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GROUPACTIONS
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(1) | Th  June 3| [LG]: Sectionsl.11,2.1-2.5
(2) | Fr  June 4 | [LG]: Section.6- 2.8
(8) | Mo June 7 | [LG]: Sections3.0- 3.4

(1) | QuotientsPropergroupactions,Bochners LinearizationTheorem Slices Associatediber
bundles,Smoothfunctionson the orbit space

(2) | Orbittypesandlocal actiontypes,Thestratificationby orbit types,Principalandregularorbits
(3) | Introduction,CentralizersTheadjointaction,Connectednessf stabilizers,The groupof
rotationsandits coveringgroup

For smoothactionsof a compact_ie groupon a smoothmanifold, or slightly moregenerallyfor
properLie groupactions,very detaileddescriptionsanbegiven of the orbits, theactionin a suitable
invariantneighborhoodf an orbit, the decompositiorof the manifold into orbit types,the spaceof
invariantsmoothfunctions,andvariousotheraspect®of the action.

The local action, in a suitableinvariant neighborhoodf ary given point, is isomorphicto the
actionon associatedrectorbundles,which is describedentirely in termsof the Lie groupitself, the
stabilizersubgroupof the point, andalinearrepresentationf this stabilizersubgroup It is atheorem
of Schwarzthatthealgebraof smoothfunctionswhich areinvariantundersuchalinearrepresentation
is generatedby finitely marny homogeneoupolynomials.This leadsto alocal descriptionof the orbit
spaceasasemi-algebraiwarietywith a conicsingularity Thesefeaturef actionswill beusedin the
courseSymmetryn Mecdhanics

Particularexamplesarethe actionsby conjugationof acompactie grouponitself andonits Lie
algebra.The theorythenleadsto the structuretheoryof compactLie groupsandtheir Lie algebras,
including the descriptionof the maximal tori, roots and root spacesthe Weyl group and Weyl's
integrationtheorem. Seealsothe courseStructue Theoryof Lie Groupsand Lie Algebras. Another
exampleariseswhenthestabilizergroupis trivial. Whentheorbit spacds smoothwe have aprincipal
fiber bundle,which appearsn the courseAnalysison Principal Fiber Bundles

Thereis acloserelationbetweerpropersmoothactionsandalgebraiactionsof reductive comple
algebraicgroupson comple affine varieties but therewill probablynot be enoughtime to work this
outin detail.



0.1 GroupActions: First Lecture

0.1.1 Group actions

Definition 0.1.2 An action of agroupG onasetM is ahomomorphism from G to the groupof
bijective mappings:M — M. Writing

A@x)=A(g.x)=g-x (g€G xeM), 1)
we canalsodescribeheactionof G on M asamappingA : G x M — M suchthat
A(gh,x) = A(g, A(h,x))  (g,h € G,x € M). (2)

If G isalie groupandM a CF manifold,with 1 < k < w, thena C* action of G on M is anaction
A thatis C* asamapping:G x M — M. For eachx € M, the orbit through x for theactionA is
definedastheset

AG)x)=G-x={A@gQ)(x) | g€ G} C M. 3)

O

Therelationy € G - x is an equivalencerelationin M, which partitionsM into orbits. If R is
an equvalencerelationin atopologicalspaceM, we denoteby M/R the setof equivalenceclasses
andby 7 : M — M /R the canonicalprojectionwhich assigngo eachx € M its equivalenceclass
{y e M| (x,y) € R}. DefiningasubsetV of M/R to beopenif andonly if #=1(V) is openin M,
we getatopologyon M /R for which i is continuous Actually thisis thestrongestopologyon M /R
with this property andit is calledthe quotient topology on M/ R. Thequotienttopologyof M /R has
theHausdorf propertyif andonly if R is aclosedsubseof M x M.

Thecollectionof orbitsis calledthe set-theoretic quotient G\M of M undertheactionA of G on
M. Thesurjective mapping
T:x—>G-x:M— G\M

is calledthe canonical projection. Evenfor analyticactionsof Lie groupsonanalyticmanifoldsit may

happerthatthe quotientG\ M cannotbe providedwith the structureof a Hausdorf topologicalspace
makingthe canonicalprojectioncontinuous.In certainalgebraicsituationsoneavoidsthis by taking

asa quotientthe spaceof closedorbits. However, in this sectionwe will restrictourselesto actions
which aresonicethatthe set-theoretiquotientspacecanbe providedwith the structureof a smooth
manifold, makingthe canonicalprojectioninto a smoothfibration,seeTheorem0.1.6below.

Exercise0.1.3. Theaction(z, (x1, x2)) — (x1+1x2, x2) of (R, +) onR? is anexamplewith all orbits
beingclosed. For eachxs, x; € R, ary two invariantneighborhood®f (x1, 0) and(xz, 0) intersect
eachother makingthe quotienttopologya non-Hausdofftopology O

Definition 0.1.4 Theactionis saidto be transitive if M is anorbit, thatis, if thereisanx € M such
thatfor eachy € M wehavey = g - x, for someg € G. In thiscaseM is alsocalleda homogeneous
space.

A subsetN of M is saidto be invariant under the action A or G-invariant if g - y € N, whene&er
g€ G,y e N.Thatis, A(G x N) C N, thentherestrictionof A to G x N definesanactionof G on
N, calledtherestriction to N of the action of G on M.
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Foreachx € M,
Gi={geG|lg-x=x}

is clearlya subgroupof G, calledthe isotropy group of theactionatthe pointx, or the stabilizer of x
undertheaction. Themapping
A ig—> A@KX):G—> G -x 4

is surjective, by thedefinitionof G -x. Ontheotherhand,A(h)(x) = A(g)(x) if andonlyif g~'h € G,,
thatis, h € gG,. Thisshavsthat A, isinjectiveif andonly if G, = {1}; in this casetheactionis said
to befree at x. Theactionis saidto be free if it is freeatx, for every x € M, thatis, if eachorbitisin
abijective correspondenceith G by meanf themappingsA,, with x € M. O

Let H beary subgroupf G. Then
h L(h):x+— hx, and  h+— RA)1:ix— xh L (5)

defineafreeactionof H on G, calledthe action from the left, andthe right, respectiely, of H onG.
Theorbitsarethe Hx (thatis, theright cosetequaltherighttranslate®f H), andthex H, respectiely,
with x € G (thatis, theleft cosetsequalthe left translateof H in G). The correspondingjuotient
spacearedenotedy, respectiely,

H\G={Hx|xe G} and G/H={xH|xeG}

Theremarkfollowing (4) shaws thatthe fibersof A, : G — G - x arejustthe cosetsgG,, for
g € G, andthereis a uniquebijective mapping

B,:G/G,— G -x, G A G-x (6)

G/G,

suchthatA, = B, o «, if # denoteghe canonicaprojection:G — G/G,.
Exercise0.1.5. As afurtherexercisewith the definitions,we notethat,for any subgroupH of G,
g+ (xH — gxH) (g,x € G),

definesatransitive actionof G on G/ H, with isotropy groupat1H equalto H. (Theisotropy group
atxH € G/H is equalto x Hx~1.) This shavs thatevery subgroupH of G is equalto theisotropy
group,atsomepoint, of someactionof G.

Finally, we recallthatthe product

(xH)-(yH)=xy)H  (x,y€G),
in G/H is well-definedif andonly if H is a normal subgroup of G, thatis,
xHx '=H (x € G).

ThismakesG/H = H\G into agroup. The canonicalprojectionG — G/H is agrouphomomor
phismwith kernelequalto H. Becaus¢hekernelof everygrouphomomorphisnis anormalsubgroup,
this shavs thatthe normalsubgroupsare preciselythe kernelsof grouphomomorphismérom G to
someothergroupG’. In Corollary0.1.10we shallseethatif G is aLie group,thentheclosednormal
subgroupsare preciselythe kernelsof homomorphismef Lie groupsG — G’, with G’ someother
Lie group. O



Until now we have only discussedomeset-theoreticadjeneralitiesaboutgroupactions.We now
turn to their topologicaland smoothnesproperties. Recallthat a continuousmapping® from a
topologicalspacel/ to atopologicalspaceV is saidto be proper if ®~1(K) is compacin U for every
compactsubsetk of V. If U andV areHausdorf, thisimpliesthat ®(C) is closedin V for every
closedsubsetC of U. A continuousactionof atopologicalgroupG onatopologicalspaceM is said
to bea proper action if

(g,x)—~ (g-x,x) Iisapropermapping: G x M — M x M.

For a propercontinuousaction,the guotienttopologyon the orbit spacehasthe Hausdorf property

Theorem 0.1.6 Let G bea Lie group, M a C* manifold,for k > 1, and A a C* actionof G on
M thatis proper and free Thenthe orbit spaceG\M hasa uniquestructuse of a C* manifold, of
dimensiorequalto dim M — dim G, with thefollowing properties.If 7 : M — G\ M isthecanonical
projectionx — G - x, thenfor everypointin G\ M thereis an openneighborhoodS in G\M anda
C* diffeomorphism

Tix > (x(x),s@) 7 XS > G x S, M<~—74%5">GxS

sud that, for x e 77(S), g € G, wehaves(x) = n(x) = G - x, SO

x> (x(x),G-x) and t(g-x) = (gx(x),s(x)), ie. 8- X——> (gx(x),G-x).
G.x G'x

Thetopolagy of G\ M is equalto the quotienttopolagy.

The t in Theorem0.1.6arelocal trivializationsmakingz : M — G\M into a C* fiber bundle;
they alsotranslatethe actionof G on M into theleft actionof G onthefirst componenin G x S. If
o : 7 XT) — G x T is anothersuchtrivializationthenwe have

Too t:(g,x) > (80(x),x):Gx(SNT) —> G x (SNT), (7)

for a C* functiong : SNT — G. A fiberbundle M with aLie groupG asfiber andretrivializations
T o o1 asin (7), is calleda principal fiber bundle with structure group G. Oneverifieseasilythatthe
left G-actionsonthefirst factorin thetrivializationsG x S induceanactionof G ontheprincipalfiber
bundlethatis properandfree,with thefibersastheorbits. In thisway having a properandfreeaction
of G on M is equialentto sayingthat M is aprincipalfiber bundlewith structuregroupG.

Below, we shalldropthe hypothesighatthe actionis free andinvestigategeneralproperactions,
with applicationgo thestructureof compactLie groups.Later, in thestudyof noncompactie groups,
we shallalsohave to dealwith Lie groupactionswhich areneitherpropernor free.

In thefollowing we fix somenotationconcerning.ie groups.



Definition 0.1.7. Let G beaLie group. In orderto detecta possiblenoncommutatiity of G onthe
infinitesimallevel atl (thatis, in termsof finitely mary derivativesat1), wehavetoturnto second-order
derivativesat 1. This canbedoneasfollows. Write, for eachx € G,

Adx:yr xyx 1, (8)

for the conjugation by x in thegroupG. Noncommutatiity of G meanghatAd x is notequalto the
identity: G — G, for eachx € G. BecausgAd x)(1) = 1, thetangentmappingof Ad x atlis a
linearmapping

Adx := Ti(Adx):g — g,

calledthe adjoint mapping of x, or the infinitesimal conjugation by x in g. Because
Ad(ab) = (Ada)o (Adb)  (a,b € G),
anapplicationof the chainrule for tangentmappingsshavs that
Ad(ab) = (Ada)o (Adb)  (a,b € G),

aswell. Thatis, themapping
Ad:x+— Adx:G — GL(g)

is ahomomorphisnof groups;it is calledthe adjoint representation of Ging = T1 G.

CRae G "%~ GL(g)
WPT T!ﬂp e(pT Te(p
Ad x ad .

g =4 g——=Lin(g, 9)

Thenext stepis to obserethatAd : G — GL (g) is a C! mapping.Soagain we cantake thetangent
mappingat 1, andwe obtainalinearmapping

ad:= T;Ad : g — Lin(g, g),

if we identify thetangentspaceat | of theopensubseGL (g) of Lin(g, g) with Lin(g, g), asis usual.
ForeachX,Y e g,
[X,Y]:=@dX)(Y)eg (9)

is calledthe Lie bracket of X andY. Theconditionthatadis alinearmappingfrom g into Lin(g, g)
justmeanghat
X, )~ [X,Y]l:gxg—g

is abilinearmapping;henceit canbeviewedasa productstructureturning g into analgebraover R.
Thetangentspaceg = T; G, providedwith theLie braclet (9) asthe productstructurejs called
the Lie algebra of theLie groupG. O

Exercise0.1.8 In theexampleG = GL (V) of thegeneralineargroup,we get
g= T GL(V) =Lin(V,V),
Adx:Y > xoYoxt  (x e GL(V), Y €Lin(V, V)). (10)

Soin this caseAd x is justtherestrictionof Ad x to theopensubsetGL (V) of Lin(V, V). Anyhow,
differentiatingthe right handsidein (10) with respectto x, at x = | andin the directionof X ¢
Lin(v, V), weget

[X,Y]=(@dX)(Y)=XoY —YoX,

the commutator of X andY in Lin(V, V). O



Example 0.1.9 For ary Lie groupG, theaction(x, X) — (Adx)(X) : G xg — gof Gongis
calledthe adjoint action. Lie groupactionsfor which the transformationgrelinear transformations
in a vectorspacearecalled representations. This is the reasonwhy the adjointactionis alsocalled
the adjointrepresentationLet ustake a look at the simplestexamples. For G = SO(3) or SU(2),
the orbits of the adjointactionareeitherpointsor two-dimensionakpheresthe stabilizergroupsG ,
thenare eitherthe whole group G or a circle subgroup?” = S* of G. It followsthatG — G/T
exhibits SO(3) andSU(2) asa principalcircle bundleover thetwo-dimensionaspheres?, bothbeing
nontrivial, thatis, not equivalentto a Cartesiarproduct. It is interestingto identify thesebundlesin
the classificatiorof all principalcircle bundlesover S?, seeSteenrod1951]. For G = SU(2), we get
the three-dimensionapheres® asa principal circle bundleover $2, which is the sameasthe action
of thecircle{z € C | |z| = 1} asamultiplicative subgroupof C \ {0} ontheunit spheren C? ~ R*
by meansof the complex multiplication by the scalarsz. In differentialtopologythis is known as
the Hopf fibration; it occursimplicitly at mary placesin the classicaliterature. For G = SL(2, R),
the adjoint orbits are diffeomorphicto a point, the puncturedplane(a one-sheetettyperboloidor a
puncturechalf-cone)or the plane(a sheef thetwo-sheetedhyperboloid). In this casethe stabilizer
groupsareeitherG itselfor R x (Z/22), or thecircle. Thecirclefibrationof SL(2, R) overtheplane
is trivial, but thefibrationof SL(2, R) overthe puncturedplaneis not: SL(2, R) is connectedndthe
fibersarenotconnected. O

For a Lie group G, the mapping(g, x) — (gx, x) is bijective: G x G — G x G. Sincethe
inverse(y, x) — (yx~1, x) is continuousijt follows thattheleft actionof G on G is properandfree.
Similarly theright actionof G on G is properandfree. If H is aclosedsubgroupof G thenit follows
immediatelythattheleft andtheright actionof H on G areproperandfreeaswell. Because closed
subgroupof a Lie groupis aLie subgroupwe thereforeobtainthefollowing:

Corollary 0.1.1Q For any closedsubgoup H of a Lie group G, there is a uniquestructute of an
analytic manifoldon H\G, and G/H, makingG — H\G, andG — G/H, respectivelyinto an
analytic principal fiber bundlewith structure group H. Theright, and left action, of G inducesan
analytic transitiveaction of G on H\G, and G/H, respectivelywith G;,;, = H. Finally, if H is
alsoa normal subgoup, thenthis analytic structure malesG/H into a Lie group andthe canonical
projectioninto a homomorphisnof Lie groups.

For a general C* actionof a Lie groupG ona C' manifold M, we canapplythisto H = G,,
whichis aLie subgroupof G. Turningto theright actionof G, on G, we thenseethatthe mapping
B, of (6) is a C* immersionfrom the analytic manifold G/ G, into M, mappingG/G . bijectively
onto G - x. Thisexhibitstheorbit G - x asanimmersedC* submanifoldof M, of dimensionequalto
dim G — dim G,. NotealsothattheLie algebraof G, is equalto

T1(Gy) =g, =kerT{ A,, whereas  T.(G-x) =im T1 A, <— g/g,.
Especiallya C* homogeneouspaceds C* diffeomorphicto ananalyticmanifold of theform G/H

whereH is aclosedLie subgroupof aLie groupG; thisanalyticstructures the uniqueonefor which
theactionis analytic.



0.1.11 Propergroup actions

It is the main purposeof this sectionto shaw thatfor proper C* actionsof Lie groupson manifolds,a
quite detaileddescriptionof the orbit structurecanbe given;in particular the orbit spaces alocally
finite unionof C* manifolds,piecedtogetheiin a niceway.

We now returnto the general C* actionof G on M. ThenG,, the isotropy groupat x, is a
closed,andthereforea Lie subgroupof G. ThemappingA, : G — M inducesa bijective mapping
B, : G/G, — G - x; furthermore B, intertwines(cf. Definition 0.1.16below) theleft actionof G on
G/ G, with theactionof G on G - x, thatis, A(g)|¢.« = Bx o Lg/6,(8) o B;l, foreveryg € G.

LG/GX (8)

G-x ﬂ) G-x
In particular eachtransitive actioncanbeidentifiedwith theleft actionof G on G/ H for someclosed
Lie subgroupH of G; this factreduceghetheoryof transitive actionsto the structuretheoryof Lie
groups.
Writea, = T1 A, : g — T, M for the infinitesimal action at x, thenthe Lie algebraof G, is
equalto g, = kera,. We concludethis introductionwith the following generaldescription which
howeveris local bothin M andin G:

Lemma0.1.12 Let A bea C' action(k > 1) of theLie groupG onthemanifoldM. For xo € M, let
S bea C' submanifoldbf M throughxo sud that

TowM =a,(g) & TS, (12)
andlet C bea C* submanifoldf G through1 sud that
g=0,® T1C.

Thenthere is an openneighborhoodCy, and Sy, of 1, and xg, in C, and S, respectivelysud that
Ag = Alcyxs, ISa Ct diffeomorphisnirom Cy x Sy ontoan openneighborhoodVg of xq in M.

Remark 0.1.13. Theseta,, (g) is equalo thetangenspaceatxg of theorbit G - xo throughxo, thelatter
viewed asanimmersedsubmanifoldof M. Condition(11) saysthat$ intersectsG - xo trans\ersally
andhascomplementarglimension.

Themapping:rzoAgl : My — So, Wherer; istheprojectionCy x So — Sp ontothesecondactor
is a (trivial) C* fibration, whosefibersare submanifoldsof orbits. To be precisec + ¢ - s isa C*
diffeomorphisnfrom Cy ontothefiber overs € So. In particular all (local) orbits of neighborhoods
of xg, asin Lemma0.1.12intersectSy nearxg trans\ersally In thenext sectionit will beshown that, if
theactionis properat xg, thenSy canbechosersuchthattheorbitsnearxg intersectSy in orbitsfor the
actionof G, theisotropy groupatxo. However, in generauchanicedescriptiorof theintersections
of the nearbyorbitswith Sy is notpossible.

Thenearbylocal orbitsintersectS, in isolatedpointsif andonly if dim g, = dimg,, for all x near
xo. Notethatg,, = {X € g | o, (X) = 0} impliesthatdimg, < dimg,, for all x nearxq. In the
specialcasethatg,, = 0, thatis, if theactionis infinitesimally (locally) freeat xq, thenCy is anopen
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neighborhoodf 1in G. In thelocalidentificationof M with Cy x Sp, thelocal actionof g € G then
consistf left multiplicationby G only on thefirst factor Theorem0.1.6is a globalversionof this,
but it needghe muchstrongerassumptiorof a globally free andproperaction.

It is alsoclearthat Lemma0.1.12remainstrue for locally definedactionsof alocal Lie group;
thisin turn is given by its infinitesimalaction,which is a finite-dimensionaLie algebrag of vector
fieldson M. If G = (R, +), anddimg = 1, respectiely, the actionis the flow of a vectorfield
X on M. Theconditionthatg,, = 0 meansthat X (xo) # 0, andLemma0.1.12is the “flow box
theorem”statingthat in suitablelocal coordinateghe flow after time ¢ is equalto the translation
(x1, X2, ..., x,) = (x1+1¢, x2,...,x,) overt in thefirst variable. In this situationthe manifold S is
alsocalleda local Poincaré section for thevectorfield X; condition(11) thenjust expresseshat

dmS=dmM -1 and X(xo) ¢ T,,S.

0.1.14 Bochner'sLinearization Theorem

Let M beareal-analyticmanifoldand K a compactopologicalgroup,actingcontinuouslyon M by
meansof C* transformationg1 < k < w). It maybe provedthatthis impliesthatthe action A is a
continuoushomomorphisnirom K to thetopologicalgroupDiff* (M) of C* diffeomorphismf M.
Thefollowing theoremsaysthat, neara fixed point, the actionof K canbeidentifiedwith thelinear
actionof aclosedLie subgroupof the orthogonalgroup,actingon a ball centeredat the origin in a
Euclideanspace.

Theorem 0.1.15(Bochner’s Linearization Theorem). Let A be a continuoushomomorphisnirom
a compactgroup K to Diff*(M), with k > 1 andlet xo € M, A(k)(xg) = xo, for all k € K. Then
there existsa K -invariantopenneighborhood/ of xq in M anda C* diffeomorphisny fromU onto
anopenneighborhoodv of 0in T,, M, sud that

x(xo) =0, Tyx=1:T, M- T, M
and
KAR @) = T A x) kek, xeU), ie v %ypc M 12
xl J/x
VianV T, M

If g isanarbitraryinnerproducton T,, M, then

g= / T, Ak)*g dk
K
isaninnerproducton T,, M thatis invariantunderthetangentactionof K on T,; M. In otherwords,
K'={T,,Ak) | ke K}

is a compact,andhenceclosedLie subgroupof the orthogonalgroup of the EuclideanspaceE =
(T,,M, g). Let B beanopenball aroundO in E thatis containedn V, with V asin the Theorem
above. ThenB is K’-invariant,so,in view of (12), x 1(B) is a K -invariantopenneighborhooaf xq
in U onwhich K actsasdescribedn the sentenc@recedinghetheorem.



Definition 0.1.16 If A, andB, areactionsof agroupG onaspaceX, andY, respectiely, thenone
saysthatamapping® : X — Y intertwines A with B, oris G-equivariant: X — Y, if

A
X (€] X

D®oA(g) =B(g)o® (geG), thatis, q,l l@ (13)

B
y &) y

This meanghat A(g), for eachg € G, mapseachfiber of ® ontoa fiber of ®; onealsosometimes
saysthattheaction A covers theaction B with respecto the mapping®.

If G isalie groupandA, andB,isa CF actionof G onthemanifold X, andY,, respectrely, then
@ is anequivalence of C* actions if ® isa C* diffeomorphism:X — Y, intertwining A with B; the
actionsA and B aresaidto be C* equivalent if thereexistsanequialenceof C* actionsbetweenA
andB. O

In this terminology Theorem0.1.15saysthatthe actionof K, restrictedio a suitableK -invariant
openneighborhoodJ in M of the fixed point xo, is equivalentto the linear tangentactionof K on
T,, M, restrictedo anopenneighborhooaf 0in T,, M. Indeed(12)isjust(13)with G, g, , B(g)
replacedvy K, k, x, T,, A(k), respectiely.

0.1.17 Slices

Definition 0.1.18 LetA : G x M — M bea C* action(k > 1) of aLie groupG onamanifold M. A
Ck slice at xo € M for the action A is a C* submanifoldS of M throughx, suchthat,in the notation
of Lemma0.1.12,

() TyxuyM=a,@& TS, and T, M=o+ T,S, (xeS)
(i) Sis G,,-invariant;

(iii) ifx €S, g€ G,andA(g)(x) € S,theng € G,,.

It followsthattheidentitymapping:S — M inducesabijectivemappinggevenahomeomorphism:
G,, - x — G - x, fromthespaceG,,\S of G,,-orbitsin S ontoanopenneighborhoof G - xq in the
spaceG\M of G-orbitsin M. Notethattheactionof G,, on S hasxg asafixedpoint, by definition.

Definition 0.1.19 TheactionA is saidto be proper at x, if for every sequence; in M, andg;, in G
suchthatlim;_, ., x; = xo, andlim;_, g; - x; = xo, respectiely, thereis a subsequencg = j (k)
suchthatg;, corvergesin G ask — oo. 0

If G is not compact,onecanfind a sequencef compactsubsetsk; of G suchthatg; hasno
convergentsubsequencaheneerg; ¢ K, for all j. Usingthis oneobtainsthatthe actionis proper
at xg if andonly if thereexistsaneighborhood” of xg in M suchthat{g € G | A(g)(U)NU # @}
hasa compactclosurein G. Note that propernes®f the actionat xo impliesthat G,, is a compact
subgroupof G.

Applicationof Bochners LinearizationTheorem0.1.15non may be usedto prove thefollowing:
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Theorem 0.1.20(Slice Theorem). Let A bea C* action(k > 1) of theLie group G on the manifold
M, andsupposehattheactionis properatxo € M. Thenthere existsa C* slice S at x, for theaction
A.

0.1.21 AssociatedFiber Bundles

TheTubeTheorenD.1.22below assertshat,in asuitableG-invariantneighborhoodaf any orbit G - x,

theactionis equivalentto a standardnethatis constructedn termsof theLie groupG, thestabilizer
groupG, (aclosedLie subgroupof G), andthetangentrepresentationf G, on T, M/ T.(G - x).

This constructioncanbe describedn the framewnork of associated fiber bundles; we shall startby

definingthis usefulgeneralconceptwhich will play arole in the courseRepesentationTheoryand
Applicationsin ClassicalQuantumMedanics

Let X andY be C* manifoldsandlet H bea Lie groupactingin a C* fashionbothon X andY .
Theactionof 2 € H on X will bedenotedy x — x-h~1, andtheoneonY byy > h-y. Furthermore
assumehattheactionof H on X is properandfree,sothatthe orbit spaceX/H is a C* manifold of
dimensionequalto dim X — dim H, andX — X/H is aprincipalfiber bundlewith structuregroup
H, cf. Theorem0.1.6andtheremarksthereafter

Undertheseconditions theactionof H on X x Y, definedby

(h,(x, )~ (x-h Y h-y) (heH (x,y)eXxY), (14)

is properandfree aswell; for this it sufficesto look at what happenswith the first component.The
quotientmanifoldis a C* manifold,whichwill bedenotedby

XxpY={{G&-h'h-y)|heH}|(x,y) e X xY},

andX x Y — X xg Y is anotherprincipal fiber bundle with structuregroup H. The projection
X x Y — X ontothefirst factorinducesamappingX x5 Y — X/H, theuniqgueonewhich makes
thediagram

X xY

/ \\principalf.b. with structuregroup H
X

XXHY

principalf.b. with structuregroup\lx Associatedlb. with fiber Y
X/H

commutatve. TheclaimisthatX x, ¥ — X/H isa C* fiber bundleover X/ H with fiber equalto
Y; thiswill becalledthe fiber bundle over X/ H with fiber Y, associated to the principal fiber bundle
X — X/H with structure group H and using the actionof H on'Y.

Now let G be anotherLie group,with anaction(g, x) — g - x on X thatcommuteswith the
action(h, x) — x - h~* of H on X, thatis, x — g - x commuteswith x — x - k=1 foreveryg € G
andh € H, or

g-x-hH=(@g-x)-h! (geG, xeX, heH). (15)

Theequivalentformulationof this conditionis that((g, /), x) — (g - (x - k™)) isanactionof G x H
on X. In the caseof two commutingactions,the customto write oneactionasa left multiplication
andthe otherasaright multiplication, makesthe commutawity of theactionlook like anassociatie
law in (15). Comparethis with the actionsof left andright multiplicationof agrouponitself.
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From (15) it follows thatthe action Ay of G on X mapsH -orbits onto H-orbits, soit definesa
uniqueaction Ay, of G on X/H coveredby Ax with respecto the projectionX — X/H. Using
thelocal coordinatechartsfor X/H from Theorem0.1.6,0neverifiesimmediatelythat Ay, is a Ck
actionon X/H.

Theaction(g, (x, y)) — (g - x,y) of G on X x Y alsocommuteswith theaction(14) of H on
X x Y, soit coversauniqueactionof G on X x g Y with respecto theprojectionX x ¥ — X xy Y.
This actionis C* andin factall thearrows in the diagramabove are C* fibrationsandintertwinethe
respectre actionsof G on X, X x, Y andX/H.

An interestingspecialcaseoccursif H is a closed(henceLie) subgroupof G, X = G, andif
welet G and H acton G by meanf left andright multiplications,respectiely. In this caseG acts
transitvely onthebasespaceG/H of thefibrationG x5 Y — G/H (with fiberY).

GxY

N

GXHY

\ Associatedlb. with fiber Y

G/H

Corverselylety : B — Z bea C! fibration, intertwininga C* actionof G on B with atransiti ve
Ct actionof G on Z; thisis calleda homogeneous G-bundle. For somez € Z, write Y = ¢ ~1({z}),
thefiberin B over z, whichis a closed C* submanifoldof B. Also, H = G, thestabilizerof z in G,
is a closedsubgroupof G, which actson Y. A straightforvard verification shavs thatthe mapping
(g.¥)— g-y:G xY — Binducesa C* diffeomorphism:G x, ¥ — B. In thediagram

G xY Y =9y *({z})
| L)
~ H=G;

~ A

GXHY B

R

G/H———+Z7Z=G ¢

all arrows are C* fibrationsintertwining the respectie G-actions,and the horizontalonesare C*
diffeomorphisms. This shavs that eachhomogeneous;-bundle is equivalentto one of the form
G xy Y — G/H, for asuitableclosedLie subgroupH of G and C* actionof H onamanifoldY,
thefiber of the original bundle.

Theactionof G onZ — G/H is properif andonly if G. = H is acompactsubgroupof G; for
the“if " partusethatthecanonicabrojectionG — G/H is apropermappingif H is compact.In this
casetheactionof G onthehomogeneou&-bundleG x 4 Y is alsoproper

AnotherinterestingspecialcaseoccurswhenY = E is afinite-dimensionalectorspaceonwhich
H actsbylineartransformationgora“linearrepresentatioof H”). TheneacHiberof XxyE — X/H
hasa uniquestructureof avectorspaceor whiche +— {(x - h™, h-e) | h € H } is alinearmapping
from E to thefiberoverx H, for eachx € X. ThismakesX x  E intoa C* vectorbundleover X/H,
calledthe associated vector bundle over X /H with fiber E, defined by the given representation of H
mnkE.

Wenow cometo thestandardnodelfor properactionsn G-invariantneighborhoodsgsannounced
in the beginningof this section.lts proofis basedon the Slice Theorem0.1.20.
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Theorem0.1.22(Tube Theorem). Let A bea C* actionofa Lie group G onamanifoldM, properat
xo € M. Thenthere existsa G-invariant openneighborhood’ of xq in M sud thatthe G-actionin
U is C* equivalento theactionof G onG Xg,, B. Here B isanopenG ,,-invariantneighborhoodf
0in Ty, M/ay(g), onwhich G,, actslinearly, via thetangentactionk + T,, A(k) moduloa,,(g).

Essentiallythe Tube Theoremsaysthat the actionof G nearxg canbe completelydescribedn
termsof G,, andthelinearactionof G,, on T,, S.

Obsere thattheequivalencelU - G x¢,, B, followedby the projectionG xg,, B — G/G,
definesa G-equivariant C fibrationU — G/G,,, for whichtheorbit G - x¢ is aglobalsection.Also
noticethatthepropernessf the G-actionon G x¢, B impliesthattheactionof G onthe G-invariant
openneighborhood’ of xg in M is proper Apparently“properat xy” is equivalentto “properon a
G-invariantneighborhood”.

0.1.23 SmoothFunctionson the Orbit Space

Let G bea Lie groupactingproperlyon the manifold M. This latter conditionis equialentto: the
actionis properat x for eachx € M, andthetopologyof the orbit spaceG\ M is Hausdorf.

Indeed,the propernes®f the actionimplies thatthe orbit relation{ (x,g - x) e M x M | x €
M, g € G}isclosedin M x M, whichin turnis equivalentto the Hausdorf propertyfor G\ M, see
Lemmal.11.3.Now corverselysupposéhatx; — x andg; -x; — yin M asj — oo, for sequences
xj,andg;, in M, andG, respectrely. Theclosednessf theorbit relationimpliesthaty = g - x, for
someg € G; andthen(g~tg;) - x; = g7t (g, x;) > g7t (g-x) = x,asj — oo, becausef
the continuity of the action. Now the propernessf the actionat x impliesthata subsequencef the
¢~ 'g; convergesandthenthe correspondingubsequencef the g; corvergesaswell.

An exampleof anactionwhich is properat all pointswithout beingproper is obtainedby taking

the flow of the vectorfield (x, y) — ();_221"12, 0) on M = R?\ {(0,0)}. Note thatevery invariant
neighborhoof (—1, 0) intersecteveryinvariantneighborhoof (1, 0), whereag—1, 0) and(1, 0)
do notbelongto the sameorbit; andthereforethe quotientspacehasno Hausdorf topology

Becausehecanonicaprojectionz : M — G\M is continuousandmapsopensubset®f M onto
opensubset®f G\ M, theorbit spaceG\ M is locally compactAlso it is locally pathwiseconnected,
evenlocally contractible.In orderto describethe connectedcomponent®f G\ M, we notethat, for
eachg € G, thetransformationd (g) mapsary connectedcomponentC of M diffeomorphicallyonto
a connectecomponentC’ of M. FurthermoreA(g)(C) = C if g € G°; sowe geta naturalaction
of thediscretegroup G/ G° on the discretespacery(M) of connecteccomponent®f M. For each
connecteccomponent of G\ M, thesetr ~1(C) is equalto the unionof the setsC in a G / G°-orbit
in mo(M), andC = m(C), for ary suchC. ThegroupG ) ={g € G| A@(C)=C}={ge G |
A(g)(C)NC # ¥} isopenandclosedin G andactson C; andC canbeidentifiedwith G ) \C.

Assumingfrom now onthatM is paracompactye have thateachconnectedomponent is equal
to the union of a countablecollectionof compactsubsets’;. HenceC = = (C) = |, n(C;), and
7 (C;) is compactbecausef the continuity of 7; andthis shaws that G\ M is paracompact Here
we have usedthe theoremthata Hausdorf, locally compactspaceds paracompacif andonly if it is
the disconnectedinion of spaceseachof which is a union of countablymary compactsubsetscf.
Bourbaki[1951], 89, N0.10,Th.5. The“if-part” of this criterion hasbeenusedbeforein Theorem
1.9.1to prove thatevery groupis paracompact.

Althoughin generalG\ M is notasmoothmanifold(in the sequele shallseein moredetailhow
closewe canget), it is naturalto call a function f on anopensubsetV of G\ M to be of class C if
andonly if 7* f = f o 7 is afunctionof classC* on M. Thesefunctionsz* f arepreciselythe C*
functions¢ on M thatareconstanbnthe G-orbits;or ¢ (A(g)(x)) = ¢ (x),forallx e M, g € G, or
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A(g)*¢ = ¢, for eachg € G. Thesearethe G-invariant C* functions on M. In turnthis meanshat
A*¢ = nj¢, whereA istheactionmap: G x M — M andn, : G x M — M theprojectionontothe
secondactor Thespaceof G-invariant C* functionson M is denotedby C*(M)€, andthegistof the
remarksabove s thatz* is anisomorphisnfrom CH(G\ M) onto C* (M), moreor lessby definition.

Replacing by U = A(G x §), whereS is aslicefor the G-actionatxg asin theproofof Theorem
2.4.1,we getthatthe C* function$ on U is G-invariantif andonly if A*¢|xs) = iy, for a C*
functiony on S whichis G,,-invariant. In this way notonly G\U is homeomorphido G,,\S, but
alsothespaceof C* functionsonV = G\U getscanonicallyidentifiedwith thespaceof C* functions
onGy,\S.

Moreover the G ,,-actionon S is C* equialentto the restrictionto an openneighborhoodB of
Oin E = T,,M/a,,(g) of thetangentactionof G,, on T,, M moduloa,,(g); andthe latteris by
orthogonalineartransformationsvith respecto someinvariantinnerproductin E. In particular ary
functionof the distanceto the origin is G, -invariant,andwe canfind sucha function y of classC>
suchthat xy > 0, x(0) > 0 andthe supportof x is containedn ary givenneighborhoodf 0 in B.
Transportingthisto V. ¢ G\M andextendingthe resultingfunction by 0 to G\ M, we seethat for
everyx, € G\M andeveryneighborhood’ of x, in G\ M thereexistsafunction f of classC™Mnk-o2)
onG\M, suchthat f > 0, f(x,) > Oandthesupporbf f iscontainedn V. (Noticethattheprevious
argumentdoesnt apply in the real-analyticcategory.) In combinationwith the paracompactnessf
G\M, we have provedthefollowing

Lemma 0.1.24 For every opencovering V of G\ M there is a partition of unity { f;} on G\ M, of
class C""*->) andsubodinateto V. Thatis, ead f; is a C™"*>) functionon G\M, f; > 0, and
thesupportsupp f;) of f; is containedn someV; € V. Moreover, thesupp f;) formalocally finite
family of compactsubset®f G\M, and)_ f; = 1onG\M.

Suchpartitionsof unity canbe usedfor piecingtogetherG-invariantstructureghat are defined
in G-invariantneighborhoodé M, to globalonesin M. The structureshouldbelongto a cateyory
whereonecantake arbitrarycorvex linearcombinations As anapplicationwe give the

Proposition 0.1.25. Let G be a Lie group acting properlyandin a C* fashionon the paracompact
manifold M, with 1 < k < co. ThenM hasa G-invariant Riemanniarstructue g of class Ct2.

Converselyonemayprovethatif g isaRiemanniarstructureof classC*~! onaparacompaanan-
ifold M with finitely mary connectedomponentshenthegroup! of isometrieof thecorresponding
metricspacds equalto the groupof automorphismsef (M, g), andis afinite-dimensionalie group
with countablymary componentslts actionon M is properandof classC*, andits Lie grouptopology
coincideswith the C* topologyon I ¢ Diff* (M) andalsowith thetopologyof pointwiseconvergence.
Herek > 2; if k = 1,andk = 2, we haveto addtheconditionthatg is Holdercontinuousandthatthe
first-orderderivativesof g areHoélder continuousyespectiely. Any closedsubgroupG of I is then
alsoaLie groupactingproperlyandin a C* fashionon M.

Ontheotherhand,if g is the G-invariantstructureof the Propositionand®; is asequencén G
suchthatA(® ;) corvergespointwisein M toamapping® : M — M, thenthepropernessftheaction
impliesthatasubsequencef the®; convergesin G, tosome¥ e G. BecausehisimpliesthatA(®;)
convergespointwiseto A(W), we getthat® = A(W¥). In otherwords, A(G) is a closedsubgroupof
theisometrygroup! for the Riemanniarstructureg. As usualwe assumehatthe actionis effective
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(kerA = {1}), by passingto the Lie group G/ ker A, if necessary In this sensewe have that, for
3 < k < oo andfor aparacompaatnanifold M with finitely mary componentsthatproper effective
CF actionsof Lie groupsandclosedsubgroupsof isometriesfor C*~! Riemannianstructur escan
beregardedasthe sametopics.
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0.2 GroupActions: SecondLecture

0.2.1 Orbit Typesand Local Action Types

We keepour standingassumptiorthat A is a proper C* actionof a Lie groupG onamanifold M.

Definition 0.2.2 We saythatx, y € M, andG - x, G - y € G\M, are of the same type, with notation
x ~y,andG -x ~ G -y, respectiely, if thereexistsa G-equivariantbijectionfrom G - x to G - y.
We saythatx dominates y, andthatG - x dominates G - y, with notation:y < x,andG -y < G - x,
respectiely, if thereis a G-equiariantmappingfrom G - x to G - y.

Clearly, ~ isanequialenceelationin M, andG\ M; wedenotdheequialenceclassessometimes
simply calledthe orbit types in M, andG\ M, respectiely, by

M ={yeM|y~x}, G\M;,={G-yeG\M|G-y~G-x}.
Ontheotherhand,< is apre-orderin M, andG\M, respectrely; andwe write

ME={yeM|y<x}, G\MZ, ={G-yeG\M|G-y<G-x}.

We startwith somedirectobsenationsaboutthesenotions.

Lemma0.2.3. (i) We havex ~ y if andonlyif G, is conjugateto G, within G, thatis, G, =
¢ 'G.g :={g thg e G|heG,} forsomeg € G.

(i) Alsoy < x if andonly G, is conjugatewithin G, to a subgoupof G,. Thatis, g7'G,g C G,,
for someg € G.

(iii) If @ isa G-equivariantmapping:G - x — G -y, thenG, C Gg@) and® = By o o B L.

G/Gy —— G/Gow

By J«N NlB¢(x)

G-x L} G- y
Here 7 is thereal-analytic,G-equivariantfibrationz : gG, +— gGon) : G/Gy — G/Go),
with fiber G¢(,)/ G inducedby A, : g — g-x : G — G - x. In particular, ® automaticallyis
a C* fibration with fiber diffeomorphido G,/ G, .

(iv) Finally, x ~ yif andonlyif x < y andy < x.

Definition 0.2.4 For ary subgroupH of G, we definethe set of fixed points for H in M as

M. ={yeM|h-y=y, forallhe H}.

16



For ary continuousaction, M is aclosedsubsebf M. Notethatif H is compactactingin a C*
fashionon M, for k > 1, thenBochners LinearizationTheorem0.1.15impliesthatlocally M7 is a
C* submanifoldof M. Thatis, eachconnectecomponenbf M is a closedsubmanifoldof M, but
differentconnectedcomponent®f M canhave differentdimensions.

Onthebasisof the TubeTheorem0.1.22onemay prove:

Lemma0.2.5. (i) Foranyx € M, wehaveM.5 = G - (M®"). Moreover, M;CS, and G\MXS, isa
closedsubsebf M, and G\ M, respectively

(i) If Sisa Ct sliceatx € M for the G-actionon M, then
MING-S=G-(5%) =MZNG-S.

(Notethat G - S is a G-invariant openneighborhoodf x in M.) RestrictingS to a suitable
G-invariantopenneighborhoodf x in M, wegetthat M N G - S is a closed C* submanifold
of G - S, which is G-equivariantly C* diffeomorphicto G/G, x (S%). Here $% is a closed
C* submanifoldbf S of dimensiorequalto dim( T, M /a,(g))%*, thatis

M;NG-S— G/G, x (§).

Definition 0.2.6 Theelementst, y € M, andG - x, G - y € G\M, respectiely, aresaidto be of
the same local type, with the notation: x ~ y andG - x ~ G -y, if thereis a G-equiariant C*
diffeomorphism® from an openG-invariantneighborhood of x in M onto an openG-invariant
neighborhood/ of y in M. O

Clearly this definesan equivalencerelation~ in M, and G\ M, respectrely; it is finer than~,
thatis, each~-equvalenceclassis partitionedinto ~-equivalenceclassesTheseequialenceclasses
sometimeswill becalledlocal action types in M, andG\ M, respectiely, anddenotecby

MZ={yeM|y~x}, G\M;,={G-yeG\M|G-y~G-x}.

Note that the Tube Theorem0.1.22shavs thatx ~ y if andonly x ~ y andthe actionsof
G, andG,,on T, M/a.(g), and T, M/a,(g), respectiely, areequivalentvia a linearintertwining
isomorphismthatis, asrepresentations.

Definition 0.2.7. Forary subgroupH of G, thenormalizer of H in G isdefinedasN(H) = Ng(H) =
{g € G| gHg™' = H}. It isthelargestsubgroupof G containingH asa normalsubgroup.lt is
closedin G if H isclosedin G. O

Theorem0.2.8 (i) Eachlocal actiontypeis anopenandclosedsubsenfthecorrespondingrbit
type

(i) ThesetM™ N M%: is openin M %, andalocally closed C* submanifoldof M (thatis, all its
connecteccomponenttavethe samedimension)andit is alsoN(G, )-invariant.
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(iii) Thecanonicalprojection: M — G\M mapsM;’ N M ontoG\M(; _, its fibersin M~ N M+
are the orbits for the N(G,)-actionon M~ N M. Theaction of the group N(G,)/G, on
MZ N MS is properandfree; hencethere is a uniquestructue of a C* manifoldon G\M¢; .
for which = : M N M% — G\M, , is the correspondingprincipal fibration with structure
groupN(G)/G..

(iv) M7 is a locally closedG-invariant C* submanifoldof M, and the G-action inducesa G-
equivariantC* diffeomorphisniromtheassociatediberbundleG/ G, xn,),6, (M N M)
ontoM7. Furtherr : M — G\M;_ isa C* fiber bundlewith fiber G/G.. In otherwords,

M> N MCx G/G, XN, G, (M N MC) M7
) \ / o f.b. with fiberG/le
p.f.b. with structuregroupN(G )/ G associated.b. with fiber G/ G,
G\Mg, G\Mg ,
(V) Wehave

dimM?> =dimG —dimG, + dim(T, M/a,(g))%* (16)
=dimG — dimN(G,) + dim(M> N M¥); (17)
dimG\Mg . = dim(T, M/a,(g))°* (18)
=dim(M> N M) —dimG, +dimN(G,). (19)

Remark 0.2.9 G/G, xn@,)/c, (M N M%) = M~ isa C! fiberbundleover G/ N(G,) with fiber
M7 N MS+, the G-actiononit coveringthe G-actionon G/ N(G,) by left multiplications. However,
becaus¢heactionof N(G,)/ G, on M N MY is alsoproperandfree, M is alsoa Ct fiber bundle
over (N(G,)/G)\(MT N M%) = G\MZ _, with fiber G/ G,; of coursethisis just thefibration of
M7 intoits G-orbits. Herethe G-actioncoversthetrivial actionof G on G\ M, .. Thecommortfibers
of theintersectionsf thetwo fibrationsarethe N(G )/ G ,-orbitsin MT N MY = M7 N M, for
yeM?.

~ fb ~ ~ ~
G/Gy x (M N M%) 25 G /Gy xnigy o, (M N M) = M> 2> (N(G,)/ GONME N MO)

l J/f.b. with fiber M7 N M S+ i;

G/G, G/N(G,) G\Mg.,

Differentlocal orbit typesin a given orbit type canhave differentdimensions.This is oneof the
reasonswvhy we preferredto formulate Theoremo0.2.8.(ii)—(v) for local actiontypesratherthanfor
orbit types. O

0.2.10 The Stratification by Orbit Types

Theoren0.2.8.(iv) shovs thatthelocal actiontypespartition M into locally closed C* submanifolds,
eachof whichis C* fiberedby G-orbits. In this sectionwe shall studythe local propertiesof this
partitioning.
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Considetheactionof acompact.ie groupH actingonaEuclidearspaceE by mean®f orthogonal
lineartransformationsTo startwith, E;, = E# = {v e E | h-v =, forallh € H} is alinear
subspacef E, whichis H-invariant. HenceF, the orthogonalcomplemendf E#, is H-invariantas
well. Thelinearisomorphismt : (e, f) — e+ f : Ef x F — E is H-equiariantif weletactH on
E" x Fby(h, (e, )+ (e,h-f),forh € H, (e, f) € E" x F. NotethatFy = F" = {0}. Inorder
to studythe H-actionon F \ {0}, we obsene thattheunit spherex = { f € F | [If]l=1}in Fis
H-invariantandthatin turnthereal-analytiadiffeomorphismp : (r, f) = r f : Rog x X — F \ {0}
is H-equiariantif weletactH onR.o x X by (i, (r, f)) + (r,h- f),forh € H,(r, f) € R.gx X.
It follows thatthe orbit typesfor the actiononthe H-invariantopensubsetE \ E; arethesetsof the
form Ef 4+ p(R.q x T), whereT runsoverthe orbit typesfor the H-actionon .

Next let H bea compactsubgroupof aLie groupG andlet = denotethe projection: G x E —
G xy E. EachG-orbitin G xyz E meetst ({1} x E); andn(1,¢) = g- 7 (1, e) = n (g, e) if andonly
if (1,e) = (gh™%, h-e),thatisg = handh -e = e, for someh € H. In otherwords,G (1., = H,; Or
theorbittypesin G x 4 E arethesetsof theform = (G x 7)), whereJ™ runsovertheorbit typesfor the
actionof H in E. In view of the previous paragraphthe orbit typesin G x 5 E thereforearethe sets
of theform n(G x (E" + p(R.g x T))), whereT runsovertheorbit typesfor theactionof H on X.

Using the Tube Theorem0.1.22and Theorem0.2.8.(i) we obtain the following propositionby
inductionon the dimensionof the manifoldonwhich the Lie groupactsproperly

Proposition 0.2.11. For a proper C! actionof a Lie group G ona manifold M, there are locally only
finitely manydistinctorbit typeswith locally only finitely manyconnecteccomponentsin particular,
onealso haslocally only finitely manydistinctlocal actiontypes. If M is compactthenthere are
only finitely manydistinct connecteccomponentsf orbit types,andthe sameis true if M is a finite-
dimensionalectorspaceon which G actsby linear transformations.

Any connectedcomponenbf an orbit type for the actionof G on G xy E thatis not the orbit
typeof (G x {0}), hasdimensionequalto dimG — dim H + dim E + 1+ dimT’, whereT’ is a
connectedtomponendf anorbit type T for theactionof H on . Becausehe dimensionof the orbit
typeof 7(G x {0}) isequaltodim G — dim H +dim E” , we get,usingagaintheTubeTheoren0.1.22
andTheorem0.2.8.(i),thefollowing:

Proposition0.2.12 Foreahx € M thereisa G-invariantopenneighborhood’ of x in M sud that,
foreathhy e U\ M7,
dimM; =dimM; +1+dimT,

whete T is somelocal actiontypefor the tangentaction of G, on the unit sphee in the orthogonal
complemenbf «, (g) + (T, M)®* in T, M, with respectto a given G,.-invariant inner producton
T, M. In thesamevein,

dim G\M = dimG\M + 1+ dimG.\T.
In particular, dim M* > dim M7 anddim G\M > dim G\M7, forall y € U \ M. Notealsothat
x < y,hencedimG.y > dim G.x, for all y suficientlycloseto x. In particular, the estimatesabove

showthat “smaller orbits cannotcompensatéor beingsmallby massiveappeaance not evenin the
orbit space”.

19



Definition 0.2.13.A C* stratification of themanifold M is alocally finite partitionof M into locally
closedconnectedC* submanifoldsy; (i € I) of M, calledthe strata of the stratification,suchthat
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thefollowing is satisfied.For eachi € I theclosureM? of M; in M is equalto M; U | J
I; C I\ {i},anddimM; < dim M;, for eachj € I,.

The stratificationis saidto be a Whitney stratification if the following conditions(a) and(b) are
met:

je;, Mj, where

(a) For eachi € I, j € I, andeachsequencex, in M; suchthatlim,_...x, = x € M; and
lim,_« Ty, M; = L intheGrassmanmundleof T M,wehave T, M; C L.

(b) If x, is asequencasin (a) andy, is asequencen thelimit stratum;, suchthatlim y, = x
andy, # x,, for all n, theneachlimit of theone-dimensionaubspaceR - A(x,, y,) of T, M,
forn — o0, is containedn L. Herex is a diffeomorphisnfrom anopenneighborhoodf the
diagonaln M x M to anopenneighborhooaf thezerosectionof T M. Clearlythesetof limit
linesdoesnot dependon the choiceof A.

O

Theorem 0.2.14 Theconnecteccomponentsf the orbit typesin M form a Whitney stratification of
M.

Remark 0.2.15. We feel that the stratificationby orbit typeshaseven more specialpropertiesthan
generaWhitney stratifications.

The orbit spaceG\ M is stratifiedby the connecteccomponent®f the orbit types(cf. Theorem
2.6.7.We definethedimensiorof aconnectedomponendf G\ M asthemaximumof thedimensions
of its strata).But in orderto saythatthis is aWhitney stratification,we have to embedG\ M atleast
locally in asmoothmanifold. For corveniencewe assumen thefollowing discussiorthatk = oo.

Locally thespaceof smooth( C*) functionson G\ M, identifiedwith C*(M)¢, canbeidentified
with C*(B)X, whereK = G, andB is a K -invariantopenneighborhoodf 0in E = T, M/a,(g).
Theactionof K on E is theoneinducedby thetangentactionk — T, A(k) of K =G, on T, M.

Thetheoremof Schwarz[1975],appliedto thisrepresentationf thecompacgroupk on E, states
that C*(E)X containsfinitely mary polynomialsps, ..., px, which may be chosenhomogeneous
of degreemy, ..., m; > 0, suchthatevery f ¢ C*(E)X canbewrittenas f = ¢ o p, for some
¢ € C>*(RY). Here p denoteghe mappingx — (p1(x), ..., pr(x)) : E — Rk,

Theconicstructureof multiplicationbyr > 0in E, whichmapsk -orbitsto K -orbits,isintertwined
by p with theactionof » > 0in R¥ givenby: (y1, ..., yx) = (r"™y1,...,r™y). (Theinvariance
of p(E) undersuchan actionis saidto be a quasihomogeneowsructureon p(E).) In view of the
compactnessef the unit spherdn E, this leadsto the propernessf themappingp : E — R; andit
followsthat p(E) is aclosedsubsebf R¥.

The mappingp inducesa homeomorphismk\E — p(E). Let X bealocal actiontype of the
K-actionon E. Usingthelocal descriptionof the actionin the Tubetheorem2.4.1andof the orbit
typesprecedind?ropositiorD.2.11 oneseeghat,for eachry € X, thereexist K -invariant C* functions
f1, ..., f- nearx suchthatdf, ..., df, arelinearlyindependenandr = dim K\ X. Combinedwith
the theoremof Schwarz, this impliesthatrank T, (p|x) = dimK\X, for all x € X. In turnthis
impliesthat p(X) is asmoothsubmanifoldof R*, diffeomorphicto K\ X underthehomeomorphism:
K\E — p(E). Becausef thepropernessf p, the p(X) form astratificationof p(E) C R~.

Usingthattheactionof K on E is polynomial(cf. Corollary14.6.2),onecanprove thatthe strata
X aresemialgebraicAccordingto the Tarski-Seidenbertheorem(cf. Hormande{1983], Appendix
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A.2), which saysthattheimageof semi-algebraisetsunderpolynomialmappingds semi-algebraic,
onegetsthatboth p(E) andthe p(X)'saresemi-algebraictojasievicz [1965], p.150-153asproved
that every locally-finite partition of a semi-analyticsetinto semi-analyticsetscanbe refinedinto a
Whitney stratification. So, in particular the stratificationof p(E) by the p(X)’'s canberefinedto a
Whitney stratificationof p(E). We have notinvesticatedthe questionwhetherthe p(X)’sthemseles
automaticallyform aWhitney stratification. O

0.2.16 Principal and Regular Orbits

A partof theinformationabouttheorbit typestratificationcanbeencodedn its directed graph 7. The
verticesof 7 arethe connecteccomponent®f the orbit typesin G\M andwe drav anarrov from
A € TtoB € T, notation: A — B, if B C A% inwords,if elementof A corvergeto elementof B.
Clearlythe connecteccomponentsn the graphcorrespondo the connecteccomponentsf the orbit
spaceG\M.

If A — B,thenA > B (Lemma0.2.5.(ii)). If alsoA # B, thenaccordingo Propositior0.2.12we
havedim A > dim B anddimz~1(4) > dimz~1(B), wherer denoteghe projection: M — G\ M.
The latter shavs that A — B definesa partial orderingin 7 (thatis, if A — B andB — C then
A — C,andA = Bif andonlyif A — B andB — A), in whichary chainatmosthasl+ dim G\M
mary elements.In pictures,oneusuallyonly dravs the arrovs betweenmmediatesuccessorsNote
thatthe minimal elementdn the graphJ™ are preciselythe connecteccomponent®f orbit typesin
G\ M andtheir preimagesn M thatareclosedin G\M, andM, respecitiely.

Example0.2.17 Thegraph
oO<— 00— >0

B A C

is thedirectedgraphof theactionof SO(2) onthetwo-dimensionaspherdn R3: A is theorbit typeof
thecircularorbits,and B andC arethefixed points,the North andthe SouthPole,respectrely. (For
theactionof SO(3) on R3, theverticesB andC would getidentifiedsincetheverticalaxisis a single
orbit type of fixed points.) The actionof SO(3) onitself by conjugationhasthe samedirectedgraph:
A is the collectionof conjugagy classeof rotationsthroughan anglebetween0 andz, whereasB
is the conjugagy classof the rotationthroughz and C is theidentity. Although of quite a different
nature theactionof SU(2) onitself by conjucationalsohasthis directedgraph,with A thecollection
of two-dimensionatonjugagy classesand B, C correspondingo theelementst | in SU(2). O

Definition 0.2.18 ForaproperC! action(k > 1) of theLie groupG onthemanifold M, theorbit G - x,
with x € M, is saidto bea principal orbit if its localactiontype M is openin M, thatis, if it belongs
to amaximalelemenbf thedirectedgraph?. Wewrite MP"° = {x € M | G -x is aprincipalorbit },
andG\MP"¢ ¢ G\ M for thesetof principalorbits. O

Clearly MP"" s anopenG-invariantsubsebf M, projectingontotheopensubseG \ MP"" of the
orbit spaceG\ M. Moreover, MP"° s alsodensen M asthecomplemenbf theunionof the,locally
finitely mary, orbittypesof positve codimensiorin M. Thelaststatemenin TheorenD.2.8.(v) shavs
thattheopenandclosedsubsetsV™ of MP" areopenG-invariantsubsetof M fiberedby G-orbits.
Thesearemaximalin the sensehatno x € M \ MP"¢ hasa G-invariantopenneighborhoodhatis
fiberedoy G-orbits. Indeed gachmearbyorbitintersectasliceatx in somepointy, andthenG, C G,.
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IfdimG-y = dimG-x,thendimG, = dimG,;orG,/G,isfiniteandG-y = G/G, - G/G, = G-x
is a fibration with finite fiber G, /G,. This contradictsocal triviality of the orbit structurenearx,
unlessG, = G,, for all y € S nearx. In termsof the descriptionprecedingProposition0.2.11we
have x € MP"¢ if andonly if thespaceF occurringthereis equalto {0}.

It is themain purposeof this sectionto shav that,in eachconnectedcomponentf G\ M, the set
G\MP""¢is connectedcf. the PrincipalOrbit TheorenD.2.22below. In otherwords,eachconnected
componentof the graph 7 hasa unique maximal element If M is connectedthis meanghatthere
is only oneprincipal orbit type.

In the sequeljt will be corvenientto usea somavhatcoarsepartitionof G\ M thantheoneinto
orbit types.

Definition 0.2.19 Two elementsx, y € M aresaidto be of the sameinfinitesimal type, notation:
X~y if thereexistsg € G suchthatAd g='(g,) = g., (or g71(G,)°g = G°). Onesaysthaty
o .

dominates x infinitesimally, notation: x < y, if thereexists g € G suchthatAd g *(g,) C g., (or
inf

¢ XG,)°g C G2). O

Becausgy, is the Lie algebraof G, andAd g 1(g,) is the Lie algebraof ¢ 1(G,)g, we have
Xy =Xy, andx <y = x < y; sotheinfinitesimalversionis a coarseningf the partition,
in inf
andordering,respectrely by orbit types.
Furthermorejf S is asliceatx andy € S, thenG, C G, andhenceg, C g,. Soall nearby

orbits are dominatinginfinitesimally. Also y ~ X if ahdonly if g, = g.. Theintersectiorwith S
n )

of theinfinitesimaltype of x thereforeis equalto the commonsetof zeroesn S of the vectorfields
o, (X), for X € g,. In aBochnerlinearizationthesevectorfieldsareall linearandthis setof zeroes

is a linear subspaceAs in Theorem0.2.8.(v), oneobtainsthatthe set My of elementsf the same
infinitesimaltype asx locally is a closed C* submanifoldof M. As in Proposition0.2.12,0negets
thatthe dimensionof nearbydifferentinfinitesimaltypesis strictly larger, bothin A andin the orbit
spaceG\M. As in Theorem0.2.14 theinfinitesimaltypesform aWhitney stratificationof M.

Definition 0.2.2Q0 ThesetG - x is saidto be a regular orbit if the dimensionof the orbits G - y is
constant(not strictly larger),for all y nearx. Thatis, if x is in the interior of its infinitesimaltype;
or, if G - x belongsto amaximalelemeniof thedirectedgraph7™ definedby theinfinitesimaltype.
Elementson regularorbitswill becalledregular points for theactionof G on M; andwe shalldenote
the setof thesepointsby M3, andthe setof regularorbitsby G\M™ c G\ M. O

Becaus@limG -y = dimg —dimg, and{y € M | dimg, > r } isaclosedsubsebf M for every
r € Z.o, wegetthatG - x is aregularorbitif andonly if dimg, < dimg,, ordimg, = dimg,, for all
y nearx. Almost by definition M is a denseopensubsebf M. It is G-invariantandprojectsonto
the denseopensubseiG\M'™ of G\ M. Clearly MP""® c M, andboth MP"® and M areunions
of local actiontypes.

We now considerthe orbit type strataof codimensiorl in M.
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Lemma 0.2.21. Supposehatthe Lie group G actsproperlyandin a C* fashionon the manifold M,

fork > 1. Letx € M anddimM_ = dimM — 1. ThenM C M'™ anddimg F = 1, whee F isthe
subspacappearingin thedescriptionprecedingProposition0.2.11 while G, actson F asthegroup
O(1) = {1, —1}. TheorbitsnearG - x arefiberedover G - x, with fibers consistingof two elements;
if G is connectedhentheseare two-fold coverings.

Notethatnearx, thehypersurbceM”” disconnectd/ intotwo half spaceshutthatG, interchanges
the two half spaces. It alsofollows that nearG - x the orbit spaceG\M canbe viewed asa C'
manifold with boundary(a “half space”),whereG - x is a point on the codimension-on®doundary
This is even so in termsof the Remark0.2.15: nearG - x the orbit spacecan be identified with
(T: M/ ()% x ({1, —1}\F), sowe cantake ps, .. ., py_1 to beabasisof thelinearformsonthe
firstfactor andp, = f2,if f denoteghe f-coordinate.So p mapsk = (T, M/a,(g))% x F onto
the half space{ (y1, ..., i) € R* | y > 0}. TherebyS N M~ getsmappedo a neighborhoodf 0
in theboundary{ (y1, ..., y) € R* | y» = 0}, andS N MP"" to a neighborhoodf 0 in the interior

{1 ..o ) € R¥ |y > 0}

Theorem 0.2.22(Principal Orbit Theorem). Supposéhat the Lie group G actsproperlyandin a
C! fashiononthemanifold. ThenM \ M'™ is equalto theunionof local orbit types(strata for the
stratificationdescribedn Section0.2.10)of codimensior= 2 in M. For every connecteccomponent
M° of M, the subsetM"™ N M° is connectedppenand densein M°. Each connecteccomponent
(G\M)° of G\ M containsonly oneprincipal orbit type which is a connectedppenanddensesubset
of it.

The smallestnorvoid, openand closedG-invariantsubsetsare the preimagef the connected
component®f G\ M or, equivalently thesetsG - M° whereM° is aconnectecomponenbf M. By
restrictingthe discussiorto thosesubsetsywe may assumehat G\ M is connectedandaccordingto
Theorem0.2.22thisimpliesthatthereis only oneprincipalorbit type.

Corollary 0.2.23. Suppose¢hat G actsproperlyandin a Ct (k > 1) fashionon M, andassumehat
G\M is connectedLetx € MP""® andwrite C for the connecteccomponenbf x in MP"° N A,
Then

(i) MPiInC = M = M

(i) ThesetH, the union of the connecteccomponentf M that meetMP", is a closed C!
submanifolcbf M, which containsN(G,) - C = MP""° N M°x asan opensubset.

(i) Gy={geG|A(g)(C)=C}inducesa G-equivariantC* diffeomorphism

G/Gx XG(C)/Gx C —N> Mf = Mprinc.

(iv) If C°¢denotegheclosue of C,thenC® C H andG - C° = M.

The purposeof Theorem0.2.8wasto obtainreductiongo properandfree actionsof N(G,)/ G,
on M> N M%:; if x € MP"™ thenG - (M N M%) is openin M. Theaim of Corollary 0.2.23
is to combinethis with connectity statements.If the actionis free at somepointx € M, we get
thatG, = {1}, N(G,) = G andM % = M; andthereductionsarenot very substantialn thatcase.

24



For the actionby conjugation of a compactLie groupon itself, onehasanotherextremecase where
N(G,)/Gy, the Weyl group, isfinite. In thissituation,G ¢,/ G, is evenmuchsmallerandoftentrivial.

For generalproperG-actions,it might be interestingto investigatethe relationshipbetweenthe
N(G,)/G.-orbittypesin H andtheintersectionsvith H of the G-orbittypesin M. And also,whether
therestrictionto C° of the G-orbit typesleadsto Whitney stratificationof C¢, andwhatcanbe said
aboutthefibersof the projectionz : C¢ — G\ M.

For theactionby conjugationof acompactie grouponitself, we shallreturnto thesequestionsn
thenext lecture. Therewewill alsousethefollowing variationonTheoren0.2.8andCorollary0.2.23.
For arny Lie subalgebrd of g, we write

MM ={yeM|ayX)=0, forall X € b},

the setof zeroesof theinfinitesimalactionsof the X e b, thatis, thefixed point setof the connected
Lie subgroupH of G with Lie algebraequalto h. In addition,

Ng(h) ={g e G|Adgh) =h},

thenormalizerof h in G, i.e.,thenormalizerof H in G. ClearlyNg () is a closedLie subgroupof
G. Furthermorejf H is containedn a compactsubgroupk of G, thenthe BochnerLinearization
Theorem0.1.15shavsthatM" is alocally closedsubsebf M, locally equalto a C* submanifold for
which thedimensionof differentconnectedcomponentsnay bedifferent.

Proposition0.2.24 Suppos¢hatG actsproperlyandin a C* (k > 1) fashionon M, andassumehat
G\M is connectedLetx € M™ andwrite C’ for the connectedcomponenof x in M™ N M9, and
H’ for theunionof the connectedcomponentsf M9+ that meetM ™. Then

(i) WehaveM'™s = Mf‘.

(i) ThesetH’ is a closedC' submanifoldof M andis N (g, )-invariant. Further M™ N M9 is
openanddenseén H’, andequalto thesetof regular pointsfor theNg (g.)/(G)°-actionon H'.
TheG-actioninducesa G-equivariant C* diffeomorphisnfromthe associatediber bundle

G/(G)° XNg@o/Goe (MO N M%) > M'™,
Also (NG (g:)/(G)°)\M™ N M9 = G\M'.

(i) Ng(gy) - C' = M™WNMY; andG ) :={g € G | A(g)(C’) = C'} is an opensubgoup of
Ng(g,), andtheactionA : G x C' — M inducesa G-equivariant C* diffeomorphism

G/(Gx)® XG e )Gy C = M™.
(iv) If (C"* denotegheclosue of C’, then(C")¢ ¢ H' andG - (C")* = M.

Corollary 0.2.25.AssuméhatG\ M is connecteéndalso,for x € MP"C thatG, isconnectedThen
thesubmanifoldH in Corollary 0.2.23is equaltothesubmanifoldd’ in Proposition0.2.24 andfurther
NG (gx) = NG(G,), M% = M%, MP""N M9 isdensdn H,C C C' C H, Gy = Gy C N(G,).
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0.3 GroupActions: Third Lecture: Application to CompactLie Groups

0.3.1 Intr oduction

Throughouthis chaptey G will beacompactie group. It actsonitself by meansof the conjugation
Ad g(x) = gxg1, for (g, x) € G x G, asdefinedin (8). Becaus&s is compactthis actionis proper
Applying the generalprinciplesfrom the precedindectureswe shall obtaina detaileddescriptionof
thestructureof G. Thisincludesthe basictheoremsaboutconnectedgompactLie groups,yviz.:

(i) TheMaximal Torus Theorem0.4.10 statingthateveryelemenbof G is conjucateto anelement
of a maximaltorus 7. Also, all maximaltori are conjugate to eachotherand equalto the
centralizerof anelementof principal orbit type.

(i) TheWeyl Covering Theorem0.4.11andtheWeyl Integration Theorem0.5.4,concernedvith
themappingl’ from G/ T x T ontoG, definedby theactionof conjugation.

In several respectsthe action of conjucation of a compactLie group on itself enjoys special
propertiesvhencomparedo generalactionsof compact.ie groups.Sometimeshereforeonecould
give direct, easyproofs,without having to referto the generaltheory Still, evenin thesecaseswe
deemit instructive to treatthe structuretheory of compactLie groupsin the framewvork of general
propergroupactions.

Anotherdisadwantagef proceedindromthemoregeneratheoryto thisspeciakituation jsthatthe
sameprinciple may appearseveraltimesunderslightly differentguiseswhich may make orientation
moredifficult. For thisreasorit might be helpfulto startby browsingthroughthislecture,in orderto
seehow thefinal results,sayfor connectedgcompact_ie groups,Jook like.

0.3.2 Centralizers

For theactionby conjugationof acompactie groupG onitself, thegeneratheoryof properactions
from the precedindecturesmmediatelyleadsto a numberof interestingconclusions.

(a) (SeeSection®.1.11and0.1.23.)TheorbitspacgAd G)\G, thespaceof conjucacy classesn G,
is acompactHausdorf topologicalspace.Functionson it areidentifiedwith thefunctionson
G thatareconstanbntheconjucacy classesthatis

flgxgH=fx) (x,g€0).

Thesearealsocalledthe class functions on G. Thespaceof C* functions(l < k < w) onthe
orbit spacds definedasthe spaceof C* classfunctionson G.

(b) In Sections.1.14— 0.1.21,the basictool is the conceptof a slice at ary point x, a submanifold
S throughx whosetangentspaceis complementaryto the tangentspaceof the orbit. It is
also invariant underthe action of the stabilizergroup G, of x, and accordingto the Tube
TheorenmD.1.22theactionof G nearx canbecompletelydescribedn termsof G, andthelinear
actionof G, on T, S.

For the actionby conjugationof G onitself, the stabilizeror isotropy groupof x € G is equal
to the centralizer
Gy =Zsx):={g€G|gx=1xg}
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of x in G. ThenG, is aclosedhencelie subgroupf G, with Lie algebraequalto
T1(Gy) = gy 1= 3g(x) ;= ker(Ad x — 1),
the centralizer of x in g. Indeed,Y € g belongsto theLie algebreof G, if andonly if
exptY = x(exprY)x = expAdx (1Y) = expr Adx(Y), forallt e R;

andthisis equivalentto Ad x(Y) = Y.

However, becausé&s actsonitself, G, canalsobeseemasa subsebf themanifoldonwhich G
acts.As suchiit is a closedreal-analyticsubmanifold which passeshroughthe point x, thatis,

x € G,. (20

Theconsequencesf this arequiteremarkable.

G x

Proposition0.3.3. (i) Nearx, thesetG, is asliceat x for theactionby conjugation,andlocally
it is theonly one Thetangentspaceto theorbit is givenby (cf. (5))

ac(g) := T.(Ad G(x)) = Ty R(x)(im(Adx — 1)),
andthetangentspaceto thesliceby

T.(Gy) = T1 R(x)(g,) = T1 R(x)(ker(Ad x — 1)).

(i) Thelogarithmicchart at x intertwinestheactionof G, in G, nearx, with theadjoint represen-
tationof G, in g, neartheorigin.

Combiningnow theTubeTheorem0.1.22,seethetheoryof Sectiond.1.14- 0.1.21,with Propo-
sition 0.3.3,we getthefollowing conclusions.In anopen,conjugagy invariantneighborhoodf x in
G, the actionof conjugationis analyticallyequialentto the G-actionon G x¢_ U, whereU is an
Ad G -invariantopenneighborhoodf 0 in g,, andthe actionof G, on U is the adjointone. The
C classfunctionsnearx areidentified (in the logarithmic chartandvia restrictionto g,) with the
Ad G .-invariantfunctionsof classC* on g, near0, or with the G, -classfunctionsof classC* on G,
neartheidentity elementof G, .
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In thesequelwe shallnotonly usecentralizersn G andg, respectiely, of singleelementof G,
but alsoof subgroupsFurthermorewe shallneedhecentralizersn G andg, respectiely, of elements
in g. Below we have collectedthe definitionsof all the combinationghatoccurlateron.

For ary subsetH of ary Lie groupgG,

Gy :=Zc(H):=()Gi={geG|gh=hg forallhe H)

heH

is calledthe centralizer of H in G. Here H is regardedasa subsebf the manifoldonwhich G acts.
However, consideringd asasubsebf thegroupwhichacts,Zs(H) canalsoberecognizedasthe set
of fixedpointsof H, or, in the notationof Definition 0.2.4,

Gy =Zs(H)=G".
Zs(H) is aclosedhencelie subgroupof G, with Lie algebraequalto

sg(H) == (\an={Xcg|Adh(X) =X, forallh e H} = g"",

heH

calledthecentralizer of H in g. If H = G, then
Z2(G):=26(G)={geG|gx=xg, forallx € G}
is calledthe center of G. Its Lie algebrais equalto
3(G) == 3¢(G),

whichis calledthe center of G in g.
Notethatif H is aconnectedLie subgroupof G with Lie algebraequalto b, then

Zo(H)=Zg(h) :={ge G |Adg(Y)=Y, forallY € b},
the centralizer of 4 in G. Furthermore,
3g(H) =39(h) :={X eg|[X,Y]=0, forallY € p},
is saidto bethe centralizer of b in g. If G itselfis connectedthen(seeDefinition0.1.7)
Z(G) = kerAd, with Ad: G — GL(yg),
andtheLie algebraof thecenterZ(G) of G is equalto the center 3 of g, givenby
3:=3(g)={Xeg|[X,Y]=0, forallY € g} = kerad, with ad: g — Lin(g, g).

(c) G hasa Riemannianstructurewhich is left andright invariant, and thereforealso conjucacy
invariant. TheseRiemanniarstructureson G arereal-analyticandthe mappings — B1 isa
bijectionfrom thespaceof theseontothespaceof Ad G-invariantinnerproductsong. Thelatter
areobtainedby averagingary innerproducton g over Ad G. Theproofis immediate although
onecouldalsoarguethatit coincideswith the proof of Proposition0.1.25,whenappliedto the
left-right actionof G x G onG.
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(d) In Section0.2.1the centralthemeis the studyof the orbit types
G, ={yeG|G,isconjugteto G, in G }.

Fromthedescriptionof the actionof conjugation nearx after Proposition0.3.3,it follows that
thisactionis completelydeterminedupto equivalenceby thegroupG, (which determineshe
adjointactionof G, onits own Lie algebrag,). It follows thatthe orbit types G are equal
to the local action types G; from Section0.2.1. In the further descriptionof the local action
typesthefixedpointsetfor theactionof G, andthenormalizemN(G,) of G, playanimportant
part. About thesewe have somemoreconsequencesf (20):

Lemma0.3.4 (i) For everyx € G, thefixedpointsetZ;(G,) of G, in G is containedn G,, S0
it is equalto thecenterZ(G,) of thegroupG,.

(i) ThenormalizeN(G,) of G, in G hasthesamedimensiorasG,, sSoN(G,)/ G, isafinitegroup.

As for the proof of assertion(ii), we notethefollowing. An elementg € N(G,) closeto 1 maps
x € G, toanelementn G, closeto x, becaus®f the continuityof theaction. Because&s ., nearx, is
asliceatx by Proposition0.3.3.(i),we concludehatg € G,. ThisprovesthatdimN(G,) = dimG,.
BecauseN(G,), asa closedsubgroupof G, is compactN(G,)/G, is compactanddiscrete hence
finite.

TheorenD.2.8now leadsto thefollowing conclusionsTo begin with, theorbittype G isalocally
closed real-analyticsubmanifoldof G, of codimensiorequalto the dimensionof G,/ Z(G,).

Furthermorethe fixed point setZ(G,) of G, in G isanAbelian group (acompactie subgroup
of G, henceof G). Now G N Z(G,) is anopensubsebf Z(G,), containingx. The finite group
N(G,)/G, actsfreelyon G, N Z(G,), andthequotientis naturallyidentifiedwith (Ad G\G (ad G).x-
theorbit typein theorbit space.In thisway thelattergetsthe structureof areal-analytiomanifold, of
dimensionequalto dimZ(G,).

Theactionof G inducesa G-equiariantanalyticdiffeomorphism

G/Gy XNGy6, (GT NZ(G)) — G

Thepartitioningof G into conjugagy classeslefinesareal-analytidibrationG; — (Ad G)\G g ).,
with fiberequalto G/G,. In otherwords,we have obtained

~

Gy NZ(Gy) G/ G xnGyy/6, (Gy NZ(G,)) Gy
- \ / - f.b. with fiberG/G\-J/
p.f.b. with finite struct.gr. N(G)/ G, associated.b. with fiber G/ G,
(Ad G)\Gag 6y (Ad G)\Gag 6y

(e) FromSection0.2.10,combinedwith thecompactnessf the manifold G onwhich G acts,we get
thatthereareonly finitely mary orbit types,eachof thesehaving only finitely mary connected
componentsTheseconstitutea Whitney stratificationin G.

If y € (G;)°\ G, a“boundarypoint” of a stratumin G, thenG, is conjugate(in G) to a
subgroupf G,. Moreover, dimZ(G,) < dimZ(G,), andthereforeafortiori

codimG; =dimG,/Z(G,) > dimG,/Z(G,) = codimG_ .
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(f) By definitionandby (d), x € G is of principal orbit type if G is openin G. Thesetof theseis
denotedby GP'"°. We have x € GP" if andonly if dimZ(G,) = dimG,, or G,/ Z(G,) isa
finite group,or the adjoint representationof G, onits Lie algebrag, is tri vial. Thisimplies
thatg, is Abelian,andthat(G,)° = (Z(G,))°.

G\ GP"isaclosedsubsedf G. It is equalto thedisjointunionof finitely mary locally closed,
connectedreal-analyticsubmanifoldof G (theconnectedomponentsf theotherorbittypes),
of codimensior> 1in G.

In theunion’G of all connecteccomponent®f G thatmeeta given conjugagy class,thereis
preciselyone principal orbit type. In otherwords, the directedgraphof orbit typesin 'G is
connectedandhasa uniguemaximalelement. In particulay thereis only one principal orbit
typein G°, the identity componenbf G. Thisimpliesthatall G,, for x € GP"°N G°, are
conjugateto eachothetr

(g9) An elementy is saidto be a regular elementof G if all nearbyorbits have the samedimension.
Thatis, dimg, = dimg,, for all y nearx in G; thisin turnis equialentto the conditionthat
g. isAbelian. Indeed et S beasliceatx, whichis aneighborhoodf x in G,. If y € §, then
g € G, impliesthatAd g(y) = y € S, henceg € G, (thisis partof thedefinitionof aslice). Or
G, C Gy; andin turnthisimpliesthatg, C g.. Becausall elementsn G nearx areconjugate
to an elementof S, the conclusionis thatx is regularif andonly if g, C g,, forall y € G,
sufficiently closeto x. If y = zx, thismeanghatAdz = | ong, for all z € G, nearl, which
clearlyis equivalentto theconditionthatg, is Abelian.

The setG'™ of regularelementsn G is open. The complemeniGS" = G \ G, the setof
singular elements in G, is equalto thedisjointunionof finitely mary connectediocally closed,
real-analytisubmanifold®f G of codimension> 2. Thesearetheinfinitesimal orbit types, the
partitioningof G into themis acoarsenin@f thepartitioninginto orbit types. They alsodefinea
Whitney stratificationin G. In particular G™ N C is connectedor eachconnectedcomponent
C of G.

TheopensetG™ containgheopensubseGP ¢, Theorbitsin G'\ GP"" arecalledexceptional;

they have the samedimensionasthe nearbyprincipal orbits. Thatis, if x € G™ \ G, and
y € GP"® belonggo thesliceatx, thenG, is asubgroupf G, of thesamedimensionsothese
groupsonly differ by numberof their connecteccomponentsbut they have the sameidentity
componentTheinjectionG, — G, inducesafinite coveringG/G, — G/G,, whereG/G,,

andG/G,, canbeidentifiedwith the orbit throughy, andx, respectiely.

(h) Letx e GP" write C for theconnectedtomponendf x in GP"°N Z(G,.). Also, write’GP""® =
GP"*N’G, where’G is asin (f). Combining(d) and Corollary 0.2.23,it follows that every
elemenf’'GP"° N Z(G, ) is conjucate, by meansof anelemeniof N(G,), to anelementof C.

Furthermorethe groupN(C) = {g € G | gCg~t = C} is an opensubgroupof N(G,)
containingG,.. The finite groupN(C)/G, actsfreely on C, the orbit spaceis in bijective
correspondencwith the setof conjugagy classesn 'GP, The actionof G inducesa G-
equvariantanalyticdiffeomorphism

G/Gx XN(C)/G\- C _N) /Gprinc-

Finally, eachelementof 'G is conjugateto an elementof C¢, the closure of C in G, which is
containedin Z(G,)
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Proposition0.3.5. Let G beconnectedy € G™. Then
() T :=(G,)°isatorusin G, thatis, a connectedcompactAbeliansubgoupof G.

(i) Eadelemenbf G is conjugateto an elemenof 7', andactuallyto an elemenin the closure of
anyconnectedomponent of T N GP""°,

(i) x e T.

Remark 0.3.6 In Corollary0.3.15weshallactuallyseethaty is of principalorbit typein aconnected,
compact.ie groupG, if andonlyif G, is atorus. O

Corollary 0.3.7. Foranyconnectedgompactie groupG with Lie algebra g, theexponentiaimapping
is surjective:g — G.

Remark 0.3.8 Leth bealie subalgebraf g whichhappenso bethelLie algebraof aclosedsubgroup
H of G. Thenexph is a compactsubsetof G, andalsoa subgroupbecausat is equalto H°. In
particular expg, = (G,)° for all x € G. Notethatfor ageneralLie subalgebrd of the Lie algebra
of aLie groupG, thesubseexph is neitherclosedin G, norasubgroupf G. O

0.3.9 The Adjoint Action

Analogousconclusionsasin Section0.3.2 canbe drawn for the adjoint actionAd of G on its Lie
algebrag. Actually the situationis somevhatsimplerhere,dueto thefactthatg is a vectorspacepn
which morewer G actsby mean<f lineartransformations.

(a) TheorbitspacgAd G)\g is aHausdorf topologicalspace.If we deletetheorigin, it hasanatural
conic structure, thatis, a properandfree actionof the multiplicative groupR-o. Functionson
it arethe Ad G-invariantfunctionson g, they arecalledthe class functions on g with respect
to the group G. Notethatif G is connectedithenAd G is equalto the Lie subgroupof GL (g)
generatedy €299, the adjoint group of g, whichis denotedoy Ad g. In this casewe simply talk
aboutthe class functions of g. On g we canalsotalk aboutthe polynomialclassfunctions,in
additionto their C* counterpartsThis canbeusedto turn (Ad G)\g into arealaffine algebraic
variety.

Theactionof G by conjugationin a suitableconjugagy-invariantopenneighborhooaf 1in G is
equivalentto theadjointactionof G onacorrespondinghd G-invariantopenneighborhooaf 0 in g,
via the logarithmic chart. By meansof multiplicationsby nonzeroscalarswhich commutewith the
adjointaction,theadjointactioncancompletelybeidentifiedwith the conjugationactionnearlin G.
However, in theotherdirection,theactionof conjugationin G notalwayscanberecoreredcompletely
from theadjointrepresentatiomotevenif G is connectedSeethediscussiorin Section0.3.160f the
examplesof SO(3) andSU(2). Thelocal equivalenceimpliesthatcentralizersn G of elementsn G
nearl areequalto thoseof elementdn g nearQ. Thisis formulatedsomavhatmorepreciselyin the
following lemma;actuallythe compactnesef G doesnot play ary rolein it.
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Lemma0.3.1Q LetU beanAd G-invariantsubsebf g onwhich theexponentiaimappings injective
ThenGx = Gepx, forall X € U. In particular, Gepx = G;x, if t € R\ {0} is suficientlysmall.

(b) We now turn to the descriptionof the slicesat X € g. The analogueof (20) for the adjoint
representatiors
Xegx, Or[X,X]=0.

Onemayalsoview thisasaconsequencef theexistenceof anAbelianLie subgroupf G with
Lie algebreequaltoR - X.

In view of the remarksabore aboutthe relation betweenthe adjoint action and the action of
conjugationin G, Proposition0.3.3immediatelyimplies

Proposition0.3.11. For every X € g, wehave Ty (Ad G (X)) = im(adX). NearX, theLie subalge-
bragy = T1(Gx) = ker(adX) is asliceat X for theadjointrepresentatiorof G, andit is locally the
onlyone

Thetheoryof Sectiong.1.14- 0.1.21now leadsto thefollowing conclusionsin anopen,Ad G-
invariant neighborhoodf X in g, the adjoint actionis analytically equivalentto the G-action on
G x¢, U, whereU isanAd G x-invariantneighborhooaf 0 in gy, andtheactionof Gx ongy isthe
adjointone. The C* classfunctionsnearX areidentifiedwith the Ad G x-invariant C* functionson
gx, hear0.

(c) Thelie algebrag hasanAd G-invariantinnerproduct.

(d) FromLemma0.3.4,we getthefollowing:

Lemma0.3.12 (i) ForeveryX e g, thefixedpointset;g(Gx) of Ad Gy in g is containedn gy,
sois equalto 3(Gx), theLie algebra of Z(Gy).

(i) ThenormalizerN(G ) of Gx in G hasthe samedimensioras Gy, andN(Gx)/Gy is afinite
group.

Thistime, Theorem0.2.8takesthe following form. For eachX e g, theorbittype
gx ={Y €g|gr =Adg(gx), forsomeg € G}

is equalto thelocal actiontype gy, accordingo (b). It is alocally closedreal-analyticsubman-
ifold of g, of codimensiorequalto dim gy /3(G x).

Thesetgy N3(Gx) is anopensubsebdf theAbelian Lie subalgebrg(G ) of gx, containingthe
point X. Thefinite groupN(G x)/ G x actsfreely onit, andthe quotientis naturallyidentified
with (Ad G)\gaq )x+ hencetheorbit type stratumin theorbit spacds areal-analytiananifold
of dimensiorequalto dim3(Gx).

Theadjointactionof G inducesa G-equivariantanalyticdiffeomorphism

G/Gx XNGy)/6x (8x N3(Gx)) = gx-
Thepartitioningof g5 into Ad G-orbitsdefinesareal-analytidibration
gy — (Ad G)\g(NAd G)X>
with fiberG/Gy.
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(e) Usingtheidentificationof theorbittypeswith thoseneartheorigin, by meanf theconicstructure,
we obtainfrom Section0.2.10the following results. Thereareonly finitely mary orbit types
in g, andeachof thesehasonly finitely mary connecteccomponentsthey definea Whitney
stratificationin g.

IfX,Y €g,Y € (g3)°\ gy, thenAd u(gx) C gy, forsomex € G,anddim3(Gy) < dim3(Gx),
andthereforeafortiori codimg, = dimGy/3(Gy) > dimGx/3(Gx) = codimgy.

() TheelementX e g is of principal orbit type for the adjoint action if andonly if g% is open,or
dim3(Gx) = dimgy, or the adjoint representation of G x on its Lie algebra gy is trivial. This
impliesthatgy is Abelian.

Becausg is connectedthereis only oneprincipalorbittypein g, denotedy gP'"®. Thisimplies
thatall Gy, for X e gP""® are conjugateto eachother. Thecomplemenbf g?'"®in g is closed
andcomposedf finitely mary locally closed,connectedreal-analyticsubmanifoldsof g (the
connecteccomponent®f the otherorbit types),of codimensiore 1in g.

(9) X isaregular element of g, if all nearbyadjointorbitshave thesamedimensionthatis, dimgy =
dimgy, for all Y nearX in g. Usingtheslice gy at X, we obtainasin Section0.3.2.(g)that
X isregularin g if andonly if gx is Abelian. Notethatthis conditionis formulatedin terms
of theLie algebrastructureof g only, thereasorbeingthatregularity is definedin termsof the
infinitesimalaction,ad, of Ad. The setg"™ of regularelementsn g is connectedbecauseghe
vectorspacey is connectedIn Corollary0.3.15 we shallactuallyseethat g™ = gPinc,

(h) LetX e g andlet ¢ betheconnectedomponentf X in g?""°N3(G x). ThenAd N(Gy) (¢c) =
gprlnc m 5(GX)

FurthermoreN(c) := {g € G | Ad g(¢) = ¢} is anopensubgroupof N(Gx) containingGx,

sothatN(c)/ Gy is afinite groupwhich actsfreely on ¢; the quotientspacecanbe identified
with Ad G\gP"". The adjointactionof G inducesa G-equiariantanalytic diffeomorphism:
G/Gx XN(c)/Gx € = gPrinc,

Finally, g = Ad G (¢%).

0.3.13 Connectednes®f Centralizers

In generalit is a nontrivial problemto decidewhetherthe setof solutionsof certainequationsis
connectedandthis appliesalsoto the centralizergroupsappearingn Sections0.3.2and0.3.9. We
noteherethat,in a connectedcompactie group,the centralizerof ary elementin theLie algebrais
connectedindeed:

Theorem 0.3.14 Let G bea connectedgcompactLie group. Then
(i) x € (G,)°, foreveryx € G.
(iiy Gy isconnectedfor every X € g.

(i) Gy is connectedfor everytorusS C G.

Corollary 0.3.15. Let G be a connectedcompactLie groupwith Lie algebra g. ThengPn® = g's:
thatis, there are no exceptionalorbitsin g. Also,if x € G, thenG, is atorusif andonlyif x € GP™™.
All thesetori G, x € GP™°, are conjugateto eat other
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Theorem0.3.14 leadsto several simplificationsof the resultsin Sections0.3.2 and 0.3.9, for
connected;. Forinstancejf X € g, then3;(Gx) = 3(gx). Also

N(Gx) =N(gx) :={y € G| Ady(gx) = gx },

the normalizer of gx in G. ThegroupsN(Gx)/Gx (andN(G,)/G., for x € GP"") coincidewith the
componengroupsof N(G ) (andN(G,), respectiely, for x € GP°),

For X € ¢'9, thequotientN(T)/T is calledthe Weyl group of the Abeliansubalgebra = gy,
hereT = expt = Gx. Wewill returnto thisin the Section€.4.1,0.4.9,and0.4.12 wherethe useof
alittle morelinearalgebradeadsto a considerabldurther clarification.

0.3.16 The Group of Rotations and its Covering Group

In SO(3) the conjucagy classeof all elementsc # 1 aretwo-dimensionalsoall theseelementsare
regular. Let R, denoteherotationabouttheverticalaxisthroughtheanglea €10, 7 ]. If theelement
x € SO(3) commutewith R,, thenit hasto leave invariantthe vertical axis, thatis the eigenspacef
R, for theeigervaluel. Onit, it actsastheidentity or asthereflection—1. In the horizontalplane,
x thenactsasarotation,or asan orientation-rgersingorthogonalineartransformation As is easily
verified,thesecondtaseis excludedif a < 7; thecentralizenf R, in SO(3) thenis equalto thecircle
groupT of all rotationsaboutthe verticalaxis. It followsthatall R, with a € ] 0, = [ areof principal
orbit type.

ThenormalizemN(T) of T in SO(3) consistof all x € SO(3) thatleave theverticalaxisinvariant;
thenit is equalto thedisjointunionof 7" ands T, wherewe cantake for s the elementhatsendshe
standardbasisvectorse, ey, e3 t0 ey, e1, —e3, respectrely. N(T') hasthereforetwo connectedcom-
ponentstheWeyl groupN(T)/ T is thecommutatve groupof two elements Becausehe centralizer
of R, is equalto N(T"), theelementR,, is not of principal orbit type, its conjucagy classthereforeis
the only exceptionalorbit. We may describeSO(3)P""¢ asan openball with the centerdeleted,and
fiberedby the conjugagy classeswhich arethe concentricspheresFurthermorethe conjugagy class
of R, maybedescribedisarealprojective plane;thefactthatit is eventopologicallydifferentfrom a
spherecauseshatit cannotake partin thefibrationby spheresandthis confirmsagaintheexceptional
natureof the conjugagy classof R, .

N(T) itself is a quite interestingnoncommutatie group, with commutatve identity component
T. On T, theconjugationactionof N(T) is by a reflection,the orbits consistof two points, except
for the fixed points Ry andR,. Ontheotherhand,usingthatR, - s = s - R_, ands? = 1, we get
R,-(s-Rp)- R(jl =ys5-Rp_2,,SOR, € T actsons - T asatranslatiorover —2a. Thatis, theconnected
component - T is asingleorbit for theactionby conjugation. Thismayalsosene asawarningthatin
nonconnectedompactie groupstheregularorbits caneasilyhave differentdimensionsn different
connectecomponent®f the group.

If wetake G = SU(2), thenGP"® = G'™ = SU(2) \ {—1, 1}, whichis fiberedby the conjucacy
classeg2-dimensionabpheres)Both for SO(3) andfor SU(2), the orbit spacds homeomorphido
asgmentontherealaxis, for SO(3) hawvever, oneof the endpointsrepresentsin exceptionalorbit,
whereador SU(2) bothendpointgepresensingularorbits (actuallyelementsf the center).

The Lie algebrasof SO(3) and SU(2) are isomorphic,the adjoint group actson them asthe
rotationgroup. Clearlytheregular= principalsetis equalto the complemenbf theorigin, andfibered
by concentricspheresTheorbitspacéshomeomorphito[ 0, oo [, with theconicstructureon] 0, oo [.
It is alsoeasyhereto determindor which elementsn theLie algebraheconclusionn Lemma0.3.10
doesnothold.
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STRUCTURE THEORY

JohanA.C. Kolk

(1) | Tu June 8| [LG]: Sections3.5-3.7,3.10
(2) | We June 9| [LG]: Sections3.13- 3.14
(8) | Th June 10| [LG]: Sections4.0,4.9

(4) | We June 16 | [RI]: AppendixC

(1) | RootsandrootspacesCompactie algebrasMaximaltori, TheWeyl groupasa
reflectiongroup

(2) | Integration, TheWeyl IntegrationTheorem

(3) | Introduction,Weyl's characteformula

(4) | UniversalernvelopingalgebraPoincaré—BirkhdEWitt TheoremVermamodules

In this coursewe shalltreatresultsthat arefoundationalfor the othercourses.We beagin with a
review of the structureof compacisemisimpleLie groupsandLie algebraswith attentionto maximal
tori, root spacedecompositions\Weyl groupsandthe Weyl integrationformula. Herewe shall seea
stronginteractionwith thecourseGroupActions Wealsostudyexamplesof noncompact.ie groupsjn
particularSL(n, R), anddecompositionef suchgroups.Next comegheabstractepresentatiotheory
of compact.ie groupsandtheclassificatiorby highestveightof thefinite-dimensionatepresentations.
The algebraictools associatedor this, the universalenvelopingalgebraandthe Poincaré—Birkhdf
Witt Theoremwill alsobe studiedaswell astherelatedtheoryof Vermamodules.
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0.4 StructureTheory: First Lecture

“Dig gingrootsandlifting weights” (AndréWeil)
0.4.1 Rootsand Root Spaces

Let g betheLie algebraof a compact_ie groupG. It will be cornvenientto studyadX € Lin(g, g),
for X e g, by passingo the compleification gc = g ®r C of g. Notethatgc = g @ ig (asvector
spacesover R), andthat gc is a comple Lie algebra,with the uniqgue comple bilinear mapping
[.,.]:8c X gc — gc thatextendstheLie bracletof g.

Every A € Lin(g, g) hasauniquecomple linearextensiongc — gc, whichwill alsobedenoted
by A. CornverselyamapA € Linc(gc, gec) arisesn thisway, if andonly if A(g) C g.

Now let X € g. Foreveryr € R, we have

gadX — 24X — AdexprX € Ad G,

which is a compactsubsetf Lin(g, g), asthe imageof the compactgroup G underthe continuous
mappingAd. It follows thatthe & 29X for ¢ € R, form a boundedsubsebf Lin (g, g); andthe same
holdsfor the subsebf Linc(gc, gc) formedby the comple linearextensions.
TheJordamormalform theorenfor ad X € Linc(gc, gc) saysthatge canbewrittenasthedirect
sumof comple linear subspaceg; with the following properties.Eachg; is invariantunderad X,
andonit, ad X is of theform
adX|gj =Cj I +Nj,

wherec; e C andN; e Linc(g;, g;) is nilpotent,thatis, (N;)" = 0 for somem e Z_,. For ary
linearmappingof theform L = ¢ | +N, with ¢ € C andN™ = 0, we have theformula

Assuminghatthevectorspaceonwhich L actsisnonzerowehaveker N £ 0. Onker N, theoperator
el actsasmultiplication by €¢; soif {€% | t € R} is boundedthenc mustbe purelyimaginary
Multiplying by the numberse™¢, for t € R, which remainboundedwe seeby downward induction
onk thatalsonecessarily* = 0, fork =m, ..., 1,or N = 0. We have proved:

Lemma 0.4.2 For ead X in the Lie algebra g of a compactLie group,adX € Linc(gc, gc) is
diagonalizable with only purely imaginary eigervalues.

If X,Y € g,and[X,Y] = 0, thenadX andadY commute,becausead is a homomorphism
g — Lin(g, g) C Linc(gc, gc). ThisimpliesthatadY leavesinvariantthe eigenspacesf adX. Any
of thesesay E, thendecomposefurtherasthe directsumof the eigenspacesf adY |¢. In thisway
gc is thedirectsumof the comple linear subspacewhich arethe commoneigenspacesf ad X and
adY.

Assumenow thatt is an Abelian subspace of g, thatis, t is areallinear subspacef g suchthat
[X,Y]=0wheneerX,Y € t. Applying theresultabose successiely to a basisof t, we thengeta
directsumdecompositiorof gc into finitely mary comple linearsubspaceg; # 0, andreal-linear
functionse; : t — C (actuallytaking purelyimaginaryvaluesonly), suchthat

[X,Y]=0a;(X)Y, foreveryX et Y eg,.
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Theconstructioris suchthata; # oy, whenever j # k.
A moreintrinsic notationis obtainedby defining, for every R-linear functiona : t — C, the
“commoneigenspacéor t’

ge =0t =1{Y €gc|[X,.Y]=a(X)Y, forallX et} (21)

Thesecomple linearsubspacesf gc arenonzerdor only finitely mary o € (t*)c (andthenactually
a(t) C iR), andgc is equalto thedirectsumof thenonzerog,,. Also,

g_a =9 (22)

where~ denoteghe complex conjugation X + iY +— X —iY, for X, Y € g. In particulayr g_, has
thesamedimensiorasg,,; andthespaceyy, which containgt, is invariantundercomplex conjugation,
thatis, go = (go N @) +i(go N 9).

tis saidto bea maximal Abelian subspace of g if it isanAbeliansubspacef g, ands = t for every
Abeliansubspace of g suchthatt C s. Because + R - Y is anAbeliansubspacefgif Y € goN g,
thisamountdo requiringthatt is anAbeliansubspacef g suchthat

goNg=t go=tdit=:h.

Thespacd thenis amaximalAbeliansubspacef gc, suchthatad X € Linc(gce, ge) isdiagonalizable
forevery X € h. Suchasubspacés saidto bea Cartan subalgebra of thecomple Lie algebragc. The
o € (t*)c extendto comple linearformson fj, alsodenotedby «; and[ X, Y ] = a(X)Y, for every
X e h, Y € g,. In otherwords,we mayidentify (t*)c with h*, thecomple dual of §.

Thea € h* suchthatg, # 0anda # 0 arecalledtheroots, or root forms of the Cartansubalgebra
b, andtheg, arethecorrespondingoot spaces. Thesetof rootswill bedenotedy R. (Theterminology
comedromthecomputatiorof o (X) astherootof theeigervalueequatiordettadX —c 1) = 0,¢ € C.)

Combinedwith (22), thedirectsumdecomposition

gC:heBZgav (23)

a€ER

hasasarealcounterpart
I=t®) (G ®go) Ny
aeP

Here(g, ® g o) N g, thereal partof g, & g_, hasrealdimensionequalto 2dimc g,; andwe need
only to sumoverasubsetP of R which containsoneof eachpaira, —« in R.

Thei~'a, « € R, arenonzeroreal linear forms on t, sothe kera N t, with & € R, arereal
hyperplanesn t, calledthe root hyperplanes in t. An elementX e tis saidto be regular in t, if
a(X) # 0, for all rootsq, thatis, if it belongsto

9 =t\ U kera,

a€R

the complementn t of the finitely mary root hyperplanes.The elementsof t which lie on a root
hyperplanearesaidto besingular. It is easyto verify thatt™ = tN g™, cf. TheorenD.4.10.(ii)below,
which explainsthis terminology Fromthe descriptionin Corollary0.4.16below of theactionof the
Weyl groupW = AdN(®)|t = N(T)/T ont, it follows alsothatt™ is alsoequalto the setwherew
actsfreely; thatis, t"9 is the principal orbit type for the actionof W ont. (Warning: for the action
of afinite group,every pointis regular; so hereit is essentiato usethe morerefinedconceptwf orbit

types.)
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Now let ¢ bea connectedcomponenbf ¢, For eacha € R, thereal-valuedcontinuousunction
i« hasnozerosn ¢, sotheconnectednessf ¢ impliesthatit is eithereverywhere> 0 or everywhere
< 0onc. Thatis,

R=PU(—P), PN(—P)=9, (24)

if wetake
P=P():={aeeR|ila>0o0nc} (25)

andif wewrite —P = {—«a | « € P }. Corverselyif P isasubsebf R satisfying(24), thenthe set
c=cP):={Xet]|ita(X)>0, foralla e P} (26)

is an open, cornvex polyhedralconein t, containedin t*. It is norvoid, andthereforeequalto a
connecteccomponenof t'%9, if andonly if thecorvex conein it* generatedby P is proper, thatis, if
P satisfies

Y cer=0, ¢, >0 forallaeP = =0, foralla € P. (27)

aEP

A subsetP of R, satisfying(24) and(27), is saidto be a choice of positive roots. The connected
component®f t'9 arecalledthe Weyl chambers in t. We have proved:

Lemma 0.4.3. Each of therelations(25), and (26), respectivelydefinesa bijective correspondence
betweerthe setof choicesP of positiverootsin R andthe setof Weyl chambesc in t.

If onehasfixedthechoiceof aWeyl chamber, thenit is customaryto write
P=R" c¢=t",

motivatedby (25), (26), respectiely.

0.4.4 CompactLie Algebras

As anintermezzowe give an algebraiccharacterizatiomf thoseLie algebrasvhich ariseasthe Lie
algebraof acompact_ie group.
For our purposesa corvenienttool is the bilinearform «, definedon ary Lie algebrag by

k(X,Y)=tr(@dX oadY), X,Y eg.

Heretr denoteshetraceof adX o adY € Lin(g, g). Thenk is calledthe Killing form of g; andit will

bedenoteddy «q or /cg, if thereis dangerof confusion. This bilinearform is symmetric, becausén
generalr(A o B) = tr(B o A), for linearendomorphismg andB. Becausdherealtraceof alinear
mappingis equalto the comple traceof its comple linear extension,the Killing form extendsto a
comple bilinearform on gc by meansof theformula

k(X,Y)=trc(@adX oadY), X,Y €gc,

wherenow adX o adY is consideredasanelementof Linc(gc, gc). Note however thatthe Killing
form of gc, if we considergc asaLie algebraover R, is equalto 2 Re/cg; this becausehe traceof
multiplicationby ¢ € C, consideredsareallinearmapping:C — C, is equalto 2Rec.
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Now let g satisfythe conclusionof Lemma0.4.2,andlet t be a maximalAbelian subspacef g.
Then,for X € t,
(X, X) = tr(@dX)?) = Y (e(X))® dime g,
a€ER
cf. (23)and(21). Becausex(X) € iR, for all « € R, it followsthatk (X, X) < 0; andx (X, X) =0
if andonly if «(X) = Ofor all @ € R. Thisin turnis the caseif andonly if X belongsto 3, the
centerof g. Forary X € g,wehave[ X, X] = 0, soR - X is anAbeliansubspac®f g; andthisin
turnis containedn amaximalAbeliansubspace of g. Theconclusionis thereforethatx is negative
semi-definiteon g, andkerx = 3.
It is alsoobviousthat
Kg = T Kgz
if 7 denoteghe canonicalprojection: g — g/3. In particulay the Killing form of g/3 is negative
definitein our situation.
For thenext lemma,we notethattheautomorphisngroupAut g of ary Lie algebrag isaclosedLie
subgroupof GL (g); with Lie algebraequalto thespaceDer g of derivations of g, thelinearmappings
D : g — g suchthat

DX, YD) =[DX),Y|+[X,DY)], foralX,Y eg.
This canalsobewritten as
adD(X) =[D,adX]in Lin(g,g), forall X e g.

We alsorecallthattheadjointgroupAd g of g istheconnected.ie subgroupof Aut g with Lie algebra
adg C Derg. Summarizing:

€9 — Adg & Autg & GL(g)

S

adg ——— Derg ———Lin(g, g)

Lemma 0.4.5. Let g bea Lie algebra with a nondgenerte Killing form «; thisimpliesthat; = 0.
Thenadg = Derg, andAd g = (Aut g)°, a closedLie subgoupof GL (g). If moreover « is definite
thenAut g, andtherefore also Ad g, is compact;andk is negativedefinite

In thefollowing theoremwe alsoencountethe derived Lie algebra [ g, g ] of g; it is definedasthe
linearspanofthe[ X, Y ],for X, Y e g.

Theorem 0.4.6 Let g bea finite-dimensionalLie algebra over R. Thenthefollowing conditionsare
equivalent
() gisequaltothelie algebra of a compact.ie groupG.
(i) Adgiscompact.
(i) Foread X € g, thee’ 23X witht € R, forma boundedsubsebdf Lin(g, g).

(iv) Foreath X € g, wehaveadX e Linc(gc, ge) is diagonalizableandhasonly purelyimaginary
eigervalues.
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(v) TheKilling form of g is negativesemi-definiteandits kernelis equalto 3, the centerof g.

(vi) Thee existsaninnerproductg ong sudthat,forall X, 7, Z € g, wehave

B((@dXx)y, z) + B(Y, (adx)z) = 0.

(vii) g =g & 3, for aLie subalgebra g’ of g, onwhich theKilling formis negativedefinite

Finally, if g’ is asin (vii), then[g,g] = ¢'.

A Lie algebrais saidto be compact, if ary of the equivalentcharacterizations» Theorem0.4.6
holds. Notethatif 3 # 0, thenobviously not every connected.ie groupwith Lie algebraequalto g
is compact.Also, Autg = Aut g’ x GL (3), Derg = Derg’ x Lin(3, 3) = Ad g x Lin(3, 3); soin this
casetheconclusiorof Lemma0.4.5doesnothold either Finally, onecandescribeAd g astheidentity
componentf thecompactalgebraiogroup{ ® € Aut g | ®|, = identityon3} = Aut(g/3).

Onemay shaow thatif G is a connecteccompactLie group,andthe Lie algebraof G haszero
centerthenthefundamentagjroupof G isfinite. Thiscanbeappliedto theadjointgroupof acompact
Lie algebrag. For ary connected.ie groupG with Lie algebraequalto g/3, the mappingAd defines
acovering: G — Ad g. Becauseghefiberis a subgroupof thefundamentafjroupof Ad g, it follows
thatG is compact.

For ary Lie algebrag, theKilling form is nondgeneratéf andonly if g is aso-calledsemisimple
Lie algebra.Summarizingheseremarkswe getthefollowing:

Corollary 0.4.7. Letg bea finite-dimensionalie algebra over R. Thenthefollowing conditionsare
equivalent:

(i) g hasnegativedefiniteKilling form.
(ii) giscompactandsemisimple
(iii) gis compactandhaszelo center
(iv) Everyconnected.ie groupwith Lie algebra isomorphicto g is compact.

In anyofthesecasesg =[g, g1

A complex torus is definedasa connectedcompactandAbelian comples Lie group. Thatis, a
Lie groupisomorphicto (C", +)/A, whereA is adiscretesubgroupof (C", +) which containsareal
basisof C* ~ R?". NotethatasarealLie group,C"/A is isomorphicto the standar®n-dimensional

torus(R/Z)?*, but two A’s only yield isomorphiccomplex Lie groupsif they canbe mappedo each
otherby anelementof SL(n, C).

Corollary 0.4.8 A compactconnectedcomple Lie groupis a comple torus.
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0.4.9 Maximal Tori

From now on G will denotea connected,compactLie group, with Lie algebraequalto g.

In this situationwe know alreadyseveral salientfacts,seeProposition0.3.5,Corollary0.3.7,and
Section0.3.13.Theconcept®f rootandrootspacehowever, leadto considerabléurtherclarification,
aswe wantto shav now.

A torusin G, thatis, aconnectedcompactAbelian subgroupof G, is saidto bea maximal torus
in G, if for any torus7’ in G suchthatT C 7', wehave T = T’'. A subsetS of G is saidto bea
maximal Abelian subset of G, if S C Z5(S) andif, for ary S’ C G suchthatS C §’ C Zg(S'), we
have S = §’. Clearlyatorusin G is a maximaltorusin G if it is a maximalAbelian subsetof G,
but thereexist examplesof maximalAbeliansubsetshatarenotori. For instancethethreerotations
throughtheangler, with axesequalto thethreecoordinateaxesin R3, form amaximalAbeliansubset
of SO(3), asis not hardto verify.

We bagin with somesimpleobsenrations.

Theorem 0.4.10(Maximal Torus Theorem). (i) ForanyX € g', t := gy is a maximalAbelian
subspacef g. Furthermoe, 7' := G isatorusin G with Lie algebra equalto t, and 7 is a
maximalAbeliansubsebf G. Thesameconclusionsre valid if wereplaceX by x € GP"°.

(i) All maximalAbeliansubspacesofg, andmaximattori 7 in G, ariseasgy, andG yx, respectively
for someX e g'9. Also,g™® Nt = "9, andit equalsthe complemenof theroothyperplanesn
t, for anymaximalAbeliansubspace of g.

(i) TheequationT = expt definesa bijectivecorrespondenceetweerthe maximalAbeliansub-
spaces of g andthemaximaltori 7 in G. Everyconnected\beliansubgoupof G is contained
in a maximaltorus in G, and every Abelian subsetof g is containedin a maximal Abelian
subspacef g.

(iv) All maximaltori in G are conjugateto eact other and Ad G actstransitivelyon the set of
maximalAbelian subspace®f g. Ead elementof G is conjugateto an elementof a given
maximaltorus,andAd G (t) = g for anymaximalAbeliansubspace of g.

The commondimensionof the maximaltori in G, andof the maximalAbeliansubspacesf g, is
calledthe rank of G, andof g, respectiely. It canalsobe definedasthe dimensionof the principal
orbit typein theorbit space(/Ad G)\G, and(Ad G)\g, respectiely.

Theorem 0.4.11(Weyl's Covering Theorem). Let T be a maximaltorusin G, with the maximal
Abeliansubspace of g asits Lie algebra. Then

(i) TheWeylgroupW := N(T)/T = N®)/T = AdN(b)|t, isfinite. Theactionof G byconjugation
in G, andbytheadjointactionin g, inducesa G-equivariantreal-analyticdiffeomorphism

~

G/T xw (G™NT) G, (28)
associated.b. with fibem /
(Ad G)\G™
and
G/T xwyt9 — g9, (29)

respectively
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(i) W actstransitivelyonthe setof connectedcomponentsf G' N T, andalsoon the setof Weyl
chambesin t.

(i) GY9NT ={xeT |G, CN(T)},soGP"°N T is preciselythe subsebf G'*®¥ N T onwhich
W actsfreely

Themainamgumentin the proof of Theorem0.4.11is asfollows. Theset
U:=G/T x (G'9NT)
is preciselytheopensubsebf G/ T x T onwhichthemapping
Ir:G/TxT—G givenby T'(gT,1)=gtg™*

hasa bijective tangentmapping. Also, (ii) impliesthatI" is surjective; becauseG™ is conjugagy
invariant,it followsthatI'(U) = G'9.

If gtg~ = hsh=1,forg, h € G,ands,t € G™¥N T, then,writing k = h~1g, wegets = krk~ 2. It
followsthatG, = kG,k*, andalso,ontakingLie algebrasg, = Ad k(g;). Because, t € T andT
isAbelian,G,; andG; bothcontainT; sog, andg, bothcontaint. Because: — dim g, is constanbn
connectecdcomponent®f G', andG'™ is connectedcf. 0.3.2.(g),we getdim g, = dimt = dimg;;
henceg, = t = g,, andthereforet = Ad k(t). Thusk € N(t) = N(T), orkT € W.

Becausa¥ actsanalyticallyonboth G/ T (from theright) andontheopensubsetG'™® N T of T,
the left handsidein (28) is a real-analyticmanifold, “ W-fold” coveredby the setty. The mapping
I inducesa real-analytic,G-equivariantmappingfrom it to G™, andwe have just shavn that this
mappingis bijective and hasbijective tangentmappings.Theinversefunctiontheoremnow implies
thattheinverseis real-analyticaswell.

A generalizatiorof (28) to arbitrarypropergroupactionscanbefoundin Proposition0.2.24.(ii).
Thebasicfactthatsimplifiedthesituationhereis thatG, is connectedor elements: of principalorbit
type.

Thediffeomorphismg$28)and(29)immediatelyleadto theWeylintegration formula in thegroup
G, andtheLie algebrag, respectrely, seeTheorem0.5.4.

0.4.12 The Weyl Group asa ReflectionGroup

A positve roota € P is saidto be simpleif it cannotbe written asthe sumof two positive roots.
Crossinga wall of aWeyl chambere, correspondindo a simpleroot «, oneentersanadjaceniwVeyl
chamber’. As aconsequencef Weyl's Covering Theorem0.4.11 thereis exactly ones € W, such
thats(c) = ¢’. In orderto describeheactionof thisWeyl groupelementwe needsomemoreinsight
in the structureof theroot spaces,.

Lemma 0.4.13.Let G beaconnectedgcompactie groupof rankequalto one ThenG isisomorphic
to thecircle, to SO(3), or to SU(2).

Theorem0.4.14 Let G beaconnectedgompact.ie group,t a maximalAbeliansubspacef thelLie
algebra g of G, and« arootof t. Then:

(i) dimcg, = 1,andgy, = 0,if k € Candk # —1, 0O, 1.
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(i) [ga»g—o ] C b =go, andg® := therealpartof g, ® g_o ® [ g, §—« | is a 3-dimensionalie
subalgebra of g, isomorphicto s0(3, R) = su(2).

(i) G@ := expg® is acompactie subgoupof G, isomorphicto either SO(3) or SU(2).

(iv) If ¥ denotesthe unique elementof [g,, g_o ] sud that a(«¥) = 2, thenia¥ € t and
exp2ria” = 1, while (a") € Z,forall 8 € R.

(v) Theeexistsg € G@ sud that Ad g leavesthe root hyperplanekera N t pointwisefixed,and
mapsia” to —ia”.

Remark 0.4.15. Theconclusion g,, g « 1 C go alsofollows from:

[ 9o, 981 C gotp, fOrary o, p € R. (30

(30) follows immediatelyfrom the Jacobiidentity, and the agumentworks for ary complex Lie
algebra. O

Thecomple linearmapping:
Se : X > X —a(X)a':h—h

leaveskera pointwisefixed andmapsa” to —aV, soit is equalto the comple linear extensionof
Ad g|;, with g asin Theorem0.4.14.(v). BecauseAd g(t) = t, wegetg € N(t) = N(T), or: st
belongsto the Weyl group W = W (g, t).

We alsonotethata" is orthogonalto kera, with respectto every Ad g-invariantbilinear form
B ongc. Indeed,if X € g4, Y € go, andH € b, then((X,Y],H) = —B(Y,[X,H]) =
B (Y, a(H)X) = 0,whenerera(H) = 0. Forthisreasons, is referredto asthe orthogonal reflection
in the root hyperplane kera. Notealsothat (s, )? = 1.

Thereflections, = s, is therestrictionto h of anautomorphismd of the complex Lie algebra
gc. Ingeneraljf ® € Autgc, and® (h) = b, thenwehaveforary X € h,Y € gg, that[ X, @ (Y) ] =
PO 7HX), YD) =D (B(@HX)Y) =B (S H(X)P (Y). Thatis,

@ (gp) = gop,
if we write, asusual,(®~1)*(8) = ®p. In particulay
s«B € R, wheneera, B € R.

Thatis, R formsa reduced root system in V = it* N 3°, in the senseof the algebraictheoryof root
systemswith the oV asthe correspondingoroots. Corversely one may shav that every reduced
root systemis equalto the root systemof a compactsemisimpleLie algebra. Moreover, one can
prove thattwo suchLie algebrasareisomorphicif andonly if their root systemsareisomorphic. So
the classificationof the reducedroot systemscanalso be viewed as a classificationof the compact
semisimpleLie algebras.

Corollary 0.4.16 TheWeyl groupW = AdN(t)|t = N(T)/T is equalto thegroup Wr geneatedby
the orthogonalreflectionsgn theroot hyperplanesThatis, it canbeidentifiedwith the Weyl group of
theroot systemR, and of thedual root systemR" of the coroots,respectively
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0.5 StructureTheory: SecondLecture

0.5.1 Integration

This sectioncontainsa generaldiscussiorof invariantdensitiesgspeciallyon homogeneouspaces.

A density (thatis, anunorientedsolumeform) 6 onamanifold M is anassignmentto eachlocal
coordinatechartx (from anopensubsetv, of M ontoanopensubset/, of R™, with m = dim M), of
afunctiond, on U,, with the substitutiorrule

0c(2) = 0 (k' ok (2)) - | detD(k' ok " H(2) |, (31)

if ¥’ is anothercoordinatechart,andz € U, N« (V).

Onecanalsoexpresghisby sayingthat6 is asectionof theline bundle D (M) over M (thedensity
bundle),whosefiberoverx € M is equalto the(1-dimensionalypaceof all functionsd, on A\ T, M,
suchthat, (cv) = |c|0,(v), forallc e Randv € A" T, M.

6 is saidto be C*, andpositive, if eachd, is C*, andeverywherepositive, respectiely. Using
C* partitionsof unity, we seethat every (paracompactHausdorf) C* manifold M admitspositive
densitieof classC*, here0 < k < oo.

If fisa Ctfunctionwith compactsupporton M then,usinga C* partitionof unity, we canwrite
f asafinite sum

f= fo, with £, € CE(M) andsupportof f, C V,. (32)

Now assumehat6 is continuous.The integral of f against the density 6 is thendefinedas

/ £0=Y | fe T (3)0(y)dy. (33)
M Uy

Usingtheformulafor substitutionsof variablesin anintegral,
/ ) dx = / F(@()) - | detDD(y) |dy.
U |4

where® is a C! diffeomorphisnfrom anopensubset’ of R” to anotheipensubset/ of R”, and f
acontinuougfunctionon U, with compactsupportcontainedn U, oneseeghat(31) guaranteethat
theright handsidein (33) is independenof theway we have written f asin (32).

The standardtheory of Lebesguentegration now consistsof defining the spacelL!(M, 6) of
Lebesgue integrable functions on M, with respect to the density 6, asthecompletionof C.(M) with
respecto theintegralnorm f +— [ | f|-6. Similarly, thespaceL” (M, 6) is definedasthecompletion
of C.(M) with respecto thenorm f + ([ | f1? - 9)Y?, This definition allows oneto prove mary
resultsfirst only in the spaceC.(M), andthenextendingthemto thesecompletionsby continuity.
(Themoretricky partof Lebesguaheorythenof courseis to identify the elementsf the completion
with ordinaryfunctionson M)

Thefamiliar formulafor substitutionsn anintegral now immediatelygetsthefollowing general-
izationto manifolds.If ® is adiffeomorphisnfrom amanifold N ontoM, andN is providedwith the
standardgositive densityz, then

/Mf-G:/NCD*(f-G)=/Nfod>-cb*0:/N(fo<I>)-J¢-r,

where the absolute Jacobian Jo is definedas the positive function (®*0)/z. In turn, Jo(y) =
| det(L~t o T, ®)|, if L is anauxiliary linear mapping: T, N — T, M, with x = ®(y), such
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thatL*6, = 7,. By theprincipleabore, f € LY(M, ) if andonlyif (f o ®) - Jo € LYV, 7); andif
thisis thecasethentheintegralsagree.

If 6 is positive,thenu, : f +— [ f -0 isapositive Radon measure on M, thatis, alinearform x on
C.(M), thespaceof continuoudunctionswith compactsupporton M, suchthatmorewer () > 0,
wheneer f € C.(M), f >0, f #0.

Every nowherezero,continuousvolumeform 2 on M (thatis, differentialform of degreeequal
to the dimensionof M) givesriseto a positive, continuousdensityd = | | on M, by meansof the
definition

K*Ocdxi A ---Ndx,) =, onvV,,

wherewe only allow local coordinatecharts« for which the resultingfunctions, arepositive. Note
that, giventhe continuous novherezerovolumeform €2, thereexistsan atlas4 of suchcoordinate
chartsk, andthat

detD(k' ok H(2) >0, if z€e U Nk(Vy), fork, k' € .

The choiceof suchan atlasis saidto be an orientation of the manifold M. The manifold M is
calledorientable if it hassuchanatlas,andthis is equivalentto the existenceof a nowherevanishing
continuousvolumeformon M.

If agroupG actson M by meansof diffeomorphismsthenonehasaninducedactionon C.(M)
definedby (g, f) — (g~H)*(f), wherewe usethe standarchotation

(P*(H))(x) = f(P X))

for the pull back of afunction f by amapping®. (Actually thisis a specialcaseof the pull backof
differentialformsusedabove.) The adjointof ®*, actingon measuress calledthe push forward by
@, andwill bedenotedby ... Then(g, u) — g.u definesanactionof G onthe spaceof measures
on M. All suchinducedactionsof G on space®f functions,andtheir dual spacesf distributions,
arealwaysby meansof continuoudineartransformationsn thesefunction,anddistribution, spaces,
respectiely, thatis, theseare representations the senseof Example0.1.9. In otherwords, the
usuallynonlinearactionof G on thefinite-dimensionamanifold M inducesa linearactionof G on
theinfinite-dimensionakpace®f functionsor distributionsdefinedon M. Now themeasure. on M
is saidto be G-invariant if g.u = u for all g € G, andsimilarly the densityé is saidto beinvariant
if wg is G-invariant. It is alsoeasyto verify that,for avolumeform 2 on M, thedensityd = | Q2| is
G-invariant,if andonly if ¢g*Q = £, forall g € G.

Let G be a Lie group acting transitvely (and smoothly)on a manifold M. Accordingto the
assertiorfollowing Corollary0.1.10 thereis a G-equiariantdiffeomorphisnfrom the quotientspace
G/H onto M, for asuitableclosedLie subgroupH of G; heretheactionof G on G/H is by means
of multiplicationsfrom theleft. If we denotethe Lie algebraof G, andH, by g, andh, respectiely,
thenthetangentspaceof G/H atthebasepointb = 1H isidentifiedwith g/h, in suchaway thatthe
tangentmappingatb, of thecanonicabprojectionIT : G — G/H is equalto thecanonicalprojection
7w :g— g/b. Herell : G — G/H isa(real-analyticyprincipalfiber bundle,with structuregroupH,
actingon G by meansf multiplicationsfrom theright.

The stabilizergroupof the basepointb = 1H is equalto H, it actson T,(G/H) = g/h viathe
mapping(k, X + h) — Ad h(X) + b, thisis obtainedby differentiating

hxH = hxh *H, withh € H,x € G,
with respecto x atx = 1, in thedirectionof X € g.
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It followsthath—! € H actsonthespaceof volumeforms <2, ong/h (theantisymmetrion-linear
formson g/, with m = dim g/h) via multiplicationby

det(Ad h)g/nh = (det(Ad h)|g)/(det(Ad h)]p).

Thevolumeform , ong/h = T,(G/H) extendsto a G-invariant volume form 2 on G/H (that
is, adifferentialform on G/H of degreem = dimG/H), if andonly if 2, remainsfixed underthe
actionof H. If thisis thecasethen2 is uniquelydeterminedy 2, andis real-analytic.Clearly, 2
is nonzerceverywhere andzeroeverywherejf andonlyif , # 0, and2;, = 0, respectiely. In turn,
the existenceof anonzeroG-invariantvolumeform Q on G/ H is equivalentto the conditionthat

dettAdh)gh =1, forallh e H. (39

The existenceof a G-invariantdensityf, andmeasureuy, respectiely, on G/H is equialentto the
slightly wealer condition

|det(Ad h)gn| =1, foreveryh € H. (35)

Notethat(35)is equivalentto (34),if andonlyif G/H isorientableprdet(Ad i)q,n > Oforallz € H,
andthisin turnis the caseif H is connectedUsingconvolutions,onecanshav thatary G-invariant
distributionu on G/ H is of theform uy for asmoothG-invariantdensity® on G/H, whichin turnis
locally equalto |<2| for alocally G-invariantvolumeform € on G/H. Thisimpliesthatu is uniquely
determinedipto aconstanfactor If G/H is orientablethenu = 6, for a G-invariantvolumeform
Q on G/H, andwe arebackin the situationwe startedout with.

In generakhefunction’ — |det(Ad h)g/n| : H — R.q is acontinuoushomomorphisnfrom H
to themultiplicative groupR-o. Soif H is compact theimageis acompactsubgroupf R. o, which
canonly be {1}, andthe conclusionis thatG/H carriesa G-invariantpositive density

A specialcaseoccurswhen H = {1}, thatis, G/H = G, viewed asa G-homogeneouspace
via the actionby left multiplications. In this casearny nonzerovolumeform €, on g givesriseto a
uniqueleft-invariantvolumeform © on G; we getacorrespondindgft-invariantdensity measureand
orientationrespectiely on G. Theleft-invariantmeasurés alsocalledthe(left-) Haar measure on G,
the correspondinglensityis usuallydenotedby dx. If G is compactthenthe uniqueHaarmeasure

suchthat
f 1ldx =1,
G

is theonethatis usedin theproceduref averagingover G, andis calledthe normalized Haar measure
onG.

If  is aleft-invariantvolumeform on G then,for eachg € G, we have
L)* R(©*Q = (R(g) o L))" Q= (Lx) o R(g)' 2= R@*LX'Q= R,

thatis R(g)*Q is left-invariantaswell. It follows thatit is a constantmultiple of 2. Evaluating
R(g)*Q = R(g)* L(g7H)*Q = (Ad g~ H*Q at1, we get

R(g)*Q=detAdg™!.-Q, forged. (36)

In particular thereexistsa bi-invariant (thatis, aleft-invariantandright-invariant)volumeformon G,
if andonly if detAd ¢ = 1for all g € G; thatis, theadjointrepresentatiomapsinto thespecialinear
groupof g. For the existenceof a bi-invariantdensity andmeasuretrespectiely on G, the condition
reads

|detAdg| =1, forallg e G;
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in this casethegroupG is saidto be unimodular. As before,every compactie groupis unimodular
Thisimpliesalsothat

/f(xl)dx =/ f(x)dx, for f e C.(G).
G G

Now letw : M — B = G\M beaprincipalfiber bundlewith theLie groupG asstructuregroup,
cf. (7). For ary positive, continuousdensitydg on G, andary f € C.(M), we getanew continuous
function [, f : x — [, f(gx)dg, obtainedfrom f by “integration over the fiber". Clearly [ f is
G-invariantfor every f € C.(M) if andonly if dg is right-invariant. If thisis thecase,/,, f canbe
regardedasafunctiononB,thisactuallydefinesacontinuouslinearmappinng : C.(M) — C.(B).

For ary positive, continuousdensitydb on B, the productdensitiesof thesetwo on the local
trivializationspiecetogethertto a positive, continuousdensitydx on M, suchthat,for all f € C.(M),

[ reax= /G \M( /G f(gx)dg) aGn = [ ( /G f)(b)db. (37)

Theproofis by observinghat,onthedomainG x U of aretrivialization$ : (g, b) — (gx (b), b) (see
Theorem0.1.6),we have

/cxuf=/u(/cf(g’b)dg)db=/U(/Gf(gx(b),b)dg)db
:L(/G(a*f)(g,b)dg)db:fGXU(s*f_

Next, applyingin the integrationsover G the substitutionof variablesg = h 1g’, and usingthe
analogueof (36) for right-invariantdensitieson G, we obtainthatthe densitydx on M satisfies

f f(hx)dx = | detAdhl|/ f(x)dx, forheG. (38)
M M

Sothis densitydx on M is G-invariantif andonly if G is unimodular If corverselythe positive,
continuousdensitydx on M satisfies(38) anddg is a right-invariantdensityon G, thenthereis a
uniquepositive, continuougdensitydb on B suchthat(37) holds. In this situationwe write

dx
dx =dgdb, and db= —
dg

Remark 0.5.2 (a) Thereexistsa G-invariantpositive, continuousdensitydx on M anda positie,
continuougdensitydb on B suchthat(37) holdif andonly if themappingsy : U — G, which
appeaiin theretrivializations,canbe chosersuchthatthey only take valuesin thekernelof the
homomorphisng — |detAd g| : G — R.o.

(b) If we startoutwith aleft-invariantdensityon G, thenwe endup with the formula

o _1
fM F)dx = fG \M< /G fig x)dg) d(Gx), (39)

andthedensitydx on M aggin satisfieq38).
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(c) Inthecasethatw : M — B is acovering,whichis a specialcaseof a principalfiber bundle,the
groupG is discrete(0-dimensional)andit is customaryto usethe the countingmeasuren G.
ThengG is unimodularsodx is G-invariant,and(37) takestheform

| rwar= [ (3 rn)ac.

geG

(d) IntheprincipalfibrationG — G/H, two actionsareconsideredn G: theactionof G by means
of left multiplications,andthe action# — R(#)~! of H by meansof right multiplications.
Takingtheleft-invariantdensityon H, (39) and(38) read

/Gf(x)dx:/G/H</H f(xh)dh) d(xH), (40)

f f(xh)dx = | detAd h)|h|/ f(x)dx, forhe H,
G G

and

for ary densitiesdx, andd (x H), respectely, for which (40) holds. It is clearnow thatdx is
left-invariant,if andonly if d(x H) is G-invariant,whichin turnis equivalentto (34). Onegets
all theinvariancesonecouldwish for, if both H andG areunimodular

O

0.5.3 TheWeyl Integration Theorem

If G isacompactLie group,andH isacompacsubgroupthentheinvariantpositive densitiesonthem,
which alwaysexist, arebothleft- andright-invariant,andthe quotientdensityon G/H is G-invariant
aswell. Seethe precedingRemark0.5.2.(d).

Theorem 0.5.4(Weyl's Integration Formula). Let G be a connectedcompactLie group with Lie
algebra g, T a maximaltorusin G with Lie algebrat, W = N(T)/T thecorresponding\&yl group.
Letdx, anddt, beinvariant positivedensitieson G, and T, respectivelyand provide G/ T with the
quotientdensityd(xT) = dx/dt. On g, andt, we take the constantdensities equalto (dx),, and
(dt)1, respectivelyThenwe havethefollowing:

(i) Themappingthatassigngo f € C(G) thefunction
F:(xT,t)— f(xtx | detAdt — g| onG/T x T,

extendsto a topolagical isomorphismfrom L(G) onto LY(G/T x T)Y, the spaceof W-
invariant functionson G/T x T. HeresT € W, withs € N(T), actson (xT, t) by sendingit
to (xs 1T, sts~1). Moreover if f € LY(G), then

/ f(x)dx =#(W)—1/< f(xtx_l)d(xT)>| det(l —Ad )g | dt. (41)
G T \JG/T
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(i) Themappingthatassigngo ¢ € C.(g) thefunction
®:(gT, X) —~ ¢(Ad g(X))| det(@adX)g,s| onG/T x t

extendsto a topolagical isomorphism:L(g) = LY(G/T x t)", wherenowsT € W actson
(gT, X) bysendingt to (gs 17, Ad s(X)). Moreover, if ¢ € L1(g), then

/ ¢ (X) dX = #(W) ™" /t ( BRCTES d(gT>)| detadX)g.|dX. (42
g

Observinghatthedeterminanof areallinearmappingis equalto the determinandf its complex
linearextensionwe seefrom therootspacedecompositiorf21), (23), thatthe Jacobiarwhichappears
in (42) canbeexpressedn termsof theroots. For this purposewe introduce for ary choiceof positive
roots P, thefunction

w=wp:XH Ha(X):t—> i"PR.

aeP

Then, using (24) and the factsthat —«(X) = «(X) (notice that «(X) is purely imaginary) and
dimc g, = 1 for everya € R (Theorem0.4.14.(i)),we get

det@dX)gt = o (X)w(X), forX et.

Usingthecoveringexp : t — T, we easilycangive an explicit formulafor the Jacobiarfactor
appearingn (41). Writing r € T ast = exp X, with X € ¢, werecallthatAdr = Adexp X = €24
actson g, asmultiplicationby the scalar

= e

Thefactthatz® lies ontheunit circle in C correspondso 1 =% = (¢*)°°", sonow the Jacobiarin (41)
is givenby
det(1 — Ad 1)g;t = 8(1)3 (1),

wherewe have usedthefunction

8::5P:tr—>l_[(l—t“"):T—>C.

aeP

Note thatin both caseghe determinantshemselesalreadyare positive, so thatwe actuallydid not
needthe absolutevaluesignsin (41), (42).

Underthe assignmenbf Theorem0.5.4 above, the conjugagy invariantfunctions f on G, and
the Ad-invariantfunctions¢ on g, correspondijectively to functions F, and ®, respectiely that
do notdependon thefirst variablexT andthatareWeyl groupinvariantasa function of the second
variable. Becausall thesespacesare closedlinear subspacesf the correspondindunction spaces,
Theorem0.5.4now leadsimmediatelyto the following:

Corollary 0.5.5. Setc := [, » d(xT) = [; dx/ [ dt,c' = (c/#(W))¥2. Then

() Theassignmentf — (f|7)|8|? definesa topolagical linear isomorphisnfrom L1(G)A4¢,
the spaceof Lebesguéntegrable classfunctionson G, onto the space L*(T)" of Lebesgue
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integrable functionson T that are Weyl group invariant. For f € LY(G)A4¢, we havethe
integral formula

/ f(x)dx = #W) tc / f@)18@) 7 dr. (43)
G T

Secondlytheassignmeny — ¢’§(f|r) definesa (unitary)linearisomorphisniromtheHilbert
spacelL?(G)A S of squae integrable classfunctionson G ontothe Hilbert spaceL?(T)" of
Weyl groupinvariant, squae integrablefunctionson T'.

(i) Theassignmen® — (¢|;)| = |? definesa topolagical isomorphism: L1(g)A4¢ S Lip)"W;
moreover, if ¢ € L1(g)"4%, then

/ $(X) dX = #(W) e / o(H) | (H) 2dH. (44)
g t

Theassignmenp — c¢'w (¢|;) definesa unitary transformatiorfrom L2(g)A4¢ onto L2(t)".

In amoremetricapproachpnewould startwith aleft- andright-invariantRiemanniarstructures
on G andtakethedensitieon G, T, G/ T thatassigrnthevaluel to ary orthonormabasisin atangent
space.TheseRiemanniarstructuresare,via themappings — B = f4, in bijective correspondence
with the Ad G-invariantinnerproductsB ong. (If 3 = 0, we couldtake B equalto minustheKilling
form, cf. Section0.4.4.Also, if g is simple,thenthisis the only choiceup to a positive factor, but in
generakhereis morefreedom.)

Thefactorc = vol(G/T), whichappearsn (43) andin (44),canbedeterminedxplicitly oncewe
canevaluatetheintegralsin theleft andright handsidefor a suitableinvariantandintegrablefunction
f, and¢, respectirely. Onecouldfor instancetake, in (44), ¢ equalto the characteristidunction of
theunit ball in g; thenoneis left with the computatiorof theintegral of the polynomialw (H)w (H)
overtheunitballin t.

Instead we take ¢ (X) = e~ X:X)/2: in the notationwe usethe inner productB to identify g, and
t, respectrely, with its dual, andwe alsowrite ©(X) = (X, u), for alinearform . Then,asis
well-known, the left handsideof (44) is equalto (277)4™9/2, Onthe otherhand,for ary polynomial
f, thefunction

F: X (4m)—dimt/Z/e—“‘—yvx—”/“’ f)dy
t
is a polynomial of degree< deg f, dependingsmoothlyon ¢ > 0. This function F; satisfiesthe

differentialequation

dF, . " :
a—t’ = AF;, with theboundarycondition Ilom oF’ = f.
t—0,r>

Here A denoteghe Laplaceoperatorwith respecto the giveninner product, A = ZJ. 33—;2

orthonormalbasis. Now A leavesthe finite-dimensionakpaceof polynomialsof degreejg deg f
invariant, and becausét decreaseslegrees,actually actson this spaceas a nilpotent operator It
followsthatF, = Y, o(k))~1(rA)* f, andthereforefakings = 3, we get

_ im 1.1

t k>0

on ary

wherebothsumsarefinite. In ourcase,f : Y — [[,.x «(Y) isahomogeneoupolynomialof degree
2p, if wewrite p = #(P) = %(dimg — dimt). Thisimpliesthatonly thetermwith k = p givesa
nonzerocontribution. We thereforearrive at

2m)P#(W) = cd, wherep = #(P),
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and
d=(p!2")™" (oot Ho@) - - - (Co2p-1: Aaizp)-
Herej — «; is anenumeratiorof R, andthesumis over all permutationsf {1, ..., 2p}.
This formulais explicit, but quite cumbersomén practicalcomputationsA simplerformulacan
begivenby usingthefactthatz is W-anti-invariant,actually

o (Y) = Zdets (sp)(V))’, with p= %Za

! sew aeP

This follows from

aeP sewW

by insertingX = tY andcomparingthe coeficientsof 77 in the Taylor expansion.Furthermoregeach
W-anti-invariant polynomialhasw asa factor becausenti-invarianceof f unders, implies that
f = 0onkerq, for eacha € P.

BecauseA commuteswith W, we have that Aw is W-anti-invariant,and becausaleg Aw <
degw, theconclusionis that Az = 0. Because

1 f 2
ZA(f) = A
S (F?) ;(M) +fAf
for ary function f, andbecauseA commuteswith all constantcoeficient linear partial differential

operatorstheconclusionis that

1,1 1 3’ » 1 1 37 (sp) 2
LAy =y e (D k0
P! 2 p! 7 8Yj(1)...3Yj(p) p: 7 oW p.an(l)...an(p)
2
ol (Z Sgns(s,o)j(l) - (S:O)j(p))
Jj seW

1 ’ ’ ’
= ? Z ngns sgns (S,O)j(l) - (sp)j(p)(s ,O)j(]_) .. (s p)j(p)

. ngns sgns’(sp, s'p)? ngr( 1Y (p, s 715" p)?
p!

SS

1
= W) Y sgns(sp(B~1p))" = #(W)w (B p),

whereB~1p is theelementof h suchthat . (B~1p) = (p, u) for all x € h*. Also, j rangesover all
mappingfrom {1, ..., p}to{d, ..., dimt}, and(sp); equalshek-th coordinateof sp with respecto
the choserorthonormabasisin t.

We have now arrivedat

(2n)"P)
vol(G/T) (p, )
(-1
aeP
If onetakes,for 3 = 0, B = —«, thenalsothefactors—1 in this formulagetnicely absorbedn the

product.
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0.6 StructureTheory: Third Lecture

0.6.1 Representationsof CompactLie Groups: Intr oduction

In thisintroduction,we give the basicdefinitionsof representatiotheory followed by a summaryof
themainresultsfor compact(Lie) groups.

Let G beaLie group,andV a finite-dimensionalvectorspace.A representation of G in V is
definedasacontinuoushomomorphismr : G — GL (V). Becaus&very continuoushhomomorphism
betweenLie groupsis real-analytic,one may aswell requirer to bereal-analytic. Anotherway of
sayingthisis thatzr definesareal-analyticactionof G on V by meansof lineartransformationsThe
adjointrepresentatiois arepresentatioof G in its own Lie algebrag, this examplewe alreadyhave
metnumerougimes.

If M is amanifold,andA : (g, x) — A(g)(x) : G x M — M is a C' actionof G on M (with
0 < k < w), then,for eachf € C*(M), thefunctionA(g)(f) : x — f(g x) is anotherC* function
onM. ThemappingA(g) : f — A(g)(f) is alinearmappingfrom C*(M) ontoitself. Furthermore,
themappingA : (g, f) — A(g)(f) is continuous:G x CK(M) — C*(M).

Becausesuchinducedactionson functionspacegorm a centralthemein thetheoryof representa-
tions,andbecauseat leastfor compactgroups the differentiablestructurewill not be usedfor quite
sometime, thedefinitionof arepresentatiohasbeengeneralizedn thefollowing way. A topological
group is a group G that at the sametime is a Hausdorf topologicalspace,n sucha way thatthe
multiplication: (g, #) — gh, andtheinversion:g — g1, is continuous:G x G — G, andG — G,
respectiely. If V is atopologicalvectorspace(which usuallywill belocally cornvex andcomplete),
thenarepresentation of the topological group G in the topological vector space V is definedasahomo-
morphismr : G — GL (V), suchthatthe mapping: (g, v) — 7 (g)(v) is continuous:G x V — V.
We will alsowrite V = V.

An exampleis providedby theactionof G on C(G) (or C.(G), thespaceof compactlysupported
continuousfunctionson G), inducedby the actionof G on itself by left and right multiplications
respectrely. Theseare calledthe left and right regular representation of G, denotedby L and R
respectrely. (Notethattheactionof G onitself by right multiplicationis givenby (g, x) — xg™1,
sothe inducedaction of the function spaceis givenby (g, f) — (x — f(xg).) Onehasalsothe
representationf G x G on C(G), inducedby theleft-right actionof G x G onG.

A representatiomr of G in a complete,locally corvex, topological vector spaceV is called
irreducible if thereare no 7 (G)-invariant, closedlinear subspace#/ of V, otherthanU = 0 or
U = V. (A subspacd’ is saidto be 7 (G)-invariant if = (g)(U) C U, foreveryg € G.) The
representatiois saidto be completely reducible if, for every = (G)-invariant,closedlinear subspace
U of V, thereis anotherr (G)-invariant,closedinearsubspacé/’ of V, suchthatV = U & U’. Note
thatall linearsubspacesf V areautomaticallyclosed,if V is finite-dimensional.

Therepresentations : G — GL (U) andt : G — GL (V) respectiely aresaidto be equivalent
if thereis atopologicallinearisomorphismZ from U onto V, suchthatL o o(g) = t(g) o L, for all
g € G, thatis,

U o(g) U

L
v 7(8) %

Theequialenceclassof therepresentatiorr will be denotedby []. The setof equialenceclasses
of irreduciblerepresentationsf G is calledthe dual G of G.
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If therepresentation : G — GL (V) is finite-dimensionalthen

Xn g > rm(g)

is a continuous conjugagy-invariantfunction (classfunction) on G, calledthe character of the rep-
resentation.Note that x, (1) = dimV, calledthe dimension d, of the representatiomr. Clearly
xo = x: if o, T areequialentfinite-dimensionatepresentationsf G.

We arenow readyto formulateour goalsregardingthe representatiotheoryof a compacttopo-
logical groupG. We will restrictourseheshereto complexrepresentationshatis, homomorphisms
from G to thegroupof comple lineartransformation®f acomple vectorspaceV, becauséor those
theformulationis someavhatsimplerthanfor therealones.

(i)

(ii)

(iii)

(iv)

G carriesa uniqueleft-invariantmeasure: f — [ f(g)dg, suchthat [, dg = 1. ltis
automaticallyright invariant,andis alsocalledaveraging over G.

Everyirreduciblerepresentation of G is finite-dimensional The Peter-Weyl theorem states
thatthecharactersf theirreduciblerepresentationsf G form acountableorthonormabasisof
theHilbert spaceof square-intgrable,comple-valued,conjugagy-invariantfunctionson G. In
particularinequivalentirreduciblerepresentationsave differentcharactergactuallyorthogonal
to eachotherwith respecto the L2-innerproductin thefunctionspace).

Leto bearepresentationf G in thecomplete)ocally corvex, topologicalvectorspace/, and
let 7 be anirreduciblerepresentationf G. The w-isotypical subspace U, of U is definedas
thesumof all d,-dimensionalg (G)-invariantlinearsubspace® of U, suchthatg — o (g)|v
is equivalentto . Then

E, := dn/GXn(g‘l)d(g) dg

is a continuouslinear projectionfrom U onto U,. The U,, for [r] € 6, are closedlinear
subspacesf U, andtheirsum
Ufln — Z U]T

[71€G

is direct. It is animmediateconsequencef the PeterWeyl theoremthat U™ is densein U.
The spaceU™ is also equalto the spaceof G-finite vectors in U, thatis, theu e U such
thatthe o (g)u, for g € G, spana finite-dimensionalinear subspacef U. Finally, if U, is
finite-dimensionalthenit canactually be written asa direct sumof copiesof ; the number
dimU,/ d., of theseds calledthe multiplicity [0 : w] of [r] ino.

For the right regular representatiorR in C(G) (or in L2(G)), the multiplicity of [7] € G in
R is equalto d,. Ther-isotypicalsubspace,, is alsoequalto therx V-isotypicalsubspacéor
theleft regularrepresentatiort. of G in C(G). Herer" : g — w(g™1)* : G — GL (V) isthe
contragredient or dual representatioof . ThespaceM,, isirreduciblefor theleft-right action
of G x G on C(G). By (iii), thedirectsumM = ®,,.5M,, whichis orthogonalwith respect
to the L2-innerproduct,is densen C(G). ThespaceM of functionsof finite typeis alsocalled
the space of matrix coefficients. If H isaclosedsubgroumf G, thenther ¥-isotypicalsubspace
of C(G/H) = C(G)" isthespaceM’ of R(H)-fixedelementsn M, ; sothe multiplicity of
7¥in C(G/H) is < d,. Thedecomposition

C(G/H) = (@ M;’)
[71eG
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is calledthe Fourier decomposition of the homogeneous;-spaceG/H; the elementsof the
MY hereplay therole of theharmonicoscillationsin theclassicaFourierdecompositiorof the
functionsonthecircle, thatis, the periodicfunctionson R.

(v) ThecompacigroupG is alie groupif andonly if it hasnoarbitrarily smallsubgroupslf thisis
thecasethenG hasthestructureof arealaffine algebraicset,with the matrix coeficientsof the
finite-dimensionatealrepresentationasthereal-valuedpolynomialfunctionson G. With this
structurethemultiplication,andinversion,sapolynomialmapping:G x G — G,andG — G,
respectiely, makingG into a real affine algebraic group. It hasanaturalcomplexification Gc,
and thesecompleifications of the compactLie groupsare preciselythe so-calledreductie
comple affine algebraiogroups.

(vi) Foraconnectedgompactie groupG, theconjugaoy-invariantfunctionsaredeterminedy their
restrictionsto amaximaltorus7 in G. TheWeyl character formula is anexplicit formulafor
therestrictionsto 7' of the character®f theirreduciblerepresentations of G; andanexplicit
formulafor the dimensionsd, = x, (1) follows. Theirreduciblerepresentationthemseles
may be constructedy meansof a comple structureon G/ T, whichis calleda flag manifold
associateavith G.

0.6.2 Weyl's Character Formula

In this section,G is a connected,compactLie group.

Fix amaximaltorusT in G, with Lie algebraequalto themaximalAbeliansubspace of g. Every
elemenbf G is conjugateto anelemenof 7', cf. TheorenD.4.10.Becauseharacterg,, of irreducible
representations of G areconjugagy-invariantfunctionson G, y, is determinedy its restrictionto
T.

For thedeterminatiorof x,|r, we startwith theobserationthatz|r : t — 7 (t) : T — GL(V)
is a finite-dimensionalepresentatiof 7, which is a direct sum of finitely mary one-dimensional
representationsyith characterg : t — t*. Hereu isalinearform: t — iR, suchthatu(A) C 2riZ,
whereA denoteghelatticekerexp|; in t. By aslightaltuseof notation,we will usetheletter . both
for suchalinearform andfor (the equivalenceclassof) the correspondingrreduciblerepresentation
of T, alsocalleda weight of T. Thesetof theseu will accordinglybe denotedby T. Sowe have

Xu(t) = mut*, fortef, (45)
uel
wherethe sumis only over finitely mary of theu € T, and
my = [m|r : pul

is a positive integerfor eachof theoccurringu € T, the multiplicity of p in 7.

The next obsenationis that N(7'), the normalizerof T in G, actson T by conjugation; sothe
function x,.|r on T is invariantunderthe actionon T of the Weyl group W = N(T)/T. Now
s*(#) = "W, whereon the right handsidewe have usedthe actionof s € W on t*. Theidentity
Xzl = s*(x=|7) thereforetakestheform

Zmﬂt“ = Zmuts*(“) = met“,
pel uel pef
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wherewe have writtens - 1 = (s~1)*(u) for the naturalactionof s ontheweightsof 7. Becausehe
t*, for u e T, arelinearly independen(they form an L2?-orthonormalsystemof functionson 7', as
canbeverifieddirectly), we concludethat

ms, =m,, forallse W, ue T. (46)

Thethird andlastfactabouty, thatwill beusedis thattheirreducibility of = implies

f e e dx = 1,
G

this follows from the orthogonalityrelationsfor characters.Applying to the left handsideWeyl's
integral formula (43) for conjugagy-invariantfunctions,we get

/ S50 o (a0 di = H(W); (7)
T
or (¢, @) = #(W), if wewrite
¢ =8 (xxl1).
Here
8(t) =8p(t) = [[A—17%), (48)
aeP

for a choice P of positive roots, which we assumefixed from now on. Note that for eachroot
o, themappingr +— t¢ is a characterof T, namelythe one of the one-dimensionatepresentation
t — (Ad1)|g,. In otherwords,eachrootis aweightof 7. It is alsoclearthatthe weightsform an
additive subgroupof it*. Combiningthis with (45), we get

G = cut";

nel

hereagain the sumis finite, andc, € Z, for all © € T, althoughthis time we expectalsonegative
integers. Usingthatthe character®f T form anorthonormalsystemwe seethat(47) now takesthe
form
> e 2 =H#HW). (49)
uel

Becausehe c,? arenonnejative integers,not morethan#(W) of themcanbenonzero.

In orderto understandhe consequenceasf theWeyl groupinvarianceof . |r for thecoeficients
c,, we needto investicgatehow §» behaesundertheactionof s € W.
If 5 is givenby conjugationwith x € N(T"), then,by definition,

(s-8p)(t) = 8p(s™H()) = 8p(x~'tx).

Now Ad(xrx) = Adx ! o Ad 7 o Ad x actson g, asmultiplicationby the samescalarasAd ¢ does
on (Adx)(gs) = gs.«,» Whichis equalto t**. Sos -dp = 4,.p. Herewe have usedthe following
generalfact. If ® € Autg, and®(t) = t, thenwe have,forary X e t, Y € g,, that[ X, ©(Y)] =
O PLX),Y]) = P(a(PHX))Y) = a(PL(X))P(Y). Or, with theusualnotation(®~1)*(«) =
b,

D(gy) = gou-
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Because - R = R, andR is equalto thedisjointunionof P and—P, cf. (24),wegetthats - P is
equalto thedisjointunionof P Ns - P and—(P \ s - P). It followsthat

5 s 11t
=80 [ 7=
aeP\s-P
Now
1-t*=—-1*1—-1t%), foraeR,

SO

8s.p(t) = 8p(t) (—1)FP\P) 4206) where  X(s) = Z a.

a€P\s-P

On the basisof Corollary 0.4.16,0ne may shov that s~ can be written as a compositionof
#(P \ s - P) mary reflectionsin root hyperplanes Becauseeachof thesereflectionshasdeterminant
equalto —1, it follows that (—1)#"\sP) = dets~! = dets.

A neatexpressiorfor X (s) canbeobtainedby introducing

pz:%Za;

a€eP
the so-calledhalf the sum of the positive roots. Theideais that
s-p:}Zs-a:} Z ,3:1' Z o — Z al=p—2(),
2 2 2
aeP pes-P aePNs-P aeP\s-P

or X(s) = p — s - p. Ourdesiredransformatiorformulafor § » now takestheform

(s-8p)(@) =dets t° 5P 8p(t), forse W. (50)

Remark 0.6.3. The exampleof SO(3) shaws that the linear form p is not always a weight of 7.
However, thep — s - p, for s € W, alwaysareweightsof T', andwe shallonly usetheséaf we consider
functionson T'. 0

TheWeyl groupinvarianceof yx, |7 impliesthat(50) holdswith § replaceduy ¢, thatis,

Z cot’ P = 5*(¢) = dets 1”7 P ¢ = dets Z cut“”_s*(p).

0eT uef

Substitutings*(g) =u+p—s*p),or0 =s-u+s-p— p,andusingthelinearindependencef
the .*, for u € T, weget

Cs.putsp—p = dets ¢, foru e T.seW. (51)
In otherwords,the coeficientsc,, behae in anantisymmetriovay underthe shifted action
(S, ) > s-u+(s-p—p)

of theWeyl groupWw onthelattice T of weightsof T.
A weight u of T is calleda weight of =, if m, # 0. Letus, temporarily saythati € T
is a highest weight of =, if it is a weightof =, andif u € T is not a weight of 7=, wheneer
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w = XA+ X(Q), with 0 anorvoid subsef P. Herewe have written £ (Q) = Zaega. Laterwe
will give equivalentcharacterizationsvhich agreemore with the corventionaldefinition of highest
weights,seeProposition0.6.8.

Becausehe setof weightsof r is finite, andthe corvex conein it* generatedy P is proper cf.
(27),thereexistsatleastonehighestweight 1. Otherwisewe could continueaddingnonzerosumsof
positive rootsto weightsof r, leadingto infinitely mary differentweightsof .

Working outthe productin (48), we get

Sp(t) =Y (D@ F@  or pt) = (- D m, 17O,

Qcp . Q

or, comparingcoeficients,
#
co =Y (D"Pmyiz).
0

Again usingthatthe corvex conegeneratedby P is proper theonly possibilitythat X (Q) = O is that
Q isvoid. Thismeanghatc, = m;, if A is ahighestweight.

Furthermorejf s € W, ands - A +s - p — p = A, thenthefactthatm,., = m, > 0, cf. (46),
impliesthatp —s-p = X(P\s-P)=0. Thatis,s - P = P, ors = 1, because¢heWeyl groupacts
freely onthe setof Weyl chambersit follows thatthe shiftedactionof W is freeon A; or the orbit of
A has#(W) mary elementsApplying (49) andthesentencéollowing it, combinedwith (51),wefind
thatc,?2 = 1,0rc, = m, = 1,andc, = 0, if 6 is notin theorbit of A for the shiftedWeyl groupaction.
We have proved:

Theorem 0.6.4 (Weyl's character formula). For ead irreduciblerepresentationt of G, there is
exactlyonehighestweighti € T, which hasmultiplicity equalto 1. Atr € T N G™9, the character of

7 is givenby theformula
> oy dets oAtsemp

Xz (1) = 52
Moo @19 2

Remark 0.6.5. If r is thetrivial representatiortheny, = 1, A = 0, so(52) thenyields
Sp(t) = H(l — %) = Zdets PP, forteT. (53)

aEP sew

If we substituter = exp X, for X € t, andmultiply the numeratorandthe denominatoiin (52)
bothby ™ usingtheformula(53) for the denominatarthenwe get

D; 45 (X)

. for X e exp H(G™9) N t, 54
,(X) P (G™) (54

er(eXpX) =
wherewe have written,for ary 6 € 3,

®p(X) = Z dets X for X e t.
sew

The advantageof this form is that the functions ®, are obviously W-anti-invarianton t, the slight
disadwantagesthatthenumeratoanddenominatom (54)only arethepull back(undertheexponential
mapping)of single-valuedfunctionson T if p is aweightof T'. O
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Theorem 0.6.6 (Weyl's dimension formula). If theirreduciblerepresentationr of G hashighest
weighta, thenits dimensioris givenby

b = xe () = Yom, = [[ 2212 _p 2 RE@)

\
ST ) g )

whee (., .) derlgtesany W-invariantinner productin it*. If 3 = 0, then{[n] € G |d; < Clisa
finite subsebf G, foreach C > 0.

Lemma 0.6.7. Supposéhatthere is only onepositiveroot « for thegroup G. If & is anirreducible
representatiorof G with highestweighta, then! := A («¢") € Z., and

1
Xa(£) =) 7R
k=0

Returningo ourgeneratonnectedsompactie groupG, letusbegin by observinghatfor ary root
o, wehaveexp2ria” = 1, cf. Theorem0.4.14.(v). Hencejif u € T,wehave 1 = (exp2ria¥)* =
en@riaY) _ e2m'p,(otv)’ or
w(') ez, foreveryu € T.a €R.

If ue T,anda € R, thenthea-ladder from u to s, is definedasthe set

if u(a") > 0; andasthesamesetwith « replacedy —«, if u(a”) < 0. FromLemma0.6.7,we now
get:

Proposition0.6.8 (i) Letn bea finite-dimensionatepresentatiorof G, andlet u be a weightof
7. Then,for anyroot«, thea-ladderfrom u to s, consistsof weightsof .

(ii) If  isirreduciblewith highestweighta, theni(«) > 0, for all positiverootsa.
(iii) For aweighta of r, thefollowing conditions(a)—(c) are equivalent:

(a) A isthehighestweightof .
(b) If @ € P, theni + « is nota weightof .

(c) For anyweightu of r, wehaveyp = — > __, nqc, for somen,, € Z-o.

aeP

Remark 0.6.9 Becauseachirreduciblesummandf |5 yieldsits own «-ladder andthea-ladders
areeitherdisjoint (andparallel),or stacledontop of eachotherwith their middlesatthe samepointin
it*, it follows thatthe multiplicities alongana-ladderform a symmetricfunctionunderthereflection
s«, Which moreover is monotonouslynondecreasingpwardsthe middle point. O
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In /T\, oneintroducesa partial ordering < by writing u < 6 if andonly if u =60 = _p nqo, for
somen, € Z-o. Thepropertythatu < 6 and6d < u canonly happenf u = 6; this follows from
thefactthatthe corvex conegeneratedby P is proper cf. (27). The customarydefinitionis to call a
weight of T a highest weight of r, if it is amaximalelemenbf thesetof weightsof , with respect
to the partialorder=; thisis just condition(c) in Proposition0.6.8.(iii).

A weight i of T is called dominant if u(a) > O, for all @« € P. Thatis, if u belongsto the
closureof the positve Weyl chambef u € it* | u(a¥) > 0, forall« € P }init*, with respecto the
dualrootsystemof thea¥, @ € R, cf. thediscussiorfollowing Corollary0.4.16.

We notethatif A isdominantthens - A < A, for all s € W, whereasorverselythe conditionthat
sq -, < A, foralla € S, alreadyimpliesthata isdominant.Thisis theorigin of thename‘dominant”.

Thefollowing theoremcontainsa converseto Proposition0.6.8.(ii).

Theorem0.6.10 Themappingthatassigngo eadirr educiblerepresentatiorof G its highestweight,
inducesa bijectionfrom G ontothe setof dominantweightsof 7.

With a slight atuseof notation,we shallwrite [7] = [7(1)], and x, = x,, if A is the highest
weightof . Thatis, y; is the conjugagy-invariantfunctionon G, whoserestrictionto 7' is givenby
theright handsidein (52).

Remark 0.6.11. Usingan Ad G = Ad g-invariantinner producton g, we getanidentificationof g
with ig* C g¢, whichintertwinesthe adjointactionwith the coadjoint (thatis, the contragredienof
theadjoint)actionon g¢. Underthisidentification,t is mappedo alinearsubspacef ig*, whichcan
beidentifiedwith it*. Theadjointorbitshave a uniqueintersectiorpointwith the closureof the Weyl
chamberthisimpliesthateachcoadjointorbitin i g* hasauniqueintersectiorpointa with thedominant
chambein it*. Inthisway, onemaythink of theequialenceclassesfirreduciblerepresentationsf G
asbeingparametrizetby certaincoadjointorbits,apicturethatis lessdependendnchoicesof maximal
Abelian subspaceandWeyl chambers.In the Borel-Weil theorem representationare constructed
in eachequialenceclass,in termsof geometricdatarelatedto the coadjointorbits (which may be
identifiedwith the spacesG/G,;). It is a philosophy of A.A. Kirillov that,in very greatgenerality
irreduciblerepresentationsf Lie groupsareparametrizedby, or evenconstructedjeometricallyfrom,
coadjointorbits. O
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