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1. Figenbaum'’s universality

Consider a space Y of scalar maps

x— f(x), f: R! Rl,
satisfying:

(1) f(x) is an even smooth function, f:[-1,1] —
[—1,1];

(2) f/(0) = 0, x = 0 is the only maximum,
f(0) =1,

(3) f(1) = —-a<0O;

(4) b= f(a) > a;

(5) f(b) = f?(a) < a.

The function fa(z) = 1 — az? belongs to the
class Y for a > 1.



For any f € Y define the doubling operator:

(T)@) =~ f(f(~ax)),
where a = —f(1). One can check that Tf € .

Lemma 1 The maps Tf and f? are topologi-
cally equivalent.

Hence, if T'f has a periodic orbit of period N,
f2 has a periodic orbit of the same period and
f therefore has a periodic orbit of period 2N.

Th. 1 (Fixed-point existence) The map T :
Y — Y has a fixed point p €Y : Ty = .
It has been found numerically that

o(x) = 1—152763...2°+ 0.104815...z"
+ 0.0267057...2° +....



Th. 2 (Saddle properties of the fixed point)
The linear part L of the doubling operator T at
its fixed point ¢ has only one eigenvalue with
| > 1, namely pp = 4.6692. .. :

Lp = pupyp, e,

The rest of the spectrum of L is located strictly
inside the unit circle.

T herefore, the fixed point ¢ has a codim 1 stable
invariant manifold W#(yp) and a one-dimensional
unstable invariant manifold W¥%(yp).




Consider all maps from )Y having a fixed point
with multiplier p = —1. Such maps form a
codim 1 manifold > C .

Th. 3 (Manifold intersection) The manifold >
intersects the unstable manifold W%(y) trans-
versally.

The preimages T—%X will accumulate on W4(y)
as k — oo. T 13 is composed of maps having a
cycle of period two with a multiplier —1, T—2x
is formed by maps having a cycle of period four
with a multiplier —1, etc.



Any generic one-parameter dynamical system

r — fa(x)

with fo € Y defines a curve A in Y. If this curve
is sufficiently close to W¥%(y), it will intersect all
the preimages T *x.

Let & be a coordinate along W%(y), and let

&, denote the coordinate of the intersection of

Wu(p) with T-F <. The doubling operator re-

stricted to the unstable manifold has the form
&= ppé+0(€%)

with the inverse given by

1
£ —&+ 0(&2).
HE

Since
1 2
Er1 = —& + O,
1E
we have
Sk —&k—1 . .
Sk+1 — &k

as k — oo, and so does the sequence of the
bifurcation parameter values of f,.



4. Neimark-Sacker bifurcation

Example 4 (“Normal form” ) Consider
1 cosf —sinf 1
<$2>|—>(1—|—a)< sin 6 cos@) <a:2> T
> > cosf —siné a —b x1
(x1+x2)< sin cos@) ( b a) (:1;2)’
where § = 0(a),a = a(a), and b = b(a) are
smooth functions, a(0) < 0; and 0 < 8(0) < .

Introduce the complex variable z = 1 + x> and
set d =a -+ 1. Then

2 eP2(1 + a+ d|z|2) = pz + CZ|Z|2>

where u = u(a) = (1 4+ a)e?(@) and ¢ = c(a) =
e(@)d(a) . Using z = pe’®, we obtain the fol-
lowing polar form of the map:

{ p = p(1+a+a(@)p?) + p*Ra(p)
e — o+ 0(a)+ p?Qalp),

for smooth functions R and . This system
has a fixed point at the origin for all « with
multipliers

p12(a) = (1 + a)eF ),



For o« < O the origin is stable. For o« > 0O the
p-map has an additional stable fixed point

po(a) = ’/_@ + O(a),

corresponding to a closed invariant curve of
the planar map.

)

oa<O0 oa=0 o>0
Let Ay = 0(a) + p3Qalpo). If
Dy _p
2T q

with integer p and q, all points on the invariant
circle are cycles of period g of the pth iterate of
the map. If the ratio is irrational, all orbits are
dense in the circle.



Lemma 2 The map
7= D214+ a+d(a)]2|?) + 02|,

where d(a) = a(a) + ib(a); ala),bla), and 0(«)
are smooth real-valued functions, a(0) < 0,0 <
0(0) < w, has a stable closed invariant curve for

all sufficiently small o« > 0. [

Orbit structure on the closed invariant curve is
different from that of Example 4. Generically,
there is only a finite number of cycles on the
closed invariant curve.

The cycles exist for a € (a(j) (3)) j=1,2,.
and disappear at a(J) through the fold blfurca-
tion. The blfurcatmg invariant closed curve has
finite smoothness that increases as a — O.



Consider a planar map

z— A(a)xr + F(z,a), = € R%, a € RL,
where F = O(||z||?) is smooth, and A(«a) has two

multipliers

p12(a) = r(a)et(@)

with r(0) = 1,4(0) = 0p,0 < 6y < 7. One has
r(a) = 14 B(«), for some 8 = B(«),3(0) = 0.
Suppose B'(0) # 0, then 8 can be used as a new
parameter, and we have pu1 = u(B8), u> = u(B),

u(B) = (14 8P 6(0) = 6.
Write

r— A(B)x + F(x,B).
Lemma 3 By introducing a complex variable z,

the map can be written for sufficiently small |5
as

z = w(B)z + g(z, 2, B8),

where g = O(|z|?) is a smooth function of (z,z, 8).



Proof:

Let ¢(8), p(B) € C2 be complex vectors such that

A(B)q(B) = n(B)q(B), AT (B)p(B) = n(B)p(B)

Normalize them according to

(p(B8),q(B)) =1,

where (p,q) = p1q1 + P29qo.
Any vector x & R2 can be uniquely represented

for small o as

r = zq(B) + zq(B).
We have an explicit formula for z, namely
z = (p(B),x),

since (p(B8),q(B)) = 0. Indeed,

(p,q) = (D, iA@ = i(ATp, 7 =Zp, ).
m m m



T herefore

<1_H> <p7 > 0
I

with p %= n because for all sufficiently small |5|
we have 0(8) > 0. The complex variable z sat-
isfies the equation

z = p(B)z + (p(B), F(zq(B) + zq(B), B)),

having the required form with

9(z,z,8) = (p(B), F(zq(B) + zq(B), B))-

Write g as a formal Taylor series in two complex
variables (z and z):

om0 = Y o on(a)etE,
k+41>2
where
g+l
gk (B) = = (p(B), F(2q(B) + 2a(8), B))|
z=0

fork+1>2, k,Il=0,1,....



Lemma 4 The map
z— pz + 927022 + 91122 + %7252 + O(|2]3),

where p = p(B) = (1 + 8)eP) g = ¢:5(8),
can be transformed by an invertible parameter-
dependent change of complex coordinate

h ho
z—w—l—%wQ—l—h jww + ——= 2 2

for all sufficiently small , Into a map without

quadratic terms:

w = paw + O(Jw]>),

provided that

e'%0 #= 1 and e300 =+ 1.

Proof:
The inverse transformation is given by

h hoo
W=z — %22 — h112z — 7,2 + O(|z|3)



In the new coordinate w, the map takes the form

W= pw + %(920 + (u — p?)hog)w?
+ (911 + (u — |u[?)h11)w
+ (02 + (u — F2ho2)@?
+ O(|w]?).
Thus, by setting

2920 7 h . gi1 h __2902 ,
p — p

hoo = 11 =5 ho2

— p ] — p i
we “kill"" all the quadratic terms, if the denom-
inators are nonzero for all sufficiently small |3]

including 8 = 0. Indeed,

12(0) — u(0) e%0(e’ — 1) # 0,
1(0)[? —u(0) = 1-¢% 0,
i(0)? — u(0) = efo(e™3%0 1) £ 0,

due to our restrictions on 6g. U

Def. 1 The conditions
ehfo =1 k=1,2234

are called strong resonances.



Lemma b T he map

ZI_”LZ_I_Q%OZ _|_921 2= _|_912 —2_|_90_3—3_|_O<|Z‘4)

where p = p(B) = (1 + B)e?F) g = g;;(B),
can be transformed by an invertible parameter-
dependent change of coordinates
h h h _ h
Z_w_|_303_|_§12_|_£ 2_|_033
for all sufficiently small
one cubic term:

, Into a map W/th only

w— pw + cqwd + O(|lw|*),
c1 = 5921, provided that

2o #*= 1 and 4100 = 1.

Proof:
The inverse transformation is given by

h h h h
,w_z_% 3 ;1 22_%22—2 O3_3—|—O(|Z|4).



5 1
w = w4+ 6(930 + (p — p3)hzp)w>

1 _
+ 5(921 + (u — plp?)ho1)w?w

1

+ 5(912 + (u — Blp|?)h12)wiv?

1 _ —
+ g(903 + (1 — 7>)ho3)@w> + O(lw|?).

Thus, by setting

930

g12 903
h3zo = 3 h

7h12:— ) 03 — = 9
— il )2 — i3 — p

we can annihilate all cubic terms in the result-
ing map except the w2?w -term, since all the
involved denominators are nonzero for all suf-
ficiently small |3]. One can also try to eliminate
the w2w-term by setting

_ 921

p(l —|pl?)
However, the denominator vanishes at 5 = O
for all 5. To obtain a transformation that is
smoothly dependent on 3, set hoy = 0, which
results in

ho1

(:1=g271.|j



Combining Lemmas 4 and 5, we obtain

w — (14 5)67;9(6)11) + c:1w|w|2 + O(|w|4)
= O+ 4 dwlw?) + O(w]?),
where a(0) = Re d(0) = Re(e *0¢1(0)). One
has
e—i@ogo 1 1
a(0) = Re( 2 21)— Slg?1l® — 2 lg0ol?

_ Re (1 _ 2€i90)6—2i90 0 0

Th. 4 For any generic two-dimensional one-pa-
rameter system x — f(x,a), having a fixed point
xo(a) with multipliers

p12(a) = r(a)et?l@),

r(0) = 1,0 < 6(0) < m, there is a neighbor-
hood of xg(0) in which a unique closed invariant
curve bifurcates from the fixed point as o« passes
through zero. U]

Genericty conditions:

(C.1) »'(0) #0O;

(C.2) *9(0) £ 1 for k = 1,2, 3, 4;
(C.3) a(0) £ 0.



