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GROUP ACTIONS

JohanA.C. Kolk

(1) Th June 3 [LG]: Sections1.11,2.1- 2.5
(2) Fr June 4 [LG]: Sections2.6- 2.8
(3) Mo June 7 [LG]: Sections3.0- 3.4

(1) Quotients,Propergroupactions,Bochner’s LinearizationTheorem,Slices,Associatedfiber
bundles,Smoothfunctionson theorbit space

(2) Orbit typesandlocalactiontypes,Thestratificationby orbit types,Principalandregularorbits
(3) Introduction,Centralizers,Theadjointaction,Connectednessof stabilizers,Thegroupof

rotationsandits coveringgroup

For smoothactionsof a compactLie groupon a smoothmanifold,or slightly moregenerallyfor
properLie groupactions,verydetaileddescriptionscanbegivenof theorbits,theactionin asuitable
invariantneighborhoodof anorbit, thedecompositionof themanifold into orbit types,thespaceof
invariantsmoothfunctions,andvariousotheraspectsof theaction.

The local action, in a suitableinvariantneighborhoodof any given point, is isomorphicto the
actionon associatedvectorbundles,which is describedentirely in termsof theLie groupitself, the
stabilizersubgroupof thepoint,anda linearrepresentationof thisstabilizersubgroup.It is a theorem
of Schwarzthatthealgebraof smoothfunctionswhichareinvariantundersuchalinearrepresentation
is generatedby finitely many homogeneouspolynomials.This leadsto a localdescriptionof theorbit
spaceasasemi-algebraicvarietywith aconicsingularity. Thesefeaturesof actionswill beusedin the
courseSymmetryin Mechanics.

Particularexamplesaretheactionsby conjugationof acompactLie groupon itself andon its Lie
algebra.Thetheorythenleadsto thestructuretheoryof compactLie groupsandtheir Lie algebras,
including the descriptionof the maximal tori, roots and root spaces,the Weyl group and Weyl’s
integrationtheorem.SeealsothecourseStructure Theoryof Lie GroupsandLie Algebras. Another
exampleariseswhenthestabilizergroupis trivial. Whentheorbit spaceis smoothwehaveaprincipal
fiberbundle,whichappearsin thecourseAnalysisonPrincipal Fiber Bundles.

Thereis acloserelationbetweenpropersmoothactionsandalgebraicactionsof reductivecomplex
algebraicgroupson complex affine varieties,but therewill probablynot beenoughtime to work this
out in detail.
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0.1 GroupActions: First Lecture

0.1.1 Group actions

Definition 0.1.2. An ����� ���	� of a group 
 on a set � is a homomorphism� from 
 to thegroupof
bijectivemappings:��
�� . Writing

�������������������������������! �� ���#"$
%���#"&�'��� (1)

wecanalsodescribetheactionof 
 on � asamapping�)(*
,+-��
�� suchthat

�.����/���������� ���	�.��/������ ������/$"$
%�	�$"&�0��1 (2)

If 
 is a Lie groupand � a C2 manifold,with 1 3045376 , thena C2 ����� �8��� of 
 on � is anaction
� that is C2 asa mapping: 
�+9�:
 � . For each�'";� , the �	<>=	���?� @A<>�AB�CA@ � for theaction � is
definedastheset

���D
E���������F
, 	�&��GH�����?�������JIK�$"$
;LJM'�N1 (3)

❍

The relation O,",
P Q� is an equivalencerelationin � , which partitions � into orbits. If R is
anequivalencerelationin a topologicalspace� , we denoteby �TSUR thesetof equivalenceclasses
andby VF(��W
 �TSUR thecanonicalprojectionwhich assignsto each�'"$� its equivalenceclass
GXO-"Y�ZI[������O��\"!R$L . Defininga subset] of �TSQR to beopenif andonly if V_^ 1 �D]J� is openin � ,
wegetatopologyon �9SUR for which V is continuous.Actually this is thestrongesttopologyon �9SUR
with thisproperty, andit is calledthe ` BA�K� �ba��c���b�8d���e��	C	f on �TSQR . Thequotienttopologyof �9SUR has
theHausdorff propertyif andonly if R is aclosedsubsetof �g+-� .

Thecollectionof orbitsis calledthe h ai�kjl� @Aai�	<la�� �b� ` BA�K� �ba��c� 
Emn� of � undertheaction � of 
 on
� . Thesurjectivemapping

VN(n�&o
 
, ��#(Q��
 
Emn�
is calledthe �����?�	�K�k����epd?<>�kq�a��i� ����� . Evenfor analyticactionsof Lie groupsonanalyticmanifoldsit may
happenthatthequotient 
Emn� cannotbeprovidedwith thestructureof aHausdorff topologicalspace
makingthecanonicalprojectioncontinuous.In certainalgebraicsituationsoneavoidsthis by taking
asa quotientthespaceof closedorbits. However, in this sectionwe will restrictourselvesto actions
which aresonicethattheset-theoreticquotientspacecanbeprovidedwith thestructureof a smooth
manifold,makingthecanonicalprojectioninto asmoothfibration,seeTheorem0.1.6below.

Exercise0.1.3. Theaction ��r	�K��� 1 �	� 2 �s��o
 ��� 1 t rD� 2 ��� 2 � of � R � t � onR2 is anexamplewith all orbits
beingclosed.For each� 1 �u��v1 " R, any two invariantneighborhoodsof ��� 1 � 0� and ����v1 � 0� intersect
eachother, makingthequotienttopologyanon-Hausdorff topology. ✇

Definition 0.1.4. Theactionis saidto be � <l��� h ��� �lwpa if � is anorbit, thatis, if thereis an �x"y� such
thatfor eachO#"&� wehave O&���y p� , for some�#";
 . In thiscase� is alsocalleda @c��z!�	CKa��Aai�AB h
h dc����a .

A subset{ of � is saidto be �k�Hw>��<l�k���c�HB	�K|Aa�<}� @Aa_���i� �8��� � or 
 -�b�Xw~��<l�b���?� if �Y 	Ox"!{ , whenever
�$"$
 , O$"&{ . Thatis, ���D
�+#{!�JM'{ ; thentherestrictionof � to 
�+#{ definesanactionof 
 on
{ , calledthe <la h � <��b�i� ���	���k� { ����� @Aa����i� ����� of 
 on � .
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For each�$"&� ,

E����GX�$"$
)IK�! 	�&���EL

is clearlyasubgroupof 
 , calledthe � h �K� <p��dKf�CA<>�AB�d of theactionat thepoint � , or the h � ��=��bek�b��a�< of �
undertheaction.Themapping

�E�%(n�&o
 �.�����������J(�
�
 
, 	� (4)

issurjective,bythedefinitionof 
Y �� . Ontheotherhand,�.��/������������������������ if andonly if �?^ 1 /$"$
 � ,
thatis, /$"&��
E� . Thisshowsthat �E� is injective if andonly if 
E����G 1L ; in thiscasetheactionis said
to be ��<la�au��� � . Theactionis saidto be �l<�a�a if it is freeat � , for every �$"&� , thatis, if eachorbit is in
abijectivecorrespondencewith 
 by meansof themappings�E� , with �$"&� . ❍

Let � beany subgroupof 
 . Then

/&o
 L ��/��J(Q�&o
�/���� and /&o
 R ��/�� ^ 1 (Q�yo
���/ ^ 1 � (5)

definea freeactionof � on 
 , calledthe ���i� ���	���l<p��z�� @Aa_eba��>� , and � @Aa_<��bCK@c� , respectively, of � on 
 .
Theorbitsarethe �$� (thatis, theright cosetsequaltheright translatesof � ), andthe ��� , respectively,
with �0"0
 (that is, the left cosetsequalthe left translatesof � in 
 ). Thecorrespondingquotient
spacesaredenotedby, respectively,

�$m�
���GX�$�$IK�$"$
;L and 
JSU����GH�?��In�#"$
;L�1
The remarkfollowing (4) shows that the fibersof �J�5(�
�
 
P U� arejust the cosets��
E� , for

�$"$
 ; andthereis auniquebijectivemapping

� ��(*
�S�
E�0�
 
, ���� 
 �A� ��
� �� �����
��� 
� ��


�SX
E�
� ��
� ����������

(6)

suchthat �E��� � �� �V , if V denotesthecanonicalprojection: 
¡
 
�S�
J� .
Exercise0.1.5. As a furtherexercisewith thedefinitions,wenotethat,for any subgroup� of 
 ,

�&o
 �����¢o
������$� �������#"$
J���
definesa transitive actionof 
 on 
JSU� , with isotropy groupat 1� equalto � . (Theisotropy group
at ���:"£
�SU� is equalto ���$��^ 1.) This shows thatevery subgroup� of 
 is equalto the isotropy
group,at somepoint,of someactionof 
 .

Finally, we recallthattheproduct

�����$�} A��O��$���F���iO��s� ������O#"$
E���
in 
JSU� is well-definedif andonly if � is a �?�	<lz%��e h BA=�CA<>�AB�d of 
 , thatis,

���$� ^ 1 ��� ���$"$
E��1
This makes 
�SQ�¤�¥�$m*
 into a group. Thecanonicalprojection 
P
 
�SU� is a grouphomomor-
phismwith kernelequalto � . Becausethekernelof everygrouphomomorphismisanormalsubgroup,
this shows that thenormalsubgroupsarepreciselythekernelsof grouphomomorphismsfrom 
 to
someothergroup 
 v . In Corollary0.1.10weshallseethatif 
 is aLie group,thentheclosednormal
subgroupsarepreciselythekernelsof homomorphismsof Lie groups 
)
 
Ev , with 
Ev someother
Lie group. ✇
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Until now we have only discussedsomeset-theoreticalgeneralitiesaboutgroupactions.We now
turn to their topologicaland smoothnessproperties. Recall that a continuousmapping ¦ from a
topologicalspace§ to atopologicalspace] is saidto bedc<>�8d?a�< if ¦�^ 1 ��¨Y� is compactin § for every
compactsubseẗ of ] . If § and ] areHausdorff, this implies that ¦���©�� is closedin ] for every
closedsubset© of § . A continuousactionof a topologicalgroup 
 ona topologicalspace� is said
to bea dc<>�8d?a�<c���i� �8��� if

�����	����o
 ���! 	������� is apropermapping (*
,+-��
��ª+-�N1
For apropercontinuousaction,thequotienttopologyon theorbit spacehastheHausdorff property.

Theorem 0.1.6. Let 
 be a Lie group, � a C2 manifold, for 4�« 1, and � a C2 action of 
 on
� that is proper and fr ee. Thentheorbit space
Emn� hasa uniquestructure of a C2 manifold,of
dimensionequalto dim �­¬ dim 
 , with thefollowingproperties.If V�(Q��
 
Emn� is thecanonical
projection �®o
 
N �� , thenfor everypoint in 
Emn� there is an openneighborhood̄ in 
Emn� anda
C2 diffeomorphism

° (Q�yo
 ��±\�������	²������s�J(QV ^ 1 ��¯³��
 
,+-¯}� �
��´µ

V ^ 1 ��¯³�¶·¸¹
�´µ

º �� 
,+-¯


Emn� ¯¶ ·¸¹
such that, for �#"&V_^ 1 ��¯³� , �$"$
 , wehave²���������V»�������F
, 	� , so

�.¼ º ��½� ´µ
��±\�������K
, 	���¾

¿À Á Á Á Á Á Á Á
Á Á Á Á


, 	�

and ° ���} Â�����Ã���?±\��������²������s��� i.e. �! 	� ¼ º ��½� ´µ
����±\�������A
, ����Ä

ÅÆ Ç Ç Ç Ç Ç Ç Ç
Ç Ç Ç Ç


, 	�

1

Thetopologyof 
Emn� is equalto thequotienttopology.

The ° in Theorem0.1.6arelocal trivializationsmaking V¥(X�W
 
EmQ� into a C2 fiber bundle;
they alsotranslatetheactionof 
 on � into theleft actionof 
 on thefirst componentin 
N+-¯ . IfÈ (QV_^ 1 �sÉ���
 
,+�É is anothersuchtrivializationthenwehave

°   È ^ 1 (*����������o
 ����Ê»�������	���J(*
,+���¯�Ë9É���
 
,+���¯�Ë9É���� (7)

for a C2 function Ê'(n¯�Ë9ÉÌ
 
 . A fiber bundle � with a Lie group 
 asfiber andretrivializations°   È ^ 1 asin (7), is calleda dc<l�k�K��� d?��eiÍ�=�a�<Î=QB	�K|Aeba\ÏÎ�8� @ h � <>B	�i�kB�<�auCK<p�KB8d 
 . Oneverifieseasilythatthe
left 
 -actionsonthefirst factorin thetrivializations 
Ì+!¯ induceanactionof 
 ontheprincipalfiber
bundlethatis properandfree,with thefibersastheorbits. In thiswayhaving aproperandfreeaction
of 
 on � is equivalentto sayingthat � is aprincipalfiberbundlewith structuregroup 
 .

Below, we shalldropthehypothesisthattheactionis freeandinvestigategeneralproperactions,
with applicationsto thestructureof compactLie groups.Later, in thestudyof noncompactLie groups,
weshallalsohave to dealwith Lie groupactionswhichareneitherpropernor free.

In thefollowing wefix somenotationconcerningLie groups.
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Definition 0.1.7. Let 
 bea Lie group. In orderto detecta possiblenoncommutativity of 
 on the
infinitesimallevelat1(thatis, in termsof finitely many derivativesat1),wehavetoturntosecond-order
derivativesat1. Thiscanbedoneasfollows. Write, for each�#"$
 ,

Ad �$(QOyo
���O�� ^ 1 � (8)

for the �����8qKB	CK�i� ���	� by � in thegroup 
 . Noncommutativity of 
 meansthatAd � is not equalto the
identity: 
Ð
 
 , for each��"7
 . Because� Ad ����� 1�»� 1, the tangentmappingof Ad � at 1 is a
linearmapping

Ad �$( � T1 � Ad ���J(�Ñ�
ÒÑ��
calledthe ��|�qA���k�?�Óz%�DdAd?�b�AC of � , or the �k�KÍ��K�8� a h �bz%��eH�i�	�8qKB�CK��� �8��� by � in Ñ . Because

Ad ��Ô*Õi���Ã� Ad ÔX�³ .� Ad Õ�� ��ÔÖ��Õ×"$
E���
anapplicationof thechainrule for tangentmappingsshows that

Ad ��Ô*Õ����F� Ad Ô*�³ .� Ad Õ�� ��ÔÖ��Õ×"$
E���
aswell. Thatis, themapping

Ad (n�&o
 Ad �#(*
�
 GL �bÑH�
is ahomomorphismof groups;it is calledthe ��|8qK�	�b�c��<�aDdc<la h a��c� ��� ���	� of 
 in Ñ�� T1 
 .


 Ad � �� 


Ñ
exp

Ø Ù
Ad � �� Ñ

exp

Ø Ù 
 Ad
��

GL �bÑ��

Ñ
exp

Ø Ù
ad
��

Lin �bÑ��~ÑH�
exp

Ø Ù

Thenext stepis to observe thatAd (*
�
 GL �bÑH� is a C1 mapping.Soagainwecantake thetangent
mappingat1, andweobtaina linearmapping

ad ( � T1 Ad (�Ñ�
 Lin ��Ñ��>ÑH���
if we identify thetangentspaceat I of theopensubsetGL �bÑH� of Lin ��Ñ��>Ñ�� with Lin �bÑ��~ÑH� , asis usual.
For eachÚ&�KÛ£"�Ñ , Ü

ÚÝ�KÛ�Þ�( �F� ad Ú����sÛÖ�J"�Ñ (9)

is calledthe ß �ba�=�<l����àKai� of Ú and Û . Theconditionthatad is a linearmappingfrom Ñ into Lin �bÑ��~ÑH�
justmeansthat

��ÚÝ�AÛÖ��o

Ü
ÚÝ�KÛ�Þ�(�Ñ&+;Ñ�
ÒÑ

is abilinearmapping;henceit canbeviewedasaproductstructureturning Ñ into analgebraoverR.
ThetangentspaceÑ&� T1 
 , providedwith theLie bracket (9) astheproductstructure,is called

the ß �ka���ebCAai=	<l� of theLie group 
 . ❍

Exercise0.1.8. In theexample 
�� GL �s]�� of thegenerallineargroup,weget

Ñ�� TI GL �D]J��� Lin �s]E�K]J���
Ad �$(�Û;o
��� �Û! J� ^ 1 ���#" GL �s]����}Û£" Lin �s]E�K]J�D��1 (10)

Soin this caseAd � is just therestrictionof Ad � to theopensubsetGL �D]J� of Lin �s]E�A]�� . Anyhow,
differentiatingthe right handside in (10) with respectto � , at ��� I and in the directionof Úá"
Lin �s]E�K]J� , weget Ü

ÚÝ�KÛ�Þâ�F� ad Ú����sÛÖ����Ú� .Û#¬7Û! �Ú&�
the �i�	zãz!BA� ���b��< of Ú and Û in Lin �s]E�K]J� . ✇
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Example 0.1.9. For any Lie group 
 , the action ������Ú��\o
 � Ad ������Ú.�&(�
P+ÌÑ#
 Ñ of 
 on Ñ is
calledthe ��|8qK�	�b�?�K���i� �8��� . Lie groupactionsfor which the transformationsarelinear transformations
in a vectorspace,arecalled <laDdc<la h a��?� �i� �8��� h . This is the reasonwhy theadjointactionis alsocalled
the adjoint representation.Let us take a look at the simplestexamples.For 
F� SO� 3� or SU� 2� ,
theorbitsof theadjointactionareeitherpointsor two-dimensionalspheres,thestabilizergroups 
E�
thenareeither the whole group 
 or a circle subgroupÉä�­¯ 1 of 
 . It follows that 
å
 
�SâÉ
exhibitsSO� 3� andSU� 2� asaprincipalcirclebundleover thetwo-dimensionalspherē 2, bothbeing
nontrivial, that is, not equivalentto a Cartesianproduct. It is interestingto identify thesebundlesin
theclassificationof all principalcirclebundlesover ¯ 2, seeSteenrod[1951]. For 
¡� SU� 2� , weget
thethree-dimensionalspherē 3 asa principalcircle bundleover ¯ 2, which is thesameastheaction
of thecircle GHæ�" C I æHIA� 1 L asa multiplicative subgroupof C m�G 0L on theunit spherein C2 ç R4

by meansof the complex multiplication by the scalarsæ . In differential topologythis is known as
the è ��dc�âÍ�=�<l��� �8��� ; it occursimplicitly at many placesin theclassicalliterature. For 
�� SL � 2 � R � ,
the adjoint orbits arediffeomorphicto a point, the puncturedplane(a one-sheetedhyperboloidor a
puncturedhalf-cone)or theplane(a sheetof thetwo-sheetedhyperboloid).In this casethestabilizer
groupsareeither 
 itself or R +9� Z S 2Z � , or thecircle. Thecirclefibrationof SL � 2 � R � over theplane
is trivial, but thefibrationof SL � 2 � R � over thepuncturedplaneis not: SL � 2 � R � is connectedandthe
fibersarenot connected. ✰

For a Lie group 
 , the mapping �����	����o
 ����������� is bijective: 
)+�
é
 
)+�
 . Sincethe
inverse��O�������o 
 ��O�� ^ 1 ����� is continuous,it follows thattheleft actionof 
 on 
 is properandfree.
Similarly theright actionof 
 on 
 is properandfree. If � is aclosedsubgroupof 
 thenit follows
immediatelythattheleft andtheright actionof � on 
 areproperandfreeaswell. Becauseaclosed
subgroupof aLie groupis aLie subgroupwe thereforeobtainthefollowing:

Corollary 0.1.10. For any closedsubgroup � of a Lie group 
 , there is a uniquestructure of an
analytic manifoldon �;m�
 , and 
�SU� , making 
ê
 �$m�
 , and 
ê
 
�SU� , respectively, into an
analytic principal fiber bundlewith structure group � . Theright, and left action,of 
 inducesan
analytic transitiveaction of 
 on �$m�
 , and 
�SU� , respectively, with 
 1ë �ì� . Finally, if � is
alsoa normalsubgroup,thenthis analyticstructure makes 
JSU� into a Lie groupandthecanonical
projectioninto a homomorphismof Lie groups.

For a generalC2 actionof a Lie group 
 on a C2 manifold � , we canapply this to �í�î
E� ,
which is a Lie subgroupof 
 . Turningto theright actionof 
E� on 
 , we thenseethat themapping� � of (6) is a C2 immersionfrom the analyticmanifold 
JS³
E� into � , mapping 
�S³
E� bijectively
onto 
¡ p� . Thisexhibits theorbit 
¡ p� asanimmersedC2 submanifoldof � , of dimensionequalto
dim 
,¬ dim 
E� . NotealsothattheLie algebraof 
E� is equalto

T1 �D
E�����,ÑH��� ker T1 �E�A� whereas T �A�s
, ������ im T1 �E� �ï ¬9ÑHS�ÑH�A1
Especially, a C2 homogeneousspaceis C2 diffeomorphicto ananalyticmanifoldof the form 
JSU�
where� is aclosedLie subgroupof aLie group 
 ; thisanalyticstructureis theuniqueonefor which
theactionis analytic.
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0.1.11 Proper group actions

It is themainpurposeof thissectionto show thatfor properC2 actionsof Lie groupsonmanifolds,a
quitedetaileddescriptionof theorbit structurecanbegiven; in particular, theorbit spaceis a locally
finite unionof C2 manifolds,piecedtogetherin aniceway.

We now return to the general C2 action of 
 on � . Then 
E� , the isotropy group at � , is a
closed,andthereforea Lie subgroupof 
 . Themapping� � (�
�
 � inducesa bijective mapping� ��(*
JS³
E��
 
' ð� ; furthermore,

� � intertwines(cf. Definition0.1.16below) theleft actionof 
 on

JS³
 � with theactionof 
 on 
, 	� , thatis, ��������Iòñ�ó � � � �   L ñ*ôDñ � �����³  � ^ 1� , for every �$"$
 .


�S³
E� L õpö÷õ �~ø�ùðú¬i¬�¬*¬�¬�
 
JS³
E�
� � � �

, 	� � øûù~ú¬X¬*¬Q
 
, 	�

In particular, eachtransitiveactioncanbeidentifiedwith theleft actionof 
 on 
JSU� for someclosed
Lie subgroup� of 
 ; this fact reducesthe theoryof transitive actionsto thestructuretheoryof Lie
groups.

Write ü � � T1 � � (?Ñ#
 T � � for the �b�AÍ��K��� a h �bz%��e³����� ���	� at � , thenthe Lie algebraof 
 � is
equalto ÑH�Ý� ker üc� . We concludethis introductionwith the following generaldescription,which
however is localbothin � andin 
 :

Lemma 0.1.12. Let � bea C2 action(4!« 1) of theLie group 
 onthemanifold � . For � 0 "&� , let
¯ bea C2 submanifoldof � through � 0 such that

T � 0 ����ü?� 0 �bÑH�³ý T � 0 ¯}� (11)

andlet © bea C2 submanifoldof 
 through1 such that

Ñ��,ÑH� 0 ý T1 ©.1
Thenthere is an openneighborhood© 0, and ¯ 0, of 1, and � 0, in © , and ¯ , respectively, such that
� 0 ���.I þ 0 ÿ�� 0 is a C2 diffeomorphismfrom © 0 +-¯ 0 ontoanopenneighborhood� 0 of � 0 in � .

Remark 0.1.13.Thesetü � 0 �bÑH� isequalto thetangentspaceat � 0 of theorbit 
® b� 0 through� 0, thelatter
viewedasanimmersedsubmanifoldof � . Condition(11) saysthat ¯ intersects
� �� 0 transversally
andhascomplementarydimension.

ThemappingV 2  ³� ^ 1
0 (Q� 0 
�¯ 0, whereV 2 is theprojection© 0 +.¯ 0 
 ¯ 0 ontothesecondfactor,

is a (trivial) C2 fibration,whosefibersaresubmanifoldsof orbits. To beprecise,�Ýo
 �� U² is a C2
diffeomorphismfrom © 0 ontothefiber over ²y"×¯ 0. In particular, all (local) orbitsof neighborhoods
of � 0, asin Lemma0.1.12intersect̄ 0 near� 0 transversally. In thenext sectionit will beshown that,if
theactionis properat � 0, then̄ 0 canbechosensuchthattheorbitsnear� 0 intersect̄ 0 in orbitsfor the
actionof 
 � 0, theisotropy groupat � 0. However, in generalsuchanicedescriptionof theintersections
of thenearbyorbitswith ¯ 0 is notpossible.

Thenearbylocalorbitsintersect̄ 0 in isolatedpointsif andonly if dim Ñ � � dim Ñ � 0 for all � near
� 0. Note that ÑH� 0 �êGHÚî"5Ñ£Icü?� 0 ��Ú��E� 0 L implies thatdim ÑH�×3 dim ÑH� 0 for all � near � 0. In the
specialcasethat Ñ � 0 � 0, thatis, if theactionis infinitesimally(locally) freeat � 0, then © 0 is anopen
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neighborhoodof 1 in 
 . In thelocal identificationof � with © 0 +-¯ 0, thelocalactionof �$"$
 then
consistsof left multiplicationby 
 only on thefirst factor. Theorem0.1.6is a globalversionof this,
but it needsthemuchstrongerassumptionof aglobally freeandproperaction.

It is alsoclearthat Lemma0.1.12remainstrue for locally definedactionsof a local Lie group;
this in turn is givenby its infinitesimalaction,which is a finite-dimensionalLie algebraÑ of vector
fields on � . If 
��í� R � t � , anddim Ñ'� 1, respectively, the action is the flow of a vectorfield
Ú on � . The conditionthat ÑH� 0 � 0 meansthat Ú5��� 0 � �� 0, andLemma0.1.12is the “flow box
theorem”statingthat in suitablelocal coordinatesthe flow after time r is equal to the translation
��� 1 ��� 2 �K1�1�1��������uo
 ��� 1 t r	�	� 2 �K1�1�1��	����� over r in thefirst variable. In this situationthemanifold ¯ is
alsocalleda e�������e������b�A����<
	 h a��i� �8��� for thevectorfield Ú ; condition(11) thenjustexpressesthat

dim ¯®� dim �g¬ 1 and Ú;��� 0 �\S" T � 0 ¯}1
✰

0.1.14 Bochner’s Linearization Theorem

Let � bea real-analyticmanifoldand ¨ a compacttopologicalgroup,actingcontinuouslyon � by
meansof C2 transformations� 1 3,4#3¡6u� . It maybeprovedthat this implies that theaction � is a
continuoushomomorphismfrom ¨ to thetopologicalgroupDiff 2Q���0� of C2 diffeomorphismsof � .
Thefollowing theoremsaysthat,neara fixedpoint, theactionof ¨ canbeidentifiedwith the linear
actionof a closedLie subgroupof theorthogonalgroup,actingon a ball centeredat theorigin in a
Euclideanspace.

Theorem 0.1.15(Bochner’s Linearization Theorem). Let � bea continuoushomomorphismfrom
a compactgroup ¨ to Diff 2U���0� , with 4Ì« 1 and let � 0 "#� , ����4A����� 0 �»�ê� 0, for all 4Ì"x¨ . Then
thereexistsa ¨ -invariantopenneighborhood§ of � 0 in � anda C2 diffeomorphism± from § onto
anopenneighborhood] of 0 in T � 0 � , such that

±\��� 0 ��� 0 � T � 0 ±9� I ( T � 0 ��
 T � 0 �
and

±\������4A�������s��� T � 0 �.��4A�s±\����� ��4!"&¨$���$"$§���� i.e. § � ø 2 ú ��
� ´µ

§
�� ��
�´µ

�

]�� �
0
� ø 2 ú
�� ] � � ��

T � 0 �

(12)

If � is anarbitraryinnerproducton T � 0 � , then

��&� � T � 0 ����4A���>���?4
is aninnerproducton T � 0 � thatis invariantunderthetangentactionof ¨ on T � 0 � . In otherwords,

¨ v ��G T � 0 �.��4A�JIK4!"&¨,L
is a compact,andhenceclosedLie subgroupof the orthogonalgroupof the Euclideanspace�¢�
� T � 0 �N� ��?� . Let

�
beanopenball around0 in � that is containedin ] , with ] asin theTheorem

above. Then
�

is ¨Yv -invariant,so,in view of (12), ± ^ 1 � � � is a ¨ -invariantopenneighborhoodof � 0

in § onwhich ¨ actsasdescribedin thesentenceprecedingthetheorem.

9



Definition 0.1.16. If � , and
�

, areactionsof a group 
 on a spaceÚ , and Û , respectively, thenone
saysthatamapping¦P(QÚP
 Û �b�c� a�<>�bÏ��b�Aa h�� with

�
, or is 
 -equivariant: ÚP
 Û , if

¦Ì J��������� � �����³ .¦ ���$"$
E��� thatis,

Ú � øûùðú¬X¬�¬U
 Ú
� �
Û � ø�ùðú¬X¬�¬U
 Û

(13)

This meansthat ������� , for each�0"0
 , mapseachfiber of ¦ ontoa fiber of ¦ ; onealsosometimes
saysthattheaction � ���nwpa�< h theaction

�
with respectto themapping¦ .

If 
 is aLie groupand � , and
�

, is a C2 actionof 
 onthemanifold Ú , and Û , respectively, then
¦ is an a ` B��lw>��eka��A��a%��� C2 ����� ���	� h if ¦ is a C2 diffeomorphism:Úä
 Û , intertwining � with

�
; the

actions� and
�

aresaidto be C2 a ` B��lw>��eka��c� if thereexistsanequivalenceof C2 actionsbetween�
and

�
. ❍

In this terminology, Theorem0.1.15saysthattheactionof ¨ , restrictedto a suitablë -invariant
openneighborhood§ in � of the fixed point � 0, is equivalentto the linear tangentactionof ¨ on
T � 0 � , restrictedto anopenneighborhoodof 0 in T � 0 � . Indeed,(12) is just (13)with 
 , � , ¦ ,

� �����
replacedby ¨ , 4 , ± , T � 0 �.��4A� , respectively.

0.1.17 Slices

Definition 0.1.18. Let �)(*
£+Y��
�� bea C2 action(4!« 1) of aLie group 
 onamanifold � . A
C2 h eb�b��a_�i� � 0 "&� �>�	<�� @Ka_���i� �8��� � is a C2 submanifold̄ of � through� 0 suchthat,in thenotation
of Lemma0.1.12,

(i) T � 0 ����üc� 0 ��ÑH�³ý T � 0 ¯ ; and T �³����ü?�A�bÑH� t T ��¯ , ( �$"&¯ );

(ii) ¯ is 
E� 0-invariant;

(iii) if �$"&¯ , �$"$
 , and �����?�������J"&¯ , then �$"$
 � 0.
❍

It followsthattheidentitymapping:̄®
�� inducesabijectivemapping,evenahomeomorphism:

 � 0  >�yo
 
¡ p� , from thespace
 � 0 mn¯ of 
 � 0-orbitsin ¯ ontoanopenneighborhoodof 
� p� 0 in the
space
Jmn� of 
 -orbitsin � . Notethattheactionof 
E� 0 on ¯ has� 0 asafixedpoint,by definition.

Definition 0.1.19. Theaction � is saidto be d?<p��dca�<c��� � 0 if for everysequence��� in � , and ��� , in 

suchthat lim �����x���%�Ã� 0, andlim �����#� �» Ó���ã�Ã� 0, respectively, thereis a subsequence!;�"!Î��4A�
suchthat � � ø 2 ú convergesin 
 as 4%
$# . ❍

If 
 is not compact,onecanfind a sequenceof compactsubsets̈ � of 
 suchthat � � hasno
convergentsubsequencewhenever � ��S"y¨%� , for all ! . Usingthis oneobtainsthattheactionis proper
at � 0 if andonly if thereexistsa neighborhood§ of � 0 in � suchthat GH�-"#
ÐIi�.�������s§»��Ë£§ ��
&JL
hasa compactclosurein 
 . Note that propernessof the actionat � 0 implies that 
E� 0 is a compact
subgroupof 
 .

Applicationof Bochner’s LinearizationTheorem0.1.15now maybeusedto prove thefollowing:

10



Theorem 0.1.20(SliceTheorem). Let � bea C2 action(4®« 1) of theLie group 
 on themanifold
� , andsupposethat theactionis properat � 0 "Ý� . Thenthereexistsa C2 slice ¯ at � 0 for theaction
� .

0.1.21 AssociatedFiber Bundles

TheTubeTheorem0.1.22below assertsthat,in asuitable
 -invariantneighborhoodof any orbit 
Ì �� ,
theactionis equivalentto astandardonethatis constructedin termsof theLie group 
 , thestabilizer
group 
 � (a closedLie subgroupof 
 ), andthe tangentrepresentationof 
 � on T � �9S T � �D
� U��� .
This constructioncanbe describedin the framework of � h~h �	���k�i� a�|yÍ�=�a�<�=QB	�K|Aeba h ; we shall startby
definingthis usefulgeneralconcept,which will play a role in thecourseRepresentationTheoryand
Applicationsin ClassicalQuantumMechanics.

Let Ú and Û be C2 manifoldsandlet � bea Lie groupactingin a C2 fashionbothon Ú and Û .
Theactionof /$"&� on Ú will bedenotedby �&o 
��E �/�^ 1, andtheoneon Û by Oyo
�/E �O . Furthermore
assumethattheactionof � on Ú is properandfree,sothattheorbit spaceÚ�SQ� is a C2 manifoldof
dimensionequalto dim Ú�¬ dim � , and Ú¥
 Ú\SU� is a principalfiber bundlewith structuregroup
� , cf. Theorem0.1.6andtheremarksthereafter.

Undertheseconditions,theactionof � on Ú)+�Û , definedby

��/��K�����	O��D��o 
 ���Y �/ ^ 1 ��/! 	O�� /$"&�x�K������O��J"&Ú)+�Û � (14)

is properandfreeaswell; for this it sufficesto look at whathappenswith thefirst component.The
quotientmanifoldis a C2 manifold,whichwill bedenotedby

Úä+ ë Û;� G����! 	/ ^ 1 �	/! �O��JIK/$"&�PL �����	O��J"&Ú)+�Û �
and Úê+)ÛP
 Úê+ ë Û is anotherprincipal fiber bundlewith structuregroup � . The projection
ÚÐ+�Ûx
 Ú ontothefirst factorinducesa mappingÚÐ+ ë Ûx
 Ú\SU� , theuniqueonewhich makes
thediagram

Úä+7Û
'( ) ) ) ) )

) principalf.b. with structuregroup ë*+ ,,,,,, Úä+ ë Û
associatedf.b. with fiber -'( ) ) ) ) )

Ú
principalf.b. with structuregroup ë *+ ,,,,,

,
Ú\SU�

commutative. Theclaim is that ÚÐ+ ë Û-
 Ú\SU� is a C2 fiber bundleover Ú\SU� with fiber equalto
Û ; this will becalledthe Í�=	a�<}=QB	�K|Aeba%�nwpa�< Ú\SQ� Ï���� @ãÍÖ=	a�< Û/. � hðh �����k�i� a�|&�b�ã� @Ka�dc<l�k�K��� d?��eXÍÖ=	a�<}=nB��A|Keka
Ú�
 Ú\SU� Ï���� @ h � <>B	�i�kB�<�a�CA<>�AB�d � ���K|ÝB h �b�ACÝ� @Aa����i� �����Ý�	� � ��� Û .

Now let 
 be anotherLie group,with an action �����	���%o
 �$ n� on Ú that commuteswith the
action ��/Ö�	���uo
 �Y �/�^ 1 of � on Ú , that is, �×o
 �× 	� commuteswith �Yo 
 �× �/*^ 1 for every �Ì"-

and /$"&� , or

�! A���! �/ ^ 1 ���F���! 	���} 	/ ^ 1 ���$"$
��[�#"&ÚÝ�[/#"Ý�$��1 (15)

Theequivalentformulationof thisconditionis that �s������/���������o
 ���� ����� s/ ^ 1 �D� is anactionof 
'+®�
on Ú . In thecaseof two commutingactions,thecustomto write oneactionasa left multiplication
andtheotherasa right multiplication,makesthecommutativity of theactionlook like anassociative
law in (15). Comparethiswith theactionsof left andright multiplicationof agroupon itself.
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From(15) it follows that theaction �10 of 
 on Ú maps� -orbitsonto � -orbits,so it definesa
uniqueaction ��0 ô ë of 
 on Ú\SU� coveredby �10 with respectto theprojection ÚF
 Ú\SU� . Using
thelocal coordinatechartsfor Ú\SU� from Theorem0.1.6,oneverifiesimmediatelythat �10 ô ë is a C2
actionon Ú\SU� .

Theaction �����A�����	O��D��o
 ���® ��Î��O�� of 
 on Ú�+�Û alsocommuteswith theaction(14) of � on
Ú,+TÛ , soit coversauniqueactionof 
 on Ú,+ ë Û with respectto theprojectionÚ�+ÌÛ$
�Ú,+ ë Û .
This actionis C2 andin factall thearrows in thediagramabove are C2 fibrationsandintertwinethe
respectiveactionsof 
 on Ú , Ú)+ ë Û and Ú\SU� .

An interestingspecialcaseoccursif � is a closed(henceLie) subgroupof 
 , Ú­�ª
 , andif
we let 
 and � acton 
 by meansof left andright multiplications,respectively. In this case
 acts
transitively on thebasespace
JSU� of thefibration 
,+ ë Û;
 
JSU� (with fiber Û ).


�+7Û
'( ) ) ) ) )

) *+ ,,,,,, 
,+ ë Û
associatedf.b. with fiber -'( ) ) ) ) )



*+ ,,,,,, 
�SQ�

Conversely, let 2 ( � 
 3 bea C2 fibration, intertwininga C2 actionof 
 on
�

with a transiti ve
C2 actionof 
 on 3 ; this is calleda @?�	z!��CAa��Aai�AB hJ
 j�=QB��A|Aeba . For someæÝ"43 , write Û#�
2.^ 1 ��GDæÓLD� ,
thefiber in

�
over æ , which is a closedC2 submanifoldof

�
. Also, �¢�Ã
�5 , thestabilizerof æ in 
 ,

is a closedsubgroupof 
 , which actson Û . A straightforwardverificationshows that themapping
������O���o
 �! 	O$(*
,+�Û;
 �

inducesa C2 diffeomorphism:
,+ ë Û;
 �
. In thediagram


,+�Û
´µ 67 8888888 Û;�92 ^ 1 ��GDæÓLD�·� ´µ ë/: ñ<;=>


,+ ë Û �
��

´µ
�
? ´µ ñ
@ A


�SQ� �
�� 3¡�F
, 	æ

all arrows are C2 fibrationsintertwining the respective 
 -actions,and the horizontalonesare C2
diffeomorphisms. This shows that eachhomogeneous
 -bundle is equivalent to one of the form

N+ ë ÛT
 
JSU� , for a suitableclosedLie subgroup� of 
 and C2 actionof � on a manifold Û ,
thefiberof theoriginalbundle.

Theactionof 
 on 3 �
 
JSU� is properif andonly if 
�5}�ä� is a compactsubgroupof 
 ; for
the“if ” partusethatthecanonicalprojection 
�
 
JSU� is apropermappingif � is compact.In this
casetheactionof 
 on thehomogeneous
 -bundle 
�+ ë Û is alsoproper.

Anotherinterestingspecialcaseoccurswhen Û;�9� is afinite-dimensionalvectorspaceonwhich
� actsbylineartransformations(ora“linearrepresentationof � ”). Theneachfiberof ÚY+ ë ��
�Ú\SU�
hasauniquestructureof avectorspacefor which B»o
�G����! �/ ^ 1 ��/! CBU�JIK/$"Ý�)L is a linearmapping
from � to thefiberover ��� , for each�$"&Ú . Thismakes Ú�+ ë � into a C2 vectorbundleover Ú\SU� ,
calledthe � h~h �	���b��� a�|&wpa����b�	<}=QB	�K|Aeba��nwpa�< Ú\SU� Ï���� @\Í�=�a�< ��. |Ka�Í*�Aa�|y=�f#� @Aa�CA� wpa��\<�aDdc<la h a��c� ��� ���	�&�	� ��b� � .

Wenow cometo thestandardmodelfor properactionsin 
 -invariantneighborhoods,asannounced
in thebeginningof this section.Its proof is basedon theSliceTheorem0.1.20.
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Theorem0.1.22(TubeTheorem). Let � bea C2 actionof a Lie group 
 ona manifold� , properat
� 0 "×� . Thenthere existsa 
 -invariant openneighborhood§ of � 0 in � such that the 
 -actionin
§ is C2 equivalentto theactionof 
 on 
£+ ñ �

0

�
. Here

�
is anopen 
E� 0-invariantneighborhoodof

0 in T � 0 �9SUü?� 0 �bÑH� , onwhich 
E� 0 actslinearly, via thetangentaction 4�o
 T � 0 �.��4A� moduloüc� 0 ��ÑH� .
EssentiallytheTubeTheoremsaysthat the actionof 
 near � 0 canbe completelydescribedin

termsof 
E� 0 andthelinearactionof 
E� 0 on T � 0 ¯ .
Observe that theequivalence§P
 
N+�ñ �

0

�
, followedby theprojection 
N+�ñ �

0

� 
 
�S�
 � 0,
definesa 
 -equivariant C2 fibration §¡
 
JS³
E� 0, for which theorbit 
� p� 0 is aglobalsection.Also
noticethatthepropernessof the 
 -actionon 
£+�ñ �

0

�
impliesthattheactionof 
 onthe 
 -invariant

openneighborhood§ of � 0 in � is proper. Apparently“properat � 0” is equivalentto “properon a

 -invariantneighborhood”.

0.1.23 SmoothFunctionson the Orbit Space

Let 
 bea Lie groupactingproperlyon themanifold � . This latterconditionis equivalentto: the
actionis properat � for each�$"&� , andthetopologyof theorbit space
Emn� is Hausdorff.

Indeed,the propernessof the actionimplies that the orbit relation G������	�; Q���!"T�W+'� Iâ�,"
�N�³�x"x
;L is closedin �í+Ì� , which in turn is equivalentto theHausdorff propertyfor 
Emn� , see
Lemma1.11.3.Now converselysupposethat � � 
 � and� �  D� � 
�O in � as!Ý
$# , for sequences
��� , and � � , in � , and 
 , respectively. Theclosednessof theorbit relationimpliesthat OY�)�× 	� , for
some�7"7
 ; andthen ����^ 1 � � �� U� � �ê��^ 1  X��� �  U� � �»
 ��^ 1  H���5 U���»�ê� , as !$
 # , becauseof
thecontinuityof theaction. Now thepropernessof theactionat � impliesthata subsequenceof the
��^ 1 � � convergesandthenthecorrespondingsubsequenceof the ��� convergesaswell.

An exampleof anactionwhich is properat all pointswithout beingproper, is obtainedby taking
the flow of the vectorfield �����	O��Ýo
 � � 2 DFE 2� 2 D 1 � 0� on � � R2 m%G�� 0 � 0�sL . Note that every invariant
neighborhoodof �s¬ 1 � 0� intersectsevery invariantneighborhoodof � 1 � 0� , whereas�s¬ 1 � 0� and � 1 � 0�
donotbelongto thesameorbit; andthereforethequotientspacehasnoHausdorff topology.

BecausethecanonicalprojectionV�(Q��
 
Emn� is continuousandmapsopensubsetsof � onto
opensubsetsof 
Emn� , theorbit space
Emn� is locally compact.Also it is locally pathwiseconnected,
even locally contractible.In orderto describetheconnectedcomponentsof 
Jmn� , we notethat, for
each�$"$
 , thetransformation�����?� mapsany connectedcomponent© of � diffeomorphicallyonto
a connectedcomponent©»v of � . Furthermore,����������©����¥© if �'"£
�G ; sowe geta naturalaction
of thediscretegroup 
�S�
 G on thediscretespaceV 0 ���0� of connectedcomponentsof � . For each
connectedcomponent© of 
Emn� , theset V ^ 1 ��© � is equalto theunionof thesets© in a 
JS³
�G -orbit
in V 0 ���0� , and © �PV���©�� , for any such© . Thegroup 
 ø þ ú �)GX�-"x
�Ii�.��������©»�u�)©#L}�)GX�-"x
�I
����������©��³Ë5© ��H&JL is openandclosedin 
 andactson © ; and © canbeidentifiedwith 
 ø þ ú mn© .

Assumingfrom now onthat � is paracompact,wehavethateachconnectedcomponent© is equal
to the union of a countablecollectionof compactsubsets©JI . Hence© �¢V»��©»��� I V»��©JI�� , and
V»��© I � is compactbecauseof the continuity of V ; andthis shows that 
Emn� is paracompact. Here
we have usedthetheoremthata Hausdorff, locally compactspaceis paracompactif andonly if it is
the disconnectedunion of spaces,eachof which is a union of countablymany compactsubsets,cf.
Bourbaki [1951], §9, No.10,Th.5. The “if-part” of this criterion hasbeenusedbeforein Theorem
1.9.1to prove thateverygroupis paracompact.

Althoughin general
Emn� is notasmoothmanifold(in thesequelweshallseein moredetailhow
closewe canget), it is naturalto call a function K on anopensubset] of 
Emn� to be ���â��eb� hðh C2 if
andonly if V � KT�LK× »V is a functionof classC2 on � . ThesefunctionsV � K arepreciselythe C2
functionsÊ on � thatareconstanton the 
 -orbits;or ÊE���������������s���PÊE����� , for all �x"y� , �#"x
 , or
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������� � Êx�äÊ , for each�-"-
 . Thesearethe 
 - �b�Hw>��<��b���c� C2 �>B��A�i� ���	� h ��� � . In turn this meansthat
� � Ê$��V �2 Ê , where� is theactionmap: 
0+;��
�� and V 2 (*
0+;��
�� theprojectionontothe
secondfactor. Thespaceof 
 -invariant C2 functionson � is denotedby C2 ���0� ñ , andthegistof the
remarksaboveis that V � is anisomorphismfrom C2 �s
Emn�'� onto C2 ���0� ñ , moreor lessby definition.

Replacing� by §¡���.�s
$+�¯³� , wherē isaslicefor the 
 -actionat � 0 asin theproofof Theorem
2.4.1,we get that the C2 function Ê on § is 
 -invariantif andonly if � � Ê_I ø ñ ÿ�� ú �êV �2 2 , for a C2
function 2 on ¯ which is 
E� 0-invariant. In this way not only 
Em�§ is homeomorphicto 
E� 0 mn¯ , but
alsothespaceof C2 functionson ]7�F
Em�§ getscanonicallyidentifiedwith thespaceof C2 functions
on 
E� 0 mn¯ .

Moreover the 
E� 0-actionon ¯ is C2 equivalentto the restrictionto an openneighborhood
�

of
0 in �å� T � 0 �TSUüc� 0 ��ÑH� of the tangentactionof 
E� 0 on T � 0 � modulo ü?� 0 �bÑH� ; andthe latter is by
orthogonallineartransformationswith respectto someinvariantinnerproductin � . In particular, any
functionof thedistanceto theorigin is 
E� 0-invariant,andwe canfind sucha function ± of classC�
suchthat ±F« 0, ±\� 0�NM 0 andthesupportof ± is containedin any givenneighborhoodof 0 in

�
.

Transportingthis to ]¢M 
Emn� andextendingthe resultingfunction by 0 to 
Jmn� , we seethat for
every � 0 "$
Emn� andeveryneighborhood] of � 0 in 
Emn� thereexistsafunction K of classCminø 2PO � ú
on 
Emn� , suchthat K'« 0, K���� 0 �1M 0 andthesupportof K is containedin ] . (Noticethattheprevious
argumentdoesn’t apply in the real-analyticcategory.) In combinationwith the paracompactnessof

Emn� , wehaveprovedthefollowing

Lemma 0.1.24. For every opencovering Q of 
Emn� there is a partition of unity GRK � L on 
Emn� , of
class Cminø 2PO � ú andsubordinateto Q . That is, each K�� is a Cminø 2PO � ú functionon 
Emn� , KS��« 0, and
thesupportsupp��K � � of K � is containedin some] � "TQ . Moreover, thesupp��K � � form a locally finite
familyof compactsubsetsof 
EmQ� , and KS�_� 1 on 
Emn� .

Suchpartitionsof unity canbe usedfor piecingtogether
 -invariantstructuresthat aredefined
in 
 -invariantneighborhoodsin � , to globalonesin � . Thestructuresshouldbelongto a category
whereonecantakearbitraryconvex linearcombinations.As anapplicationwegive the

Proposition 0.1.25. Let 
 bea Lie groupactingproperlyand in a C2 fashionon theparacompact
manifold � , with 1 394!3U# . Then� hasa 
 -invariantRiemannianstructure � of classC2 ^ 1.

Conversely, onemayprovethatif � isaRiemannianstructureof classC2 ^ 1 onaparacompactman-
ifold � with finitely many connectedcomponents,thenthegroupV of isometriesof thecorresponding
metricspaceis equalto thegroupof automorphismsof ���N���?� , andis a finite-dimensionalLie group
with countablymany components.Itsactionon � isproperandof class© 2 , anditsLie grouptopology
coincideswith the © 2 topologyon V5M Diff 2U���'� andalsowith thetopologyof pointwiseconvergence.
Here44M 2; if 4%� 1,and4%� 2, wehaveto addtheconditionthat � is Höldercontinuous,andthatthe
first-orderderivativesof � areHöldercontinuous,respectively. Any closedsubgroup
 of V is then
alsoaLie groupactingproperlyandin a © 2 fashionon � .

On theotherhand,if � is the 
 -invariantstructureof theProposition,and ¦ � is a sequencein 

suchthat ���s¦W��� convergespointwisein � toamapping¦P(Q��
�� , thenthepropernessof theaction
impliesthatasubsequenceof the ¦ � convergesin 
 , to someX¢"$
 . Becausethisimpliesthat ���s¦ � �
convergespointwiseto ���YXy� , we getthat ¦��ä���ZX&� . In otherwords, �.�s
E� is a closedsubgroupof
theisometrygroup V for theRiemannianstructure� . As usualwe assumethat theactionis effective
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(ker �å�ìG 1L ), by passingto the Lie group 
JS ker � , if necessary. In this sensewe have that, for
3 3T4Y3[# andfor aparacompactmanifold � with finitely many components,thatproper effective
C2 actionsof Lie groupsandclosedsubgroupsof isometriesfor C2 ^ 1 Riemannianstructur escan
beregardedasthesametopics.
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0.2 GroupActions: SecondLecture

0.2.1 Orbit Typesand Local Action Types

Wekeepourstandingassumptionthat � is aproperC2 actionof aLie group 
 onamanifold � .

Definition 0.2.2. Wesaythat � , O#"&� , and 
¡ �� , 
¡ �O$"$
Emn� , ��<la\�	��� @Aa h ��z%a\� fAd?a , with notation
�]\ÐO , and 
N ��^\�
N �O , respectively, if thereexistsa 
 -equivariantbijectionfrom 
N �� to 
N �O .
We saythat � |?�	z%�b�A�i� a h_O , andthat 
, 	� |c��z%�b�A�i� a hã
, 	O , with notation: O`_�� , and 
� 	O`_Ã
� 	� ,
respectively, if thereis a 
 -equivariantmappingfrom 
, �� to 
, 	O .

Clearly, \ isanequivalencerelationin � , and 
Emn� ; wedenotetheequivalenceclasses,sometimes
simply calledthe ��<p=����H� fAd?a h �b� � , and 
Emn� , respectively, by

� �� ��GXO$"&� IKOa\��EL�� 
Emn� �ñ�ó � ��Gâ
, �O#"$
Emn�WI?
, 	Oa\F
� ��JL�1
Ontheotherhand,_ is apre-orderin � , and 
Emn� , respectively; andwewrite

�cb� ��GXO$"&� InO`_��JL�� 
Emn�dbñ�ó � ��G�
, 	O$"$
Emn� I�
, 	Oa_F
� ��EL�1
❍

Westartwith somedirectobservationsaboutthesenotions.

Lemma 0.2.3. (i) We have �e\�O if and only if 
E� is conjugateto 
 E within 
 , that is, 
 E �
��^ 1 
 � �$( ��GH��^ 1 /H�$"$
)IK/$"$
 � L , for some�#"$
 .

(ii) Also Oa_�� if andonly 
E� is conjugate, within 
 , to a subgroupof 
 E . Thatis, � ^ 1 
E���$M�
 E ,
for some�$"$
 .

(iii) If ¦ is a 
 -equivariantmapping: 
� ��&
 
, �O , then 
 � M�
 � ø � ú and ¦7� � � ø � ú  JVx  � ^ 1� .


�S�
E� �¬X¬*¬Q
 
�S�
 � ø � ú
� � � � � fRg �ih

, �� �¬X¬*¬Q
 
, 	O

Here V is thereal-analytic, 
 -equivariantfibration V�(A��
 � o 
 ��
 � ø � ú (?
JS³
 � 
 
�S�
 � ø � ú ,
with fiber 
 � ø � ú S�
E� inducedby �E��(Q�&o
��& p�$(�
�
 
� p� . In particular, ¦ automaticallyis
a C2 fibrationwith fiberdiffeomorphicto 
 � ø � ú S�
 � .

(iv) Finally, �a\�O if andonly if �a_�O and O`_�� .

Definition 0.2.4. For any subgroup� of 
 , wedefinethe h ai�H�	�cÍkjna�|ud����b�c� h for � in � as

� ë ��GHO#"&�WIK/! �Oy��O�� for all /$"&�PL�1
❍
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For any continuousaction,� ë is aclosedsubsetof � . Notethatif � is compact,actingin a C2
fashionon � , for 4$« 1, thenBochner’s LinearizationTheorem0.1.15implies that locally � ë is a
C2 submanifoldof � . Thatis, eachconnectedcomponentof � ë is a closedsubmanifoldof � , but
differentconnectedcomponentsof � ë canhavedifferentdimensions.

On thebasisof theTubeTheorem0.1.22onemayprove:

Lemma 0.2.5. (i) For any �£";� , wehave � b� �¢
� H��� ñ � � . Moreover, � b� , and 
Emn� b� , is a
closedsubsetof � , and 
Emn� , respectively.

(ii) If ¯ is a C2 sliceat �$"&� for the 
 -actionon � , then

� �� Ë9
, �¯®�F
, A��¯ ñ � �����cb� Ë9
, 	¯}1
(Notethat 
P Q¯ is a 
 -invariant openneighborhoodof � in � .) Restrictinḡ to a suitable

 -invariantopenneighborhoodof � in � , weget that � �� Ë9
¡ �¯ is a closedC2 submanifold
of 
� Ó¯ , which is 
 -equivariantly C2 diffeomorphicto 
JS³
E��+���¯ ñ � � . Here ¯ ñ � is a closed
C2 submanifoldof ¯ of dimensionequalto dim � T � �9SUü � �bÑH�s� ñ � , that is

� �� Ë9
, 	¯ �¬X
 
JS³
E�E+7��¯ ñ � ��1

Definition 0.2.6. Theelements���³O0"#� , and 
� Ó���}
� ÓO7"0
Emn� , respectively, aresaidto be �	�� @Aa h ��z%a.e��	����e_� fAd?a , with the notation: �mlîO and 
Ð K�ml 
ä KO , if thereis a 
 -equivariant C2
diffeomorphism¦ from an open 
 -invariantneighborhood§ of � in � onto an open 
 -invariant
neighborhood] of O in � . ❍

Clearly this definesan equivalencerelation l in � , and 
Emn� , respectively; it is finer than \ ,
thatis, each\ -equivalenceclassis partitionedinto l -equivalenceclasses.Theseequivalenceclasses
sometimeswill becalled e��	����e����i� �����Ý� fKdca h in � , and 
Emn� , respectively, anddenotedby

�dn� ��GXO$"&� IKOal��EL�� 
Emn�dnñ�ó � ��Gâ
, �O#"$
Emn�WI?
, 	OalF
� ��JL�1
Note that the Tube Theorem0.1.22shows that �
lgO if and only �
\íO and the actionsof


E� , and 
 E , on T �³�9SUü?�i��ÑH� , and T E �TSQü E �bÑH� , respectively, areequivalentvia a linear intertwining
isomorphism,thatis, asrepresentations.

Definition 0.2.7. Forany subgroup� of 
 , the �c��<�zã��eb�b��a�< of � in 
 isdefinedasN ���;��� N ñ ���$���
GX�7"7
 I[���®��^ 1 �é�PL . It is the largestsubgroupof 
 containing� asa normalsubgroup.It is
closedin 
 if � is closedin 
 . ❍

Theorem 0.2.8. (i) Each local actiontypeis anopenandclosedsubsetof thecorrespondingorbit
type.

(ii) Theset � n� Ë$� ñ � is openin � ñ � , anda locally closedC2 submanifoldof � (that is, all its
connectedcomponentshavethesamedimension),andit is alsoN �D
 � � -invariant.
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(iii) Thecanonicalprojection: ��
 
Emn� maps� n� Ë!� ñ � onto 
Emn� nñpo � , its fibers in � n� Ë!� ñ �
are the orbits for the N �D
E��� -action on � n� Ë9� ñ � . Theaction of the group N �s
E�	�sS³
E� on
� n� Ë$� ñ � is properandfree;hencethere is a uniquestructure of a C2 manifoldon 
Emn� nñFo �
for which VÃ(?� n� Ëx� ñ � 
 
Emn� nñpo � is thecorrespondingprincipal fibration with structure
groupN �s
E�	�sS³
E� .

(iv) � n� is a locally closed 
 -invariant C2 submanifoldof � , and the 
 -action inducesa 
 -
equivariantC2 diffeomorphismfromtheassociatedfiberbundle 
�S�
E�}+ N ø ñ � ú ô8ñ � ��� n� Ë&� ñ � �
onto � n� . Further VN(n� n� 
 
EmQ� nñFo � is a C2 fiberbundlewith fiber 
�S�
E� . In otherwords,

� n� Ë5� ñ �
p.f.b. with structuregroupN ø ñkq ú ôDñkq rs ttttttt

ttt 
�S³
 � + N ø ñ � ú ôDñ � ��� n� Ë5� ñ � � �
��

associatedf.b. with fiber ñ*ôDñkquv w w w w w w w w w
w w w w w w

� n�
f.b. with fiber ñ*ôDñkq ´µ


EmQ� nñFo � 
Emn� nñpo �

(v) Wehave

dim �xn� � dim 
,¬ dim 
E� t dim � T �³�9SUü?�i��ÑH�s� ñ � (16)

� dim 
,¬ dimN �D
E��� t dim ���dn� Ë5� ñ � �Ry (17)

dim 
Emn�dnñFo � � dim � T � �9SUü � ��ÑH�s� ñ � (18)

� dim ���dn� Ë5� ñ � �}¬ dim 
E� t dimN �D
E����1 (19)

Remark 0.2.9. 
JS³
E�J+ N ø ñ � ú ô8ñ � ��� n� Ë5� ñ � � \� � n� is a C2 fiberbundleover 
�S N �s
E�	� with fiber
� n� Ë5� ñ � , the 
 -actionon it coveringthe 
 -actionon 
�S N �s
E�	� by left multiplications.However,
becausetheactionof N �D
E���DS�
J� on � n� Ë5� ñ � is alsoproperandfree, � n� is alsoa C2 fiberbundle
over � N �s
J���sS³
E�	�sm���� n� Ë$� ñ � � \� 
Emn� nñ�ó � , with fiber 
JS³
E� ; of course,this is just thefibrationof
� n� into its 
 -orbits. Herethe 
 -actioncoversthetrivial actionof 
 on 
Emn� nñ�ó � . Thecommonfibers
of the intersectionsof the two fibrationsaretheN �s
 E �sS³
 E -orbits in � n� Ë#� ñ<z �¥� nE Ë$� ñ<z , for
O$"&� n� .


�S�
E�J+���� n� Ë;� ñ � � p.f.b
��

´µ

JS³
 � + N ø ñ � ú ô8ñ � ��� n� Ë5� ñ � � \� � n� f.b.

��
f.b. with fiber {}|q�~ {1���´µ

� N �s
E�	�sS³
E���Dm���� n� Ë5� ñ � �
�:´µ


�S�
E� �� 
�S N �s
 � � 
Emn� nñ�ó �
Differentlocal orbit typesin a givenorbit typecanhave differentdimensions.This is oneof the

reasonswhy we preferredto formulateTheorem0.2.8.(ii)–(v) for local actiontypesratherthanfor
orbit types. ✰

0.2.10 The Stratification by Orbit Types

Theorem0.2.8.(iv) shows thatthelocalactiontypespartition � into locally closedC2 submanifolds,
eachof which is C2 fiberedby 
 -orbits. In this sectionwe shall studythe local propertiesof this
partitioning.
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Considertheactionof acompactLie group� actingonaEuclideanspace� bymeansof orthogonal
linear transformations.To startwith, � �0 ��� ë �êG��;"��ìIc/; ��Ý����� for all /7"x�PL is a linear
subspaceof � , which is � -invariant.Hence� , theorthogonalcomplementof � ë , is � -invariantas
well. Thelinearisomorphismt (��YBX��K���o
 B t K'(�� ë +��'
$� is � -equivariantif welet act � on� ë +^� by ��/��K�ZBX��K��s��o
 �ZBH�	/J �K�� , for /$"&� , �ZBH��K��J"a� ë +^� . Notethat � �0 ��� ë ��G 0L . In order
to studythe � -actionon �ÌmJG 0L , we observe that theunit sphere����G�K�"[� IkI�K�I�IH� 1 L in � is
� -invariantandthatin turn thereal-analyticdiffeomorphism�7(*�Y����K���o
$�WK'( R � 0 +e�¡
 �5muG 0L
is � -equivariantif welet act � onR � 0 +�� by ��/��K�Y����K��s��o
 �Z�	��/% �K�� , for /$"&� , �Z�	��K��J" R � 0 +�� .
It follows thattheorbit typesfor theactionon the � -invariantopensubset�7m�� �0 arethesetsof the
form � ë t ��� R � 0 +�É�� , where É runsover theorbit typesfor the � -actionon � .

Next let � bea compactsubgroupof a Lie group 
 andlet V denotetheprojection: 
N+[�Ð


'+ ë � . Each 
 -orbit in 
'+ ë � meetsV»��G 1Lâ+^�ã� ; and V»� 1 ��BÓ�����. ðV»� 1 �CBU����V����Î�CBÓ� if andonly
if � 1 �CBU���F����/ ^ 1 ��/. �BÓ� , thatis �y��/ and/. �BE�9B , for some/$"&� . In otherwords, 
 � ø 1O�� ú ��� � ; or
theorbit typesin 
£+ ë � arethesetsof theform V»�s
9+��ã� , where� runsover theorbit typesfor the
actionof � in � . In view of thepreviousparagraph,theorbit typesin 
�+ ë � thereforearethesets
of theform V 
0+£�Z� ë t ��� R � 0 +£É��s� , where É runsover theorbit typesfor theactionof � on � .

Using the TubeTheorem0.1.22andTheorem0.2.8.(i) we obtain the following propositionby
inductionon thedimensionof themanifoldonwhich theLie groupactsproperly.

Proposition0.2.11.For a proper C1 actionof a Lie group 
 ona manifold � , thereare locally only
finitely manydistinctorbit typeswith locally only finitely manyconnectedcomponents.In particular,
onealso haslocally only finitely manydistinct local action types. If � is compact,thenthere are
only finitely manydistinctconnectedcomponentsof orbit types,andthesameis true if � is a finite-
dimensionalvectorspaceonwhich 
 actsby linear transformations.

Any connectedcomponentof an orbit type for the actionof 
 on 
P+ ë � that is not the orbit
typeof V»�s
�+TG 0LD� , hasdimensionequalto dim 
N¬ dim � t dim � ë t 1 t dim É�v , where É�v is a
connectedcomponentof anorbit type É for theactionof � on � . Becausethedimensionof theorbit
typeof V»�s
x+ÝG 0LD� is equalto dim 
#¬ dim � t dim � ë , weget,usingagaintheTubeTheorem0.1.22
andTheorem0.2.8.(i),thefollowing:

Proposition0.2.12. For each �$"&� thereis a 
 -invariantopenneighborhood§ of � in � such that,
for each O#";§£m�� n� ,

dim �xnE � dim �xn� t 1 t dim É}�
where É is somelocal action typefor the tangentactionof 
E� on theunit sphere in theorthogonal
complementof ü?�A�bÑH� t � T ���'� ñ � in T ��� , with respectto a given 
E� -invariant inner producton
T ��� . In thesamevein,

dim 
EmQ�dnE � dim 
Jmn�dn� t 1 t dim 
 � m�É}1
In particular, dim � nE M dim � n� anddim 
EmQ� nE M dim 
Jmn� n� , for all O$"$§Ìm�� n� . Notealsothat
��_ÐO , hencedim 
�1 OÌ« dim 
%1 � , for all y sufficientlycloseto � . In particular, theestimatesabove
showthat “smaller orbits cannotcompensatefor beingsmallby massiveappearance, not evenin the
orbit space”.
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Definition 0.2.13.A C2 h � <��i� �kÍ*���i� �8��� of themanifold � is a locally finite partitionof � into locally
closedconnectedC2 submanifolds� I (��"�V ) of � , calledthe h � <��i� � of thestratification,suchthat
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thefollowing is satisfied.For each�J"aV theclosure� cI of ��I in � is equalto ��I�� ������� ��� , whereV I�MdV�m�G��DL , anddim ���¢¡ dim ��I , for each!5"aV I .
Thestratificationis saidto bea £ @A��� �Ka8f h � <l��� �bÍ������ ���	� if the following conditions(a) and(b) are

met:

(a) For each �0"¤V , !é"¤VCI and eachsequence��� in ��I such that lim �����#���9�W� "Ð��� and
lim ����� T �¦¥ � I �H§ in theGrassmannbundleof T � , wehave T � � � Md§ .

(b) If � � is a sequenceasin (a) and O � is a sequencein the limit stratum� � , suchthat lim O � �é�
and O�� ������ , for all ¨ , theneachlimit of theone-dimensionalsubspacesR  �©Ö�����K�	O���� of T �¦¥X� ,
for ¨Y
 # , is containedin § . Here © is a diffeomorphismfrom anopenneighborhoodof the
diagonalin �­+Y� to anopenneighborhoodof thezerosectionof T � . Clearlythesetof limit
linesdoesnotdependon thechoiceof © .

❍

Theorem 0.2.14. Theconnectedcomponentsof theorbit typesin � form a Whitney stratificationof
� .

Remark 0.2.15. We feel that the stratificationby orbit typeshaseven morespecialpropertiesthan
generalWhitney stratifications.

Theorbit space
Emn� is stratifiedby theconnectedcomponentsof theorbit types(cf. Theorem
2.6.7.Wedefinethedimensionof aconnectedcomponentof 
Emn� asthemaximumof thedimensions
of its strata).But in orderto saythatthis is aWhitney stratification,we have to embed
Emn� at least
locally in asmoothmanifold. For convenience,weassumein thefollowing discussionthat 4��H# .

Locally thespaceof smooth( C� ) functionson 
Emn� , identifiedwith C� ���'� ñ , canbeidentified
with C� � � � � , wherëé�é
 � and

�
is a ¨ -invariantopenneighborhoodof 0 in �P� T � �TSQü � �bÑH� .

Theactionof ¨ on � is theoneinducedby thetangentaction 4%o
 T ������4A� of ¨ê�Ã
J� on T �³� .
Thetheoremof Schwarz[1975],appliedto thisrepresentationof thecompactgroup̈ on � , states

that C� �Y�ã� � containsfinitely many polynomials � 1 �K1�1�1��C� 2 , which may be chosenhomogeneous
of degree ª 1 �K1�1�1��Cª 2 M 0, suchthat every K¥" C� �Y�ã� � canbe written as KN� Ê; ¢� , for some
Ê'" C� � R 2 � . Here � denotesthemapping�yo
 �Z� 1 �������A1�1�1���� 2 �����D�J(«�N
 R 2 .

Theconicstructureof multiplicationby �NM 0in � , whichmaps̈ -orbitsto ¨ -orbits,is intertwined
by � with theactionof ��M 0 in R 2 givenby: ��O 1 �K1�1�1��	O 2 �Jo 
 �Y��¬ 1 O 1 �K1�1�1��C��¬p­8O 2 � . (The invariance
of �J�Z�ã� undersuchan actionis saidto be a quasihomogeneousstructureon �J�Y�ã� .) In view of the
compactnessof theunit spherein � , this leadsto thepropernessof themapping�¡(��P
 R 2 ; andit
follows that ���Z�ã� is aclosedsubsetof R 2 .

Themapping� inducesa homeomorphism:̈Ym«�¥
 ���Z�ã� . Let Ú bea local actiontypeof the
¨ -actionon � . Using the local descriptionof theactionin theTubetheorem2.4.1andof theorbit
typesprecedingProposition0.2.11,oneseesthat,for each�$"&Ú , thereexist ¨ -invariantC� functionsK 1 �A1�1�1���K�® near� suchthat ��K 1 �A1�1�1��C��KS® arelinearly independentand �»� dim ¨×mnÚ . Combinedwith
the theoremof Schwarz, this implies that rank T �i�Z��I 0³�&� dim ¨×mnÚ , for all �ä"¡Ú . In turn this
impliesthat �J��Ú�� is asmoothsubmanifoldof R 2 , diffeomorphicto ¨YmnÚ underthehomeomorphism:
¨Ym«��
$���Z�ã� . Becauseof thepropernessof � , the �J��Ú.� form astratificationof �J�Z�ã�JM R 2 .

Usingthattheactionof ¨ on � is polynomial(cf. Corollary14.6.2),onecanprove thatthestrata
Ú aresemialgebraic.Accordingto theTarski-Seidenberg theorem(cf. Hörmander[1983],Appendix
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A.2), which saysthattheimageof semi-algebraicsetsunderpolynomialmappingsis semi-algebraic,
onegetsthatboth ���Z�ã� andthe �J��Ú.� ’saresemi-algebraic.Łojasiewicz [1965],p.150–153hasproved
that every locally-finite partition of a semi-analyticset into semi-analyticsetscanbe refinedinto a
Whitney stratification. So, in particular, thestratificationof ���Z�ã� by the ����Ú�� ’s canberefinedto a
Whitney stratificationof �J�Z�ã� . Wehavenot investigatedthequestionwhetherthe ����Ú�� ’s themselves
automaticallyform aWhitney stratification. ✰

0.2.16 Principal and Regular Orbits

A partof theinformationabouttheorbit typestratificationcanbeencodedin its |A�b<la��i� a�|�CA<l�Ddc@ � . The
verticesof � aretheconnectedcomponentsof theorbit typesin 
Jmn� andwe draw anarrow from
�)"4� to

� "4� , notation: ��
 �
, if
� M'� c; in words,if elementsof � convergeto elementsof

�
.

Clearly theconnectedcomponentsin thegraphcorrespondto theconnectedcomponentsof theorbit
space
Jmn� .

If ��
 �
, then�m¯ � (Lemma0.2.5.(ii)). If also� �� � , thenaccordingtoProposition0.2.12we

have dim �¤M dim
�

anddim V ^ 1 ���E�°M dim V ^ 1 � � � , whereV denotestheprojection: �ª
 
Emn� .
The latter shows that �F
 �

definesa partial orderingin � (that is, if �F
 �
and

� 
 © then
��
�© , and��� � if andonly if ��
 �

and
� 
�� ), in whichany chainatmosthas1 t dim 
Emn�

many elements.In pictures,oneusuallyonly draws thearrows betweenimmediatesuccessors.Note
that the minimal elementsin the graph � arepreciselythe connectedcomponentsof orbit typesin

Emn� andtheir preimagesin � thatareclosedin 
Emn� , and � , respectively.

Example 0.2.17. Thegraph ± ±¸¹ �� ±
� � ©

is thedirectedgraphof theactionof SO� 2� onthetwo-dimensionalspherein R3: � is theorbit typeof
thecircularorbits,and

�
and © arethefixedpoints,theNorth andtheSouthPole,respectively. (For

theactionof SO� 3� onR3, thevertices
�

and © wouldgetidentifiedsincetheverticalaxisis asingle
orbit typeof fixedpoints.)Theactionof SO� 3� on itself by conjugationhasthesamedirectedgraph:
� is the collectionof conjugacy classesof rotationsthroughan anglebetween0 and V , whereas

�
is the conjugacy classof the rotationthrough V and © is the identity. Althoughof quite a different
nature,theactionof SU� 2� on itself by conjugationalsohasthisdirectedgraph,with � thecollection
of two-dimensionalconjugacy classesand

�
, © correspondingto theelements² I in SU� 2� . ✰

Definition 0.2.18. ForaproperC2 action( 4!« 1)of theLie group 
 onthemanifold � , theorbit 
® k� ,
with �#"Ý� , is saidto bea d?<��b�A��� dc��ec��<p=��8� if its localactiontype � n� is openin � , thatis, if it belongs
toamaximalelementof thedirectedgraph� . Wewrite � princ ��GX�$"&� I�
# ÷� is aprincipalorbit L ,
and 
Emn� princ M�
Emn� for thesetof principalorbits. ❍

Clearly � princ is anopen 
 -invariantsubsetof � , projectingontotheopensubset
Emn� princ of the
orbit space
Emn� . Moreover, � princ is alsodensein � asthecomplementof theunionof the,locally
finitely many, orbit typesof positivecodimensionin � . Thelaststatementin Theorem0.2.8.(iv) shows
thattheopenandclosedsubsets� n� of � princ areopen 
 -invariantsubsetsof � fiberedby 
 -orbits.
Thesearemaximalin thesensethatno �£";� mE� princ hasa 
 -invariantopenneighborhoodthat is
fiberedby 
 -orbits. Indeed,eachnearbyorbit intersectsasliceat � in somepoint O , andthen 
 E M�
 � .
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If dim 
� Oy� dim 
� � , thendim 
 E � dim 
E� ; or 
E�	S³
 E isfiniteand
� O \� 
�S�
 E 
 
�S³
E� \� 
� �
is a fibration with finite fiber 
E�	S³
 E . This contradictslocal triviality of the orbit structurenear � ,
unless
 E �ì
E� , for all O7"#¯ near � . In termsof thedescriptionprecedingProposition0.2.11we
have �#"&� princ if andonly if thespace� occurringthereis equalto G 0L .

It is themainpurposeof this sectionto show that,in eachconnectedcomponentof 
Emn� , theset

Emn� princ is connected,cf. thePrincipalOrbitTheorem0.2.22below. In otherwords,eachconnected
componentof the graph � hasa unique maximal element. If � is connected,thismeansthatthere
is only oneprincipal orbit type.

In thesequel,it will beconvenientto usea somewhatcoarserpartitionof 
Emn� thantheoneinto
orbit types.

Definition 0.2.19. Two elements����ON"9� aresaidto be of the same�k�KÍ��K�8� a h �bz%��e}� fKdca , notation:
�d\

inf
O , if thereexists �N"�
 suchthat Ad ��^ 1 �bÑ E ���åÑ � , (or ��^ 1 �D
 E � G �£��
 G� ). Onesaysthat O

|c��z%�b�A�i� a h»� �b�KÍ��A��� a h �bz%��ebe f , notation: �³_
inf
O , if thereexists �7"7
 suchthatAd � ^ 1 �bÑ E ��MNÑH� , (or

� ^ 1 �s
 E ��G~�$M�
�G� ). ❍

BecauseÑH� is the Lie algebraof 
E� andAd � ^ 1 ��Ñ E � is the Lie algebraof � ^ 1 �D
 E �D� , we have
��\¥O�´ �µ\

inf
O , and ��_¥O�´ �µ_

inf
O ; so the infinitesimalversionis a coarseningof thepartition,

andordering,respectively by orbit types.
Furthermore,if ¯ is a slice at � and ON"9¯ , then 
 E M¢
 � andhenceÑ E MäÑ � . So all nearby

orbits aredominatinginfinitesimally. Also Od\
inf
� if andonly if Ñ E �åÑH� . The intersectionwith ¯

of the infinitesimaltypeof � thereforeis equalto thecommonsetof zeroesin ¯ of thevectorfields
ü?�i��Ú.� , for Ú¢"YÑH� . In a Bochnerlinearizationthesevectorfieldsareall linearandthis setof zeroes

is a linearsubspace.As in Theorem0.2.8.(iv), oneobtainsthat theset � �inf� of elementsof thesame
infinitesimaltypeas � locally is a closedC2 submanifoldof � . As in Proposition0.2.12,onegets
that thedimensionof nearbydifferentinfinitesimaltypesis strictly larger, bothin � andin theorbit
space
Jmn� . As in Theorem0.2.14,theinfinitesimaltypesform aWhitney stratificationof � .

Definition 0.2.20. The set 
P U� is saidto be a <la	CcB�eb��<J��<>=	��� if the dimensionof the orbits 
P QO is
constant(not strictly larger), for all O near � . That is, if � is in the interior of its infinitesimaltype;
or, if 
� �� belongsto a maximalelementof thedirectedgraph� inf definedby theinfinitesimaltype.
Elementsonregularorbitswill becalled <�a�CcB�ek��<Kd��	�b�?� h for theactionof 
 on � ; andweshalldenote
thesetof thesepointsby � reg, andthesetof regularorbitsby 
Emn� reg M�
Emn� . ❍

Becausedim 
' sOy� dim Ñ%¬ dim Ñ E and GXO$"&� I dim Ñ E Mx��L is aclosedsubsetof � for every��" Z � 0, wegetthat 
' s� is aregularorbit if andonly if dim ÑH�%3 dim Ñ E , or dim ÑH��� dim Ñ E , for all
O near� . Almost by definition � reg is a denseopensubsetof � . It is 
 -invariantandprojectsonto
thedenseopensubset
Emn� reg of 
Emn� . Clearly � princ M�� reg, andboth � princ and � reg areunions
of localactiontypes.

Wenow considertheorbit typestrataof codimension1 in � .
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Lemma 0.2.21. Supposethat theLie group 
 actsproperlyandin a C2 fashionon themanifold � ,
for 4Y« 1. Let �#"&� anddim � n� � dim ��¬ 1. Then� n� M'� reg anddimR �'� 1, where � is the
subspaceappearingin thedescriptionprecedingProposition0.2.11,while 
E� actson � asthegroup
O � 1�u�)G 1 �K¬ 1L . Theorbits near 
� �� are fiberedover 
� �� , with fibers consistingof two elements;
if 
 is connectedthentheseare two-foldcoverings.

Notethatnear� , thehypersurface� n� disconnects� into twohalfspaces,but that 
J� interchanges
the two half spaces. It also follows that near 
� A� the orbit space
Emn� can be viewed as a C2
manifold with boundary(a “half space”),where 
P U� is a point on the codimension-oneboundary.
This is even so in termsof the Remark0.2.15: near 
¥ �� the orbit spacecan be identified with
� T �³�9SUü?�i�bÑ��s� ñ � + G 1 �A¬ 1Lsmp� , sowecantake � 1 �A1�1�1��C� 2 ^ 1 to beabasisof thelinearformson the
first factor, and � 2 ��K 2, if K denotesthe K -coordinate.So � maps���ê� T � �TSQü � �bÑH�s� ñ � +m� onto
thehalf spaceG���O 1 �K1�1�1��	O 2 �%" R 2 IXO 2 « 0 L . Therebȳ&Ë#� n� getsmappedto a neighborhoodof 0
in theboundaryG���O 1 �K1�1�1���O 2 �ã" R 2 IXO 2 � 0 L , and ¯&Ë$� princ to a neighborhoodof 0 in theinterior
Gâ��O 1 �K1�1�1��	O 2 �J" R 2 IKO 2 M 0 L .

Theorem 0.2.22(Principal Orbit Theorem). Supposethat theLie group 
 actsproperlyand in a
C1 fashiononthemanifold � . Then�åm}� reg is equalto theunionof local orbit types(strata for the
stratificationdescribedin Section0.2.10)of codimension« 2 in � . For everyconnectedcomponent
�xG of � , the subset� reg ËÌ�dG is connected,openand densein �xG . Each connectedcomponent
�s
Emn�'� G of 
Emn� containsonlyoneprincipal orbit type, which is a connected,openanddensesubset
of it.

The smallestnonvoid, openandclosed 
 -invariantsubsetsare the preimagesof the connected
componentsof 
Emn� or, equivalently, thesets
¡ ��dG where�dG is aconnectedcomponentof � . By
restrictingthediscussionto thosesubsets,we mayassumethat 
Emn� is connected;andaccordingto
Theorem0.2.22this impliesthatthereis only oneprincipalorbit type.

Corollary 0.2.23. Supposethat 
 actsproperlyandin a C2 (4×« 1) fashionon � , andassumethat

Emn� is connected.Let �£";� princ andwrite © for theconnectedcomponentof � in � princ Ë#� ñ � .
Then

(i) � princ ��� n� ��� �� .

(ii) Theset � , the union of the connectedcomponentsof � ñ � that meet � princ, is a closed C2
submanifoldof � , which containsN �s
E�	�} 	©,��� princ Ë5� ñ � asanopensubset.

(iii) 
 ø þ ú ��GH�#";
äIn����������©�����©#L inducesa 
 -equivariantC2 diffeomorphism


JS³
 � +�ñ g ¶�h ô8ñ � © �
��dn� ��� princ 1

(iv) If © c denotestheclosureof © , then © c M0� and 
, �© c ��� .

Thepurposeof Theorem0.2.8wasto obtainreductionsto properandfreeactionsof N �D
E���DS�
E�
on � n� Ë9� ñ � ; if �)"�� princ, then 
Ð ?��� n� Ë9� ñ � � is openin � . The aim of Corollary 0.2.23
is to combinethis with connectivity statements.If the actionis free at somepoint �N"9� , we get
that 
 � �¥G 1L , N �s
 � ���¢
 and � ñ � �¥� ; andthereductionsarenot very substantialin thatcase.
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For theactionby conjugationof a compactLie groupon itself, onehasanotherextremecase,where
N �s
E�	�sS³
E� , the £ a8f?enCK<>�AB8d , is finite. In thissituation,
 ø þ ú S³
E� is evenmuchsmallerandoftentrivial.

For generalproper 
 -actions,it might be interestingto investigatethe relationshipbetweenthe
N �s
E�	�sS³
E� -orbit typesin � andtheintersectionswith � of the 
 -orbit typesin � . And also,whether
the restrictionto © c of the 
 -orbit typesleadsto Whitney stratificationof © c, andwhatcanbesaid
aboutthefibersof theprojectionV�(Q© c 
 
Emn� .

For theactionby conjugationof acompactLie grouponitself,weshallreturnto thesequestionsin
thenext lecture.Therewewill alsousethefollowing variationonTheorem0.2.8andCorollary0.2.23.
For any Lie subalgebra· of Ñ , wewrite

� h ��GHO#"&�WIKü E ��Ú.�Î� 0 � for all Úê"^·ÎL��
thesetof zeroesof theinfinitesimalactionsof the Ú "�· , that is, thefixedpoint setof theconnected
Lie subgroup� of 
 with Lie algebraequalto · . In addition,

N ñu�¸·Q����GH�#"$
)I Ad ���P·Q���¤·ÎL��
thenormalizerof · in 
 , i.e., thenormalizerof � in 
 . ClearlyN ñ �¸·Q� is a closedLie subgroupof

 . Furthermore,if � is containedin a compactsubgroup̈ of 
 , thenthe BochnerLinearization
Theorem0.1.15showsthat � h is a locally closedsubsetof � , locally equalto a C2 submanifold,for
which thedimensionsof differentconnectedcomponentsmaybedifferent.

Proposition0.2.24. Supposethat 
 actsproperlyandin a C2 ( 4!« 1) fashionon � , andassumethat

Emn� is connected.Let �x"y� reg andwrite ©�v for theconnectedcomponentof � in � reg Ë;� g

�
, and

�$v for theunionof theconnectedcomponentsof � g
�

thatmeet� reg. Then

(i) Wehave� reg ��� �inf� .

(ii) Theset � v is a closedC2 submanifoldof � and is N ñu�bÑ � � -invariant. Further � reg Ë#� g
�

is
openanddensein �$v , andequalto thesetof regular pointsfor theN ñ �bÑH�	�sSX�s
E�	��G -actionon �$v .
The 
 -actioninducesa 
 -equivariantC2 diffeomorphismfromtheassociatedfiberbundle


JSX�s
E�	� G + N õ ø g� ú ô ø ñ � úº¹ ��� reg Ë5� g
� � �
�� reg 1

Also � N ñ �bÑH�	�sSX�s
E�	��G~�Dmn� reg Ë;� g
� \� 
Emn� reg.

(iii) N ñ �bÑH�	�_ Ó©�vc�F� reg Ë#� g
�
; and 
 ø þ » ú ( �FGX�'"'
éI��.��������©»v ���Ã©»v>L is an opensubgroupof

N ñu�bÑ � � , andtheaction �)(*
,+-© v 
�� inducesa 
 -equivariantC2 diffeomorphism


�S*�D
E��� G + ñ g ¶ » h ô ø ñ � ú¼¹ © v �
�� reg 1

(iv) If ��©�v � c denotestheclosureof ©�v , then ��©�v � c M0�$v and 
, A��©»v � c ��� .

Corollary 0.2.25.Assumethat 
Emn� isconnectedandalso,for �$"&� princ, that 
 � isconnected.Then
thesubmanifold� in Corollary 0.2.23isequalto thesubmanifold�$v in Proposition0.2.24,andfurther
N ñu�bÑ � ��� N ñu�s
 � � , � g

� ��� ñ � , � princ ËY� g
�

is densein � , ©ÐM0© v M0� , 
 ø þ ú �Ã
 ø þ » ú M N �s
 � � .
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0.3 GroupActions: Third Lecture: Application to CompactLie Groups

0.3.1 Intr oduction

Throughoutthischapter, 
 will beacompactLie group. It actson itself by meansof theconjugation
Ad �Î�����������H��^ 1, for �����	���J"$
7+£
 , asdefinedin (8). Because
 is compact,thisactionis proper.
Applying thegeneralprinciplesfrom theprecedinglectures,we shallobtaina detaileddescriptionof
thestructureof 
 . This includesthebasictheoremsaboutconnected,compactLie groups,viz.:

(i) TheMaximal TorusTheorem0.4.10,statingthateveryelementof 
 is conjugateto anelement
of a maximal torus É . Also, all maximal tori are conjugate to eachother and equalto the
centralizerof anelementof principalorbit type.

(ii) TheWeyl Covering Theorem0.4.11andtheWeyl Integration Theorem0.5.4,concernedwith
themapping½ from 
JSâÉT+7É onto 
 , definedby theactionof conjugation.

In several respects,the action of conjugation of a compactLie group on itself enjoys special
propertieswhencomparedto generalactionsof compactLie groups.Sometimesthereforeonecould
give direct,easyproofs,without having to refer to thegeneraltheory. Still, even in thesecases,we
deemit instructive to treat the structuretheoryof compactLie groupsin the framework of general
propergroupactions.

Anotherdisadvantageof proceedingfromthemoregeneraltheorytothisspecialsituation,isthatthe
sameprinciplemayappearseveraltimesunderslightly differentguises,which maymake orientation
moredifficult. For this reasonit mightbehelpful to startby browsingthroughthis lecture,in orderto
seehow thefinal results,sayfor connected,compactLie groups,look like.

0.3.2 Centralizers

For theactionby conjugationof acompactLie group 
 on itself, thegeneraltheoryof properactions
from theprecedinglecturesimmediatelyleadsto anumberof interestingconclusions.

(a) (SeeSections0.1.11and0.1.23.)Theorbit space� Ad 
E�sm�
 , thespaceof conjugacy classesin 
 ,
is a compact,Hausdorff topologicalspace.Functionson it areidentifiedwith thefunctionson

 thatareconstanton theconjugacy classes,thatis

K������H� ^ 1 ���"K������ �������#"$
J��1
Thesearealsocalledthe ��eb� hðh �>B	�K��� ���	� h on 
 . Thespaceof C2 functions � 1 304®306u� on the
orbit spaceis definedasthespaceof C2 classfunctionsonG.

(b) In Sections0.1.14– 0.1.21,thebasictool is theconceptof a h ek�b��a at any point � , a submanifold
¯ through � whosetangentspaceis complementaryto the tangentspaceof the orbit. It is
also invariant under the action of the stabilizergroup 
J� of � , and accordingto the Tube
Theorem0.1.22theactionof 
 near� canbecompletelydescribedin termsof 
E� andthelinear
actionof 
E� on T �³¯ .

For theactionby conjugationof 
 on itself, thestabilizeror isotropy groupof �T"Ì
 is equal
to the ��a��c� <���eb�k��a�<


 � � Z ñu�����J( ��GX�$"$
)IK���&�����EL
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��� � �k� 
 . Then 
E� is aclosed,henceLie subgroupof 
 , with Lie algebraequalto

T1 �s
E�	����ÑH�%( �¿¾ g �����J( � ker� Ad �Y¬ I ���
the ��a��c� <l��eb�b��a�<���� � �b� Ñ . Indeed,Û£"�Ñ belongsto theLie algebraof 
E� if andonly if

exp r�Û;����� exp r�ÛÖ�D� ^ 1 � expAd����r�ÛÖ��� exp r Ad ���sÛÖ��� for all r�" R y
andthis is equivalentto Ad ���DÛ��Î�ÃÛ .

However, because
 actson itself, 
E� canalsobeseenasasubsetof themanifoldonwhich 

acts.As such,it is aclosedreal-analyticsubmanifold,whichpassesthroughthepoint � , thatis,

�$"$
E�A1 (20)

Theconsequencesof thisarequiteremarkable.

G_x
G.x

x

Proposition 0.3.3. (i) Near � , theset 
E� is a sliceat � for theactionby conjugation,andlocally
it is theonlyone. Thetangentspaceto theorbit is givenby (cf. (5))

üc�A�bÑH�J( � T �i� Ad 
������s��� T1 R ����� im � Ad �!¬ I � �
andthetangentspaceto thesliceby

T � �D
 � ��� T1 R �������bÑ � ��� T1 R ����� ker� Ad �!¬ I � 1

(ii) Thelogarithmicchart at � intertwinestheactionof 
 � in 
 , near � , with theadjoint represen-
tationof 
E� in Ñ , neartheorigin.

Combiningnow theTubeTheorem0.1.22,seethetheoryof Sections0.1.14- 0.1.21,with Propo-
sition 0.3.3,we getthefollowing conclusions.In anopen,conjugacy invariantneighborhoodof � in

 , the actionof conjugation is analyticallyequivalentto the 
 -actionon 
)+�ñ � § , where § is an
Ad 
E� -invariantopenneighborhoodof 0 in ÑH� , andthe actionof 
E� on § is the adjoint one. The
C2 classfunctionsnear � areidentified(in the logarithmic chartandvia restrictionto Ñ � ) with the
Ad 
E� -invariantfunctionsof classC2 on ÑH� near0, or with the 
E� -classfunctionsof classC2 on 
E� ,
neartheidentityelementof 
 � .
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In thesequel,we shallnot only usecentralizersin 
 andÑ , respectively, of singleelementsof 
 ,
butalsoof subgroups.Furthermore,weshallneedthecentralizersin 
 andÑ , respectively, of elements
in Ñ . Below wehavecollectedthedefinitionsof all thecombinationsthatoccurlateron.

For any subset� of any Lie group 
 ,


 ë ( � Z ñ ���;�J( � À � ë 

À ��GX�$"$
)IK��/&��/H��� for all /$"&�PL

is calledthe ��a��c� <l��eb�b��a�<}�	� � �b� 
 . Here � is regardedasa subsetof themanifoldon which 
 acts.
However, considering� asasubsetof thegroupwhichacts,Z ñ ���$� canalsoberecognizedastheset
of fixedpointsof � , or, in thenotationof Definition0.2.4,


 ë � Z ñu���$���F
 ë 1
Z ñ ���$� is aclosed,henceLie subgroupof 
 , with Lie algebraequalto

¾ g ���$�J( � À � ë Ñ
À ��GHÚê"�Ñ®I Ad /���Ú�����Ú&� for all /$"&�PL��,Ñ Ad ë �

calledthe ��a��c� <l��eb�k��a�<��	� � �b� Ñ . If ���Ã
 , then

Z �D
E�J( � Z ñ �s
E����GX�$"$
)IK���&�����Î� for all �$"$
;L
is calledthe ��a��c� a�< of 
 . Its Lie algebrais equalto

¾n�s
E�J( �Á¾ g �D
E���
which is calledthe ��a��c� a�<��	� 
 �b� Ñ .

Notethatif � is aconnectedLie subgroupof 
 with Lie algebraequalto · , then

Z ñu���$��� Z ñu�P·Q�J( ��GX�$"$
)I Ad �.�sÛÖ���FÛ[� for all Û£"^·ÎL��
the ��a��c� <���eb�k��a�<��	� · �b� 
 . Furthermore,

¾ g ���$���¿¾ g �P·Q�J( ��GXÚÃ"�Ñ®I
Ü
Ú&�KÛ�Þâ� 0 � for all Û£"^·ÎL��

is saidto bethe ��a��?� <l��eb�b��a�<���� · �k� Ñ . If 
 itself is connected,then(seeDefinition0.1.7)

Z �s
E��� kerAd � with Ad (�
�
 GL �bÑ����
andtheLie algebraof thecenterZ �s
E� of 
 is equalto the ��a��c� a�< ¾ of Ñ , givenby

¾ã( �Á¾K�bÑH�J( ��GXÚÃ"�Ñ®I Ü Ú&�KÛ�Þâ� 0 � for all Û£"�Ñ_L�� kerad� with ad (ÓÑ�
 Lin �bÑ��~ÑH��1
(c) 
 hasa Riemannianstructurewhich is left and right invariant, and thereforealso conjugacy

invariant. TheseRiemannianstructureson 
 arereal-analytic,andthemappingÂ7o
 Â 1 is a
bijectionfromthespaceof theseontothespaceof Ad 
 -invariantinnerproductson Ñ . Thelatter
areobtainedby averagingany innerproducton Ñ overAd 
 . Theproof is immediate,although
onecouldalsoarguethatit coincideswith theproof of Proposition0.1.25,whenappliedto the
left-right actionof 
,+�
 on 
 .
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(d) In Section0.2.1thecentralthemeis thestudyof the ��<>=	���H� fAd?a h

 �� ��GXO$"$
äI�
 E is conjugateto 
 � in 
$L�1

Fromthedescriptionof theactionof conjugationnear� afterProposition0.3.3,it follows that
thisactionis completelydetermined,upto equivalence,by thegroup 
E� (whichdeterminesthe
adjointactionof 
 � on its own Lie algebraÑ � ). It follows that the orbit types 
 �� are equal
to the local action types 
 n� from Section0.2.1. In thefurtherdescriptionof the local action
types,thefixedpointsetfor theactionof 
 � , andthenormalizerN �s
 � � of 
 � playanimportant
part.About thesewehavesomemoreconsequencesof (20):

Lemma 0.3.4. (i) For every �Ì"T
 , thefixedpoint setZ ñu�s
 � � of 
 � in 
 is containedin 
 � , so
it is equalto thecenterZ �s
E�	� of thegroup 
E� .

(ii) ThenormalizerN �s
E�	� of 
E� in 
 hasthesamedimensionas 
J� , soN �s
E�	�sS³
E� isafinitegroup.

As for theproof of assertion(ii), we notethefollowing. An element�T" N �s
E�	� closeto 1 maps
�$"$
E� to anelementin 
E� closeto � , becauseof thecontinuityof theaction.Because
E� , near� , is
asliceat � by Proposition0.3.3.(i),weconcludethat �$"$
E� . ThisprovesthatdimN �s
E�	��� dim 
E� .
BecauseN �D
E��� , asa closedsubgroupof 
 , is compact,N �D
E���DS�
E� is compactanddiscrete,hence
finite.

Theorem0.2.8now leadsto thefollowingconclusions.Tobeginwith, theorbit type 
 �� isalocally
closed,real-analyticsubmanifoldof 
 , of codimensionequalto thedimensionof 
 � S Z �D
 � � .

Furthermore,the fixed point setZ �s
J��� of 
E� in 
 is anAbelian group (acompactLie subgroup
of 
 � , henceof 
 ). Now 
 �� Ë Z �s
 � � is an opensubsetof Z �s
 � � , containing� . The finite group
N �s
E�	�sS³
E� actsfreelyon 
 �� Ë Z �s
E�	� , andthequotientis naturallyidentifiedwith � Ad 
E�sm�
 �ø Ad ñ ú ó � ,
theorbit typein theorbit space.In thisway thelattergetsthestructureof a real-analyticmanifold,of
dimensionequalto dimZ �s
J��� .

Theactionof 
 inducesa 
 -equivariantanalyticdiffeomorphism


JS³
 � + N ø ñ � ú ôDñ � �s
 �� Ë Z �s
 � �s� �
 
 �� 1
Thepartitioningof 
 �� intoconjugacy classesdefinesareal-analyticfibration 
 �� 
 � Ad 
E�sm�
 �ø Ad ñ ú ó � ,
with fiberequalto 
JS³
E� . In otherwords,wehaveobtained


 �� Ë Z �D
E���
p.f.b. with finite struct.gr. N ø ñ q ú ôDñ q ÃÄ ÅÅÅÅÅÅÅÅ

ÅÅÅÅÅ

�S³
E�E+ N ø ñ � ú ôDñ � �D
 �� Ë Z �s
E�	�s� �

��

associatedf.b. with fiber ñ*ôDñkqÆÇ È È È È È È È È È È È
È È È È È È 
 ��

f.b. with fiber ñ*ôDñ q ´µ
� Ad 
E�sm�
 �ø Ad ñ ú ó � � Ad 
J�sm�
 �ø Ad ñ ú ó �

(e) FromSection0.2.10,combinedwith thecompactnessof themanifold 
 onwhich 
 acts,weget
thatthereareonly finitely many orbit types,eachof thesehaving only finitely many connected
components.TheseconstituteaWhitney stratificationin 
 .

If O¡"��s
 �� � c mÝ
 �� , a “boundarypoint” of a stratumin 
 �� , then 
E� is conjugate(in 
 ) to a
subgroupof 
 E . Moreover, dimZ �s
 E �1¡ dimZ �s
E�	� , andthereforea fortiori

codim 
 �E � dim 
 E S Z �s
 E �1M dim 
 � S Z �s
 � ��� codim 
 �� 1
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(f) By definitionandby (d), �9"9
 is of d?<��b�K��� dc��e��	<>=��8��� fKdca if 
 �� is openin 
 . Thesetof theseis
denotedby 
 princ. We have �9"T
 princ if andonly if dimZ �D
E���_� dim 
E� , or 
E��S Z �s
E�	� is a
finite group,or the adjoint representationof 
E� on its Lie algebra ÑH� is tri vial. This implies
that ÑH� is Abelian,andthat �s
E�	��G}�F� Z �s
E�	�s��G .

×m_
 princ is aclosedsubsetof 
 . It is equalto thedisjointunionof finitely many locally closed,
connected,real-analyticsubmanifoldsof 
 (theconnectedcomponentsof theotherorbit types),
of codimension« 1 in 
 .

In theunion v�
 of all connectedcomponentsof 
 thatmeeta givenconjugacy class,thereis
preciselyoneprincipal orbit type. In otherwords, the directedgraphof orbit typesin v÷
 is
connected,andhasa uniquemaximalelement. In particular, thereis only oneprincipal orbit
type in 
 G , the identity componentof 
 . This implies that all 
 � , for ��"N
 princ Ë¡
 G , are
conjugateto eachother.

(g) An element� is saidto bea <la	CcB�ek��< elementof 
 if all nearbyorbitshave thesamedimension.
That is, dim Ñ E � dim Ñ � , for all O near � in 
 ; this in turn is equivalentto theconditionthat
ÑH� is Abelian. Indeed,let ¯ bea sliceat � , which is a neighborhoodof � in 
E� . If Ox"y¯ , then
�$"$
 E impliesthatAd �Î��O�����O$"&¯ , hence�#"$
 � (this is partof thedefinitionof aslice). Or

 E M�
E� ; andin turn this impliesthat Ñ E MTÑH� . Becauseall elementsin 
 near� areconjugate
to an elementof ¯ , the conclusionis that � is regular if andonly if Ñ � MPÑ E , for all O,",
 �
sufficiently closeto � . If O×�äæ�� , this meansthatAd æã� I on ÑH� for all æ&"Ì
E� near1, which
clearlyis equivalentto theconditionthat Ñ � is Abelian.

The set 
 reg of regular elementsin 
 is open. The complement
 sing � 
7mÝ
 reg, the setof
h �b�ACcB�eb��<�a�eba�z%a��?� h in 
 , is equalto thedisjointunionof finitely many connected,locally closed,
real-analyticsubmanifoldsof 
 of codimension« 2. Thesearethe �b�AÍ*�A��� a h �kzã��e��	<>=	���n� fKdca h , the
partitioningof 
 into themis acoarseningof thepartitioninginto orbit types.They alsodefinea
Whitney stratificationin 
 . In particular, 
 reg Ë®© is connectedfor eachconnectedcomponent
© of 
 .

Theopenset
 reg containstheopensubset
 princ. Theorbitsin 
 reg mc
 princarecalledaCjA��asdÎ� ���	�K��e ;
they have thesamedimensionasthenearbyprincipalorbits. That is, if �£"£
 reg m�
 princ, and
O$"$
 princ belongsto thesliceat � , then 
 E is asubgroupof 
 � of thesamedimension;sothese
groupsonly differ by numberof their connectedcomponents,but they have thesameidentity
component.Theinjection 
 E 
 
 � inducesa finite covering 
�S³
 E 
 
JS³
 � , where 
�S³
 E ,
and 
�S³
E� , canbeidentifiedwith theorbit throughO , and � , respectively.

(h) Let �#"$
 princ, write © for theconnectedcomponentof � in 
 princ Ë Z �s
E�	� . Also, write v�
 princ �

 princ Ë v 
 , where v 
 is asin (f). Combining(d) andCorollary 0.2.23,it follows that every
elementof v�
 princ Ë Z �D
E��� is conjugate,by meansof anelementof N �s
E�	� , to anelementof © .

Furthermore,the group N ��©��-( �ªGX�F"¥
áI���©���^ 1 �ª©#L is an opensubgroupof N �s
 � �
containing 
J� . The finite group N ��©��sS³
E� actsfreely on © , the orbit spaceis in bijective
correspondencewith the set of conjugacy classesin v 
 princ. The action of 
 inducesa 
 -
equivariantanalyticdiffeomorphism


�S�
 � + N ø þ ú ôDñ � © �
 v 
 princ 1
Finally, eachelementof v�
 is conjugateto an elementof © c, the closureof © in 
 , which is
containedin Z �s
 � �
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Proposition 0.3.5. Let 
 beconnected,�#"$
 reg. Then

(i) É�( �F�s
 � � G is a torus in 
 , that is, a connected,compact,Abeliansubgroupof 
 .

(ii) Each elementof 
 is conjugateto anelementof É , andactuallyto anelementin theclosureof
anyconnectedcomponent© of É®Ë9
 princ.

(iii) �$"$É .

Remark 0.3.6. In Corollary0.3.15,weshallactuallyseethat O isof principalorbit typein aconnected,
compactLie group 
 , if andonly if 
 E is a torus. ✰

Corollary 0.3.7. For anyconnected,compactLiegroup 
 withLiealgebra Ñ , theexponentialmapping
is surjective: Ñ�
 
 .

Remark 0.3.8. Let · beaLie subalgebraof Ñ whichhappenstobetheLie algebraof aclosedsubgroup
� of 
 . Thenexp · is a compactsubsetof 
 , andalsoa subgroup,becauseit is equalto ��G . In
particular, exp Ñ � �å�s
 � � G for all �T"Ì
 . Notethat for a generalLie subalgebra· of theLie algebra
of aLie group 
 , thesubsetexp · is neitherclosedin 
 , norasubgroupof 
 . ✰

0.3.9 TheAdjoint Action

Analogousconclusionsas in Section0.3.2canbe drawn for the adjoint actionAd of 
 on its Lie
algebraÑ . Actually thesituationis somewhatsimplerhere,dueto thefactthat Ñ is a vectorspace,on
whichmoreover 
 actsby meansof lineartransformations.

(a) Theorbit space� Ad 
E�sm�Ñ is aHausdorff topologicalspace.If wedeletetheorigin, it hasanatural�i�	�K�k� h � <>B	�i�kB�<�a , that is, a properandfreeactionof themultiplicative groupR � 0. Functionson
it arethe Ad 
 -invariantfunctionson Ñ , they arecalledthe ��ek� h~h �pB��A�i� ����� h ��� Ñ ÏÎ�8� @�<la h dca�����b�ã� @Aa�CK<p�KB8d 
 . Notethat if 
 is connected,thenAd 
 is equalto theLie subgroupof GL ��ÑH�
generatedby eadg, the ��|�qK�	�b�c��CK<>�AB8d of Ñ , which is denotedby Ad Ñ . In thiscasewesimply talk
aboutthe ��eb� hðh �>B	�K��� �8��� h ��� Ñ . On Ñ we canalsotalk aboutthepolynomialclassfunctions,in
additionto their C2 counterparts.Thiscanbeusedto turn � Ad 
E�smÓÑ into a realaffinealgebraic
variety.

Theactionof 
 by conjugationin a suitableconjugacy-invariantopenneighborhoodof 1 in 
 is
equivalentto theadjointactionof 
 onacorrespondingAd 
 -invariantopenneighborhoodof 0 in Ñ ,
via the logarithmicchart. By meansof multiplicationsby nonzeroscalars,which commutewith the
adjointaction,theadjointactioncancompletelybeidentifiedwith theconjugationactionnear1 in 
 .
However, in theotherdirection,theactionof conjugationin 
 notalwayscanberecoveredcompletely
from theadjointrepresentation,notevenif 
 is connected.Seethediscussionin Section0.3.16of the
examplesof SO� 3� andSU� 2� . Thelocal equivalenceimpliesthatcentralizersin 
 of elementsin 

near1 areequalto thoseof elementsin Ñ near0. This is formulatedsomewhatmorepreciselyin the
following lemma;actuallythecompactnessof 
 doesnotplayany role in it.
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Lemma 0.3.10. Let § beanAd 
 -invariantsubsetof Ñ onwhich theexponentialmappingis injective.
Then 
�0®�F
 exp 0 , for all Úê";§ . In particular, 
 exp 0×�Ã
�É¼0 , if r�" R m�G 0L is sufficientlysmall.

(b) We now turn to the descriptionof the slicesat Ú "¡Ñ . The analogueof (20) for the adjoint
representationis

ÚÃ"�Ñ 0 � or
Ü
ÚÝ��Ú9Þ�� 0 1

Onemayalsoview thisasaconsequenceof theexistenceof anAbelianLie subgroupof 
 with
Lie algebraequalto R  	Ú .

In view of the remarksabove about the relation betweenthe adjoint action and the action of
conjugationin 
 , Proposition0.3.3immediatelyimplies

Proposition0.3.11.For every Úê".Ñ , wehaveT 0}� Ad 
£��Ú��s��� im � ad Ú.� . Near Ú , theLie subalge-
bra Ñ�0×� T1 �D
�0³��� ker� ad Ú�� is a sliceat Ú for theadjoint representationof 
 , andit is locally the
onlyone.

Thetheoryof Sections0.1.14- 0.1.21now leadsto thefollowing conclusions.In anopen,Ad 
 -
invariant neighborhoodof Ú in Ñ , the adjoint action is analytically equivalent to the 
 -action on

7+ ñËÊ § , where § is anAd 
�0 -invariantneighborhoodof 0 in Ñ�0 , andtheactionof 
�0 on Ñ�0 is the
adjointone. The C2 classfunctionsnear Ú areidentifiedwith theAd 
 0 -invariant C2 functionson
Ñ�0 , near0.

(c) TheLie algebraÑ hasanAd 
 -invariantinnerproduct.

(d) FromLemma0.3.4,wegetthefollowing:

Lemma 0.3.12. (i) For every Úå"&Ñ , thefixedpoint set ¾ g �s
 0 � of Ad 
 0 in Ñ is containedin Ñ 0 ,
sois equalto ¾n�s
�0³� , theLie algebra of Z �s
10³� .

(ii) ThenormalizerN �D
 0 � of 
 0 in 
 hasthesamedimensionas 
 0 , andN �D
 0 �sS³
 0 is a finite
group.

This time,Theorem0.2.8takesthefollowing form. For eachÚÃ"�Ñ , theorbit type

Ñ �0 ��GâÛ£"�Ñ®IUÑ - � Ad ���bÑ�0³��� for some�$"$
;L
is equalto thelocalactiontype Ñ n0 , accordingto (b). It is a locally closedreal-analyticsubman-
ifold of Ñ , of codimensionequalto dim Ñ 0 S�¾K�s
 0 � .
ThesetÑ �0 ËÌ¾n�s
�0³� is anopensubsetof theAbelian Lie subalgebra¾n�s
�0³� of Ñ�0 , containingthe
point Ú . Thefinite groupN �s
 0 �DS�
 0 actsfreely on it, andthequotientis naturallyidentified
with � Ad 
E�DmÓÑ �ø Ad ñ ú 0 ; hencetheorbit typestratumin theorbit spaceis areal-analyticmanifold
of dimensionequalto dim ¾K�s
 0 � .
Theadjointactionof 
 inducesa 
 -equivariantanalyticdiffeomorphism


�S³
 0 + N ø ñËÊ ú ôDñËÊ.��Ñ �0 ËT¾K�s
 0 �s� �
ÒÑ �0 1
Thepartitioningof Ñ �0 into Ad 
 -orbitsdefinesa real-analyticfibration

Ñ �0 
 � Ad 
E�sm�Ñ �ø Ad ñ ú 0 �
with fiber 
JS³
 0 .
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(e) Usingtheidentificationof theorbit typeswith thoseneartheorigin,bymeansof theconicstructure,
we obtainfrom Section0.2.10the following results. Thereareonly finitely many orbit types
in Ñ , andeachof thesehasonly finitely many connectedcomponents;they definea Whitney
stratificationin Ñ .
If Ú , Û£"�Ñ , Û£"$�bÑ �0 � c miÑ �0 , thenAd Í���Ñ 0 �JMTÑ - , for someÍ;"$
 , anddim ¾n�s
 - �1¡ dim ¾K�D
 0 � ,
andthereforea fortiori codimÑ �- � dim 
 - S�¾K�D
 - �1M dim 
�0³S�¾K�D
�0³��� codimÑ �0 .

(f) The elementÚ�"#Ñ is of dc<l�b�A��� d?��e��	<>=	���³� fAd?a\�>�	<�� @Ka\��|8qK�	�b�c�i���i� �8��� if andonly if Ñ �0 is open,or
dim ¾n�s
�0³�}� dim Ñ�0 , or � @Ka���|�qA���k�?�U<lasd?<�a h a��c� �i� ���	�&��� 
�0 �	�\��� h�ß �ka���ebCAai=	<l� Ñ�0 � h � <l�lw��b��e . This
impliesthat Ñ 0 is Abelian.

BecauseÑ is connected,thereisonlyoneprincipalorbit typein Ñ , denotedby Ñ princ. Thisimplies
thatall 
 0 , for ÚÃ"�Ñ princ areconjugateto eachother. Thecomplementof Ñ princ in Ñ is closed
andcomposedof finitely many locally closed,connected,real-analyticsubmanifoldsof Ñ (the
connectedcomponentsof theotherorbit types),of codimension« 1 in Ñ .

(g) Ú is a <�a�CcB	eb��<*a�eka�z%a��?�K��� Ñ , if all nearbyadjointorbitshavethesamedimension,thatis, dim Ñ - �
dim Ñ 0 , for all Û near Ú in Ñ . Using the slice Ñ 0 at Ú , we obtainasin Section0.3.2.(g)that
Ú is regular in Ñ if andonly if Ñ�0 is Abelian. Note that this conditionis formulatedin terms
of theLie algebrastructureof Ñ only, thereasonbeingthatregularity is definedin termsof the
infinitesimalaction,ad, of Ad. Theset Ñ reg of regularelementsin Ñ is connected,becausethe
vectorspaceÑ is connected.In Corollary0.3.15,weshallactuallyseethat Ñ reg ��Ñ princ.

(h) Let ÚÃ"�Ñ princ, andlet Î betheconnectedcomponentof Ú in Ñ princ ËÏ¾K�D
�0³� . ThenAd N �s
�0³�â�¸Î����
Ñ princ Ë�¾n�s
 0 � .
Furthermore,N �¸Î��%( �¥GX�9"£
ÃI Ad ���PÎ����ÐÎiL is anopensubgroupof N �s
�0³� containing 
�0 ,
so that N �¸Î��sS³
 0 is a finite groupwhich actsfreely on Î ; the quotientspacecanbe identified
with Ad 
EmÓÑ princ. The adjoint actionof 
 inducesa 
 -equivariantanalyticdiffeomorphism:

�S�
 0 + N ø c ú ôDñËÊ/Î �
ÒÑ princ.

Finally, Ñ�� Ad 
��¸Î c � .
0.3.13 Connectednessof Centralizers

In generalit is a nontrivial problemto decidewhetherthe set of solutionsof certainequationsis
connected,andthis appliesalsoto thecentralizergroupsappearingin Sections0.3.2and0.3.9. We
noteherethat,in a connected,compactLie group,thecentralizerof any elementin theLie algebrais
connected,indeed:

Theorem 0.3.14. Let 
 bea connected,compactLie group. Then

(i) �$"$�s
E�	��G , for every �$"$
 .

(ii) 
�0 is connected,for every ÚÃ"�Ñ .
(iii) 
 � is connected,for everytorus ¯ÌM�
 .

Corollary 0.3.15. Let 
 bea connected,compactLie groupwith Lie algebra Ñ . ThenÑ princ �äÑ reg;
that is, therearenoexceptionalorbits in Ñ . Also,if �#"$
 , then 
E� is a torusif andonly if �$"$
 princ.
All thesetori 
 � , �$"$
 princ, areconjugateto each other.
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Theorem0.3.14 leadsto several simplificationsof the resultsin Sections0.3.2 and 0.3.9, for
connected
 . For instance,if Úê"�Ñ , then¾K�D
�0³���¿¾n�bÑ�0³� . Also

N �s
�0³��� N ��Ñ�0³�J( ��GXO$"$
)I Ad O��bÑ 0³����Ñ�0\L��
the �?�	<lz%��eb�b��a�<Ö��� Ñ�0 �b� 
 . ThegroupsN �s
�0³�sS³
�0 (andN �s
J���sS³
E� , for �#"$
 princ) coincidewith the
componentgroupsof N �s
 0 � (andN �D
 � � , respectively, for �$"$
 princ).

For Ú ";Ñ reg, thequotientN �sÉ��sSâÉ is calledthe £ a8fcecCA<>�KB8d of theAbeliansubalgebraÑE�¥Ñ�0 ,
here É-� exp Ñ��Ã
 0 . Wewill returnto this in theSections0.4.1,0.4.9,and0.4.12,wheretheuseof
a little morelinearalgebraleadsto aconsiderablefurtherclarification.

0.3.16 The Group of Rotationsand its Covering Group

In SO� 3� theconjugacy classesof all elements� �� 1 aretwo-dimensional,soall theseelementsare
regular. Let R�Ò denotetherotationabouttheverticalaxisthroughtheangleÔ5"JÞ 0 ��V×Þ . If theelement
�$" SO� 3� commuteswith R Ò , thenit hasto leave invarianttheverticalaxis,thatis theeigenspaceof
RÓÒ for theeigenvalue1. On it, it actsasthe identity or asthereflection ¬ 1. In thehorizontalplane,
� thenactsasa rotation,or asanorientation-reversingorthogonallineartransformation.As is easily
verified,thesecondcaseis excludedif Ô�¡'V ; thecentralizerof RÓÒ in SO� 3� thenis equalto thecircle
group É of all rotationsabouttheverticalaxis. It follows thatall R Ò with Ô;" ] 0 ��V [ areof principal
orbit type.

ThenormalizerN �sÉ�� of É in SO� 3� consistsof all �#" SO� 3� thatleavetheverticalaxisinvariant;
thenit is equalto thedisjoint unionof É and ²�É , wherewe cantake for ² theelementthatsendsthe
standardbasisvectorsB 1, B 2, B 3 to B 2, B 1, ¬�B 3, respectively. N �DÉ�� hasthereforetwo connectedcom-
ponents,theWeyl groupN �DÉ��sSâÉ is thecommutative groupof two elements.Becausethecentralizer
of R � is equalto N �sÉ�� , theelementR � is not of principalorbit type,its conjugacy classthereforeis
theonly exceptionalorbit. We maydescribeSO� 3� princ asanopenball with thecenterdeleted,and
fiberedby theconjugacy classes,which aretheconcentricspheres.Furthermore,theconjugacy class
of R � maybedescribedasarealprojectiveplane;thefactthatit is eventopologicallydifferentfrom a
spherecausesthatit cannottakepartin thefibrationbyspheres,andthisconfirmsagaintheexceptional
natureof theconjugacy classof R � .

N �DÉ�� itself is a quite interestingnoncommutative group,with commutative identity component
É . On É , theconjugationactionof N �sÉ�� is by a reflection,theorbits consistof two points,except
for thefixedpoints R 0 and R � . On theotherhand,usingthat R Ò  Ó²Ý�é²� ÓR ^ Ò and ² 2 � 1, we get
RÓÒÎ ���²� �R�Ô>�[ �R»^ 1Ò ��²� �RÓÔ ^ 2Ò , so R�Òã"$É actson ²� �É asatranslationover ¬ 2Ô . Thatis, theconnected
component²� pÉ is asingleorbit for theactionby conjugation.Thismayalsoserveasawarningthatin
nonconnectedcompactLie groups,theregularorbitscaneasilyhavedifferentdimensionsin different
connectedcomponentsof thegroup.

If we take 
�� SU� 2� , then 
 princ �é
 reg � SU� 2��m�G�¬ 1 � 1L , which is fiberedby theconjugacy
classes(2-dimensionalspheres).Both for SO� 3� andfor SU� 2� , theorbit spaceis homeomorphicto
a segmenton therealaxis,for SO� 3� however, oneof theendpointsrepresentsanexceptionalorbit,
whereasfor SU� 2� bothendpointsrepresentsingularorbits(actuallyelementsof thecenter).

The Lie algebrasof SO� 3� and SU� 2� are isomorphic,the adjoint group actson them as the
rotationgroup.Clearlytheregular= principalsetis equalto thecomplementof theorigin, andfibered
byconcentricspheres.Theorbitspaceishomeomorphicto

Ü
0 �C# Ü

, with theconicstructureon Þ 0 �C# Ü
.

It is alsoeasyhereto determinefor whichelementsin theLie algebratheconclusionin Lemma0.3.10
doesnothold.
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STRUCTURE THEORY

JohanA.C. Kolk

(1) Tu June 8 [LG]: Sections3.5- 3.7,3.10
(2) We June 9 [LG]: Sections3.13- 3.14
(3) Th June 10 [LG]: Sections4.0,4.9
(4) We June 16 [RI]: AppendixC

(1) Rootsandroot spaces,CompactLie algebras,Maximal tori, TheWeyl groupasa
reflectiongroup

(2) Integration,TheWeyl IntegrationTheorem
(3) Introduction,Weyl’s characterformula
(4) Universalenvelopingalgebra,Poincaré–Birkhoff–Witt Theorem,Vermamodules

In this coursewe shall treatresultsthatarefoundationalfor theothercourses.We begin with a
review of thestructureof compactsemisimpleLie groupsandLie algebras,with attentionto maximal
tori, root spacedecompositions,Weyl groupsandtheWeyl integrationformula. Herewe shallseea
stronginteractionwith thecourseGroupActions. Wealsostudyexamplesof noncompactLie groups,in
particular, SL �Y¨Ö� R � , anddecompositionsof suchgroups.Next comestheabstractrepresentationtheory
of compactLie groupsandtheclassificationbyhighestweightof thefinite-dimensionalrepresentations.
Thealgebraictoolsassociatedfor this, theuniversalenvelopingalgebraandthePoincaré–Birkhoff–
Witt Theorem,will alsobestudied,aswell astherelatedtheoryof Vermamodules.
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0.4 Structur eTheory: First Lecture

“Dig ging rootsandlifting weights” (AndréWeil)

0.4.1 Rootsand Root Spaces

Let Ñ betheLie algebraof a compactLie group 
 . It will beconvenientto studyad Ú " Lin �bÑ��~ÑH� ,
for Ú "×Ñ , by passingto thecomplexification Ñ C �ÐÑ¢Õ R C of Ñ . Note that Ñ C �ÐÑ%ýÖ��Ñ (asvector
spacesover R), and that Ñ C is a complex Lie algebra,with the uniquecomplex bilinear mappingÜ
1��K1DÞ�(�Ñ C +$Ñ C 
ÒÑ C thatextendstheLie bracketof Ñ .

Every �)" Lin �bÑ��~ÑH� hasauniquecomplex linearextensionÑ C 
ÒÑ C, whichwill alsobedenoted
by � . Conversely, amap �)" LinC �bÑ C �~Ñ C � arisesin thisway, if andonly if ���bÑH�JMTÑ .

Now let Úê"�Ñ . For every r�" R, wehave

eÉ ad 0 � ead É¼0 � Ad exp rsÚÃ" Ad 
%�
which is a compactsubsetof Lin ��Ñ��>ÑH� , asthe imageof the compactgroup 
 underthe continuous
mappingAd. It follows that theeÉ ad 0 , for r%" R, form a boundedsubsetof Lin ��Ñ��>Ñ�� ; andthesame
holdsfor thesubsetof LinC ��Ñ C �~Ñ C � formedby thecomplex linearextensions.

TheJordannormalform theoremfor ad Úê" LinC �bÑ C �~Ñ C � saysthat Ñ C canbewrittenasthedirect
sumof complex linearsubspacesÑ � with the following properties.EachÑ � is invariantunderad Ú ,
andon it, ad Ú is of theform

ad Ú×I g × �H� � I t { � �
where ���®" C and {Ï�®" LinC �bÑ��K�~Ñ���� is nilpotent,that is, ��{Ï��� ¬ � 0 for someª¤" Z � 0. For any
linearmappingof theform §9�9� I t { , with ��" C and {4¬Y� 0, wehave theformula

eÉ¼Ø � eÉ¼Ù ¬X^ 1

2 : 0

r 2
4<Ú { 2 1

Assumingthatthevectorspaceonwhich § actsisnonzero,wehaveker { �� 0. Onker { , theoperator
eÉÛØ actsasmultiplication by eÉÛÙ ; so if G eÉ¼Ø I�ry" R L is bounded,then � mustbe purely imaginary.
Multiplying by thenumbersê É¼Ù , for rã" R, which remainbounded,we seeby downward induction
on 4 thatalsonecessarily{ 2 � 0, for 4��Hª!�A1�1�1�� 1, or {F� 0. Wehaveproved:

Lemma 0.4.2. For each Ú in the Lie algebra Ñ of a compactLie group, ad ÚW" LinC �bÑ C �>Ñ C � is
diagonalizable, with onlypurely imaginaryeigenvalues.

If ÚÝ��Ûê"9Ñ , and
Ü
Ú&�KÛ�Þ%� 0, thenad Ú andad Û commute,becausead is a homomorphism

Ñ�
 Lin ��Ñ��>ÑH�EM LinC ��Ñ C �~Ñ C � . This impliesthatad Û leavesinvarianttheeigenspacesof ad Ú . Any
of these,say � , thendecomposesfurtherasthedirectsumof theeigenspacesof ad Û_I Ü . In this way
Ñ C is thedirectsumof thecomplex linearsubspaceswhich arethecommoneigenspacesof ad Ú and
ad Û .

Assumenow that Ñ is an Ý =	a�eb�k��� h BA= h d?����a of Ñ , that is, Ñ is a real linearsubspaceof Ñ suchthatÜ
ÚÝ�KÛ�Þ�� 0 whenever ÚÝ�KÛ7"ÞÑ . Applying theresultabove successively to a basisof Ñ , we thengeta

directsumdecompositionof Ñ C into finitely many complex linearsubspacesÑ � �� 0, andreal-linear
functionsü<�ã(RÑÎ
 C (actuallytakingpurelyimaginaryvaluesonly), suchthatÜ

Ú&�KÛ�Þâ��ü � ��Ú���Û[� for every ÚÃ"ßÑ���Û'".Ñ � 1
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Theconstructionis suchthat üà� ���ü 2 , whenever ! ���4 .
A more intrinsic notationis obtainedby defining, for every R-linear function üÃ(/Ñ�
 C, the

“commoneigenspacefor Ñ ”
Ñ�áÝ( �,Ñ á t ( ��GâÛ£"�Ñ C

Ü
Ú&�KÛ�Þâ��ü���Ú.��Û[� for all ÚÃ"ßÑ�L�1 (21)

Thesecomplex linearsubspacesof Ñ C arenonzerofor only finitely many ü9"$�ºÑ � � C (andthenactually
ü��ºÑD�JMx� R � , and Ñ C is equalto thedirectsumof thenonzeroÑ�á . Also,

Ñ á �,Ñ ^ á � (22)

wherê denotesthecomplex conjugation Ú t ��Û9o
 Ú�¬[��Û , for ÚÝ�}Û�"YÑ . In particular, Ñ ^ á has
thesamedimensionasÑ á ; andthespaceÑ 0, whichcontainsÑ , is invariantundercomplex conjugation,
thatis, Ñ 0 �F�bÑ 0 ËYÑH� t ����Ñ 0 ËYÑH� .Ñ is saidto bea z%�RjK�kzã��e Ý =�a�eb�k��� h BK= h dc����a of Ñ if it is anAbeliansubspaceof Ñ , andâ»�¿Ñ for every
Abeliansubspaceâ of Ñ suchthat Ñ�MUâ . BecauseÑ t R  nÛ is anAbeliansubspaceof Ñ if Û£"�Ñ 0 Ë!Ñ ,
thisamountsto requiringthat Ñ is anAbeliansubspaceof Ñ suchthat

Ñ 0 ËYÑ��¿Ñ	� Ñ 0 �ÁÑ[ýã�PÑ��!(�·X1
Thespace· thenisamaximalAbeliansubspaceof Ñ C, suchthatad ÚÃ" LinC ��Ñ C �~Ñ C � isdiagonalizable
for every Úê"^· . Suchasubspaceis saidto bea ä ��<>� ��� h BK=	��ekCKa�=�<l� of thecomplex Lie algebraÑ C. The
ü¡"£�ºÑ � � C extendto complex linear formson · , alsodenotedby ü ; and

Ü
ÚÝ�AÛ�Þ}�¥üu��Ú���Û , for every

ÚÃ"^· , Û£"�Ñ�á . In otherwords,wemayidentify �ºÑ � � C with · � , thecomplex dualof · .
The ü9"^· � suchthat Ñ á �� 0 and ü �� 0 arecalledthe <>�A�K� h , or <>�A�K�>�>�	<lz h of theCartansubalgebra· , andtheÑ�á arethecorresponding<>�A�K� h d?����a h . Thesetof rootswill bedenotedby R . (Theterminology

comesfromthecomputationof üu��Ú�� astherootof theeigenvalueequationdet� ad Ú$¬�� I ��� 0, ��" C.)
Combinedwith (22), thedirectsumdecomposition

Ñ C �¤·�ý áC��å Ñ á � (23)

hasasa realcounterpart
Ñ��¿Ñcý á���æ �bÑ�á�ý7Ñ ^ áU�³ËYÑ�1

Here ��Ñ�á�ý¡Ñ ^ áU�ÖË®Ñ , therealpartof Ñ�á�ý¡Ñ ^ á , hasrealdimensionequalto 2dimC Ñ�á ; andwe need
only to sumoverasubsetç of R whichcontainsoneof eachpair ü , ¬�ü in R .

The � ^ 1 ü , ü "NR , are nonzeroreal linear forms on Ñ , so the ker üxË³Ñ , with ü "NR , are real
hyperplanesin Ñ , called the <>�K�A�*@�fKdca�<�d?ek���Aa h in Ñ . An elementÚá"eÑ is said to be <la	CcB�ek��< in Ñ , if
ü���Ú.� �� 0, for all roots ü , thatis, if it belongsto

Ñ reg ( �ÁÑ[m áC��å ker üÎ�

the complementin Ñ of the finitely many root hyperplanes.The elementsof Ñ which lie on a root
hyperplanearesaidto be h �b�AC?B	eb��< . It is easyto verify that Ñ reg �ÁÑnËãÑ reg, cf. Theorem0.4.10.(ii)below,
which explainsthis terminology. Fromthedescriptionin Corollary0.4.16below of theactionof the
Weyl group èì� Ad N �ºÑD��I t � N �sÉ��DSâÉ on Ñ , it follows alsothat Ñ reg is alsoequalto thesetwhere è
actsfreely; that is, Ñ reg is theprincipalorbit type for theactionof è on Ñ . (Warning: for theaction
of a finite group,every point is regular;sohereit is essentialto usethemorerefinedconceptof orbit
types.)
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Now let Î bea connectedcomponentof Ñ reg. For eachü£"yR , thereal-valuedcontinuousfunction� ^ 1 ü�I thasnozerosin Î , sotheconnectednessof Î impliesthatit iseithereverywhereM 0oreverywhere¡ 0 on Î . Thatis,
R¡��ç��9�D¬¢ç���� çxË9�s¬¢ç����9&Ö� (24)

if we take ç0��ç��¸Î��J( ��GXü9"&RäI«� ^ 1 üUM 0 on ÎiL�� (25)

andif wewrite ¬¢ç'��G�¬�ü9IKü9"�ç×L . Conversely, if ç is asubsetof R satisfying(24), thentheset

ÎÖ�¤Î���ç��J( ��GHÚê"ßÑ�I�� ^ 1 ü���Ú��1M 0 � for all ü9"�ç®L (26)

is an open,convex polyhedralconein Ñ , containedin Ñ reg. It is nonvoid, and thereforeequalto a
connectedcomponentof Ñ reg, if andonly if theconvex conein �¸Ñ � generatedby ç is d?<p��dca�< , thatis, ifç satisfies

áC��æ � á ü5� 0 � � á « 0 � for all ü9"�ç ��´ � á � 0 � for all ü9"�ç\1 (27)

A subsetç of R , satisfying(24) and(27), is saidto bea ��@c���k��a��	�HdÎ� h �8� �lw>aJ<>�K�A� h . Theconnected
componentsof Ñ reg arecalledthe £ a8f?eH��@A��z!=	a�< h in Ñ . Wehaveproved:

Lemma 0.4.3. Each of the relations(25), and(26), respectively, definesa bijectivecorrespondence
betweenthesetof choicesç of positiverootsin R andthesetof Weyl chambers Î in Ñ .

If onehasfixedthechoiceof aWeyl chamberÎ , thenit is customaryto write

ç0��R D � ÎÖ�ÁÑ D �
motivatedby (25), (26), respectively.

0.4.4 CompactLie Algebras

As anintermezzo,we give analgebraiccharacterizationof thoseLie algebraswhich ariseastheLie
algebraof acompactLie group.

For ourpurposes,aconvenienttool is thebilinearform é , definedonany Lie algebraÑ by

é���ÚÝ�AÛÖ��� tr � ad Ú¡  ad ÛÖ��� Ú&�KÛ£"�Ñ�1
Heretr denotesthetraceof ad Ú£  ad Û'" Lin ��Ñ��>ÑH� . Then é is calledthe ê �bebek�b�ACJ�p��<lz of Ñ ; andit will
bedenotedby é g or é R

g , if thereis dangerof confusion.This bilinearform is symmetric, becausein
generaltr ���T  � ��� tr � �  J�E� , for linearendomorphisms� and

�
. Becausetherealtraceof a linear

mappingis equalto thecomplex traceof its complex linearextension,theKilling form extendsto a
complex bilinearform on Ñ C by meansof theformula

é���Ú&�KÛÖ��� trC � ad Ú¡  ad ÛÖ��� Ú&�KÛ£"�Ñ C �
wherenow ad ÚN  ad Û is consideredasanelementof LinC �bÑ C �~Ñ C � . Notehowever that theKilling
form of Ñ C, if we considerÑ C asa Lie algebraover R, is equalto 2Re é R

g ; this becausethe traceof
multiplicationby ��" C, consideredasa reallinearmapping:C 
 C, is equalto 2Re � .
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Now let Ñ satisfytheconclusionof Lemma0.4.2,andlet Ñ bea maximalAbeliansubspaceof Ñ .
Then,for Úê"ßÑ , é���ÚÝ�	Ú���� tr �s� ad Ú�� 2 ��� áC��å ü���Ú��

2
dimC Ñ�áX�

cf. (23) and(21). Becauseü���Ú��E"`� R, for all ü£"!R , it follows that é���ÚÝ��Ú.�E3 0; and é���Ú&��Ú���� 0
if andonly if ü���Ú��.� 0 for all ü¥"'R . This in turn is the caseif andonly if Ú belongsto ¾ , the
centerof Ñ . For any Ú­"YÑ , we have

Ü
ÚÝ�	ÚTÞ}� 0, soR  �Ú is anAbeliansubspaceof Ñ ; andthis in

turn is containedin a maximalAbeliansubspaceÑ of Ñ . Theconclusionis thereforethat é is negative
semi-definiteon Ñ , andker é!�¿¾ .

It is alsoobviousthat é g ��V��ëé g ô z�
if V denotesthe canonicalprojection: Ñ9
 ÑHSR¾ . In particular, the Killing form of ÑHS�¾ is negative
definitein oursituation.

For thenext lemma,wenotethattheautomorphismgroupAut Ñ of any Lie algebraÑ isaclosedLie
subgroupof GL �bÑH� ; with Lie algebraequalto thespaceDer Ñ of |Ka�<l�lw~��� �8��� h of Ñ , thelinearmappingsì (�Ñ�
 Ñ suchthat

ì � Ü ÚÝ�KÛ.Þl��� Ü ì ��Ú����KÛ�Þ t
Ü
ÚÝ� ì �sÛÖ�XÞ>� for all Ú&�KÛ£"�Ñ�1

Thiscanalsobewrittenas

ad
ì ��Ú���� Ü ì � ad Ú9Þ in Lin ��Ñ��>ÑH��� for all ÚÃ"�Ñ�1

WealsorecallthattheadjointgroupAd Ñ of Ñ is theconnectedLie subgroupof Aut Ñ with Lie algebra
adÑ5M Der Ñ . Summarizing:

eadg � Ad Ñ � � ��
Aut Ñ � � ��

GL �bÑH�

adÑ
exp

Ø Ù

� � ��
Der Ñ � � ��exp

Ø Ù

Lin �bÑ��~ÑH�
exp

Ø Ù

Lemma 0.4.5. Let Ñ bea Lie algebra with a nondegenerateKilling form é ; this impliesthat ¾\� 0.
ThenadÑy� Der Ñ , andAd Ñy� � Aut ÑH��G , a closedLie subgroupof GL �bÑ�� . If moreover é is definite,
thenAut Ñ , andthereforealsoAd Ñ , is compact;and é is negativedefinite.

In thefollowing theoremwealsoencounterthe |Aa�<�� wpa�| ß �bau��ebCAai=	<l�
Ü
Ñ��~Ñ_Þ of Ñ ; it is definedasthe

linearspanof the
Ü
Ú&�KÛ�Þ , for Ú&�KÛ£"�Ñ .

Theorem 0.4.6. Let Ñ bea finite-dimensionalLie algebra over R. Thenthefollowing conditionsare
equivalent

(i) Ñ is equalto theLie algebra of a compactLie group 
 .

(ii) Ad Ñ is compact.

(iii) For each ÚÃ"�Ñ , theeÉ ad 0 , with r�" R, form a boundedsubsetof Lin �bÑ��~ÑH� .
(iv) For each Úê"�Ñ , wehavead Úê" LinC ��Ñ C �~Ñ C � is diagonalizableandhasonlypurely imaginary

eigenvalues.
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(v) TheKilling form of Ñ is negativesemi-definite, andits kernelis equalto ¾ , thecenterof Ñ .
(vi) Thereexistsan innerproduct Â on Ñ such that, for all ÚÝ�KÛ[��3)"�Ñ , wehave

Â��s� ad Ú���Û[�C3E� t Â��sÛ[�K� ad Ú���3E��� 0 1

(vii) Ñ��,ÑHvÓýc¾ , for a Lie subalgebra ÑHv of Ñ , onwhich theKilling form is negativedefinite.

Finally, if Ñ v is asin (vii), then
Ü
Ñ��~Ñ_Þâ�,Ñ v .

A Lie algebrais saidto be �i�	z�d?���i� , if any of the equivalentcharacterizationsin Theorem0.4.6
holds. Notethat if ¾ �� 0, thenobviously not every connectedLie groupwith Lie algebraequalto Ñ
is compact.Also, Aut ÑÝ� Aut Ñ v + GL �º¾�� , Der ÑÝ� Der Ñ v + Lin �º¾K�í¾��}� Ad ÑÝ+ Lin �î¾n�ë¾p� ; soin this
casetheconclusionof Lemma0.4.5doesnotholdeither. Finally, onecandescribeAd Ñ astheidentity
componentof thecompactalgebraicgroup G�¦P" Aut Ñ ¦.I z � identityon ¾[L�� Aut �bÑHS�¾p� .

Onemay show that if 
 is a connectedcompactLie group,andthe Lie algebraof 
 haszero
center, thenthefundamentalgroupof 
 is finite. Thiscanbeappliedto theadjointgroupof acompact
Lie algebraÑ . For any connectedLie group 
 with Lie algebraequalto ÑHS�¾ , themappingAd defines
a covering: 
�
 Ad Ñ . Becausethefiber is a subgroupof thefundamentalgroupof Ad Ñ , it follows
that 
 is compact.

For any Lie algebraÑ , theKilling form is nondegenerateif andonly if Ñ is aso-calledh a�z%� h �bz�d?eka
Lie algebra.Summarizingtheseremarks,wegetthefollowing:

Corollary 0.4.7. Let Ñ bea finite-dimensionalLie algebra overR. Thenthefollowingconditionsare
equivalent:

(i) Ñ hasnegativedefiniteKilling form.

(ii) Ñ is compactandsemisimple.

(iii) Ñ is compactandhaszero center.

(iv) EveryconnectedLie groupwith Lie algebra isomorphicto Ñ is compact.

In anyof thesecases,Ñ��
Ü
Ñ³�>Ñ_Þ .

A ����z�d?eka�j×�b�	<>B h is definedasa connected,compactandAbeliancomplex Lie group. That is, a
Lie groupisomorphicto � C � � t �sSFï , where ï is adiscretesubgroupof � C � � t � whichcontainsa real
basisof C� ç R2� . NotethatasarealLie group,C� Spï is isomorphicto thestandard2̈ -dimensional
torus � R S Z � 2� , but two ï ’s only yield isomorphiccomplex Lie groupsif they canbemappedto each
otherby anelementof SL �Z¨Ö� C � .

Corollary 0.4.8. A compact,connected,complex Lie groupis a complex torus.
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0.4.9 Maximal Tori

From now on 
 will denotea connected,compactLie group, with Lie algebraequal to Ñ .
In this situationwe know alreadyseveralsalientfacts,seeProposition0.3.5,Corollary0.3.7,and

Section0.3.13.Theconceptsof rootandrootspace,however, leadtoconsiderablefurtherclarification,
aswewantto show now.

A torusin 
 , thatis, a connected,compact,Abeliansubgroupof 
 , is saidto bea z%��jA�bz%��e��k��<pB h
in 
 , if for any torus É�v in 
 suchthat É�MåÉ�v , we have É�� É�v . A subset̄ of 
 is saidto be az%��jA�bz%��e Ý =	a�eb�k��� h BK= h a�� of 
 , if ¯7M Z ñ ��¯³� andif, for any ¯³vÎM�
 suchthat ¯7M�¯³v�M Z ñ ��¯³v � , we
have ¯0� ¯³v . Clearly a torusin 
 is a maximaltorusin 
 if it is a maximalAbelian subsetof 
 ,
but thereexist examplesof maximalAbeliansubsetsthatareno tori. For instance,thethreerotations
throughtheangleV , with axesequalto thethreecoordinateaxesin R3, form amaximalAbeliansubset
of SO� 3� , asis nothardto verify.

Webegin with somesimpleobservations.

Theorem 0.4.10(Maximal Torus Theorem). (i) For any Úé"ÝÑ reg, ÑJ( �NÑ 0 is a maximalAbelian
subspaceof Ñ . Furthermore, É�( �¢
�0 is a torus in 
 with Lie algebra equalto Ñ , and É is a
maximalAbeliansubsetof 
 . Thesameconclusionsarevalid if wereplaceÚ by �#"$
 princ.

(ii) All maximalAbeliansubspacesÑ of Ñ , andmaximaltori É in 
 , ariseasÑ�0 , and 
�0 , respectively,
for someÚê".Ñ reg. Also, Ñ reg ËÞÑÎ�ÁÑ reg, andit equalsthecomplementof theroothyperplanesinÑ , for anymaximalAbeliansubspaceÑ of Ñ .

(iii) Theequation É0� exp Ñ definesa bijectivecorrespondencebetweenthemaximalAbeliansub-
spacesÑ of Ñ andthemaximaltori É in 
 . EveryconnectedAbeliansubgroupof 
 is contained
in a maximaltorus in 
 , and every Abelian subsetof Ñ is containedin a maximalAbelian
subspaceof Ñ .

(iv) All maximaltori in 
 are conjugateto each other, and Ad 
 acts transitivelyon the set of
maximalAbeliansubspacesof Ñ . Each elementof 
 is conjugateto an elementof a given
maximaltorus,andAd 
��îÑ8����Ñ for anymaximalAbeliansubspaceÑ of Ñ .

Thecommondimensionof themaximaltori in 
 , andof themaximalAbeliansubspacesof Ñ , is
calledthe <l���Kà of 
 , andof Ñ , respectively. It canalsobedefinedasthedimensionof theprincipal
orbit typein theorbit space� Ad 
E�sm�
 , and � Ad 
J�smÓÑ , respectively.

Theorem 0.4.11(Weyl’s Covering Theorem). Let É be a maximaltorus in 
 , with the maximal
AbeliansubspaceÑ of Ñ asits Lie algebra. Then

(i) TheWeyl group è�( � N �sÉ��sSâÉ-� N �ºÑD�DSâÉ-� Ad N �ºÑD��I t, isfinite. Theactionof 
 byconjugation
in 
 , andby theadjointactionin Ñ , inducesa 
 -equivariantreal-analyticdiffeomorphism


�SâÉT+Wð,�D
 reg Ë9É�� �
��

associatedf.b. with fiber ñ*ô � ñò óóóóóóóóó
óóóóó 
 reg

¿À ô ô ô ô ô ô
ô ô ô ô

� Ad 
J�sm�
 reg

� (28)

and

�SâÉT+ ð Ñ reg �
 Ñ reg � (29)

respectively.
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(ii) è actstransitivelyon thesetof connectedcomponentsof 
 reg ËTÉ , andalsoon thesetof Weyl
chambers in Ñ .

(iii) 
 reg Ë'ÉT�)GX�-"-É,I[
E��M N �sÉ��XL , so 
 princ Ë£É is preciselythesubsetof 
 reg Ë'É on whichè actsfreely.

Themainargumentin theproofof Theorem0.4.11is asfollows. Theset

§Ð( �Ã
�SâÉT+��D
 reg Ë9É��
is preciselytheopensubsetof 
JSâÉÌ+�É onwhich themapping

½,(�
�SâÉT+�É-
 
 givenby ½�����É}�	rD������r�� ^ 1

hasa bijective tangentmapping. Also, (ii) implies that ½ is surjective; because
 reg is conjugacy
invariant,it follows that ½��s§»���Ã
 reg.

If ��r�� ^ 1 ��/�²�/ ^ 1, for ����/$"$
 , and²A��rJ";
 reg Ë5É , then,writing 4%��/ ^ 1 � , weget ²E��4ArD4 ^ 1. It
follows that 
�õ}�)4c
�É�4 ^ 1, andalso,on takingLie algebras,Ñ�õ}� Ad 4c�bÑ�É�� . Because²A��r�"-É and É
isAbelian, 
�õ and 
�É bothcontain É ; so Ñ�õ andÑ�É bothcontainÑ . Because�yo
 dim ÑH� is constanton
connectedcomponentsof 
 reg, and 
 reg is connected,cf. 0.3.2.(g),we getdim Ñ�õ�� dim Ñ�� dim Ñ�É ;
henceÑ�õ��ÁÑÎ�,Ñ�É , andthereforeÑÎ� Ad 4c�îÑ8� . Thus 4!" N �ºÑD��� N �sÉ�� , or 4cÉ�"�è .

Becauseè actsanalyticallyon both 
�SâÉ (from theright) andon theopensubset
 reg Ë£É of É ,
the left handsidein (28) is a real-analyticmanifold, “ è -fold” coveredby the set § . The mapping½ inducesa real-analytic,
 -equivariantmappingfrom it to 
 reg, andwe have just shown that this
mappingis bijective andhasbijective tangentmappings.The inversefunction theoremnow implies
thattheinverseis real-analyticaswell.

A generalizationof (28) to arbitrarypropergroupactionscanbefoundin Proposition0.2.24.(ii).
Thebasicfactthatsimplifiedthesituationhereis that 
E� is connectedfor elements� of principalorbit
type.

Thediffeomorphisms(28)and(29)immediatelyleadto theWeyl integration formula in thegroup

 , andtheLie algebraÑ , respectively, seeTheorem0.5.4.

0.4.12 The Weyl Group asa ReflectionGroup

A positive root üä"¿ç is saidto be simpleif it cannotbe written asthe sumof two positive roots.
Crossinga wall of a Weyl chamberÎ , correspondingto a simpleroot ü , oneentersanadjacentWeyl
chamberÎ�v . As a consequenceof Weyl’s CoveringTheorem0.4.11,thereis exactly one ²&"�è , such
that ²��PÎ����¤Î�v . In orderto describetheactionof thisWeyl groupelement,we needsomemoreinsight
in thestructureof theroot spacesÑ�á .
Lemma 0.4.13.Let 
 bea connected,compactLie groupof rankequalto one. Then 
 is isomorphic
to thecircle, to SO� 3� , or to SU� 2� .

Theorem 0.4.14. Let 
 bea connected,compactLie group, Ñ a maximalAbeliansubspaceof theLie
algebra Ñ of 
 , and ü a rootof Ñ . Then:

(i) dimC Ñ á � 1, and Ñ 2 á � 0, if 4!" C and 4 ��F¬ 1 � 0 � 1.
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(ii)
Ü
Ñ�áX�>Ñ ^ á�Þ�MÁ·���Ñ 0, and Ñ ø á ú ( � therealpart of Ñ�áuý£Ñ ^ áuý

Ü
Ñ�áX�~Ñ ^ áÎÞ is a 3-dimensionalLie

subalgebra of Ñ , isomorphicto â�ö�� 3 � R ���Áâ�÷Ö� 2� .
(iii) 
 ø á ú ( � exp Ñ ø á ú is a compactLie subgroupof 
 , isomorphicto eitherSO� 3� or SU� 2� .
(iv) If ü�ø denotesthe unique elementof

Ü
Ñ�áX�>Ñ ^ á�Þ such that ü���ü�øH�'� 2, then �Dü�ø­""Ñ and

exp2VÓ�Dü�ø�� 1, while Â���ü�øH�J" Z, for all Â0"&R .

(v) There exists �T"T
 ø á ú such that Ad � leavestheroot hyperplaneker ü!Ë^Ñ pointwisefixed,and
maps�Dü�ø to ¬W�Dü�ø .

Remark 0.4.15.Theconclusion
Ü
Ñ á �>Ñ ^ á Þ�MTÑ 0 alsofollows from:Ü
Ñ á �>Ñ�ù�ÞuM9Ñ á D ù�� for any ü��CÂ'"&RÝ1 (30)

(30) follows immediatelyfrom the Jacobiidentity, and the argumentworks for any complex Lie
algebra. ✰

Thecomplex linearmapping:

²íá�(QÚPo
�Úä¬xü���Ú.�Dü ø (�·�
 ·
leavesker ü pointwisefixed andmapsü�ø to ¬�ü�ø , so it is equalto the complex linear extensionof
Ad ��I t, with � asin Theorem0.4.14.(v). BecauseAd ���îÑ8�ã�ÐÑ , we get �," N �îÑ8�ã� N �sÉ�� , or: ²�áXI t
belongsto the Weyl group è¢��è0�bÑ��íÑ8� .

We alsonote that ü�ø is orthogonalto ker ü , with respectto every Ad Ñ -invariantbilinear formÂ on Ñ C. Indeed,if Ú "¡Ñ�á , Û¢"¡Ñ ^ á , and � "¤· , then Â×� Ü Ú&�KÛ�Þp���$�Y�Ò¬�Â®�DÛ[� Ü Ú&���PÞl�×�Â×�sÛ[��ü����$�DÚ.��� 0, whenever ü����$��� 0. For this reason,²íá is referredto asthe �	<>� @c��Cc���A��ei<laRú*a��i� ������b�Ý� @Aa_<>�A�K�Ó@�fKdca�<�d?eb���Ka ker ü . Notealsothat ��²�áQ� 2 � 1.
Thereflection ²�á���² ^ 1á is therestrictionto · of anautomorphism¦ of thecomplex Lie algebra

Ñ C. In general,if ¦P" Aut Ñ C, and ¦9�¸·Q���û· , thenwehavefor any ÚÃ"^· , Û£"�Ñ ù , that
Ü
Ú&�K¦9�DÛÖ�XÞâ�

¦9�
Ü
¦ ^ 1 ��Ú.���AÛ�Þl���F¦9�ZÂ×�s¦ ^ 1 ��Ú.�D��ÛÖ���HÂ®�D¦ ^ 1 ��Ú��s��¦9�sÛÖ� . Thatis,

¦T�bÑ ù ���,Ñ � ù �
if wewrite, asusual, �s¦ ^ 1 � � �ZÂ����Ã¦üÂ . In particular,

²íá�Â'"&RÝ� whenever üÎ�CÂ0"&RÝ1
That is, R formsa <�a�|cB���a�|.<>�A�K� h f h � a�z in ]P�"�¸Ñ � Ë]¾ 0, in thesenseof thealgebraictheoryof root
systems,with the ü ø asthe correspondingcoroots. Conversely, onemay show that every reduced
root systemis equalto the root systemof a compactsemisimpleLie algebra. Moreover, onecan
prove that two suchLie algebrasareisomorphicif andonly if their root systemsareisomorphic.So
the classificationof the reducedroot systemscanalsobe viewed asa classificationof the compact
semisimpleLie algebras.

Corollary 0.4.16. TheWeyl group è�� Ad N �îÑ8��I t � N �sÉ��sS�É is equalto thegroup è å generatedby
theorthogonalreflectionsin theroot hyperplanes.Thatis, it canbeidentifiedwith theWeyl groupof
theroot systemR , andof thedual root systemR ø of thecoroots,respectively.
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0.5 Structur eTheory: SecondLecture

0.5.1 Integration

Thissectioncontainsageneraldiscussionof invariantdensities,especiallyonhomogeneousspaces.

A |Aa�� h �8� f (thatis, anunorientedvolumeform) ý onamanifold � is anassignment,to eachlocal
coordinatechart é (from anopensubset]Fþ of � ontoanopensubset§ÿþ of R ¬ , with ª�� dim � ), of
a function ý þ on § þ , with thesubstitutionrule

ý�þi��æÓ���Hý�þí» �Yé v  1é ^ 1 ��æÓ�D�} AI det
ì �Zé v  Wé ^ 1 ����æÓ�âIk� (31)

if é?v is anothercoordinatechart,and æ�"$§ þ}Ë]éÎ�s]�þë» � .
Onecanalsoexpressthisby sayingthat ý is asectionof theline bundle

ì ���'� over � (thedensity
bundle),whosefiberover �$"&� isequalto the(1-dimensional)spaceof all functionsý�� on ¬ T �³� ,
suchthat ý � �Y�F�����ÃI �XI ý � ����� , for all ��" R and �." ¬ T � � .ý is saidto be C2 , andpositive, if eachý�þ is C2 , andeverywherepositive, respectively. Using
C2 partitionsof unity, we seethat every (paracompact,Hausdorff) C2 manifold � admitspositive
densitiesof classC2 , here0 3T4Y3[# .

If K is a C2 functionwith compactsupporton � then,usinga C2 partitionof unity, wecanwriteK asafinite sum

K$� K þ � with K þ " C2Ù ���'� andsupportof K þ M�] þ 1 (32)

Now assumethat ý is continuous.The �k�?� a�CA<l��e³�	� K ��CK���b� h �H� @Aa�|Aa�� h �8� f ý is thendefinedas

{ Kx �ý�� ��� K�þi�Zé ^ 1 ��O��s��ý�þ���O��F�XO�1 (33)

Usingtheformulafor substitutionsof variablesin anintegral,

� K������F�c�&� ��K��s¦���O��s�} KI det
ì ¦Ý��O��âI��HOÎ�

where ¦ is a C1 diffeomorphismfrom anopensubset] of R ¬ to anotheropensubset§ of R ¬ , and K
a continuousfunctionon § , with compactsupportcontainedin § , oneseesthat(31) guaranteesthat
theright handsidein (33) is independentof thewaywehavewritten K asin (32).

The standardtheory of Lebesgueintegration now consistsof defining the spaceL1 ���N��ýX� of
ß ai=	a h C?B	a_�k�?� a	CA<l��=�eba��>B	�K��� �8��� h �	� � , Ï��8� @\<la h d?a��i�X�b�\� @Aa_|Aa�� h �8� f ý , asthecompletionof CÙ����'� with
respectto theintegralnorm K#o
 IYK�I� ¸ý . Similarly, thespaceL

� ���N�CýX� is definedasthecompletion
of CÙ����0� with respectto thenorm K7o
 � I�K�I �  SýX� 1ô � . This definitionallows oneto prove many
resultsfirst only in the spaceCÙ����'� , andthenextendingthemto thesecompletionsby continuity.
(Themoretricky partof Lebesguetheorythenof courseis to identify theelementsof thecompletion
with ordinaryfunctionson � .)

Thefamiliar formulafor substitutionsin anintegral now immediatelygetsthefollowing general-
izationto manifolds.If ¦ is adiffeomorphismfrom amanifold { onto � , and{ is providedwith the
standardpositivedensity° , then

{ Kx �ý�� �®¦W�n��K- CýX��� �^K! .¦� A¦1�ëý�� ����KY �¦J�} � �  ° �
where the ��= h ��e�BA� a	�ð���i�A=��k��� � � is definedas the positive function �s¦ � ýX�sS ° . In turn,

� � ��O��T�
I det�Z§�^ 1   T E ¦J�âI , if § is an auxiliary linear mapping: T E { 
 T � � , with �N�Ò¦���O�� , such
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that § � ý���� ° E . By theprincipleabove, K0" L1 ���N�CýX� if andonly if ��K! �¦��} � � " L1 ��{$� ° � ; andif
this is thecase,thentheintegralsagree.

If ý is positive,then
��ã(kK$o
 K� iý is a d�� h ��� � wpa�
}��|c���_z%a�� h B	<la on � , thatis,alinearform 
 on
CÙ����'� , thespaceof continuousfunctionswith compactsupporton � , suchthatmoreover 
\��K��1M 0,
whenever K'" CÙ ���'� , K'« 0, K �� 0.

Every nowherezero,continuousvolumeform � on � (that is, differentialform of degreeequal
to thedimensionof � ) givesrise to a positive, continuousdensity ý®� I��ÌI on � , by meansof the
definition

éà�n�Yý�þR�?� 1 �  � � � �?� ¬ �����Ý� on ]Fþi�
wherewe only allow local coordinatechartsé for which theresultingfunctionsý 2 arepositive. Note
that,given thecontinuous,nowherezerovolumeform � , thereexistsanatlas � of suchcoordinate
chartsé , andthat

det
ì �Yé v  1é ^ 1 ����æ��1M 0 � if æ."$§ÿþ�Ë]é��s]�þë» ��� for é³�Cé v "��;1

The choiceof suchan atlas is said to be an �	<l�ba��?� �i� ����� of the manifold � . The manifold � is
called ��<��ba��?� ��=�eka if it hassuchanatlas,andthis is equivalentto theexistenceof a nowherevanishing
continuousvolumeform on � .

If a group 
 actson � by meansof diffeomorphisms,thenonehasaninducedactionon CÙ����'�
definedby ���Î��K���o
 ����^ 1 � � ��K�� , whereweusethestandardnotation

¦1�Q��K�� ��������K��D¦Ý�����D�
for the dÎB	ebeÖ=�����à of a function K by a mapping ¦ . (Actually this is a specialcaseof thepull backof
differentialformsusedabove.) Theadjointof ¦ � , actingon measures,is calledthe dÎB h @ã�p��<pÏ���<l| by
¦ , andwill bedenotedby ¦ � . Then ������
���o
 � � 
 definesanactionof 
 on thespaceof measures
on � . All suchinducedactionsof 
 on spacesof functions,andtheir dual spacesof distributions,
arealwaysby meansof continuouslineartransformationsin thesefunction,anddistribution, spaces,
respectively, that is, theseare representationsin the senseof Example0.1.9. In other words, the
usuallynonlinearactionof 
 on thefinite-dimensionalmanifold � inducesa linearactionof 
 on
theinfinite-dimensionalspacesof functionsor distributionsdefinedon � . Now themeasure
 on �
is saidto be 
 - �b�Hw>��<��b���c� if � � 
7��
 for all �T"Ì
 , andsimilarly thedensityý is saidto beinvariant
if 
 � is 
 -invariant. It is alsoeasyto verify that,for a volumeform � on � , thedensityýy�éI��ÌI is

 -invariant,if andonly if � � �'�9²�� , for all �$"$
 .

Let 
 be a Lie group acting transitively (and smoothly)on a manifold � . According to the
assertionfollowing Corollary0.1.10,thereis a 
 -equivariantdiffeomorphismfrom thequotientspace

JSU� onto � , for a suitableclosedLie subgroup� of 
 ; heretheactionof 
 on 
�SU� is by means
of multiplicationsfrom theleft. If we denotetheLie algebraof 
 , and � , by Ñ , and · , respectively,
thenthetangentspaceof 
JSU� at thebasepoint Õ.� 1� is identifiedwith ÑHS�· , in suchaway thatthe
tangentmapping,at Õ , of thecanonicalprojection ��(*
�
 
JSU� is equalto thecanonicalprojection
V�(�Ñ�
ÒÑHS · . Here ��(�
�
 
�SQ� is a(real-analytic)principalfiberbundle,with structuregroup � ,
actingon 
 by meansof multiplicationsfrom theright.

Thestabilizergroupof thebasepoint Õy� 1� is equalto � , it actson T Ô �s
JSU�$�_�)ÑHS�· via the
mapping��/���Ú t ·U��o 
 Ad /Ö��Ú�� t · , this is obtainedby differentiating

/�������/*�?/ ^ 1 �x� with /$"&�x���$"$
��
with respectto � at �&� 1, in thedirectionof ÚÃ"�Ñ .
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It followsthat /�^ 1 "&� actsonthespaceof volumeforms � Ô on ÑHS�· (theantisymmetricª -linear
formson ÑHS�· , with ª�� dim ÑHS�· ) via multiplicationby

det� Ad /*� g ô h � det� Ad /���I g S det� Ad /*��I h 1
Thevolumeform � Ô on ÑHS�·�� T Ô �s
�SU�$� extendsto a 
 - �b�Hw>��<��b���c��wQ�	e�B	z%a��>�	<lz � on 
JSU� (that

is, a differentialform on 
�SU� of degree ªÃ� dim 
JSU� ), if andonly if � Ô remainsfixedunderthe
actionof � . If this is thecase,then � is uniquelydeterminedby � Ô , andis real-analytic.Clearly, �
is nonzeroeverywhere,andzeroeverywhere,if andonly if � Ô �� 0, and � Ô � 0, respectively. In turn,
theexistenceof anonzero
 -invariantvolumeform � on 
JSU� is equivalentto theconditionthat

det� Ad /�� g ô h � 1 � for all /$"&�x1 (34)

Theexistenceof a 
 -invariantdensity ý , andmeasure
�� , respectively, on 
JSU� is equivalentto the
slightly weakercondition

I det� Ad /�� gô h In� 1 � for every /$"&�x1 (35)

Notethat(35)isequivalentto (34),if andonly if 
JSU� isorientable,ordet� Ad /�� gô h M 0 for all /$"&� ;
andthis in turn is thecaseif � is connected.Usingconvolutions,onecanshow thatany 
 -invariant
distribution Í on 
�SQ� is of theform 
�� for asmooth
 -invariantdensityý on 
JSU� , which in turn is
locally equalto I��%I for a locally 
 -invariantvolumeform � on 
�SU� . This impliesthat Í is uniquely
determinedupto aconstantfactor. If 
�SU� is orientable,then Í&�Hý�� ��� for a 
 -invariantvolumeform
� on 
�SU� , andwearebackin thesituationwestartedoutwith.

In generalthefunction /!o
 I det� Ad /*� g ô h I[(K� 
 R � 0 is a continuoushomomorphismfrom �
to themultiplicativegroupR � 0. Soif � is compact, theimageis acompactsubgroupof R � 0, which
canonly be G 1L , andtheconclusionis that 
JSU� carriesa 
 -invariantpositivedensity.

A specialcaseoccurswhen � �ìG 1L , that is, 
�SQ� �í
 , viewed asa 
 -homogeneousspace
via theactionby left multiplications. In this caseany nonzerovolumeform � 1 on Ñ givesrise to a
uniqueleft-invariantvolumeform � on 
 ; wegetacorrespondingleft-invariantdensity, measure,and
orientation,respectively on 
 . Theleft-invariantmeasureis alsocalledthe(left-) è ����<*zãa�� h B�<�a on 
 ,
thecorrespondingdensityis usuallydenotedby �c� . If 
 is compact,thentheuniqueHaarmeasure
suchthat

ñ 1 �c�&� 1 �
is theonethatis usedin theprocedureof averagingover 
 , andis calledthe �c��<�z%��eb�k��a�| è ����<*zãa�� h B�<�a�	� 
 .

If � is a left-invariantvolumeform on 
 then,for each�#"$
 , wehave

L ������� R ���������'� R ���?�[  L ����� � �'� L �����³  R ����� � �'� R ������� L ���������0� R ���������&�
that is R ����� � � is left-invariantaswell. It follows that it is a constantmultiple of � . Evaluating
R ����� � �'� R ����� � L ����^ 1 � � �'�F� Ad �?^ 1 � � � at1, weget

R ���������0� detAd � ^ 1  ��&� for �$"$
�1 (36)

In particular, thereexistsa =	��jû�k�Hw>��<l�k���c� (thatis, a left-invariantandright-invariant)volumeform on 
 ,
if andonly if detAd �&� 1 for all �#";
 ; thatis, theadjointrepresentationmapsinto thespeciallinear
groupof Ñ . For theexistenceof a bi-invariantdensity, andmeasure,respectively on 
 , thecondition
reads

I detAd ��IK� 1 � for all �$"$
ßy
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in thiscasethegroup 
 is saidto be B��A�bz!��|cB	eb��< . As before,everycompactLie groupis unimodular.
This impliesalsothat

ñ K���� ^ 1 �F�c�&� ñ K������F�c��� for K'" CÙ �s
E��1
Now let VN(n��
 � �F
Emn� beaprincipalfiberbundlewith theLie group 
 asstructuregroup,

cf. (7). For any positive,continuousdensity�X� on 
 , andany K0" CÙ ���'� , we geta new continuous
function ñ KN(X�;o
 ñ K��������F�*� , obtainedfrom K by “ �b�c� a	CK<��i� �8���Y�nwpa�<_� @AaJÍ�=�a�< ” . Clearly ñ K is

 -invariantfor every K," CÙ ���'� if andonly if �X� is right-invariant. If this is thecase, ñ K canbe
regardedasafunctionon

�
, thisactuallydefinesacontinuouslinearmapping ñ ( CÙ����'��
 CÙ�� � � .

For any positive, continuousdensity �cÕ on
�

, the productdensitiesof thesetwo on the local
trivializationspiecetogetherto apositive,continuousdensity�?� on � , suchthat,for all K'" CÙ ���'� ,

{ K������F�c�&� ñ! { ñ K��������F�X� ���D
E����� � ñ K ��Õ��F�?Õ³1 (37)

Theproof is by observingthat,onthedomain 
£+Ì§ of aretrivialization "�(������	Õi��o 
 ���?±\��Õ�����Õ�� (see
Theorem0.1.6),wehave

ñ ÿ � K#� � ñ K�������Õ��F�X� �cÕ.� � ñ K�����±\��Õ����	Õi�F�*� �?Õ
� � ñ �#"���K���������Õ��F�X� �cÕ.� ñ ÿ � "���K�1

Next, applying in the integrationsover 
 the substitutionof variables�P�í/ ^ 1 ��v , and using the
analogueof (36) for right-invariantdensitieson 
 , weobtainthatthedensity�c� on � satisfies

{ K���/����F�c�&�FI detAd / ^ 1 I { K������F�c��� for /#";
�1 (38)

So this density �c� on � is 
 -invariant if andonly if 
 is unimodular. If converselythe positive,
continuousdensity �c� on � satisfies(38) and �*� is a right-invariantdensityon 
 , thenthereis a
uniquepositive,continuousdensity�cÕ on

�
suchthat(37)holds. In this situationwewrite

�?�y�H�*�1�cÕ[� and �cÕ.� �?�
�*�

Remark 0.5.2. (a) Thereexistsa 
 -invariantpositive, continuousdensity �?� on � anda positive,
continuousdensity�cÕ on

�
suchthat(37)hold if andonly if themappings±N(*§,
 
 , which

appearin theretrivializations,canbechosensuchthatthey only takevaluesin thekernelof the
homomorphism�&o 
 I detAd ��I�(�
�
 R � 0.

(b) If westartoutwith a left-invariantdensityon 
 , thenweendupwith theformula

{ K������F�c�&� ñ! { ñ K���� ^ 1 ���F�*� �Î�s
E����� (39)

andthedensity�?� on � againsatisfies(38).
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(c) In thecasethat V)(A�í
 �
is a covering,which is a specialcaseof a principalfiber bundle,the

group 
 is discrete(0-dimensional),andit is customaryto usethethecountingmeasureon 
 .
Then 
 is unimodular, so �c� is 
 -invariant,and(37) takestheform

ñ K������F�c�&� � ù � ñ K�������� ���s
E����1

(d) In theprincipalfibration 
�
 
JSU� , two actionsareconsideredon 
 : theactionof 
 by means
of left multiplications,andthe action /7o
 R ��/*�s^ 1 of � by meansof right multiplications.
Takingtheleft-invariantdensityon � , (39)and(38) read

ñ K������F�c�&� ñ�ô ë ë K�����/*�F�c/ �Î�����$��� (40)

and

ñ K����?/*�F�c�&�ÃI det� Ad /���I h I ñ K������F�c��� for /$"&�x�
for any densities�c� , and �������$� , respectively, for which (40) holds. It is clearnow that �c� is
left-invariant,if andonly if �����?�;� is 
 -invariant,which in turn is equivalentto (34). Onegets
all theinvariancesonecouldwish for, if both � and 
 areunimodular.

✰

0.5.3 The Weyl Integration Theorem

If 
 isacompactLie group,and� isacompactsubgroup,thentheinvariantpositivedensitiesonthem,
whichalwaysexist, arebothleft- andright-invariant,andthequotientdensityon 
JSU� is 
 -invariant
aswell. SeetheprecedingRemark0.5.2.(d).

Theorem 0.5.4(Weyl’s Integration Formula). Let 
 bea connected,compactLie groupwith Lie
algebra Ñ , É a maximaltorusin 
 with Lie algebra Ñ , èì� N �DÉ��sSâÉ thecorrespondingWeyl group.
Let �?� , and �?r , be invariant positivedensitieson 
 , and É , respectively, andprovide 
JSâÉ with the
quotientdensity������É��ã�L�c��S��cr . On Ñ , and Ñ , we take the constantdensities,equalto �Z�c��� 1, and
�Z�?rs� 1, respectively. Thenwehavethefollowing:

(i) Themappingthatassignsto K0" C �D
E� thefunction

��(*����Éu��rD��o
 K�����rD� ^ 1 ��I det� Ad r�¬ I � g ô t I on 
�SâÉT+�É}�
extendsto a topological isomorphismfrom L1 �s
E� onto L1 �s
JSâÉ�+�É�� ð , the spaceof è -
invariant functionson 
�SâÉ£+¡É . Here ²�ÉN"[è , with ²&" N �sÉ�� , actson ����É}�	rD� by sendingit
to ����²�^ 1 É}��²�rs²�^ 1 � . Moreover, if K'" L1 �s
J� , then

ñ K������F�c�&� # ��è$� ^ 1 � ñ*ô � K����?rD� ^ 1 �F�Î����É�� I det� I ¬ Ad rD� g ô t I��cr	1 (41)
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(ii) Themappingthatassignsto Ê'" CÙ��bÑH� thefunction

¦P(*����É}�	Ú���o
�Ê»� Ad ����Ú.�D��I det� ad Ú�� g ô t I on 
�SâÉT+�Ñ
extendsto a topological isomorphism:L1 ��ÑH� �
 L1 �D
JSâÉ9+µÑ8� ð , where now ²�É�"�è actson
���ÎÉ}��Ú.� bysendingit to ����² ^ 1 Éu� Ad ²���Ú��D� . Moreover, if Ê'" L1 �bÑH� , then

g
Ê»��Ú.�F�?ÚP� # ��è#� ^ 1

t ñ*ô � Ê»� Ad ����Ú��s�F�����ÎÉ�� I det� ad Ú�� gô t I��cÚÝ1 (42)

Observingthatthedeterminantof a reallinearmappingis equalto thedeterminantof its complex
linearextension,weseefrom therootspacedecomposition(21),(23),thattheJacobianwhichappears
in (42)canbeexpressedin termsof theroots.For thispurpose,weintroduce,for any choiceof positive
roots ç , thefunction $ � $ æ (QÚ�o
 áC��æ ü���Ú.�J(RÑÎ
$� #ø æ ú R 1
Then, using (24) and the facts that ¬�ü���Ú��x� üu��Ú�� (notice that ü���Ú�� is purely imaginary)and
dimC Ñ á�� 1 for every ü9"&R (Theorem0.4.14.(i)),weget

det� ad Ú�� gô t � $ ��Ú�� $ ��Ú���� for Úê"ßÑ	1
Using thecoveringexp (pÑE
 É , we easilycangive anexplicit formula for theJacobianfactor

appearingin (41). Writing r\"TÉ as r�� exp Ú , with Ú¢"4Ñ , we recall thatAd r_� Ad exp Ú¥� ead 0
actson Ñ�á asmultiplicationby thescalar

r á ( � eá ø 0 ú 1
Thefactthat r á lies on theunit circle in C correspondsto r ^ á �é��r á � conj, sonow theJacobianin (41)
is givenby

det� I ¬ Ad rD� gô t �%"���rs� "���rD���
wherewehaveusedthefunction

"�( �%"�æÌ(Qr�o
 áC��æ � 1 ¬xr ^
á �J(�É-
 C 1

Note that in bothcasesthedeterminantsthemselvesalreadyarepositive, so thatwe actuallydid not
needtheabsolutevaluesignsin (41), (42).

Under the assignmentof Theorem0.5.4above, the conjugacy invariant functions K on 
 , and
the Ad-invariant functions Ê on Ñ , correspondbijectively to functions � , and ¦ , respectively that
do not dependon thefirst variable ��É andthatareWeyl groupinvariantasa functionof thesecond
variable. Becauseall thesespacesareclosedlinearsubspacesof thecorrespondingfunctionspaces,
Theorem0.5.4now leadsimmediatelyto thefollowing:

Corollary 0.5.5. Set��( � ñ*ô � �Î����É���� ñ �c��S � �cr , �Uvi�F�Z�US # ��è$�s� 1ô 2. Then

(i) The assignmentKÐo
 ��K�I � ��I&"�I 2 definesa topological linear isomorphismfrom L1 �s
E� Ad ñ ,
the spaceof Lebesgueintegrable classfunctionson 
 , onto the spaceL1 �sÉ�� ð of Lebesgue
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integrable functionson É that are Weyl group invariant. For K�" L1 �s
E� Ad ñ , we havethe
integral formula

ñ K������F�c�&� # ��è$� ^ 1 � � K���rD�âI'"���rs��I 2 �cr	1 (43)

Secondly, theassignmentK$o
$�Uv("���K�I � � definesa (unitary)linear isomorphismfromtheHilbert
spaceL2 �s
E� Ad ñ of square integrableclassfunctionson 
 ontotheHilbert spaceL2 �DÉ�� ð of
Weyl groupinvariant,square integrablefunctionson É .

(ii) TheassignmentÊNo
 ��Ê�I t��I $ I 2 definesa topological isomorphism: L1 �bÑH� Ad ñ �
 L1 �îÑ8� ð ;
moreover, if Ê'" L1 �bÑH� Ad ñ , then

g
Ê»��Ú��F�?ÚP� # ��è#� ^ 1 �

t
ÊE���$�âI $ ���$�âI 2 �c�x1 (44)

TheassignmentÊ$o
$� v $ ��Ê_I t� definesa unitary transformationfrom L2 �bÑH� Ad ñ onto L2 �ºÑD� ð .

In amoremetricapproach,onewouldstartwith a left- andright-invariantRiemannianstructureÂ
on 
 andtakethedensitieson 
 , É , 
�SâÉ thatassignthevalue1 to any orthonormalbasisin atangent
space.TheseRiemannianstructuresare,via themappingÂTo
 � �¤Â 1, in bijective correspondence
with theAd 
 -invariantinnerproducts

�
on Ñ . (If ¾�� 0, we couldtake

�
equalto minustheKilling

form, cf. Section0.4.4.Also, if Ñ is simple,thenthis is theonly choiceup to a positive factor, but in
generalthereis morefreedom.)

Thefactor�»� vol �D
JSâÉ�� , whichappearsin (43)andin (44),canbedeterminedexplicitly oncewe
canevaluatetheintegralsin theleft andright handsidefor asuitableinvariantandintegrablefunctionK , and Ê , respectively. Onecouldfor instancetake, in (44), Ê equalto thecharacteristicfunctionof
theunit ball in Ñ ; thenoneis left with thecomputationof theintegralof thepolynomial $ ���$� $ ���$�
over theunit ball in Ñ .

Instead,we take Ê»��Ú��_� ê�) 0 O 0+* ô 2; in thenotationwe usethe innerproduct
�

to identify Ñ , andÑ , respectively, with its dual, andwe alsowrite 
ã��Ú.��� ,�Ú&��
�- , for a linear form 
 . Then,as is
well-known, theleft handsideof (44) is equalto � 2V_� dimgô 2. On theotherhand,for any polynomialK , thefunction

� É (QÚPo
 � 4V_rD� ^ dimt ô 2
t
ê�) 0 ^ - O 0 ^ - * ô 4É K��DÛÖ�F��Û

is a polynomialof degree 3 deg K , dependingsmoothlyon r�M 0. This function �kÉ satisfiesthe
differentialequation.

� É.
r ��ïß�kÉs� with theboundarycondition limÉ¼� 0O É
� 0

�kÉc��K�1
Here ï denotesthe Laplaceoperatorwith respectto the given inner product, ïÃ� �0/ 2

/ - 2× on any

orthonormalbasis. Now ï leaves the finite-dimensionalspaceof polynomialsof degree 3 deg K
invariant, and becauseit decreasesdegrees,actually actson this spaceas a nilpotent operator. It
follows that � É � 221 0 ��4<Ú �D^ 1 ��r�ïE� 2 K , andtherefore,taking r�� 1

2, weget

t
ê�) - O - * ô 2 K��sÛÖ�F�ÎÛ$�F� 2V_� dimtô 2

231 0

1

4<Ú �
1

2
ïE� 2 K � 0���

wherebothsumsarefinite. In ourcase,K0(*Û;o
 á���å üu�sÛÖ� is ahomogeneouspolynomialof degree
2� , if we write �7� # ��ç��J� 1

2 � dim Ñ!¬ dim Ñ8� . This implies thatonly the termwith 4Y�"� givesa
nonzerocontribution. We thereforearriveat

� 2V_� � # ��è#���H���Î� where�#� # ��ç����
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and �!�F�Z�WÚ 2� � ^ 1

4 ,�ü 4 ø 1ú ��ü 4 ø 2ú -�1�1�15,�ü 4 ø 2� ^ 1ú ��ü 4 ø 2� ú -�1
Here !�o
�üà� is anenumerationof R , andthesumis overall permutationsof G 1 �K1�1�1�� 2�ÎL .

This formulais explicit, but quitecumbersomein practicalcomputations.A simplerformulacan
begivenby usingthefactthat $ is è -anti-invariant,actually

$ �sÛÖ��� 1

�1Ú õ���ð det ² ��²76����DÛÖ� � � with 65� 1

2 áC��æ üÎ1
This follows from

áC��æ eá ø 0 ú ô 2 ¬ ê á ø 0 ú ô 2 � õ���ð � det ²�� eõ ó 8 ø 0 ú �
by insertingÚ���r�Û andcomparingthecoefficientsof r � in theTaylorexpansion.Furthermore,eachè -anti-invariantpolynomialhas $ asa factor, becauseanti-invarianceof K under ² á implies thatK$� 0 onker ü , for eachü9"�ç .

Becauseï commuteswith è , we have that ï $ is è -anti-invariant,andbecausedeg ï $ ¡
deg $ , theconclusionis that ï $ � 0. Because

1

2
ï K 2 � �

.
K.
Û�� 2 t K�ï�K

for any function K , andbecauseï commuteswith all constantcoefficient linear partial differential
operators,theconclusionis that

1

�WÚ
1

2
ï � � $ 2 ��� 1

�1Ú �
. � $.

Û«� ø 1ú 1�1�1
.
Û«� ø � ú 2 � 1

�WÚ � õ���ð sgn² 1

�1Ú
. � ��²76��.

Û�� ø 1ú 1�1�1
.
Û«� ø � ú

2

� 1

�1Ú � õ���ð sgn²���²76���� ø 1ú 1�1�1���²'6���� ø � ú 2

� 1

�1Ú � õ O õ�»
sgn² sgn² v ��²'6���� ø 1ú 1�1�1���²76���� ø � ú ��² v 6���� ø 1ú 1�1�1���² v 6���� ø � ú

� 1

�1Ú õ O õ�»
sgn² sgn² v ,�²76��	² v 69- � � 1

�WÚ õ O õ�»
sgn��² ^ 1 ² v ��,:6���² ^ 1 ² v 69- �

� 1

�1Ú # ��è#� õ sgn² ²'6_� � ^ 1 6�� � � # ��è$� $ � � ^ 1 6����

where
� ^ 1 6 is theelementof · suchthat 
\� � ^ 1 6����;,:6���
�- for all 
P"�· � . Also, ! rangesover all

mappingsfrom G 1 �K1�1�1��C�ÎL to G 1 �K1�1�1�� dim ÑDL , and ��²76�� 2 equalsthe 4 -th coordinateof ²76 with respectto
thechosenorthonormalbasisin Ñ .

Wehavenow arrivedat

vol �s
�SâÉ���� � 2V_� #ø æ ú
�s¬ 1� � á���æ ,:6��	ü9-�1

If onetakes,for ¾\� 0,
� � ¬�é , thenalsothe factors ¬ 1 in this formulagetnicely absorbedin the

product.
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0.6 Structur eTheory: Third Lecture

0.6.1 Representationsof CompactLie Groups: Intr oduction

In this introduction,we give thebasicdefinitionsof representationtheory, followedby a summaryof
themainresultsfor compact(Lie) groups.

Let 
 be a Lie group,and ] a finite-dimensionalvectorspace.A <�aDdc<la h a��c� ��� ���	�;��� 
 �b� ] is
definedasacontinuoushomomorphismV�(*
¡
 GL �D]J� . Becauseeverycontinuoushomomorphism
betweenLie groupsis real-analytic,onemay aswell require V to be real-analytic.Anotherway of
sayingthis is that V definesa real-analyticactionof 
 on ] by meansof lineartransformations.The
adjointrepresentationis a representationof 
 in its own Lie algebraÑ , this examplewe alreadyhave
metnumeroustimes.

If � is a manifold,and �Ã(â�������?��o 
 �.������������(â
�+9�:
 � is a C2 actionof 
 on � (with
0 3T4!396 ), then,for eachK0" C2 ���0� , thefunction �.��������K��J(n�&o
 K���� ^ 1 ��� is anotherC2 function
on � . Themapping�������J(pK$o
��.��������K�� is a linearmappingfrom C2 ���'� ontoitself. Furthermore,
themapping�)(*������K���o
�����������K�� is continuous:
,+ C2 ���0��
 C2 ���'� .

Becausesuchinducedactionsonfunctionspacesform acentralthemein thetheoryof representa-
tions,andbecause,at leastfor compactgroups,thedifferentiablestructurewill not beusedfor quite
sometime,thedefinitionof arepresentationhasbeengeneralizedin thefollowing way. A �b�8d���e��	CK�k����eCA<>�KB8d is a group 
 that at the sametime is a Hausdorff topologicalspace,in sucha way that the
multiplication: ������/���o
��?/ , andtheinversion: �yo
���^ 1, is continuous:
7+'
�
 
 , and 
¡
 
 ,
respectively. If ] is a topologicalvectorspace(which usuallywill be locally convex andcomplete),
thena <�aDdc<la h a��c� �i� ���	���	�[� @Aa_�k��d���e8��CA�b����eÓCA<>�AB�d 
 �b�\� @Aa_�b�8dÎ�	e��	CK�k����eHwpa����b�	< h dc����a ] isdefinedasahomo-
morphismV�(?
,
 GL �s]�� , suchthatthemapping: �������Ó��o 
 V������������ is continuous:
�+�]¡
 ] .
Wewill alsowrite ]7�F] � .

An exampleis providedby theactionof 
 on C �s
E� (or CÙ��s
E� , thespaceof compactlysupported
continuousfunctionson 
 ), inducedby the actionof 
 on itself by left and right multiplications
respectively. Thesearecalled the eka��p� and <l�bCA@?�*<�a�CcB�ek��<u<lasd?<�a h a��?� �i� ����� of 
 , denotedby L and R
respectively. (Note that theactionof 
 on itself by right multiplication is givenby ���������Jo
 �H� ^ 1,
so the inducedactionof the function spaceis given by ������K��ão
 ���To
 K����H��� .) Onehasalsothe
representationof 
�+7
 on C �s
J� , inducedby theleft-right actionof 
�+7
 on 
 .

A representationV of 
 in a complete,locally convex, topologicalvector space ] is called�b<�<la�|cB	����=	eba if thereare no V»�s
E� -invariant, closedlinear subspaces§ of ] , other than § � 0 or
§î�W] . (A subspace§ is said to be V»�s
J� - �b�Hw>��<��b���c� if V»�������D§��#M�§ , for every ��"�
 .) The
representationis saidto be �i�	z�d?eba�� a�e f!<la�|cB�����=	eba if, for every V��D
E� -invariant,closedlinearsubspace
§ of ] , thereis anotherV��D
E� -invariant,closedlinearsubspace§ v of ] , suchthat ]0�Ã§#ý�§ v . Note
thatall linearsubspacesof ] areautomaticallyclosed,if ] is finite-dimensional.

TherepresentationsÈ (�
�
 GL �D§�� and ° (*
�
 GL �s]�� respectively aresaidto be a ` B��lw>��eba��?�
if thereis a topologicallinearisomorphism§ from § onto ] , suchthat §#  È �����}� ° ���?�³ �§ , for all
�$"$
 , thatis,

§ 4 øûù~ú¬X¬�¬U
 §
Ø � � Ø
] º øûù~ú¬X¬�¬U
 ]

1

Theequivalenceclassof therepresentationV will bedenotedby
Ü
V_Þ . Thesetof equivalenceclasses

of irreduciblerepresentationsof 
 is calledthe |cB	��e 
 of 
 .
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If therepresentationV�(*
�
 GL �s]�� is finite-dimensional,then

± � (Q�&o 
 tr V»�����
is a continuous,conjugacy-invariantfunction (classfunction) on 
 , calledthe ��@A��<������ a�< of the rep-
resentation.Note that ± � � 1�Ý� dim ] , called the |K�kz%a�� h ���	� d� of the representationV . Clearly,
± 4 ��± º if È , ° areequivalentfinite-dimensionalrepresentationsof 
 .

We arenow readyto formulateour goalsregardingtherepresentationtheoryof a compact topo-
logical group 
 . We will restrictourselveshereto complexrepresentations,thatis, homomorphisms
from 
 to thegroupof complex lineartransformationsof acomplex vectorspace] , becausefor those
theformulationis somewhatsimplerthanfor therealones.

(i) 
 carriesa unique left-invariant measure: K o 
 ñ K������F�X� , such that ñ �X�Ð� 1. It is
automaticallyright invariant,andis alsocalled �Kwpa�<l��CK�b�ACÝ�nwpa�< 
 .

(ii) Every irreduciblerepresentationV of 
 is finite-dimensional.ThePeter-Weyl theorem states
thatthecharactersof theirreduciblerepresentationsof 
 form acountableorthonormalbasisof
theHilbert spaceof square-integrable,complex-valued,conjugacy-invariantfunctionson 
 . In
particular, inequivalentirreduciblerepresentationshavedifferentcharacters(actuallyorthogonal
to eachotherwith respectto the L2-innerproductin thefunctionspace).

(iii) Let È bearepresentationof 
 in thecomplete,locally convex, topologicalvectorspace§ , and
let V bean irreduciblerepresentationof 
 . The V -� h �A� fKdc�b����e h BK= h dc����a § � of § is definedas
thesumof all d� -dimensional,È �D
E� -invariantlinearsubspaces] of § , suchthat �&o 
 È ������I �
is equivalentto V . Then

� � ( � d� ñ ± � ��� ^ 1 � È �����F�*�
is a continuouslinear projectionfrom § onto § � . The § � , for

Ü
V_Þ®" 
 , areclosedlinear

subspacesof § , andtheir sum
§ fin � < ��= �?>ñ §

�

is direct. It is an immediateconsequenceof the Peter-Weyl theoremthat § fin is densein § .
The space§ fin is also equalto the spaceof 
 - Í*�A��� a®wpa����b�	< h in § , that is, the Í�"�§ such
that the È ������Í , for ��"N
 , spana finite-dimensionallinear subspaceof § . Finally, if § � is
finite-dimensional,thenit canactuallybewritten asa direct sumof copiesof V ; thenumber,
dim § � S d� , of theseis calledthe zyB	e�� � dceb�b����� f

Ü È (QV�Þ of
Ü
V_Þ in È .

(iv) For the right regular representationR in C �D
E� (or in L2 �s
E� ), themultiplicity of
Ü
V�Þ%" 
 in

R is equalto d� . The V -isotypicalsubspace� � is alsoequalto the V ø -isotypicalsubspacefor
theleft regularrepresentationL of 
 in C �s
E� . Here VÓø®(n�&o
�V���� ^ 1 � � (*
�
 GL �s] �� � is the�i�	�?� <l��CA<la�|K�ka��c� or |?B	��e representationof V . Thespace� � is irreduciblefor theleft-right action
of 
�+�
 on C �s
E� . By (iii), thedirectsum ����ý < ��= � >ñ � � , which is orthogonalwith respect
to the L2-innerproduct,is densein C �s
E� . Thespace� of functionsof finite typeis alsocalled
the h dc����a����Hz%��� <l��j_����a���Í����ka��?� h . If � is aclosedsubgroupof 
 , thenthe V�ø -isotypicalsubspace
of C �s
�SU�$��� C �s
E� ë is thespace� ë� of R ���$� -fixedelementsin � � ; sothemultiplicity of
VÓø in C �s
JSU�$� is 3 d� . Thedecomposition

C �s
JSU�$��� < ��= ��>ñ �
ë� c
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is called the @ �KB	<l�ka�<u|Aa��i�	z�dÎ� h �8� ���	� of the homogeneous
 -space
JSU� ; the elementsof the
� ë� hereplaytheroleof theharmonicoscillationsin theclassicalFourierdecompositionof the
functionson thecircle, thatis, theperiodicfunctionsonR.

(v) Thecompactgroup 
 is aLie groupif andonly if it hasnoarbitrarilysmallsubgroups.If this is
thecase,then 
 hasthestructureof arealaffinealgebraicset,with thematrixcoefficientsof the
finite-dimensionalrealrepresentationsasthereal-valuedpolynomialfunctionson 
 . With this
structure,themultiplication,andinversion,isapolynomialmapping: 
×+y
�
 
 , and 
¡
 
 ,
respectively, making 
 into a <la���eH���÷Í*�Aa_��ebCAai=	<l���b�_CA<>�KB8d . It hasa natural����z�dceba�jK�kÍ*���i� �8��� 
 C,
and thesecomplexifications of the compactLie groupsare preciselythe so-calledreductive
complex affinealgebraicgroups.

(vi) Foraconnected,compactLie group 
 , theconjugacy-invariantfunctionsaredeterminedbytheir
restrictionsto amaximaltorus É in 
 . TheWeyl character formula is anexplicit formulafor
therestrictionsto É of thecharactersof theirreduciblerepresentationsV of 
 ; andanexplicit
formula for the dimensionsd� �¢± � � 1� follows. The irreduciblerepresentationsthemselves
maybeconstructedby meansof a complex structureon 
JSâÉ , which is calleda ú*��C%z%���A�b�p��eb|
associatedwith 
 .

0.6.2 Weyl’s Character Formula

In this section, 
 is a connected,compactLie group.

Fix amaximaltorus É in 
 , with Lie algebraequalto themaximalAbeliansubspaceÑ of Ñ . Every
elementof 
 isconjugatetoanelementof É , cf. Theorem0.4.10.Becausecharacters± � of irreducible
representationsV of 
 areconjugacy-invariantfunctionson 
 , ± � is determinedby its restrictionto
É .

For thedeterminationof ± � I � , we startwith theobservationthat VãI � (iruo
 V»��rD�\([É£
 GL �s]��
is a finite-dimensionalrepresentationof É , which is a direct sumof finitely many one-dimensional
representations,with characters1 A®(QrÎo 
�r7A . Here
 isalinearform: ÑÎ
$� R, suchthat
\�#B.�JM 2V�� Z,
whereB denotesthelatticekerexp I t in Ñ . By a slight abuseof notation,we will usetheletter 
 both
for sucha linearform andfor (theequivalenceclassof) thecorrespondingirreduciblerepresentation
of É , alsocalleda Ï�a��bCA@?�H�	� É . Thesetof these
 will accordinglybedenotedby É . Sowehave

± � ��rD���
A ��>�

ª A r A � for rJ"$É}� (45)

wherethesumis only overfinitely many of the 
�" É , and

ª A ( �
Ü
V%I � (�
�Þ

is apositive integerfor eachof theoccurring
�" É , the z!B	e�� � d?eb�k���8� f of 
 in V .
The next observation is that N �sÉ�� , the normalizerof É in 
 , actson É by conjugation; so the

function ± � I � on É is invariant under the action on É of the Weyl group è � N �sÉ��sSâÉ . Now
² � �s1 A����î1 õDC ø A ú , whereon the right handsidewe have usedtheactionof ²;"mè on Ñ � . The identity
± � I � ��² � ��± � I � � thereforetakestheform

A � >�
ª A r A � A � >�

ª A r õ C ø A ú � A � >�
ª¢õ ó A r A �
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wherewehavewritten ²� �
£�F��²�^ 1 � � �:
�� for thenaturalactionof ² on theweightsof É . Becausethe
r7A , for 
¥" É , arelinearly independent(they form an L2-orthonormalsystemof functionson É , as
canbeverifieddirectly),weconcludethat

ª õ ó A �Hª A � for all ²."�èx�E
�" ÉJ1 (46)

Thethird andlastfactabout± � thatwill beusedis thattheirreducibility of V implies

ñ ± � ����� ± � �����F�?�y� 1 �
this follows from the orthogonalityrelationsfor characters.Applying to the left handsideWeyl’s
integral formula(43) for conjugacy-invariantfunctions,weget

� "���rs� "���rD�X± � ��rD� ± � ��rD�F�crÎ� # ��è$�Ry (47)

or ,�ÊE��ÊF-�� # ��è#� , if wewrite
Ê'( �%"���± � I � ��1

Here
"���rD���%" æ ��rD��� áC��æ � 1 ¬xr ^

á ��� (48)

for a choice ç of positive roots, which we assumefixed from now on. Note that for eachroot
ü , the mappingr.o
 r á is a characterof É , namelythe oneof the one-dimensionalrepresentation
rEo
 � Ad rD��I g G . In otherwords,eachroot is a weightof É . It is alsoclearthat theweightsform an
additivesubgroupof �¸Ñ � . Combiningthiswith (45),weget

Ê»��rD���
A ��>�

� A r A y

hereagain the sumis finite, and � A " Z, for all 
Ã" É , althoughthis time we expectalsonegative
integers.Usingthat thecharactersof É form anorthonormalsystem,we seethat(47) now takesthe
form

A � >�
� A 2 � # ��è#��1 (49)

Becausethe � A 2 arenonnegative integers,notmorethan# ��è#� of themcanbenonzero.

In orderto understandtheconsequencesof theWeyl groupinvarianceof ± � I � for thecoefficients� A , weneedto investigatehow " æ behavesundertheactionof ²."�è .
If ² is givenby conjugationwith �#" N �sÉ�� , then,by definition,

��²� �"�æ[����rD���%"�æ���² ^ 1 ��rs�D���H"�æ���� ^ 1 rD�?��1
Now Ad ��� ^ 1 rD����� Ad � ^ 1   Ad rc  Ad � actson Ñ�á asmultiplicationby thesamescalarasAd r does
on � Ad �����bÑ á ����Ñ õ ó á , which is equalto r õ ó á . So ²� �" æ �I" õ ó æ . Herewe have usedthe following
generalfact. If ¦é" Aut Ñ , and ¦Ý�ºÑD�J�ûÑ , thenwe have, for any Úì"^Ñ , Û�"®Ñ�á , that

Ü
ÚÝ�A¦��sÛÖ�XÞ��

¦Ý�
Ü
¦�^ 1 ��Ú����KÛ�Þ����ê¦Ý��üu�s¦J^ 1 ��Ú.�D��ÛÖ�}�Püu�s¦J^ 1 ��Ú��s��¦��sÛÖ� . Or, with theusualnotation �D¦J^ 1 � � ��ü��}�

¦Jü ,
¦Ý�bÑ á ���,Ñ � á 1
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Because²� ~R¡��R , and R is equalto thedisjointunionof ç and ¬¢ç , cf. (24),wegetthat ²� �ç is
equalto thedisjoint unionof çxË5²� �ç and ¬���ç-m�²» �ç�� . It follows that

"�õ ó æ���rs���%"�æ���rD� áC��æ  õ ó æ
1 ¬xr á
1 ¬xr ^ á 1

Now
1 ¬xr á �F¬�r á � 1 ¬xr ^ á ��� for ü9"&RÝ�

so
" õ ó æ ��rD���%" æ ��rD�â�s¬ 1� #ø æ  õ ó æ ú r7J ø õ ú � where ����²���� áC��æ  õ ó æ üÎ1

On the basisof Corollary 0.4.16,one may show that ² ^ 1 can be written as a compositionof
# ��ç-mJ²� �ç�� many reflectionsin root hyperplanes.Becauseeachof thesereflectionshasdeterminant
equalto ¬ 1, it follows that �D¬ 1� #ø æ  õ ó æ ú � det ² ^ 1 � det ² .

A neatexpressionfor ����²�� canbeobtainedby introducing

69( � 1

2 áC��æ üJy
theso-called@K��eb��� @Ka h B�zÐ�	��� @KaÖd�� h ��� �lwpa�<p�K�A� h . Theideais that

²» �65� 1

2 áC��æ ²» 	ü®�
1

2 ù ��õ ó æ Â#�
1

2 áC��æ ~ õ ó æ ü;¬ áC��æ  õ ó æ ü �H6;¬c����²����
or ����²����H6;¬x²� �6 . Ourdesiredtransformationformulafor "�æ now takestheform

��²� �" æ ����rD��� det ²Jr 8 ^ õ ó 8 " æ ��rD��� for ²."�èx1 (50)

Remark 0.6.3. The exampleof SO� 3� shows that the linear form 6 is not alwaysa weight of É .
However, the 6y¬×²� 76 , for ²."�è , alwaysareweightsof É , andweshallonly usetheseif weconsider
functionson É . ✰

TheWeyl groupinvarianceof ± � I � impliesthat(50)holdswith " replacedby Ê , thatis,

� � >� � � r
õ C ø � ú ��²R�Q��ÊÖ��� det ²%r 8 ^ õ C ø 8 ú Ê$� det ²

A � >�
� A r A D 8 ^ õ C ø 8 ú 1

Substituting² � �YýX�_�K
 t 6#¬T² � �#6�� , or ý!�Ð²\ �
 t ²\ �6#¬06 , andusingthelinear independenceof
the 1 A , for 
�" É , weget

��õ ó A D õ ó 8 ^ 8 � det ²1� A � for 
�" ÉE��²."�è-1 (51)

In otherwords,thecoefficients � A behave in anantisymmetricwayunderthe h @A�b�>� a�|������ �8���
��²K�E
���o
�²» E
 t ��²» E6;¬L6��

of theWeyl group è on thelattice É of weightsof É .
A weight 
 of É is called a Ï�a��kCK@c� of V , if ª A �� 0. Let us, temporarily, say that ©Ã" É

is a @A�bCA@Ka h ��Ï�a��bCA@?� of V , if it is a weight of V , and if 
 " É is not a weight of V , whenever
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N�"© t ���7M%� , with M a nonvoid subsetof ç . Herewe have written ���7M%�E� áC��N ü . Laterwe
will give equivalentcharacterizationswhich agreemorewith the conventionaldefinition of highest
weights,seeProposition0.6.8.

Becausethesetof weightsof V is finite, andtheconvex conein �¸Ñ � generatedby ç is proper, cf.
(27), thereexistsat leastonehighestweight © . Otherwisewecouldcontinueaddingnonzerosumsof
positive rootsto weightsof V , leadingto infinitely many differentweightsof V .

Workingout theproductin (48),weget

"Cæ}��rD��� N�OFæ �s¬ 1� #ø N ú r ^ J ø N ú � or ÊE��rD���
A O N
�s¬ 1� #ø N ú ª A r A ^ J ø N ú �

or, comparingcoefficients,
� � � N �D¬ 1� #ø N ú ª � D J ø N ú 1

Againusingthattheconvex conegeneratedby ç is proper, theonly possibilitythat ���7M%��� 0 is that
M is void. Thismeansthat ��P_�9ªQP , if © is ahighestweight.

Furthermore,if ²$"mè , and ²% �© t ²� ?6-¬R6'� © , thenthe fact that ª õ ó P � ª P M 0, cf. (46),
impliesthat 65¬x²E �6®������ç#m_²» �ç���� 0. Thatis, ²E �ç'�"ç , or ²J� 1, becausetheWeyl groupacts
freely on thesetof Weyl chambers.It follows thattheshiftedactionof è is freeon © ; or theorbit of© has# ��è#� many elements.Applying (49)andthesentencefollowing it, combinedwith (51),wefind
that � P 2 � 1, or � P �9ª P � 1, and �5�_� 0, if ý is not in theorbit of © for theshiftedWeyl groupaction.
Wehaveproved:

Theorem 0.6.4 (Weyl’s character formula). For each irreduciblerepresentationV of 
 , there is
exactlyonehighestweight ©;" É , which hasmultiplicity equalto 1. At rJ"$ÉYËT
 reg, thecharacterof
V is givenby theformula

± � ��rD��� õ���ð det ²Jr õ ó P D õ ó 8 ^ 8
áC��æ � 1 ¬-r ^ á � 1 (52)

Remark 0.6.5. If V is thetrivial representation,then ± � � 1, ©Ý� 0, so(52) thenyields

" æ ��rD�J( � áC��æ � 1 ¬-r ^
á ��� õ���ð det ²Jr õ ó 8 ^ 8 � for r�"$Éu1 (53)

If we substituter�� exp Ú , for Ú¤"�Ñ , andmultiply the numeratorandthe denominatorin (52)
bothby e8 ø 0 ú , usingtheformula(53) for thedenominator, thenweget

± � � exp Ú���� ¦ P D 8X��Ú��
¦S8H��Ú�� � for ÚÃ" exp̂ 1 �s
 reg �³ËTÑ�� (54)

wherewehavewritten, for any ý5"ßÑ �C,

¦ � ��Ú���� õ���ð det ² eõ ó � ø 0 ú � for ÚÃ"ßÑ	1
The advantageof this form is that the functions ¦S� areobviously è -anti-invarianton Ñ , the slight
disadvantageis thatthenumeratoranddenominatorin (54)onlyarethepull back(undertheexponential
mapping)of single-valuedfunctionson É if 6 is aweightof É . ✰
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Theorem 0.6.6(Weyl’s dimension formula). If the irreduciblerepresentationV of 
 hashighest
weight © , thenits dimensionis givenby

d� ��± � � 1���
A � >�

ª A � áC��æ
,�ü��C© t 69-
,�üÎ�E69- � áC��æ

�Z© t 6�����ü ø �
6_��ü ø � �

where ,D1b�A1 - denotesany è -invariant inner productin �¸Ñ � . If ¾%� 0, then G
Ü
V�Þã" 
 I d� 3N©#L is a

finitesubsetof 
 , for each ©¤M 0.

Lemma 0.6.7. Supposethat there is only onepositiveroot ü for thegroup 
 . If V is an irreducible
representationof 
 with highestweight © , then Tu( �9©â��ü ø �J" Z 1 0, and

± � ��rD���
U

2 : 0

r P ^ 2 á 1

Returningtoourgeneralconnected,compactLie group 
 , letusbeginbyobservingthatfor any root
ü , we have exp2VÓ�Dü�ø�� 1, cf. Theorem0.4.14.(iv). Hence,if 
N" É , we have 1 �Ã� exp2VÓ�Dü�øH�'A��
eA ø 2� I¼áEV ú � e2� I A ø á�V ú , or


\��ü ø �J" Z � for every 
N" ÉE��ü9"&RÝ1
If 
�" É , and ü9"&R , thenthe ü -ek��|A|Ka�<c�l<p��z 
 �b� ²�á?
 is definedastheset

GW
'¬x4Aü9In4Y" Z � 0 394!3X
\��ü ø �HL��
if 
\��ü�øH�J« 0; andasthesamesetwith ü replacedby ¬�ü , if 
ã��ü�øH�1¡ 0. FromLemma0.6.7,wenow
get:

Proposition 0.6.8. (i) Let V bea finite-dimensionalrepresentationof 
 , andlet 
 bea weightof
V . Then,for anyroot ü , the ü -ladderfrom 
 to ²�á?
 consistsof weightsof V .

(ii) If V is irreduciblewith highestweight © , then ©â��ü�øH�J« 0, for all positiveroots ü .

(iii) For a weight © of V , thefollowingconditions(a)–(c)areequivalent:

(a) © is thehighestweightof V .

(b) If ü9"�ç , then © t ü is nota weightof V .

(c) For anyweight 
 of V , wehave
9�9©y¬ áC��æ ¨ á ü , for somë á " Z 1 0.

Remark 0.6.9. Becauseeachirreduciblesummandof VãI ë yieldsits own ü -ladder, andthe ü -ladders
areeitherdisjoint (andparallel),or stackedontopof eachotherwith theirmiddlesat thesamepoint in�¸Ñ � , it follows thatthemultiplicitiesalongan ü -ladderform asymmetricfunctionunderthereflection
² á , whichmoreover is monotonouslynondecreasingtowardsthemiddlepoint. ✰
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In É , oneintroducesa dc��<p� �b��e[�	<l|Aa�<��b�ACZY by writing 
 Y ý if andonly if 
£�HýÝ¬ á���æ ¨FáUü , for
somëpá$" Z 1 0. Thepropertythat 
 Y ý and ý Y 
 canonly happenif 
���ý ; this follows from
thefactthattheconvex conegeneratedby ç is proper, cf. (27). Thecustomarydefinitionis to call a
weight © of É a @K�kCK@Aa h �AÏÎa��bCA@?� of V , if it is amaximalelementof thesetof weightsof V , with respect
to thepartialorder Y ; this is just condition(c) in Proposition0.6.8.(iii).

A weight 
 of É is called |?�	z%�b�K���?� if 
\��ü�øH�y« 0, for all ü)"¿ç . That is, if 
 belongsto the
closureof thepositiveWeyl chamberGW
�"a�¸Ñ � I�
ã��ü�øH�1M 0 � for all ü9"�ç®L in �¸Ñ � , with respectto the
dualroot systemof the ü�ø , ü9"&R , cf. thediscussionfollowing Corollary0.4.16.

Wenotethatif © is dominant,then ²E  © Y © , for all ²."�è , whereasconverselytheconditionthat
²�á� P© Y © , for all ü9"&¯ , alreadyimpliesthat © is dominant.This is theorigin of thename“dominant”.

Thefollowing theoremcontainsaconverseto Proposition0.6.8.(ii).

Theorem0.6.10. Themappingthatassignsto each irreduciblerepresentationof 
 its highestweight,
inducesa bijectionfrom 
 ontothesetof dominantweightsof É .

With a slight abuseof notation,we shall write
Ü
V_Þ»�

Ü
V»�Z©*�DÞ , and ± � �¢± P , if © is the highest

weightof V . That is, ±[P is theconjugacy-invariantfunctionon 
 , whoserestrictionto É is givenby
theright handsidein (52).

Remark 0.6.11. Using an Ad 
�� Ad Ñ -invariantinner producton Ñ , we get an identificationof Ñ
with ��Ñ � M�Ñ �C, which intertwinestheadjointactionwith the ������|�qA���b�c� (that is, thecontragredientof
theadjoint)actionon Ñ �C. Underthis identification,Ñ is mappedto a linearsubspaceof ��Ñ � , whichcan
beidentifiedwith �¸Ñ � . Theadjointorbitshaveauniqueintersectionpointwith theclosureof theWeyl
chamber;thisimpliesthateachcoadjointorbit in ��Ñ � hasauniqueintersectionpoint © with thedominant
chamberin �¸Ñ � . In thisway, onemaythinkof theequivalenceclassesof irreduciblerepresentationsof 

asbeingparametrizedbycertaincoadjointorbits,apicturethatis lessdependentonchoicesof maximal
Abelian subspacesandWeyl chambers.In the Borel-Weil theorem,representationsareconstructed
in eachequivalenceclass,in termsof geometricdatarelatedto the coadjointorbits (which may be
identifiedwith the spaces
JS³
 P ). It is a dc@K�ke�� h �8d?@�f9��� Ý]\ Ý]\�ê �k<l�beke��nw that, in very greatgenerality,
irreduciblerepresentationsof Lie groupsareparametrizedby, or evenconstructedgeometricallyfrom,
coadjointorbits. ✰
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