Solution of Exercise 7.17.
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We have
D¢(s,t) = ( t7'(s) 7(s) ) € Lin(R* R?).

This is a matrix of rank 2, for all (s,¢) € D, since v(s) and t/(s) are linearly independent in this
case. Therefore the kernel of D¢ (s, t) is of dimension 0 and thus D¢ (s, t) is injective. It follows
that ¢ is a C'* immersion.

Using the symbol ¢ with two different meanings, we obtain the following element in Mat(2, R):
t2(7'(s),7'(s)) t<7’($),7(5)>>
ty(s),7'(s))  (v(s),7(s))

On the basis of Formula (5.3) in the case of n = 3 this implies

Dot Dot = (18 ) (47660 ) = <

det (Do(s, 1) Dg(s, 1)) = 1]/ (s) x v(s)]|*.

It follows that

1
area(C) = /I ICORCOIEIOR /0 tat /I Iv(s) x 7/ (s)]] ds

=5 [ x Vol ds

From the Fundamental Theorem 2.10.1 of Integral Calculus on R and the assumption on vy we
obtain, for s € I,

o) = D) X )]

I (s)]?

It follows that o : I — R is monotonically increasing and injective, as a consequence. Therefore
o : I —]0,a(l)[is a bijection, and so is 3 : ] 0, (l) [ — I. Observe that 3 is a C' function.
Next, we verify that Y is injective. Indeed, suppose Y(s,t) = T(E’,f). By projection onto the
second factors we see that o(s) = «(3), and so s = 5. But this implies ¢ = ¢ too. By definition
T is surjective and therefore it is bijective. Now suppose Y(s,t) = (r,a) € V, then s = ((«)
and so

> 0.

RN W@

Since all mappings involved are of class C'! on their domains, so is the inverse of Y. Furthermore,

v=UoTog " 1ty(s) = (s,1) = (tll1(s), as)) = tl|7(s) ]| (cos a(s), sina(s))

is a bijection R? D C' — v(C) C R? since all the composing maps are bijections. Obviously
the mapping t — ¢(s,t) has a ruling on C' as its image, which then gets mapped by v to a line
segment in R?. Both line segments are of equal length since ||( cos a(s), sin a(s))|| = 1, for all
S.

A natural parametrization of v(C) C R? is given by

p=vo¢p:D —v(C) satisfying (s, t) = ¢]|y(s)] ( cos a(s) ) .

sin a(s)



The evaluation of area (v(C')) requires the value of | det Dv(s, t)|. Therefore we compute

St = () el (i)

sin a(s) cos a(s)
_, (esal) ), 1) x /Gl ( ~sinas)
sin a(s) lv(s)l cosa(s) )’
o B cos a(s)
S0 =l (e ).
where there will be no need for further specification of *. In fact,
det Dy(s,1) = tly(s) x A/ (s} | SN O o) sy (9
’ cosa(s) sina(s)

and therefore we obtain the same value as in part (ii)

wea((C) = [ s x /) d(s.) = 5 [ 1) x V)] ds
Ix]0,1[
Finally, note that

r(cosa, sina) = v(y(s)) = ||v(s)]| (cos a(s), sina(s)) € v(C)

implies @ = «(s), so s = B(«) and therefore

r=ly(s)l = lly o Ble)] = r(a).
Accoerdingly the formula in the penultimate display in Example 6.6.4 takes the form

1

a(l)
area (v(C)) = 2/0 l r(a)? dov.



