
Exercise 0.1. Define

��� R3 � R by �����	��
�� 2
1  � 2

2 � � 1 � � 3
��� 2

3 and � 
������ R3 � �����	��
 0 ���

(i) Verify that ��� ����� R3 � �
3 � 1 � .

Givenanarbitrarypoint ��� � , theresultin (i) suggeststo write � 3

 1 ��� 2 for some� � R.

(ii) Conclude

��� im �! "� with  #� R2 � R3 givenby  $� �&%(' ��
)� 1 �*� 2 ��� � cos'(%+� sin '(% 1� �
Show thatactuallyonehas � 
 im �! "� .

(iii) Demonstratethat  is animmersionat all pointsof R2 with theexceptionof thepoints ��, 1 %+' �
and � 0 %(' � , for arbitrary ' � R. Moreprecisely, prove

dimker( -  .�!, 1 %+' � ) 
 dimker( -  .� 0 %+' � ) 
 1 �
Verify  $�!, 1 %(' ��
 0 and  $� 0 %+' ��
/� 0 % 0 % 1��
10 , for all ' � R.

Illustrationfor Exercise0.1

In theillustrationwenotenothingof particularinterestat thepoint 02� R3 (on thecontrary, wedoso
at0 � R3).

(iv) Prove that � is a 354 submanifoldin R3 of dimension2 ateverypointbelongingto �76 � 0� .
Background. Thefactof  not beinganimmersionat thepoints � 0 %+' � , therefore,is peculiarto  ; in
thiscase,it doesnotimply singularbehavior of im �! �� itself near0 . Finally, withoutproof,wemention
that � is notasubmanifoldin R3 of dimension2 at0.

Solution of Exercise 0.1. (i) ��� � implies0 � � 2
1  � 2

2

)� 1 � � 3

�8� 2
3, therefore0 � 1 � � 3, that

is, � 3 � 1.

(ii) If � 3

 1 �9� 2, then1 � � 3


 � 2. Accordingly, for ��� � ,

� 2
1  � 2

2

/� 1 � � 3

�8� 2
3

 ( � � 1 �9� 2 � )2 % so �!�

1 % � 2
��
 � � 1 �9� 2 �:� cos'(% sin ' � %

for suitable ' � R, on accountof the parametrizationof a circle by trigonometricfunctions.
Thusweobtain ��� im �! "� . Conversely, for every ��� im �� �� ,
� 2

1  � 2
2

 (� � 1 ��� 2 � )2 and � 1 � � 3

�8� 2
3

 � 2 � 1 ��� 2 � 2 % thatis ���!�	��
 0 �

1



(iii) Suppose,for ; � R2,

-  .� �<%+' � ; 

� 1 � 3� 2 � cos'=�>� � 1 �9� 2 � sin '� 1 � 3� 2 � sin ' � � 1 ��� 2 � cos'

� 2� 0

; 1

; 2



?
?

� 2� ; 1


 0
0
0

�

If �A@
 0, it follows that ; 1

 0. Thetwo topequationsabove thengive

; 2 � � 1 �9� 2 � sin ' 
 ; 2 � � 1 ��� 2 � cos' 
 0 % so � � 1 �9� 2 � ; 2

 0 �

Accordingly, if �CB�C� � 1 % 0 % 1 � , then ; 2

 0 too; andtherefore is immersive in this case.On

theotherhand,

-  $�!, 1 %+' ��
 � 2
cos' 0
sin ' 0, 1 0

% -  .� 0 %(' ��

cos' 0
sin ' 0

0 0
%

which shows thatall threeof thesemappingsin Lin � R2 % R3 � have a one-dimensionalkernel. It
is directfrom thedefinitionthat  $��, 1 %+' ��
 0 and  $� 0 %+' ��
10 , for all ' � R.

(iv) Wehave, for ��� � ,

- �����	��
/� 2� 1 % 2� 2 %&� 2� 3  3� 2
3
�D� Lin � R3 % R � �

Thismappingfails to besurjectiveonly if all its entriesequal0, which is thecaseonly if �*
 0
(thesolutionwith � 3


 2
3 doesnotbelongto � ). Hence,� is submersiveatall pointsof �E6 � 0� ;

andon thestrengthof theSubmersionTheorem4.5.2we now obtainthat � is a 3$4 manifold
in R3 of dimension2 atall of its points,with thepossibleexceptionof thepoint0.
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