
Solution of Exercise 2.31.

(i) Straightforward computation.

(ii) Note that g ◦ f : Rn → R. We have

D(g ◦ f) = ((Dg) ◦ f) ◦Df = (g′ ◦ f)Df,

where g′ ◦ f : Rn → R. Therefore, by means of transposition,

grad(g ◦ f) = (D(g ◦ f))t = ((g′ ◦ f)Df)t = (g′ ◦ f)(Df)t = (g′ ◦ f) grad f.

(iii) g : Rn → R and D(g ◦ f) = ((Dg) ◦ f) ◦Df imply

grad(g ◦ f) = D(g ◦ f)t = (Df)t ◦ (Dg)t ◦ f = (Df)t(grad g) ◦ f.

In particular,

( grad(g ◦ f))j = 〈grad(g ◦ f), ej〉 = 〈(Df)t(grad g) ◦ f, ej〉 = 〈(grad g) ◦ f, (Df)ej〉

= 〈(grad g) ◦ f, Djf〉.
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