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Definition An Abdian Variety is a non-singleear connected

projectie group Variety .

e.g. an elliptische

Definition The dual Variety Ä of anabolica vanety A Overig
is such that AUCH = Pico (Ap) . argued

e.g. for an editie curve
E, E .

Definition A polarisatie of anabolica vanety A is arisogery
µ : A→ A' such that there exist as onde lire

blendle 2 on Ax suchthat ME = 92 ,

where gr : A→ Av

x↳ Et;L④2" ]

⇒ so {polarisatie of A } Ç HOM LA , Av ) .

Goal Describe and complete polarisatiens of Avs when k = Fg .



§ Preliminaire : Complex Multiplierton

Definition A CM -Geld Lto is suchthat L

degz ' tot . Imaging

It has a anoniem invariant .
µ

degg / totally real

ACM - algebra is afmile product
Q

of CM-Siad
.

Definition An abelian Variety A over K Of dimensies g
has (Mfby L) 17 LÇ Endo (Al Endt) ⑦a-

Fact Every abdian Variety over aanikfield has CM .

Definition A (M - type for his a subset OIE Hom (↳Ö)
such that HONK ,Ö) = # HOI .

We often sagan abeeianvariety
"

has CM bij LL,# )?



§ PolarisatieNs in characteristic Zero

Consider an aberan Variety A over a of dimensies g .

Complex uniformisation . ALG) = 09/-1 , 1=2,2728

When A has CM bij (↳ OI) , wecan Saymak :

7- fractioneel Ideal I in L 5.t
.
Ai ) = 091 II)

Then also Are) - 091# LEIJ ( Etneo )
andhae Horn (A ,Av ) (It :S) = { rel : XIEEt}

Recall : {polarisatie of A } ÇHOM LA , Av ) .

Definition / Let A be ag-dimensionale Abdian vanety
Construction over ap- actiefield k and with CN by LL ,#) .

Form Aa = 1-④ Esther Addo 691 II) .

write be (A)⇒ .

Then HIM and

IllHOMA ,AY) :#ontruimd-445)
.

(Welt- defineduptokisomorphismiwearetreetochoose.amenbedding into L )



§ Polarisatiers in characteristic Zero

Have IllA) =D andNIHON IA ,Ah) =L it) .

Proposition let A be ag-dimensionale Variety
overa padie tied k and with CN by LL , .

An 1- lineair isogeny µ : A→ Av EHOMIA , Av)

is a polarisatie Hand If :

• MINI -7 EL is totally imaginair (Â = -7)

• A is ⑤ -positive ( Imke))>0 ME )

HOMAN ) te
J

(Et : I)



§ (towards) polarisatie in characteristic p

Goal Describe and complete polarisatiens of Avs when k = Fg .

Every Alfa has a Frobeniusendonorphisin ITA
which has a character:S polyamide HAMEREN ,

which is an is09eng invariant :

Bij Hondatotether , { isogeny losses} s
'"

79charpay's ha }

Idee Want analogon Construction toH for AVS in chop
to describe Hom (A, Ä ) ? { polarisatiens of A }

⇒ we use the Centerghostix equivalent

For this
,
we reed torste to :

Abdian variaties Ao0oo@snt.hAoissquaref
V.B

. ha
.
Squarefree ⇐7 En# commutatie

C- 5 equivalent : Fix such an h isogeny dass Ah

let E- ACHIM) = ACH and V : =p IF

Any Af AVH has EndtA.) 2ZEEVJ .

Choose An e AV n with EndtAH =ZEEVJ

Then theArk , 9 : AV n→ { fractioneel2 - ideas}

Ao 1- HOM LA , Ah) ,embedded into L



§ (towards) polarisatie in characteristic p

Goal Describe and complete polarisatiens of Avs when k = Fp

C- 5 equivalente : Choose An c- Avnwith EndtAHMED

Then HAEAh , G : AIn→ { fractioneelZGN- ideas}

Ao 1- NOMIA, Ah) ,embedded into L

There are some Choice involved her :
• (honing Ah I these form a Pie (ELENI) - Orbit

• Chaosing enbedding into L

Chaosing weet , we can ensure that Glto ) -91T and hace

GLHome Ito , Aov )) :- (Glto ) : GIAN) - (Glto) : GATT )

[onpare : NIHON IA ,Av )) =L :

In particular , fors: A.→Board TiborAi wehave GAY = GIFT .

je
HOMIBO ,Bi ) s KomCAo, Aov )

9 9
✓ v

iglo) : gebit) s ( Glto) :GIAN ) = (Glto) :GIF )
949

where f' : g 1- f-Vog of
so 949 is multiplierion with 941917 in L .



§ characteristic p versus characteristic Zero

Goal Describe and complete polarisatiens of Avs when k = §

We nou have 91407,170 ,
Aov )) s ftp.sations)

(Glto) : GTAOF ) ?
"

??

Ideal lift to character'stic 0 to access descriptor of polarisatie .

V.B. Hom Ito , Ai) should be presented by thelifting process .

Definition A canoniek lifting of tot to a local domain 32
of characterstro with residuefield Fg and traaionfield K
is an abdian scheme AIR such that EndtAol = EndtA)

and A ④ Fg ' Ao , A ⑦ K = A
.

( later , we wilt tak about when canoniek liftingarean to exist . )

N.B. Since ( = EndOtto) we Mayview EndtAo) as an Order in Li| we show these Identification can bemadecompatible with Garate .)
Moreno :

Proposition If Aol Fg has a canoniek lifting to AIR , or equivalently
If AIM with CN by L has 9009 reduction to Aotq ,
and If Eind (Ao) = EndtAov) ( = EndtAol )

Is is or equivalentie
'

17 Eind LA) = Eind LÄ ) ( =Endt))
and If

"

EndtAo ) = EndtA) is Gorssteen
"

,

then the reduction map Hondt ,Av )→ HondAo , Aov )
ismultiplierion bij de EndCAO)?



§ character'stic p versus characteristic Zero

Goal Describe and complete polarisatiens of Avs when k = Fp
/

Let A be an abelian Variety over op -actieheld K with CN by 1L , )
with goat reduction to AolFp E AUN

,

where his Squarefree and has no realroots, and to a#h) ,

such that EndtAol = Endt A) = (III) = S is Gorensteen and satisfies 5=5.

Thenwe can make compatible Choice to obtain

Homan te

¥ : ⇒ |
^

"om.." :
.mn?i µ9 9

✓ v

191Bos : gebit) s ( Glto) :GIAN ) = (Glto) : GATT )
949

Also :

lemma Lets : A.→B, andµ : Bo→ Bij be Isogenies .

Then µ isa polarisatie⇐ En =Huf is a polarisatie

Lemma let µ : A→A
' be an isogery andMo : Ao→At its reduction .

Then µ is apolarisatie ⇐µ. is apolarisatie .

Lemma The element des' is totally ral : dd .



§ characteristiepversies characterstieren

Goal Describe and complete polarisatieiso Avs when K - §

Reformulering the above ,wederik describe{polarisatie} EHOMIAO.AE) !

Theoren Lethbeasquarsree charpotywithoutrealroots
correspondenttotheisogenyclass Avner

ftp.letl-QCXJ/Nandch00seacM-type0ItorL.LetS=5beaG0rnsteorderint such that

J-AOEAVhwith-dlAN-swhichadmits.ee

canonicalliftingtoap-actiefield K .

Thenthoeexistsatotaelyrealxes
' such that

forcing BoekhandelnyisogeninbarBet ,
µ. isapolasation Atleet is totally Imaging

and #-positive .

rechtse)
IN

HOMAN ) te
sind HtrendsMa
gr a v ' 1 tagthe)HOMIBo.BY ) stortte, Aov ) (Et :S)

9 9 x
V y

✓

BBAGUN) stenig ) ) = IETIJ )
918) vr vr

9157) 9157)

fecale -91571 > 915191791µs]



§ When do canonicon liftings exist ?
Definition A canoniek lifting of tot to a local domain 32

of characterstro with residuefield Fg and fractioneeld K
is an abdian scheme AIR such that Endt) = EndtA)

and A ④ Fg = Ao , A ④ K = A
.

Proposition 1) (serre -Tate) Every Ordinary AV has a canonieke lifting .

2) Loswal
- Shankar) Every almost -Ordinary AV with commutatie End12 BKMI has a canoncallitting

Theorem (Chai -Conrad - 00A

Leth be an inaudible chat .pay ,↳ ACHIM) =QAT) , and
④ a (M-type of ↳ such that LL

, #) satisfies the

residuen reflex condition IRRC) :

d) (Shimwa-Taniyama forma) For everyvof (above p ,
Ord v Ilt)

=
# { ge§ : ginduels v }

Ordu 19 ) [tv : op]

b) let E = @ ( §gHaine l) be the reflexGeld of 4,0)
with indeed padie placev.Then the residu tied kv

of DE
,
u Satisfies Kv a- Fg .

Then the Isogeny Class comesportding ton contains an AV
Aol Fg st . Endito) = Or which has 9 (anoniem lifting .

Remans • We generalist this to h squaretree
• Any AV Sepang isogenres to Aother alsohas a carried lifting
• we implemented the (generatied) RRC in Magma



§ Computatieons of polarisatiens
Theorem (ander a busch of assumpties . . . )

. . .

there exist a totally real xes
' such that

for and Bo E Ak and any isoguy Mci Bo→ Bd ,

µ. is apolarisatie d- ' 91µs EL is totally Imaging°

and #-positive .

Lemma (Bo ,µ o) = (Bojko
' ) ⇐ 3-v c- Enddot se . 91µA =VJGIMO

' )

so to find an principal)polarisatie of Bo , stating witha given 91µA = IoEt,
we reed to complete

{ Io-4 : U C- EndBo )' Kris 5. t
.

a-' in is totally imaging &# positive}

In practiceswe can often Ignor a !

This happens e.g. when an AV with Eind=D VI lifts
,
like for Lamont -Ordinary .

Wealso implemented theabove in Magma .

Aggregatie example for dimensies 2,3 ,4 :


