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1. Filippov systems

e

f(l)(x)v S Sla
f(Q)(x), x € Sy.

N

Si = {zeR?:H(x) <0},
Sy = {zxeR?:H(xz) >0},

where H : R? — R has nonvanishing gradient H () on
> ={zx cR*: H(z) = 0}.

For x € ¥, define o(z) = (Hy(z), fV(2))(Hy(x), fP (z)).

Bifurcations of Filinpov Svstems — 0. 4/4



Wi
2 U = Universiteit Utrecht

NS




Wi
2 U = Universiteit Utrecht

NS




Wi
2 U = Universiteit Utrecht

NS




liding orbits
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Iding points

gular dliding points:

T € 55, (Ho(z), fP(z) — fV(2)) =0, f12)(z)#0.
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Iding points

gular dliding points:

T € 55, (Ho(z), fP(z) — fV(2)) =0, f12)(z)#0.

udo-equilibria: = € &, g(z) =0, 2 (x) £ 0.
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Special sliding points

W Singular diding points:

z €N, (Hy(z), fP )= M) =0, f&2(z)£0.

® Pseudo-equilibria: = € X5, g(z) =0, 12 (z) #£0.
® Boundary equilibria: z € ¥, fM(z) =0or f(z) = 0.
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Special sliding points

W Singular diding points:

z € B, (Ha(2), fP(2) — fD(2)) =0, f1P(z)#0.
® Pseudo-equilibria: = € X5, g(z) =0, 12 (z) #£0.
® Boundary equilibria: z € ¥, fM(z) =0or f(z) = 0.
m Tangent points. « € ¥, (H,(z), fO(z)) =0, fH2)(x) #0.

S1

(visible) (invisible)
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Quadratic tangent point 7'

L2
1, 3
: ; Ty = SV + O(zy)
- T K(l)(&“)
\$/ L1
+axry + bxg + - -
It O (z) = oA ,
cr1 + dro + %qaﬁ + rr1To + %sx% + .-

C
then » = — and
P

2
KW(e) = —e + kél)sz + O(e?), B = 2 (a—l—c — ) :

V)
w

[Filippov, 1988]
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Fused focus (singular diding point)

When two invisible tangent points coincide, define the Poincaré map:

P(e) = £ + koe® + O(?), ko =k — k.

unstable (ko > 0) stable (ko < 0)
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1 local bifurcations

s of
1dard equilibria with >
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Degenerate boundary focus. BD F

X2

\ r1 = axi—+ bxo,

........ / o= r9 = cx1+ dzo,
\ _ - \
d
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of two invisible tangencies. 11,

Sa
S1

a <0
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Collision of two invisible tangencies. 11,

[Gubar’, 1971; Filippov, 1988]
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ddle-node: PSN
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ddle-node: PSN
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ddle-node: PSN
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3. Codim 1 global bifurcations

¥ Bifurcations of sliding cycles:
W Grazing-sliding
¥ Adding-sliding
¥ Switching-sliding
% Crossing-sliding
¥ Pseudo-homoclinic bifurcations:
% Homoclinic orbit to a pseudo-saddle-node

% Homoclinic orbit to a pseudo-saddle
® Sliding homoclinic orbit to a saddle

W Pseudo-heteroclinic bifurcations
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gliding: T'CY
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Ic orbit to a pseudo-saddle-node
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Ic orbit to a pseudo-saddle: TGP
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Ic orbit to a pseudo-saddle:
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omoclinic orbit to a saddle
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omoclinic orbit to a saddle
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Sliding homoclinic orbit to a saddle

S

S1
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4. Examples of codim 2 bifurcations

W Local bifurcations:
W Degenerate boundary focus

¥ Boundary Hopf

W Global bifurcations:

W Sliding-grazing of a nonhyperbolic cycle (fold-grazing)
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Degenerate boundary focus. DBF

TGP
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Boundary Hopf: BHP
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le: Harvesting a prey-predator community

senzwelg-MacArthur model
esing control

0-parameter bifurcation diagram
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2 g-M acArthur-Holling model

(. axri1x9
T1 = xl(l—xl)—b_l_x
1
< . aQx1I9
ro = — CI9
\ b+ 1

\l zero-isoclines:
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8ig-MacArthur-Holling model
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8ig-MacArthur-Holling model

(. axri1I9
T = xl(l—xl)—b_l_x
1
< . ari1x9
ro = — CI9
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Rosenzwei g-M acArthur-Holling model

[ AxT1T2
1 = :1:1(1 — 5171) S ——
: aAxri1Ix9
Tog = ———— —CX9
\ b+ L1
Nontrivial zero-isoclines:
be
a— C

T2
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Harvesting control

Assume that the predator population is harvested at constant effort e > 0

only when abundant (x2 > aj). This leads to a planar Filippov system:

.
f(1)<$), T > Qs,

| f(2)<$), To < (s,

where
£ — z1(1 = 21) — b(z1)22 £ — 21(1 — 1) — Y(21)22
Y(xy)xe — drg 7 Y(xy)xre — dry — exs 7
o axr
wlo) = Qg+ T

Fix a = 0.3556, d = 0.0444, e = 0.2067.
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1. Complete analysis of codim 2 local bifurcations for n = 2.

2. Bifurcation diagrams of smooth approximations of Filippov systems

and their limits. A codim 1 bifurcation can
disappear: BF3 4, D11 9,11, TC1,CC;

become a single smooth bifurcation:
BF2,5,PSN — LP,]IQ — H,TCQ — LPC,TGP — HOM,

split into a several smooth bifurcations: BF; — H + LP.

What happens to codim 2 bifurcations?
3. Grazing of nonhyperbolic cycles when n = 3 (codim 2).

4. Other codim 1 and 2 local and global bifurcations when n > 3.
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