Solution of Exercise 6.50.

(1) Integrating by parts one obtains, since p € R,
F'p+1) = / et P dt = [—e HP)P +p/ e 't~ dt = pT(p).
Ry Ry

The identity I'(n + 1) = n! now follows by mathematical induction as I'(1) = fR+ e tdt = 1.

Setting ¢ = u? one finds
(%) I'(p) = 2/ e W U2t gy = 2/ e " u 1 du.
Ry Ry

Therefore one deduces from Example 6.10.8

1

F(i) :2/R+6_“2du: JT.

(ii) Successively using (x) above, Corollary 6.4.3 on writing an iterated integral as a two-dimensional
integral, polar coordinates v = r(cos «, sin «) in Ri as in Example 6.6.4 and (x) once more,

one sees
L(p1)T(p2) = 2/ e‘“%%pl*l duy 2/ e—uiu?’rl dus
R, R,
= 4/ e_(“%Jr“%)u%pl_lugm_l du
R
= 4/ e~ p2(p1tp2)—2+1 dr/2 cos? L asin??~ 1 a da
R, 0
g
=2I'(p1 +p2)/ cos?P 1 asin®27! o da.
0
Accordingly
L'(p))T bl
B(p1,p2) = M = 2/ cos®171 o sin®2 71 o da.
L(p1 + p2) 0

(iii) This is a straightforward consequence of part (ii) by a substitution of parameters.

(iv) Set cos? o = t, then —2 cos asin awdov = dt and sin? @ = 1 — ¢. Hence

2 0
B(p17p2) = — /2 COS2(p1_1) aSiDQ(pZ_l) O[dOé — / tpl—l(l o t)pg—l dt
0 1

1
:/ P11 — Pt
0

The mapping ¥ : u — %5 = t is a C*° diffeomorphism Ry — ] 0,1 [ satisfying 1 — ¢ = u%rl

and V' (u) = m On the basis of the Change of Variables Theorem 6.6.1 one therefore gets

1 up1—1 U2p1—1
[onamgran [ e
0 R. (1 + u)p1+p2 R. (1 + v )p1+p2

where the last equality is obtained by means of the substitution u = v?.



