equation derives from the momentum conservation condition 9% J¥ =
0 and the right hand side can be interpreted as the momentum flow in the
direction p = 2 across the end—points of the string.

Exercise 10

Consider the following parametric equations:

X0 =2Ar
X' = Acos 27 cos 20 (10.1)
X? = Asin 27 cos 20

Show that they describe a closed string solution and that one can write it in the form

and that it fulfills (8.2). Plot the solution on the X!, X2 plane in time for 7
(6.6) , X% p
varying from 0 to 7w with steps of 7/8.

Now consider the following parametric equations:
X' = Ar
X' = Acos(27) sin(20) (10.2)
X? = Asin(47) sin(40)
Show that although they can be written in the form they do not fulfill the
constraint (8.2)).



Exercise 11

Write the components T, and 7__ of the energy momentum tensor in terms of
the parameters x*, p*, o and & defining the open and closed string solutions. In
particular in the two cases find the corresponding expressions of the coefficients L,,
and f/n defined as follows:

7?2 & ~
open string: T, , = B Z L,e ™"

n=—oo

closed string: Ty =20 ) L,e7"7

T__ =20 ) Lye™ (11.1)
The constraints T,,3 = 0 can be restated as L,, = fj = 0 for all n. From the conditions
Lo = Lo = 0 derive an expression for the mass squared M? = —p*p, in terms of the

coeflicients a# and &* in both the open and closed string cases.

Exercise 12

Compute in terms of the parameters z#, p, a# and &# defining the open and closed
string solutions the Hamiltonian associated with the Polyakov action:

H(r) = /da (X“CZP) L(r) (12.1)

g

where % and L(7) are defined in egs. (3.43) and (4.1) of the lecture notes. What is

the relation between H and L, Eo in the open and closed string cases?

Exercise 13

Let us restrict ourselves to the quantized open string case in the light-cone gauge.
Derive the commutation relations between x’, p’ and «, from equations (4.5) and (4.3)
of the lecture notes. Let us define the vacuum state |p*, 0) such that o [p#, 0) = 0 for
n > 0 and of|p”,0) = p’|[p*,0). A generic open string state is obtained by applying
the creation operators af, (n < 0) a finite number of times to |p#,0). Consider the
operator N defined as follows:

)

-2

i o' al (13.1)

n=1 i=1



Show that on the following state:

Nz',n
—
P, Nin) = o, ...a", [p",0) (13.2)
the operator N has the following value:
N|p/17 Nl,n> = nNi,n’pua Nz,n> (133)

Exercise 14

A solution of the string equations of motion can be written in the form (6.6)). For
the open string we have the further constraint that X7 (7) = X} (7) and that X} (c™")
and X} (0~) are respectively periodic in o™ and o~ of period 27 a part for a constant
shift while for the closed string X} and X} need only be periodic in o € (0,7) at
fixed 7. The theory is also invariant under conformal transformations which can be
written in the following infinitesimal form:

o — ot 4e (0"

o — o0 +¢€ (0) (14.1)
where € (0") and € (07) are periodic in o™ and o~ of period 27. For the open string
we further require that e = ¢~. In this exercise we will compute the infinitesimal
generators of conformal transformations and their algebraic properties. Being peri-

odic of period 27 in their argument, the infinitesimal functions can be expanded in
Fourier series:

et Z *ino (14.2)

n=—oo

where the reality condition implies that €5, = —(e)*.

A generic scalar function Y (%) will transform under (14.1]) as follows:
Y(0%) — Y(o*+¢)~ Y( i) +0Y (07)

0Y(0%) = 0.V (0%) =i Z e OLY (o) (14.3)

n=—oo

where we have used eq. ([14.2)) to derive the last expression. Let us define the following
differential operators L; on functions of & respectively:

LY (Y(o")) = ™ 0,Y (o)

L7 (Y(e7) = ie™ 0-Y(o)

LY (Y(0o7)) =

L7 (Y(eh) = 0 (14.4)

10



the product of two of these operators is defined by their consecutlve action on a same
function Y: L, L,, (Y) = L, (L., (Y)). The operators L are the generators of the
infinitesimal conformal transformations , indeed we can write:

f eE L) (V) (14.5)

n=—oo

e Show that taking Y (0%) = 0% and considering the definitions (14.4) the in-
finitesimal conformal transformation ([14.1]) follows from ((14.5)).

e Show that on a generic function Y (0%) the following relations hold:
LOLEY —LIPLY) (V(eH)) = (- mL5, (Vo)
L LY - LOLY) (Y(e) = (0= m)Ly), (Y(07)
(LOLE) — L L) (Y(e®) = 0 (14.6)
e Consider the following two constant infinitesimal transformations:

0T = c¢; doc=0  time shift

0r = 0 ; do=c  world sheet rotation (14.7)
Show that they are generated respectively by the following differential opera-
tors:
O, = —ic(Léﬂ + L((f))
0, = —ic(L{” —L{) (14.8)

namely that for the time shift 7 = Oy(7) = ¢ and 00 = O4(0) = 0 while for
the world sheet rotation d7 = Os(7) = 0 and do = O4(0) = ¢
Exercise 15

Let us define the following operators on the closed string states:

L, = %Z Z:afnoz;_m:
L, = % > Z Al al (15.1)

where as usual «,, and &, denote the right and left moving mode operators. Show
that they fulfill the following commutation relations:

D -2
12
(o £0] = (=)L + 2

n(n® = 1)0pim

n(n? — 1)0pim

[ﬁn, Em} ~ 0 (15.2)

11



these relations, apart from the term % n(n? — 1)0,4m on the left hand sides, are

analogous to the relations characterizing the generators of conformal transfor-
mations (Virasoro algebra).

Consider now the quantum version of the solution to the constraints in the light-come
gauge, namely:

open string:

1
a, = pe] (L, —ad,) ; af =0 (n#0)
closed string:
2
a, = pe] (L, —ad,) ; af =0 (n#0)
2
G = (ﬁ —a5>; & =0 (n0) (15.3)
Recalling that in the open string case afy = ¢p* while in the closed string case aff =
&l = lp" /2, express in both cases M? = —pF'p,, as function of o,, &’ and a and in

terms of the operator N defined for the open string case in equation (13.1]) and for
the closed string case by:

)

-2

Z (o', al +a',ar) (15.4)

n=1 i=1

What is the lowest value of M? in both cases? Show that in the case a = 1 these
states are tachyons.

Derive in the open string case all the commutation relations between z#, p* and ok
represented in the table in section 4.3 of the lecture notes.

Consider now the following quantum version of the expressions found in exercise|11|for
the coefficients L,, and L,, of the Fourier expansion of Tly4 in terms of the coefficients
o, and &,,:

1 X
L, = 3 eV T
m=—o00
. 1 &
"= g e Tafs AN (15.5)

Using equations 1} show that in the light-cone gauge L, = L, =aé,.
Consider the open string case in which £, = £,. Show that the following relations
hold:

L oy, 1 D -2
[y, o] = (n—m) p:f +(p+€)2( 3 n(n2—1)+2na) Ontm

(15.6)

12



Exercise 16
Find values of the mass squared M? for the following states using the value a = 1:

open string:
[¥1) = a’,|0)
|1h2) = 042;1045104{2|0>
closed string:
IX1) = ai_1@];1|0>
X2) = 0/—104116‘{2|0> (16.1)

Exercise 17

Consider the transverse components of the open string operator X (7,0) = X'(7,0),
(t=1,...,D—2). We wish to compute the propagator associated with the transverse
modes of an open string. Let us extend for convenience the definition of normal
ordering to the operators p‘, 2° in the following way:

ol = d ol i=adl,al; (n>0)
cplad s = adpt o= alp (17.1)
Show that:
X(r,0) X (7', 0") = : X'(1,0)X(7",0"): +6"G(r, T, 0, 0)
/ / 1 io’t ioT o'~ e
G(r, 7', 0,0) = ~ log [(e7 — €7 ) (e —¢€7 )|+
R(r—171,0—0) (17.2)

where “R (7 — 7,0 — ¢’)” denotes terms which are not divergent in the limit
7 — 7',0 — ¢'. Find the expressions of G' and therefore of R (1t — 7/,0 — o’).

[Hint: Write the open string solution X'(T,0) in the form (taking the scale £ =1):

X'(r,0) = a'(r)+ A'(1,0) + A™(7,0)
ZL’Z(T) = '+t

(2

o0
Al(r,0) = ZZ I gint cos(no)
n=1

n
All(r,0) = _Z'Z Qo gine cos(no) (17.3)
n
n=1

show that the only non mormal ordered terms in the product X'(t,0)X?(7',0’) are
paiT and Al(1,0) AT (7', 0'). These terms will be rewritten in terms of their normal

13



products and of the following commutators: [p', 2] T and [A*(7,0), AT (7', 0")]. Using
the formula:

ST = clogi-a) (17.4)

n=1

from the expression of these commutators deduce G(t, 7', 0, 0’).]

Show that for 7 # 7" and o # o', G(7, 7/, 0, ¢’) fulfills the equation of motion:
(02-02) G(r, 7', 0,0') = 0 (17.5)

where the partial derivation is ment only with respect to 7, 0 and not with respect
to 7/, o’. From equations (17.2)) show that the function G is the propagator of each
transverse mode from the point (7/,0’) to the point (7,0), namely show that for
T>7"

01X (1,0) X (7', aN|0) = 6“G(r,0,7,0) (1>7) (17.6)

In the following we shall always consider 7 > 7'.

We wish to show that G(7, 7/, o, ¢/) in the whole 7, o plane fulfills the following
equation:

(02 -92) G(r, 7, 0,0) = ird(t—7)6(c — o) (17.7)

Only the terms in G which diverge for 7 — 7/ and ¢ — ¢’ (see equation (17.2))
contribute to the delta functions on the right hand side while the regular terms in
R (7 — 7,0 — o) are fixed by other boundary conditions which we shall not consider
here. Let us introduce the Green function G(7 — 7/, 0 — ¢’') of the open string field
equation:

(2-92) G(r—7,0—0") = §(r—7)dc—0) (17.8)

It is useful to express a solution of the above equation in terms of Fourier transforms
with respect to the variables 7 — 7/ € (—00, 00) and ¢ — ¢’ € (—m, 7). Let us define
the following new variables: &% = (7 — 7/)A, &' = (0 — 0/)A where A is a scale
which we shall send to infinity in order to work with coordinates £¢ which run from
—o00 to +oo (indeed &' will take values in the interval (—7A, 7A) which becomes
(—00, 00) in the limit A — o0). The momenta associated with £* are denoted by k.
In particular k' is quantized as n/A (n integer) and in the limit A — oo becomes a
continuous variable. Therefore the following approximation holds:

i flo—o)em) ~ A / TR p(e Ay e (17.9)
n=0 0

14



Show that the following function:

B dkl dl{io —zkogo—i—zkl{l
Gir—7,0—0) =
(r=1,0-0) / / — (k)2 + dc

& = A(e“—o"™ (17.10)

fulfills equ. (17.8) by using the following useful relations:

/ dze™ = 271 d(y)

—00

o(ay) = —d(y) (17.11)

(€ is an infinitesimal parameter used for regularizing the integral).

Let us show that the singular parts of G and of G as given by equ. ((17.10) are
proportional. In this way we would show that G is proportional to the Green function
of the open string equation of motion.

We start by computing G from equ. (17.10) as a function of the world sheet coordi-
nates. Show that:

%) 0 _ik050 ik1£1 .
/ % € i — = v : e—i|k1|§0+ik1§1 (17.12)
27 (K92 — (K12 + e 2(|k1| — ie)

[Hint: Compute the integral in the complex k° plane and write the denominator as
the product of two simple poles:

(K — (k') +ie = [K*— (k"] —ie)] [k — (—|k'| + i€)] (17.13)

since £° > 0 we should close the contour of integration in the lower plane so to include
the pole |kt| — ie and then compute the integral as the residue in that pole using the
formula:

j{ dzM = —2mif(20) (17.14)
Czo Z— 20

where f(z) is a regular function in zy and C,, is a contour around zy oriented clock-
wise. )

We are left with the integral over k' which is divergent in k' = 0 in the limit ¢ — 0.
It is useful to express this integral in terms of its principal part by using the relation:

L _ pp G) T i6(2) (17.15)

z + 1€

Show that the second term on the right hand side contributes to G with a constant
term. Since we are interested only in the singular part of G' we shall ignore this term

15



and simply substitute the integral in k' with its principal part which can be expressed
as follows:

S 9 —-1/A
1 1 o : 1 1 1 1
pp/oodkf(k)—Algr;o</lmdk:f(k)+/oo dkf(k:))

Show that:

oo 1 ;
é(’i‘ —70—0)= PP/ dk e oIk €0 Hikte!

o 2m 2lk]
_ L i Lemine o) 4 i L o-iniot o) (17.16)
47 —~n —~n

[Hint: Use the property that k' = n/A and therefore one has
dkt ~ (1/A
[~ ) >

for large A.]

From ([17.16)) show that the functions G and G are proportional a part from terms
which are not divergent in the limit 7 — 7/ and ¢ — ¢’ and from this deduce that

equation ((17.7) holds.

Exercise 18
Show that:
:ez‘kg X¥(7,0) . 6ik§ X%(0,0) - :6z‘k§ X%(7,0) eikg X%(7,0) . o~ (k1k2) G(7,0,0,0)

o \k1ke . —k1ke
(1 —x)™2g

r = e 7 (18.1)

by using the expression for the propagator G found in the previous exercise and the
basic formulas in section 6 of the lecture notes.

16



Exercise 19

Anticommuting c-numbers. Consider anticommuting c-numbers 6;, satisfying
0,0; = —06,0; .
The numbers 6; are taken to be real, i.e. 6] = 6;.

e Define a function F'(6,,60s,65), where the 6; are 3 anticommuting variables,
called Grassmann variables. Show that there are 8 terms (monomials) in the
polynomial decomposition of the function in terms of the 6 variables. How
many independent terms do you expect in the decomposition of a function of
n Grassmann variables? We first look at differentiation. The left derivative
of a function is obtained by differentiating its monomials and resumming the
result. To calculate the left derivative with respect to #; we must, in every
monomial, permute 6; to the left and then drop it. Let €[i] be the sign of the
permutation needed to bring 6; to the left, and €[i] = 0 when 6; does not occur
in the monomial. The left derivative of a monomial can then be written in the
following way,

0 (0 -~ Oip 0, 0iyy -+ 03) = €in] (05, 03,03y, -+ 0;,) . (19.1)
ik
Analogously, one can define a right derivative.

e Define a function F(6q,05), calculate
F(el, 62), and

F(6,,0,).

g ol ot

The definition of the left derivative corresponds to the variational statement

—

doF(0) = 40 2 F(0), (19.2)
00
where 00 is a Grassmann parameter. Note the order of the terms in the above

expression.
e For the right derivative write down the corresponding variational statement.

e Consider a v(6;) which is a function of the ; (i = 1,...,n) variables. Work
out . o
0 0

77 PO 5 (P(6))



Again, the order in which the terms appear is important. This is an immediate
consequence of working with anticommuting variables. Now look at Leibniz’
rule:

Work out .
0
= (F(6) G(6))
Calculate .
0
90 exp(0)

We now construct the analogue of the indefinite one-dimensional integral,

/ Z d f(z),

for the case of anticommuting c-numbers, which we denote by

/ dOF(0).

We want it to obey the following property of the integral over commuting
variables,

/oo do f(z) = /_oo dz f(z+a) (19.3)

—00 [e.9]

with a finite.

Consider a function F(f) of one Grassmann variable . Show that requiring
the property ((19.3) to hold leads to the requirement

/ df any element not depending on 6] = 0.

Compare with differentiating a function of commuting variables. We are then
left with an integral over 6, which we normalize to unity,

/d@@zl.
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Exercise 20

Let us consider the change of variables from 7, ¢ to z, z. After a Wick rotation we
write 7 = i09 where o4 is the real Euclidean time and we rename o as o;. If we define

w= 0" =109+ 0y s0 that W = —0~ = —ioy + 0y then 2z, Z are defined as follows:
open string: z=e" : Z=e ™
closed string: z = e Z=e¢ 2" (20.1)

e For 0y € (—o0,+00) and 1 € (0,7) describe the space spanned by z for the
open and closed string cases and draw the equal-time curves. Which points
correspond to g9 — 4007

e Write as functions of the complex variables the open and closed string solu-
tions X*#(z, Z) together with their holomorphic and anti-holomorphic deriva-
tives 0, X*(z, Z), 0:X"(z, Z).

e Rewrite the Green function G(7, 7/, o, ¢') computed in exercise [17|as a function
G(z, z, 2/, Z') in the complex variables. Compute it for the closed string as well.

e Consider the variable 2 = log(z). For oo € (—o0,+o0) and o7 € (0,7)
describe the space spanned by Z for the open and closed string cases and draw
the equal-time curves.

Exercise 21

Let us consider conformal transformations in the complex coordinate notation. In
these coordinates conformal transformations have the form: z — 2/(z) and 7 — Z'(2).
We shall denote in the sequel by @), ;(2, Z) a tensor with A holomorphic and h anti-
holomorphic lower indices. Under a conformal transformation @, ; transforms as
follows:

b2 = 09 = (2) (2) eueen o) e

e Write the transformation property of @, ; under z — e 2, Z — e % where 6
is a constant angle.

e Write the transformation property of ®,; under z — 2’ = log(z),z — 7' =

log(Z).

Consider an infinitesimal conformal transformation z — 2’ = z + €(z) and z — Z' =
Z + €(Z). Show that:

Py = Pppt+ 0Py,
6@, = (h(9€)+h(Je)+€ed+e€d) P, (21.2)
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where we have used the notation: 9 = 9/9z and 0 = 9/0z.

Consider now the quantized closed string and let @, ; be an operator on the Hilbert
space of states which transforms under conformal transformations as in eq
(primary operator) . We wish to define generators of infinitesimal conformal trans-
formations 7., Tz on the Hilbert space such that:

0,5 = [Te, Pppl + 1% Ppil (21.3)

Let us consider the Laurent expansion of €, €:

=) 2 E= > Gt
and define T, T¢ in terms of some operators £, and /,, as follows:
T. = Y el Te= ) &by (21.4)

Show that if the following commutation relations hold:

[l @] = 2"(20 + h(n+1))®,;
(6o, ©p5] = Z"(Z0+ h(n+1)),; (21.5)

formula (21.3)) yields the transformation rule (21.2). Compare formulas (21.5)) and
(21.4) with the analogous formulae of exercise[l4] Observe the differences with respect

to exercise[I4} there conformal transformations were considered for simplicity only on
scalar functions Y (which have h = h = 0); the infinitesimal generator had the same
form as in , but its action on the function Y is a differential operation, while
in the present exercise its action on operators is expressed in terms of commutators
; the light cone indices + are substituted by holomorphic/anti-holomorphic
indices in the present exercise.

Operators on free closed string states are expressed in terms of of and &'. An
asymptotic string state emitted from a point z,Z of the world sheet is described by a
local primary operator V' (z,Zz) (i.e. transforming as in equ.(21.1)) with definite values
of h, h) which is called vertez operator.

Consider the vertex operator V(z,%z) =: ¢* X2 . (from now on, for the vertex
operators, we shall consider only space-like momenta k* = k') describing the emission
of a tachyon of momentum k° (verify indeed that [p*, V] = k' V). If for £, and ¢, we
take £,, and ﬁn defined in exercise show that the commutator of these operators
with V' have the expression on the right hand side of egs. for suitable values
of h, h. Find these values. Repeat this exercise for the vertex operator V(z,z) =:
0X70 X ethX(z2)

In general infinitesimal conformal transformations on the closed string Hilbert space
are generated by T, T which are expressed in terms of £, and L,,.

20



There is a remark to be done about conformal transformations and the light—cone
gauge. In the light—cone gauge the reparametrization invariance of the string action
is totally fixed and with it also the conformal transformations which are generated by
T, and 7" _. Indeed on the Hilbert space the Fourier modes of 7'y, and T"__, which
are L, and L, and are the generators of the conformal transformations are fixed to
the value 6, (see exercise . The generators £,, and /:’n have the same expression
as L, and L, but involve only oscillators along transverse directions. They close a
Virasoro algebra as well but with a different central charge given by ¢ = D — 2, and
thus are generators of conformal transformations though we do not expect the action
to be invariant with respect to it (since all reparametrization invariance have been

fixed).

In the framework of covariant quantization the constraint 75,3 = 0 is imposed on the
physical states and translated into the conditions: L,|phys) = L,|phys) = 0 (n > 0);
(Lo — 1)|phys) = (Lo — 1)|phys) = 0. To summarize the {L,, L,} and {L£,, £,}
conformal algebras are different and with respect to them physical states will have
different conformal weights {h, h}. In particular the conformal weights with respect
to the first are bound by the constraints written above to be (1, 1), while the conformal
weights corresponding to the action of the second algebra are not constrained.

Exercise 22

There is a one to one correspondence between vertex operators V(z,%z) and asymp-
totic in—coming or our—going states of a string (free states). The in—coming string
state |V, in) associated with the operator V(z,%) is defined through the asymptotic
limit 09 — oo of V(z,%)|0) (recall that |0) is the vacuum state with vanishing CM
momentum), similarly the corresponding out—going free state (V, out| is obtained by
performing on the state (0|V(z,%) the opposite limit o5 — —oo. Use the complex
notation and find the in—coming and out—going states corresponding to the following
vertex operators (for simplicity in what follows the momentum k* is always space-
like):

open string:  : e*X'(7) .

L9 X R X(23)
closed string: ;e X'(=7) .
L OX7 9 X kXA (22.1)

Compute the mass squared M? of the in—coming asymptotic states computed above
either through direct evaluation of M? on |V, in) or by performing the limit oy — oo
on M?(V(z,%)|0)).

[Hint: Ezpress M?(V(2,%)|0)) as [M?, V(z,2)]|0) + V(z,2z) M?|0)]
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Exercise 23

Representations of the Clifford algebra. The Clifford algebra of Dirac matrices:

{v"y"} = —2n (23.1)
cannot be represented in any dimensions. Show, that for representing the v* matrices

in 2n spacetime dimensions we need at least 2" x 2" matrices. To do that, construct
n linear operators out of the v matrices, eg.

1 . .
a; == E(’)Qi_g + Z’}/Qi_l) 1=1.n

use a representationﬂ for which
T=_~ {=1.2n—-1.

Show that
{an7 CLI,L} = 5m,n7

define a vacuum |0) and determine the number of different states which the creation
operators can create from the vacuum. If we want to impose further conditions
(like Weyl or Majorana spinor) we will find further constraints. Check that for two
dimensions the following definition

WO =g A =gt
(where o means the i-th Pauli matrix) satisfies the algebra (23.1). Now with an in-
ductive procedure we can construct a representation of 2" dimensions if the spacetime
has 2n dimensions (that is we will have 2n 2" x 2" matrices). Suppose that we have
the algebra for d = 2n — 2.(4*’s are given for p = 0...2n — 3 and is satisfied).
Then we define two more matrices according to the following:

Y2 =41 x ot AP =4l x o? (23.2)

and extend the first 2n — 2 as
=4 x(—03) pu=1.2n-1

1 is the unit matrix in 2*~* dimensions. ((A X B);ji = Aix By is the formula for the
indices of the direct product matrix.) That is these two matrices are blockdiagonal
ones, each entry of the appropriate Pauli matrix is the entry times the 2771 x 27~ A#
or unit matrix. Check that is then satisfied in 2n dimensions. What about the
case of odd dimensions ? Show that in 2n + 1 dimensions 2" x 2™ matrices still can
represent the algebra. [Hint: Extend the case of 2n with v** = v defined as (m
further in the exercise.]

1One needs to prove that this representation always exists.
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Since the right hand side of (23.1)) is real the relation for the anticommutator of the
complex conjugate v’s are the same:

{7'“*/71/*} — _2n,ul/
The complex conjugate representation is equivalent, that is
W =By"Bl p=1.2n-1 (23.3)

where both By and B, are unitary. An explicit construction for such a matrix is the

following;:
By =7 .y By =40yt (23.4)

Show that
BBt = (-1 BByt = (1)

that is one of them always satisfies (23.3)).

Define now
v =yt 4t (23.5)

Determine the value of ¢ by the requirement that (y)?> = 1. Can we generalize the

relations (23.4) to odd (2n + 1) dimensions ?

The spinors on which the v* matrices act are representations of the Lorentz group
with the generator .
i
14 —_——

wo_ oAV
o 4[%7]

where the bracket is the commutator. With respect to the full Lorentz group these
are not always irreducible representations, the familiar projections,
I+~
Pp=—— Pr=——
LD B

project out irreducible subspaces. In physical language we can find chiral (left and
right handed) fermions, which are not mixed under the action of the Lorentz group.
They are then called Weyl spinors.

When can one find real spinor representations ? In other words one wants to impose
the following condition

Y = By”* (23.6)
Show that ¢) and Bvy* transforms according to the same representation of the Lorentz

group. Show, that from the above condition requirement B*B = 1 follows. Verify
the following formulae for the explicit By and Bs:

n(n—1)

BBy =(-1)"7 BBy =(-1)

(n=1)(n-2)
2
The spinors for which (23.6) holds are called Majorana spinors.
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Verify that
1+ 1+ (=)D
T’Y )*:%Bﬂ/}* i=1,2

that is the in certain spacetime dimensions

(V)" =4 (Vr)" =¥r

that is in certain spacetime dimensions ¥; = ¥, ¥y = ¥%. In which spacetime
dimensions are there Weyl, Majorana, Weyl-Majorana spinors 7 [Hint: Use the
given explicit representation of B’s and y*’s.]

Exercise 24

Check explicitly the calculations leading to (11.22) and (11.23) of the lecture notes.

Exercise 25

Supersymmetric particle. Consider the action of a massless super particle propa-
gating in D—dimensional Minkowski space, which is obtained from the particle world
line action by adding to the D bosonic fields x#(7), the contribution from D Ma-
jorana fermions Y*(7) (¢Y** = 9*) which describe the corresponding super partner:

S = —% /dTe ((r“)2 . i@b“sz) (25.1)

Compute the field equations for the fields z#, ¥*, e and show that the field equa-
tion for e amounts to a constraint on the other fields. Consider the following super
symmetry transformation:

ozt = dep” ; oYt = eit (25.2)

where € is an infinitesimal real Grassmann parameter (recall that on Grassmann vari-
ables the complex conjugation is defined to have the property that (eje5)* = €e} just
like Hermitian conjugation for matrices. Therefore you can show that the product
of two real Grassmann variables acts as an imaginary c-number). The fields z* and
Y* are called super partners because they transform into each other by super sym-
metry. If we denote by d; and ds two infinitesimal super symmetry transformations
parametrized by €; and ey respectively, using , show that:

dxt
51(62%'#) — 52(51(1]‘&) = 0T — (253)

dr
and find the expression of §7. From the above result we see that the commutator
of two super symmetry transformations amounts to a space—time coordinate trans-
lation. If the action were invariant under local super symmetry then ([25.3) would
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guarantee its invariance under local reparametrization as well. Show that under the
transformation (25.2)) if € depends on 7 we can write:

e d
S = —2/d7‘ (iéJ — % d—(ey'cw) + field equations) (25.4)
T

and find the expression for .J. Is the action S invariant under global super symmetry
transformations (i.e. é = 0)7 Under which constraint is the action invariant under
local super symmetry transformations? Since our action is invariant under local
reparametrization, in view of , we would like this invariance to be a consequence
of local super symmetry, then we shall impose the local super symmetry constraint
computed above. This constraint, as explained in the lecture notes, allows to have
finite fermionic mass spectrum, and the consequent local super symmetry will allow
to gauge away non—physical longitudinal modes of *.

Consider the canonical quantization of the super particle setting for simplicity e = 1.
Show form the canonical commutation relations that {¢* (1), ¢" (1)} = n*.

[Hint: In order to work with a well defined canonical momentum 11, associated with
W it is advisable to follow the procedure described in section 11.4 of the lecture notes.]
What can you conclude about the states generated by 1*?

We can construct a locally super symmetric action by introducing a new auxiliary
Grassmann valued field v to be regarded as the super partner of the auxiliary field e
and modifying the action as follows:

1 :
S = —3 / dr (e(x'“)Q — e, — QiVi“@Du) (25.5)
Show that this action is invariant under the following local super symmetry transfor-
mations:

1
oxt =iep’; oYt =eit; de= —2iev; v =¢ée— Eeé. (25.6)

Compute the field equations for the various fields and verify that the field equation
for v yields the local super symmetry constraint derived previously. If we regard the
physical states of this theory as space—time fields what condition does the local super
symmetry constraint imply on these fields?

Locally super symmetric theories are called super gravity theories since they include
invariance under general coordinate transformation, which is the symmetry of General
Relativity, as a consequence of local super symmetry. The field e is called the graviton
and its superpartner v the gravitino. In one and two dimensions both these fields are
non-propagating.
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Exercise 26
Consider the superstring action (eq. (11.45) of the lecture notes):

S = —% P (0.X0° X, — it/ o0ty (26.1)
Show that under the super symmetry trnsformations in eq. (11.44) of the lecture
notes the action transforms as in (11.46). What is the constraint for local super
symmetry?
Also in this case this constraint can be derived from a locally super symmetric action
as the field equation of an auxiliary gravitino x®, super partner of the graviton eZ.
The construction of this action follows the same lines as in the super symmetric
particle case, i.e. with the addition of a term of the form x¥* J,. In this case however
the addition of a further quadratic term in the gravitino field is required by local
super symmetry invariance. The derivation of this action is described in detail in
section 4.3.5 of the Green—Schwarz—Witten book. It is lengthy and we shall not deal
with it in this exercise. However there are some properties of Majorana spinors in
two dimensions which are needed for this derivation and are useful to derive. Show
that:

— — — 1—
VPVt = 0" 0 Wi = —5 0t . (26.2)

Exercise 27

Given local left-moving and right-moving fields ®(7 + o), ®(7 — o) on the world
sheet of a string (& = ® for the open string), which are expanded in Fourier modes
as follows:

1 .
open string:  ®(r+o) = x Z P, ¢~ iTE0)
1 .
closed string;: O(r+0) = X Z B, ¢~ 2in(r+o)
~ 1 ~ .
O(r—0) = A Z P, e~ 2in(r=0) (27.1)

where A is a normalization factor. Show that the following inverse relations hold:

A [T , ‘
open string: ¢, = o / do [CI)(T —0) ein(t—o) (1 +0) em(r—i—a)]
Open String. .
A [T .
closed string: o, = — / do ®(7 + o) 2in(7+0)
closed string: =/
~ A ™ ~ ‘
b, = — / do ®(t — o) e2in(t=0) (27.2)
™ Jo

[\)
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Let ® and ® be fermionic fields with Neveu-Schwarz boundary conditions, express
them as Fourier series and find the inverse transformations yielding the coefficients.

Using the above relations derive the expressions for the Fourier coeflicients o, d¥, b,
L,, F,, G, as functions of 0, X*, ¢/ (Ramond), ¢\ (Neveu-Schwarz), T, J; (Ra-
mond), J, (Neveu-Schwarz) respectively and the corresponding left-handed quanti-

ties, for open and closed strings. Recall that:

i 1 —in(t+o
open string: O XM = 3 ;aﬁe (r+0)
1 .
(R = — d/ie*”l(TiU)
1 A
¢i (NS) - Z bge—zr(fr:l:a)
\/§ reZ+1/2
1 .
_ —in(r+0)
Tyt = 5 Z L,e
1 A
J.(R) = Fn e—ln(TiU)
1 .
J:t (NS) = — Z Gr e—zr(r:ﬁ:o)
2\/§ reZ+1/2
closed string: 0L XH = Za‘,ﬁe_%”(”") o XMt = Z@ﬁe—%nﬁ—o)
v (R) = nge—%n(rw) " (R) = Zdvge—Qin(T—a)
YLNS) = 3 e g (NS) = N e )
reZ+1/2 reZ+1/2
T, =2 Z L, 6—2in(7’+0) T =9 Z En 6—22'71(7'—0)
Jr (R) = Z F, ¢~2n(7+0) J_(R) = Z £, ¢~2n(r=0)

JL(NS) = Y G (Ns)= ) Gre0

reZ+1/2 reZ+1/2

Use the above definitions to express the constraints L,,, F},, GG, and the corresponding
tilded quantities in terms of field coefficients for both open and closed strings.
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Exercise 28

From the canonical commutation/anti-commutation relations:

X*(o,7), XV (o, T)} = —imn"d(oc —0o’)

[X*(0,7), X*(c',7)] = [X“(U, 7, X', 7] =0

{%é(@ ), w:llj:(o'/> T)} = 7”7!“}(5<U - 0/)

{¢i<07 T)a 77D:V|:(OJ7 T)} =0 (28.1)

using the results and conventions of the previous exercise, deduce the commutation/anti—
commutation relations among o, d¥, b* and the corresponding left-moving quanti-
ties (see egs. (11.39), (11.40) of the lecture notes) as operators in the unconstrained
Hilbert space. Write the constraints L, F,, Gy, Ly, F,, G, as normal ordered op-
erators ( recall that the definition of normal order for fermionic operators is the
same as in the bosonic case except for a minus sign required every time the order
of two operators is inverted: : d,d_, = —d_,d, = — : d_,d, : ). Deduce the
commutation/anti-commutation relations among L,,, F,,, G, fjn, Fn, G,.

When a constraint is expressed as a quadratic function of quantities which, as oper-
ators, do not commute (bosonic operators) or anti-commute (fermionic operators),
then their implementation at the quantum level suffers from an ordering ambigu-
ity and therefore requires the introduction of a constant. For the bosonic string we
saw that the only constraint with this ambiguity was Ly and therefore a constant a
was introduced so that in the light—cone quantization the constraints had the form
L, — ad, = 0. In the superstring case, which of the constraints requires an ordering
constant in the R and NS sectors? The ordering constants in the two sectors are in
general unrelated. Consider the R sector and suppose we implement the constraint
FEy in the form Fy—p = 0, p being a c-number, find the relation between the constant
a for Ly and p (use the relation {Fy, Fy} ~ Lo). Is it consistent to set pu = 0?7 What
consequence dose this have on the value of a for the R sector?

Let us denote by |0)r and |0)ys the vacua of the R and NS sectors (for the open
string or for a single left or right mover sector of the closed string) respectively, show
that |0) v has degeneracy one while for D = 2n |0) g has degeneracy 2" and therefore
describes a fermionic state (show that the action of djj on |0)g does not change the
energy of the state and use the anti-commutation relations among the dfj. ). How
many sectors does the closed string have? Write the vacua for each closed string
sector.
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Exercise 29

Light—cone quantization. Consider the gauge fixing conditions X = 27 + p*r
and ¢ = 0. Show that they are consistent with supersymmetry transformations
(equations (11.44) of the lecture notes). Solve them in terms of the o, df, b,
&f, dt, b in the R, NS, left and right-moving sectors. Use these conditions to solve
the constraints by expressing o, d, b, @&, d,, b in terms of the corresponding
transverse components for the relevant sectors in the open and closed string cases
using @ = 0 in the R sector (see previous exercise) and a = 1/2 in the NS sector
(recall that «ff = p* for the open string and off = &} = p*/2 for the closed string).
Write the formula for M? in the various sectors of the open and closed string. Write

explicitly the tachyonic and massless open and closed string states.

Exercise 30

Find the expression of the vacuum expectation value G¥'# of the product of two
fermionic fields:

O[Y*(r, o) ¥ (7', )0y = GF*(r, 0,7, ) (30.1)

as for the bosonic case, the function G¥ is the Green function of the fermionic field
equation and, when time ordered, yields the fermion propagator.
[Hint: Express the product of the two fields in terms of its normal ordered expression.:

(T, o)UY (T, o) = (T, o) r (T, o) i 4+ GE (T, 0, T, o)

Exercise 31

On SO(1,9) and SO(8). The groups SO(1,9) and SO(8) are defined as those groups

of transformations whose action on the corresponding vector representations V#, v

(p=0,...,9,i=1,...,8) leaves the metrics 7,, and J,;; invariant:
ut, € SO(1,9) & UruneU’, = 1w (31.1)
U, € SOB8) < U6, U" = 6 (31.2)

n = diag(—, +, ..., +)

The vector representation of SO(8), described by v, is usually denoted by 8,. Let
us define the following matrices:

MY, = e (M) (M), = o8 = 8,

M = wp (M*)5 5 (M) = 6™ 67 — 6% 67 (31.3)
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where w,,, and its restriction w;; to the 7, j indices are antisymmetric matrices of
parameters. Show that M*, and M’; are infinitesimal generators of SO(1,9) and
SO(8) respectively in their vector representations, i.e. that U*, = §*, + M¥, and
U =0+ Mij fulfill equations and respectively to first order in w.
How many independent generators do SO(1,9) and SO(8) have? Using the defini-
tions show that the SO(1,9) infinitesimal generators M*¥ fulfill the following
commutation relations:

(MM, MPP] = gt MY + 0" MPP — 5P MPT — o MYP (31.4)

and that the SO(8) generators M% fulfill relations obtained by restricting eq. (31.4)
to the 4, j indices.

Consider the SO(1,9) and SO(8) spinorial representations. What are the dimensions
of an SO(1,9) and an SO(8) spinors? Let us introduce the SO(1,9) and SO(8)
Clifford algebras T'*, 4 fulfilling {T*, T} = —2n* and {v', ¥/} = —26% (notice
here a sign difference with respect to the definition of the SO(8) gamma matrices given
in the lecture notes). Show that the matrices M* = I'™ /2 = (I'"TV —TVI*)/4
and M7 = 4% = (y'47 —~7~%)/4 are the generators of SO(1,9) and of SO(8) in
the spinorial representation respectively, namely that they fulfill the corresponding
commutation relations. To give an explicit representation to these matrices it is
useful to introduce the tensor product notation: given two matrices A, v, = (ai;)
and By,xm = (a;;), the matrix Chimxnm = Apxn @ Bimxm 18 an nm x nm which is
obtained by substituting each entry b;; of B, with the n x n block b;; A, ,. For
example consider:

00 0 —i

L e {Ohe —iry |00 =i 0

T®T“QH ) — 0 i 0 0 (31.5)
i 00 0

where 7 are the Pauli matrices. This product can be iterated by defining AQ B&C =
A® (B®C). Show that:

(A1 ®@By)- (A2 ® By) = (A1-Ay) ® (By - By) (31.6)

Show that the 4% can be expressed as the tensor product of two by two matrices in
the following way:

VM=irlglelel V=irtelelel
Y=irferelel YV=irterelel
Y=irterer el Y=irfererel
V=irtererer! Y=irtererer? (31.7)

The above representation is different from the one given in the lecture notes in which
all the 7* are imaginary and the SO(8) generators already appear in a block diagonal

30



form according to the decomposition into chiral representations. In the representation
however the generators which we will need to diagonalize in the sequel are
diagonal to start with.

Compute the matrix v = v 4242 44 v° v5 77 4% and show that it is the chirality matrix
for the SO(8) spinor representation, namely that (7)? = lx16 and that {y, 7'} =
0. Is v diagonal? What are its eigenvalues? Show that the matrix B = 7?@7'@r?@7!
fulfills (B)? = li6x16 and B™14* B = ~%*. Using the results of exercise 23| and the
matrices B and v express the Majorana and the Weyl conditions on an SO(8) spinor
A and show that they are compatible, so that a Majorana—Weyl spinor can be defined.

Now show that the following matrices realize the SO(1,9) Clifford algebra:

M’ = y®r?
[ = 7" ® Lo
r’ = iyer (31.8)

Compute the chirality matrix I'. Is I' diagonal? What are its eigenvalues? Show that
the matrix B' = 7? @ 7' @ 12 @ 7! @ 73 fulfills (B')? = l3gx32 and B! T* B’ = T#*.
In terms of B’ and I' write the Majorana and the Weyl conditions on an SO(1,9)
spinor ¢ and show that they are compatible, so that a Majorana—Weyl spinor can be
defined. The group SO(8) is contained inside SO(1,9). The subset of the SO(1,9)
generators which are also SO(8) generators are represented by the 32 x 32 matrices
M% = T% /2. Write these generators in terms of the SO(8) generators given by the
16 x 16 matrices M% = ~% /2 using the tensor product notation.

Just as for states in quantum mechanics, in order to describe a basis of the SO(1,9)
spinorial representation we need to define a complete set of SO(1,9) generators, i.e.
a maximal set of commuting generators, so that each element of the basis of can be
labeled by the simultaneous eigenvalues of these operators. A complete set of SO(1,9)

generators consists of five elements {H,} a = 0,...,4. Show that the following
SO(1,9) generators commute:
L oro L e L ara L sre
Hy = =T°T%: H, = =T'T%: Hy — =T°T*: Hy = =T
2 2 2 2
1
H, = §F7F8 (31.9)

Compute their expression as tensor product of two by two matrices and show that as
32 x 32 matrices they are diagonal. Show that Hj has real eigenvalues, to be denoted
by s¢, as opposite to Hy—1 234 which have imaginary eigenvalues, to be denoted by
1Sg, Sk being real. You may also convince yourself that this abelian set cannot be
enlarged, i.e. that there is no other SO(1,9) generator commuting with all of them.
A basis for the SO(1,9) spinorial representation can therefore be written in the form

{|s0, $1, S2, S3, S4)}, each element being a Majorana spinor, simultaneous eigenvector
of the H,:

Ha |SOJ S1, S2, 83, 84> = Sq |807 S1, S2, 83, S4> (3110)
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Write the elements of this basis explicitly according to the various combinations of
values s,. Show that all these spinors have definite chirality and that

I'[so, S1, S2, S3, S4) = 328051525354 |50, S1, S2, S3, S4) (31.11)

Let us apply the same procedure for constructing a basis of the SO(8) spinorial
representation. Show that a complete set of generators in SO(8) is provided by the
following four:

B syl = s ks = 2 by = 9T (3112)
2 2 2 2
compute the expression of h; as tensor product of two by two matrices and show that
as 16 x 16 matrices they are diagonal with imaginary eigenvalues is,. A basis for
the SO(8) spinorial representation can therefore be written in the form of Majorana
spinors {|s1, S2, S3, s4)}. Write these basis explicitly with the various labels s;. Show
that all these spinors have definite chirality and that

V181, S2, 83, S4) = 1651595354 |S1, S2, S3, S4) (31.13)

group the elements |s1, so, s3, s4) according to their chirality and show that each
chiral representation is generated by 8 elements. The representation with positive
chirality is conventionally denoted by 8, the one with negative chirality by 8.. Show
that Hy = hy ® laxo and therefore they belong to the SO(8) subgroup of SO(1,9).
Using this property show that the spinors |sg, s1, Sg, S3, S4) can be grouped in SO(8)
representations 8, and 8.. For each of these representations write the eigenvalues of
I and of Hy (so).

[Hint: Prove that the SO(1,9) generator Hy commutes with the SO(8) subgroup of
SO(1,9). Therefore Hy has a fized eigenvalue sy on each irreducible representation
of SO(8) contained in the SO(1,9) spinorial representation, by Shur’s lemma.]

Consider the vacuum of the Ramond sector |k, 0)g with momentum k*. It was
shown to be an SO(1,9) spinor, and therefore is can be expanded in the basis
|S0, S1, 82, S3, S4). Let us implement on this state the constraint p*I', |k, 0)r = 0.
Since this state was shown to be massless (k*k, = 0) we can consider a frame in
which k% = k, k° = k and k' = 0. Find the elements of the basis |sg, s1, So, S3, 54)
fulfilling in this frame the constraint p* I, |k, 0)p = 0. Which SO(8) representations
do they belong to? Label them by the sy eigenvalue and the SO(1,9) chirality.
[Hint: Write the constraint in the chosen frame as a projector on Hy eigenspaces:

1
p'T, = —21@1“0(5—}[0)

]

After imposing the GSO condition on |k, 0) g, namely the condition on the vacuum
to have a definite SO(1,9) chirality, write the spinors |sg, $1, S2, S3, S4) contributing
to this state for the two different eigenvalues of I'. Which SO(8) representations do
they belong to?
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Exercise 32

In the present exercise we shall show that the world sheet of a propagating closed
string is conformally equivalent to a sphere with the asymptotic states coinciding
with the two polar points.

Consider a closed string propagating in space-time. Represent its world—sheet as
a cylinder parametrized by the complex coordinate w = 0y + 01, where as usual
09 is the Euclidean time coordinate which runs from —oo (incoming string) to +oo
(outgoing string) and o; the angular coordinate in the interval (0, ). Since we are
dealing with a closed string the points with ¢y = 0 and 0; = 7 are identified. In
the conformal gauge the metric in the coordinates w, w can be written as:

ds* = € dwdw (32.1)
write the metric in the coordinates z = €2, z. Represent in these coordinates the
points corresponding to the asymptotic incoming and outgoing string. Now let us

make a suitable choice for the conformal factor, namely:

kiR

¢ — 1 B I
¢ TENEDE

(32.2)

show that the corresponding ds? is the metric on a sphere described by stereographic
coordinates and that the asymptotic states coincide with the two polar points. [Hint:
Perform the change of variables z, Z — 0, © where z = cot(g) ']

In general, for a more complicated process involving several incoming and outgoing
strings, it can be shown that, at tree level (that is if the surface described by the
interacting strings has no holes), the conformal factor of the metric can be chosen so as
to map the surface of the initial diagram into a sphere in which the asymptotic states
are represented by points or punctures, where the corresponding vertex operators are
inserted. Analogously higher loop diagrams will be mapped into two dimensional
surfaces with a certain number of holes (counted by the genus g of the surface) and
punctures corresponding to the asymptotic states.

Exercise 33

Consider type ITA and IIB superstring theories. Write the explicit state realization of
the NS-NS massless modes, namely of the scalar field ¢, the ten dimensional metric
G,; and the two form B;; (also called Kalb-Ramond field). As far as the R-R sector
is concerned, the zero mode states are expressed as tensor product of the left and
right mover sector ground states (we shall use the notation of the lecture notes and
denote by [¢1), [¥r) the R ground states with positive and negative SO(8) chirality
respectively (which we have called 8, 8. in exercise . The states corresponding
to the left or right moving sector are distinguished only by their positions (to the
left or to the right) in the tensor products). For type ITA and IIB the zero modes
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of the R-R sector are |11)(¥g| and 1) (¢r|. These states have to be considered as
8 X 8 matrices in the spinor space and therefore can be decomposed in a complete

basis of generators of this space, namely I'%2% for k = 1,...,8. Show that only
the matrices 2% for k = 1,...,4 contribute to the expansions of [¢1)(t¢g| and
) (el

As a first exercise let us consider the simpler case of bi-spinors £, x”. Show that, if
we denote by M? = £¢*y#, the following expansion is true:

M = ZciTI‘(MTTi)Ti

)

_ 1 (33.1)
“ = Tr (7 %) '

where 7% are the Pauli matrices and Tr(M7 %) = 7 7t y.

Similarly we can write:

|7VDL><¢R| = Z Ck Oﬁzk PiliZ"~ik
k

WL><¢L\ = Z Ck szk [éri2--ik
k

Cl . = (Y| T2 |yp)
CP .= (W Ty (33.2)

where ¢, are numerical constants. Show that the fields C;! ; are non vanishing

only for k = 1, 3 and CP ., are non vanishing only for k& = 0, 2, 4. Which SO(8)

i1...1

representations do the C4 and C'? tensors belong to?

Write the explicit state realization of the NS-R and R—-NS massless modes. Perform
the counting of fermionic and bosonic degrees of freedom.

Exercise 34

In the present exercise we shall study the unoriented closed superstring theory. Un-
oriented theories are invariant under the transformation 2 : ¢ — 7m — ¢. What is
the effect of this transformation on the left and right mode operators? Show that
only type IIB theory can be made invariant under 2. Show that the NS-NS fields
¢, Gyj are even under €2 and that B;; is odd [Hint: Write the corresponding states
as components of b21/2 13]71/2 |0,0) and show that the action of Q amounts to i < j.|

As far as the R—R sector is concerned, show that under Q Cj; is even and Cjjy; is odd.
As far as the fermion fields are concerned show that the effect of €2 is to switch NS-R
— R-NS and therefore only a symmetric combination of the two survives (is even).
Perform a counting of the fermionic and bosonic degrees of freedom and motivate the
fact that the amount of supersymmetry is N' = 1.
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