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ABSTRACT. A multidimensional classification of singularly continuous (w.r.t. the Lebesgue
measure) probability measures in R? is introduced and a theorem on canonical representation
of such measures is proven. A class of random elements on the unit square which is defined by
a system of partitions generated by the @Q*-representation of real numbers is introduced and
studied in details. Conditions for the discreteness, absolute continuity resp. singular continuity
(w.r.t. Lebesgue measure) of the corresponding probability measures are found. Metric, topo-
logical and fractal properties of the spectra of the corresponding probability distributions are
investigated. A class of transformations preserving the Hausdorff-Besicovitch dimension of any
subset of the unit square (DP-transformations) is also studied.
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1. INTRODUCTION

The class of probability measures in R? is rather rich and diverse. It is, in general, of a more
complicated structure than the class of measures in R! (it is clear, e.g., that even the uniform
probability distribution on a smooth curve is singularly continuous w.r.t. the Lebesgue measure
on R?). Their local geometrical properties are often hard to investigate even in the case of
measures which are products of one-dimensional measures.

The study of geometrical properties of continuous probability measures has several aspects.
One of them is the study of the Lebesgue structure of a measure, i.e. the content of the absolutely
continuous and singular (with respect to the Lebesgue measure) components. Somewhat easier to
study are pure measures (pure absolutely continuous and pure singular measures). The question
of the purity of a measure and the description of the classes of pure measures is a separate
problem. In the one dimensional case by the Jessen-Wintner theorem the sum of a series of
random variables which is convergent with probability one with independent discrete terms is
of pure type. A geometrical interpretation of this theorem allows to find some generalizations
and analogous statements for the case of measures on R%. In fact in this paper we present
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a two-dimensional analogue of this theorem for one class of random elements in R? and give
criteria for the corresponding probability measures to be of pure type.

Singular continuous measures are quite specific in their topological and metric properties.
One of the important characteristics of a measure is its spectrum (the smallest closed support of
a measure). There exists a classification of singular continuous measures on R! according to the
properties of their spectrum. By that classification there are three pure types of measures and all
others are mixtures of those three. A measure supported by the union of intervals containing in
the spectrum is of pure GS-type. A measure is of pure GC-type if it is supported by a nowhere
dense set, every point of which has a neighborhood whose intersection with the spectrum is of
zero Lebesgue measure. If a measure is supported by a nowhere dense set E, and the spectrum
has an intersection of positive Lebesgue measure with every neighborhood of any point from
E, then such a measure is of pure GP-type. In this paper we generalize this classification to
measures on R? and prove that every singularly continuous measure is a linear combination of
the above mentioned tree types.

Another problem of the study of the geometry of singularly continuous probability measures
are the fractal properties of measures (their spectra and other important supports). The problem
of computation of the Hausdorff dimension of subsets of R? is much more complicated than for
subsets of R'. There is indeed a growing amount of papers appearing on the subject which solve
the problem in specific cases. Let us mention few achievement in this study.

The first approach is to compute the Hausdorff dimension of the sets generated by affine
transformation of some particular type. McMullen [21] (and independently Bedford [7]) gave
an explicit formula for the dimension of self-affine sets generated by quite a narrow set of
affinities. Later in the works Gatzouras and Lalley [20] and Baranski [6] there where given
generalizations to wider classes of sets. The formulas in these papers seem however hard to
use in practise because they require the finding of the maxima of some expressions over an
infinite set of probability vectors. In the work by Yuval Peres [22] it was shown that for a
‘typical’ McMullen’s carpet the Hausdorff measure of the order of its dimension is infinite. In
several sequential papers Peres with collaborators generalized the results to higher dimensions
and different notions of dimension. There are also several works which made some progress in
the computation of the dimension for self-affine sets which are graphs of continuous functions
8, 18]

Another approach is devoted to the computation of the dimension for a self-affine set generated
by a ’typical’ family of affinities, and give an ’almost sure’ value of the dimension, although it
seems that the expressions are also very hard to use in practice.

A transformation of the space R? (bijective mapping of the space onto itself) is said to be a
DP-transformation (dimension preserving Hausdorff transformation) if for any set E C R? its
dimension coincides with the dimension of its image E' = f(F).

In the one dimensional case the authors of the present paper had already got some results for
DR-transformations which we use in this paper and obtain analogies in two dimensions. A set
is called quasi-self-affine if there exists a DP-transformation which sends it to a self-affine set.

In this paper we consider the problems mentioned above for a class of probability measures
in R?, mainly singularly continuous with respect to the two-dimensional Lebesgue measure.

2. Q*—REPRESENTATION OF REAL NUMBERS AND THE HAUSDORFF DIMENSION

2.1. Q*-representation of real numbers. Let s be a fixed integer, s > 2, and let Q* = ||qx||
be a fixed infinite matrix with the following properties:
(1) gr >0,i€ A=1{0,1,....,s— 1} k=12,...,

(2) qok + qik + -+ Gs—1k = 1,
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o)

(3) H Qdigk — 0
k=1

for any sequence {iy}, ix, € A,

(4) qx = izyllcf{qik} > 0.

It is easy to prove (see, e.g., [4], [23]) that for any x € [0, 1] there exists a sequence {a},
o € A such that

[e'S) k—1
(5) T = /8041]. + Z </8akk H Qa1z> 9
k=2 =1

ap—1

where fop = 0, Bak = >, Gjk, k = 1,2,.... For any sequence {a}}, ai € A the series (5)
3=0

converges and the sum belongs to [0, 1].
The representation of the real number z in the form (5) is said to be the Q*-representation
of x, and we shall use the notation

(6) v =A%
The number a = ax(x) is said to be the k-th Q*-symbol of z.
Let Ach..,cm be the set of real numbers = such that a;(x) = ¢1, ..., am(z) = ¢ It is easy to

see that Ag*_,,cm is a closed interval. This interval is said to be a cylindrical set (cylinder) of
rank m with the base ci,co, ..., ¢n. The set of all cylindrical sets of all ranks for a given matrix
Q* will be denoted by Vg-. Let V& .. be the interior of AZ ., .

The following properties of cylindrical sets are obvious:

Q* o

(1) |A61--~Cm| = H qe;i-
=1

s—1

(2) Ag*cm = U Agf..cmm
c=0
Vch...cmc ﬂ Vch...cmc’ =g, iff ¢ # c.

o) N .
3) NAZ ., =2=A2 ., .
m=1
There exists a countable set of real numbers having two different Q*-expansions

z =AY =AY = x.

ai...ap_—1040...0... ag..op_1(ap—1)(s—1)...(s—1)

We shall call them Q*-rational. All other numbers have a unique Q*-representation.

If g = qi for all k € N (i.e., if all columns of the matrix Q" = ||¢;x|| are the same) then the
QQ*-representation is called the QQ-representation. It is easy to see that the Q*-expansion is also
a generalization of the s-adic expansion.

Lemma 1. Let g, = inf{gjx} > 0, qsx = sup{qir}, and let y be the smallest integer such that
(7) 4l < gu.
For any interval u € [0, 1] there exists at most
l=2(s"+s—-1)
cylinders from Vg« which covers u and whose lengths are at most |u|.

Proof. Let k be the smallest number such that u contains a cylinder of rank k£ and u does not
contain any whole cylinder of rank k — 1. Then there exist cylinders v and v; from VA1 such
that u C vg|Jv1, supvg = infvy. Let us set ug = [inf u, sup vg], u; = [sup vg, sup u].



4 S.ALBEVERIO, V.KOVAL, M.PRATSIOVYTYI, G.TORBIN

Firstly, let us consider the closed interval uy (it is clear that |ui| < |u]).
Let vi = vioUv11U- .- UJvi(s—1), where vy; € V(]j* and sup vy; = inf v1(;11), and let

m
j:min{m : Z\vm] > ]ul\}
=0

It is clear that j < s — 1. Let us consider all possible cases.
I If Jvi| < |ul, then j 4+ 1 cylinders vig,v11, ..., v1j cover uy and their lengths do not exceed
Jul.
IT. Now let us consider the case where |vy;| > |ul.
IL.1 If j > 0, then we consider all s” cylinders I; of rank k 4~ contained in vq;. It is obvious
that
| < qlilvis] < gelvrj] < gelor] < Jviol < fur] < [ul.

Hence, the cylinders v10, v11, ..., v1(j—1) and the above defined s cylinders from ng 7 cover uy

and their lengths do not exceed |u|. The total number of such cylinders is less then s7 + s.
I1.2 Finally, let us consider the case where j = 0. It is clear that in such a case |vig| > |u1].

Let n be the minimal positive integer such that there exists a cylinder of rank k 4+ n, which

completely belongs to w;. Then there exists a cylinder [ € VEF=1 such that u; C I. Let

I=1loUl...Uls 1, L € V5", supl; = infli and let

J =min{m : > |l;| > |u1]}. From the definition of the number n it follows that Iy C I.
Therefore, j* > 0 and all further considerations are the same as in the case I1.1.

So, in all cases for the interval u; there exist at most s7 + s — 1 cylinders from Vp« which
cover u and whose lengths do not exceed |u|.

In the completely similar way we can apply the above described covering procedure for the
interval ug. Therefore, the interval u = ug|Ju; can be covered by at most 2(s” + s — 1) intervals
whose lengths do not exceed |u|. O

2.2. Q*-representation and the Hausdorff dimension. Let M C R" be a fixed bounded
subset. A family ®y; of subsets of R" is said to be a fine (Vitali) covering family for M if for

any subset £ C M, and for any € > 0 there exists an at most countable e-covering {E;} of E,
E; € &y, ie,VEC M,Ve >0 3{E;} (E; € ®u, |Ej| <e): E C|JEj, where |E;| denotes the
J

diameter of E;.
For any subset £ C M and for any « > 0 and € > 0 one can define

E, &) = inf Ei|°
(M|E1n|<2||,

where the infimum is taken over all at most countable e-coverings of the subset £, E; € ®y.
The number

HY(E,®p) = hmm (E,®) —Sl>118m 2E, D) (8)

is said to be the a-dimensional Hausdorff measure of the subset £ w.r.t. a given family of
coverings ;.
Definition. The non-negative number
ao(E,®y) =inf{a: HYE,®p) =0} (9)
is said to be the Hausdorff (Hausdor(f-Besicovitch) dimension of E C M w.r.t. a given family
of coverings ® ;.
If M =10,1] and @, is the family of all subsets of [0, 1], or ®,; coincides with the family of

all closed subintervals of [0, 1], then ag(E, ®,) coincides with the classical Hausdorff dimension
ap(F) of E C [0,1].
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Definition. A fine covering family ®; is said to be fractal if for the determination of the
Hausdorff dimension of any subset E C M it is enough to consider only coverings from ®,y,

i.e., if

ag(E, ®m) = ao(E).
It is well known (see, e.g., ([9]), that the family of all s-adic cylinders of the unit interval is
fractal. A similar assertion is true for the family Viy« of cylinders generating by the Q*-partitions.

Theorem 1. For the a-dimensional Hausdorff measure H* and a-dimensional measure H*(E, Vg+)
the following inequality holds:

(8) Ha(E)SHa(EaVQ*)Sl'Ha(E)a \V/EC[O,l],
where | = 2(s7 + s — 1), ¢ix < g« = inf{g;x} > 0.

Proof. The left part of the inequality (8) is obvious. So, it is enough to prove the right part.
According to lemma 1, for any e-covering {uy} of the set E there exists an e-covering {vF},
{vF} € Ve, i = T,my, my < 2(s” + s — 1), such that [vf| < |ug| for any i € {1,2,...,my}.

Hence
my,
Dol =3 Y Wt <28  + s 1) Y ful®
k =1
and
me(E) < m2(E, Vg-) < 1 m2(E).
Taking the limit as ¢ — 0, we get inequalities (8). O

Corollary 1. The family Vo= is fractal, i.e., ag(E, Vo) = ap(E) for any subset E of the unit
interval.

2.3. Q*-representation and the Hausdorff-Billingsley dimension. Let M be a fixed sub-
set of R™, let ®); be a fine covering family for M, let a be a positive number and let v be
a continuous probability measure. The v-a-Hausdorff-Billingsley measure of a subset £ C M
w.r.t. ®,; is defined as follows:

Hall ) = i ot () f

where Ej € ®p and |JE; D E.
J

Definition. The non-negative number o, (E, ®pr) = inf{a : Hy(E, v, ®yr) = 0} is said to be
the Hausdorff-Billingsley dimension of the set E with respect to the measure v and the family
of coverings @ .

Remark. 1) If M is a bounded subset of the real line and if ®ps is the family of all closed
subintervals of the minimal closed interval [a,b] containing M, then for any E C M the number
ay(E, ®pr) coincides with the classical Hausdorff-Billingsley dimension oy, (FE) of the subset E
w.r.t. the measure v.

2) If M = [0,1], v is the Lebesgue measure on [0,1] and @y is a fractal family of coverings,
then for any E C M the number o, (E,®r) coincides with the classical Hausdorff dimension
ao(E) of the subset E.

Let M C R! and let ®%, be the image of a fine covering family under the distribution function
of a one-dimensional probability measure v, i.e., ®4, ={E': E' = F,(E),E € ®)}.
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Lemma 2. A fine covering family ® s can be used for the equivalent definition of the Hausdorff-
Billingsley dimension w.r.t. a measure v of any subset E C M if and only if the covering family
O, can be used for the equivalent definition of the classical Hausdorff dimension of any subset
E'=F,(E), ECM, i.e.,

ay(E, @y ) = (E) forany EC M
if and only if the covering family ®%, is fractal.

Proof. Because of the countable stability of the above mentioned dimensions, without loss of
generality we may assume that the set M is bounded. Let @ be the family of all closed subinter-
vals from the minimal closed interval [a, b] containing M and let ®5; be a fine covering family.
Since v(Ej) = |Ej| and |J Ej D E', we have

J

) =, T =

e—0

—1imd inf SO|Ee b = B, o).
8%{|5ﬁ§621 3l } (E', @)

J
Therefore,
au(E7 (I)M) = aO(Ela (I)l](4)

The family ®” = F,(®) coincides with the family of all closed subintervals of [a’,b'] D M'.

Therefore,
HY(E,v) = H(E,v,®) = H*(E', ®"),
and
ay(E) = o, (B, ®) = ag(E',®") = ag(E').

If the family @, is fractal, then o, (E, ®pr) = ao(E', ®Y;) = ap(E') = o (E).

If the family ®%, is not fractal, then there exists a subset E/ C M’ such that ag(E’) <
ag(E', ®%,). In such a case we have

ay(E) = ap(E') < ap(E', ®hy) = o (B, ),

which proves the Lemma. O

The following theorem can easily be proven by using arguments which are quite similar to the
Billingsley arguments in [11].

Theorem 2. Let uy and pg be continuous probability measures on Borel subsets of [0,1], and

let Ag:(w)._.ak(x) be a cylinder of rank k containing the point x.
If
In p4 (AQ* )
ECcEy=<x: klim gl*(x)"'ak(m) =9,
—In 'U’Q(Aal(a:),..ak(x))
then

Qpuy (E7 VQ*) - 50‘#1 (E7 VQ*)'

Corollary 2. If uy is a probability measure with ui(E) > 0 and po is the Lebesgue measure,
then ag(E) = ay,(E) = 9.

Let us consider an example of the application of the latter theorem. For a given stochastic
vector (70,...,7Ts—1), let M = M[Q; 7o, ...,Ts—1] be the set of all real numbers from [0, 1] with
the prescribed asymptotic frequencies of their digits 0,1...,s — 1 in the Q)-representation, i.e.,

M[Q;1o,...,7s—1] ={x 2z = AS1

(z)...ar(z)...0
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N;
lim 7@’]{)
k—oo k
where N;(z, k) is the number of symbols i in the @-representation of x until the k-th position.
Let us show that

=vi(r) =7,i=0,s — 1},

T0 -T1 Ts—1
In7y°rt .. 1.

aO(MI:Q7 TO’ Tt 7-5_1]) = ln qT()qu qufl

Let us be the Lebesgue measure and let p1 be the probability measure on Borel subsets of [0, 1]
with respect to which {«;(z)} is a sequence of independent random variables with distributions
pi{z:aj(r) =i} =7, i=0,...,5s —1. Then

s—1 1/k
AQ __No(z,k) _Ni(z,k) Ne_1(zk) Ni(kz,k)
Ml( al(w)o‘k(m)) =To T <o Ts1 = | | T; )

1=0

Q@ No(z,k) Ni(z,k) No_1(z,k) sl N’L(::k) 1/k
/’LQ(Aal(x)ak(z)) = Q[) q1 e qs—l — H qz ’
=0

and the following limit exists

i In Ml(Agl(z)._.ak(xQ ~In oot _s
im o =4.

ag(x)...ag(z)

T0 ,T1 Ts—1

) N Ingy’q;" ... q,7
Since p1(M[Q,70,...,Ts—1]) = 1, we have o, (M) = 1, and , in according to Theorem 1 and
Theorem 2, we get:

TO -T1 Ts—1
B In7y°rt .. 7.5

ag(M, Vo) =ag(M) =6 = .
0( Q ) 0( ) IHQSOQIl---q;i_f

2.4. Q*-representation and transformations of [0, 1] preserving the Hausdorff dimen-

sion. A transformation f of R™ (in the sense of a bijective mapping of the space into itself) is

said to be a DP-transformation ( dimension preserving transformation) if the condition

ag(E) = ao(f(E))

holds for any ¥ C R".
Let Q7 = ||qix] and Q3 = Hq;k|| be fixed matrices which satisfy conditions (1) - (4).

Theorem 3. If for any x € [0,1] the following equality

Q*
In A% |
lim gl*(x)ak(x) —1
k=o0 I | ADS |

ai(@)...on(x)

holds, then the function F defined by

_ Q1 BN
(9) F(z)=F (Aaf(x)...ak(x)...) = AL @) (o).

18 a strictly increasing probability distribution function which preserves the Hausdorff dimension.

Proof. Let us consider probability measures v and p such that for any cylindrical set ASE,,,%
we have:

v (Agfak> = ’Agllak‘
and
H (AdQllak) = ‘Aglz.‘.ak .
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(See, e.g., [4] for the method of construction of such measures). It is clear that v coincides with
the Lebesgue measure on [0, 1]. Then for any x € [0, 1]

Qs Q1
o G vl o M ABG @) a@)
k—o0 @7 k—o0 @7 ’
A ). ano)] V(A ). ()
and from Theorem 2 it follows that o, (E, V) = o (E, Vor) VE C [0,1]. Since the families Vs

and Vi of coverings are fractal, and F,(Vg:) = Vi3, we have:
(B, Vgr) = ag(E, V:) = ao(E);
and
au(E,Vg:) = ao(f(E), Voz) = ao(f(E)).
Hence ag(F) = ap(f(E)). O
Let now Q7 = @ = ||¢ik|| with ¢;x = ¢; (i-e., all columns of the matrix Q)] are the same). In
such a case the above defined function F' coincides with the probability distribution function of

the random variable
&= AQ

with independent symbols 7, of its Q-representation, P{nk =i} = q;k =pik, 1 € A={0,...,5—
1}, k€ N.
It is known (see, e.g., [4, 23]) that the distribution of the random variable ¢ is:

m.-MNk--

(1) absolutely continuous (w.r.t. the Lebesgue measure) iff

oo s—1

L=>" (1—q 'pi)* < oo;

k=1 1=0

(2) singularly continuous (w.r.t. the Lebesgue measure) iff L = +o00 and

M = H max{p;t} = 0.
k=1

Theorem 4. If

pik — ¢ (k — 00), i1=0,s—1,
then the distribution function F¢ of the random variable § preserves the Hausdorff dimension of
all subsets of the unit interval.
Proof. *Frorn the definition of the random variable £ with independent ()J—symbols it follows that
Pg(Aglla%ak) Par1Pas2--Pagk = |Amo&2 .| for any sequence {ay,}. So,

FE(Aam{z ak) = AgfaQ...ak-
The following equalities of limits hold:

k
> Inpa,;
ln ‘Aalaz Nes _ . lnpallpa22 pakk . j=1 ! _
— """ = lim ] = lim k =
k—oo In ‘Aalaz o k—oo N qa; Gay --- qoy, k—oo Z 1 qa]
=1
k k k
Paj Pa Paj
> tn (a0, 52) X G
:gm]‘ =1+ lim ; :1+£m1;%;——f=1
—00 —00 — 00
Zl In qq, Z In qq, % len o,
Jj= = Jj=
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for any sequence {a,}, because lim ? =1, and ¢; < 1 — ¢y for some positive constant cg.
j—oo 1%y

So, from Theorem 3 it follows that the distribution function F¢ preserves the Hausdorff

dimension of every subset of the unit interval. O

Remark 1. All strictly increasing absolutely continuous distribution functions of random
variables with independent (Q—symbols are DP-functions.

Remark 2. There exist strictly increasing absolutely continuous distribution functions F of
random variables with independent @ —symbols such that both the set No(F') = {z : F{(x) = 0}

and the set Noo(F) = {z : li‘ma_mw
Hausdorff dimension (see, e.g. [1]).

Remark 3. There exist strictly increasing singularly continuous distribution functions which
preserve the Hausdorff dimension. Omne can construct an example of such a function taking
s=2,q = 1/37q1 :2/37p0k = 1/3+ﬁ7 Pik = 2/3_ ﬁ

Remark 4. Theorem 4 gives us only sufficient conditions for the dimension preservation
under F¢. For further studies of this problem see, e.g., [24].

= +oo} are everywhere dense sets of full

3. W*-REPRESENTATION OF POINTS OF [0,1]> C R? AND SELF-AFFINE FRACTALS

Let s > 1 and r > 1 be fixed positive integers, let m = sr, A; = {0,1,...,s — 1}, Ay =
{0,1,...,r — 1}, A= Ay x Ay, and let Q% = ||lqi|, Q5 = ¢}l be fixed matrices which satisfy
conditions (1) - (4), i € A1, j € Aa, and, finally, let ai(z) be the k-th Q] symbol of z, and G (y)
be k-th Q5 symbol of y.

3.1. Q] X Q3-cylinders and their properties. The set

7.0 aq...0

Q
X A5l g =

Q7 Q3
={@y)vendioyead )

is said to be the cylinder (cylindrical set) of rank (k x m), which corresponds to the couple of
Q7 — and Q5—representations.
The following properties of cylindrical sets are obvious:

s—1 r—1 r—1s—1
(1) AQ B — |y A B — ) ADBmB = | AL
a=0 B=0 B=0a=0

a; =;,1=1,a, a = min{k,l},
B; = ¢j,j =1,¢, ¢ =min{m,n}.
k = max{k,!},

n = max{m,n},

(2) Vom0 < {

(3) AL \ALLEn — AZL-En g

Qi = i, i:1717
1
2

k 2 o2
=\ [la:+t11ds;] —0
i=1 j=1

(4) | Ay

as k — oo and m — oo. Where | - | stands for the diameter of the set.
A A ABLBm — AL B Q1 Q3
(5) ﬂlkﬂl Aaiay = Adilay = M(Asl oy s 52 5 )
m= —

.Bm B Q7 Q3
(6> Agllgk = ﬂfio Agllglﬂ—z = {(37:3/) cx=Ad) o, Y € Aﬁ12,,ﬂm}7

Agigk = ﬂ]oio Aall...ockﬂ = {(xa y) HEURS Aoéll---alwy € A,312~-ﬂm.~}'



10 S.ALBEVERIO, V.KOVAL, M.PRATSIOVYTYI, G. TORBIN
m
Bi...B _IA@S _ /
M X (A%0.) =185 5, 1= 11 5
]:

* k
A1 (Agﬁ%}f) = |Aanl-~Oék| = H Aoyi-
=1

3.2. Q7] x Q5-cylinders and the Hausdorff dimension. For the family of cylinders Aéﬁﬁ’g
we shall use the following notation:

W2 =W2 (Q; x @) is the class of all cylinders of the rank (k x m);

WY = Wo%Qt x xQ3) is the union of the classes WP  over all finite k and m;

W* = W*(QF x xQ3) is the union of the classes W7, over all finite k.

Lemma 3. If gu, = suplai}, @b = sup{aly}, g = inf{gi} > 0 and gu. = inf{gl} > 0 then for
any set E C [0,1]2 there exist no more than ¢ = cica (¢ = 28™ (s] +s—1), ca = 2r"2(r] +r—1))
cylinders from WY which cover E and whose diameters are smaller than |E|, where gt < gy,
¢ < g5 alt <l g <
Proof. Let F be the smallest rectangle which contains E and whose sides are parallel to the axes
Oz and Oy, and let F} be the smallest interval from the axe Oz which contains the projection
of the E and let F} be the smallest interval which contains the projection of E onto the axis
Oy.

According to the lemma 1 there exist no more than I = 2(s] + s — 1) cylinders from the
family Vi: which cover F,, and whose lengths are not greater than |F,|. Let Af;,,ek be one of
those intervals. Then each of the cylinders

Q*
Ael%~-€kak+1~~-ak+n17 aj S A1 = {0, 1, ey S — 1}

have the length

)k —

Q* 1 1
|A611~--6kak+1~--ak+n1| < ‘Ammek‘qm < 72|A61~--ek| < E|Fx|

The union of ¢; such cylinders forms the covering of Fj. Similarly, there exist co cylinders
from Vg; which cover F, and whose lengths are not greater then %|Fy|

The Cartesian product of the above mentioned cylinders from Vg and Vgs gives the ¢ = cico

cylinders from W which cover E and whose diameters are not greater than |E|. Indeed, if u
and v are the lengths of the sides of one of those cylinders then its diameter d satisfies

1 1 1
d= <\ LEp e me < ZSIFI< B

O

Let H*(E,WY) be the Hausdorff measure of a given subset E w.r.t. the family of coverings
WO, and let ag(E, W°) be the corresponding Hausdorff dimension.

Theorem 5. For any subset E of the unit square we have
(10) HY(E) < HY(E,W") < cH*(E),

and, therefore,

ao(E) = ao(E,W°).
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Proof. The left hand side of inequality (10) is obvious. Let us prove the right hand side. Ac-
cording to the lemma 3 for any e-covering {Ex} of E there exists an e-covering {wi}, wi € W9,
U, wi D Bk, i = 1, my, my < ¢, such that |wi| < |Ej| for any i € {1,2,...,my}. Hence

mg
DO lwhl* <ed B

k =1 k
and

m& (B, W% < em&(E).
Taking the limit as ¢ — 0, we get (10).

From the inequality (10) it follows that H*(E) and H*(E, W?) take values 0 or oo simulta-

neously, and, therefore, ag(E) = ag(E, W), which completes the proof. O

3.3. Q} x Qi-representation and W*-representation of points from [0,1]?. As before,
let Q7 and @3 be fixed matrices satisfying conditions (1)- (4). The existence of the family
of cylinders W° (and W*) allows us (according to the property 5 of the cylindrical sets) to
identify every point M € [0,1]? with an ordered pair of infinite sequences (aq, s, ..., az,...)
and (51, B2, - .., Bk, . . .) of symbols from the alphabets A; = {0,...,s—1} and A2 ={0,...,r—1}
respectively. The representation of the point M € [0,1]? as an intersection of cylindrical sets

o
M = m ABLBr =
k=1

aj...a

(11) = Af1- B

aqg..Q...

is said to be the Q7 x Q3-expansion of M. We shall call the o, the k-th QQ]-symbol and f3,, the
m-th Q5-symbol of the point M: ay = ai(M), By = Bm(M). It is clear that
Q7
,3 ﬂ e Tr = Aal...ak...,
Aall...ai... - M(‘T’y) g {y _ AQ;

Almost all (w.r.t. the Lebesgue measure \2) points from [0, 1]? have a unique Q} x Q3-
representation since almost all (w.r.t. the Lebesgue measure A;) points from [0, 1] have a unique
Q*-representation. We shall call such points 7 x Q3-irrational. Their Cartesian coordinates x
and y are Q]- resp. @Q5-irrational numbers.

If z is a @}-rational number and y is a Q3-irrational number or vice versa then the point
M (z,y) have two Q] x (Q3-representations:

Aﬁlnﬂkﬁk+1ﬁk+2m _ A61~~-,8k—1/8k,6k+16k+2-~-
a1...a;00... T Tageeap_g(ap—1)(s—1)(s—1)...

AP1---Br00... _ Aﬁl-~ka1(Bk_l)(T_l)(T_l)m.
ai

OO 1 2 [CS RPN o7 Ne7 1e7 "R o) T, REN
If z is a Qj-rational number and y is a Q3-rational number then the point M (z,y) have four
Q] x Q5-representations:

A/Bl”ﬂmoo"' _ A51...ﬁm_1(ﬁm—l)(r—l)(r—l)...

ai...ar00... ag...ap_1(ag—1)(s—1)(s—1)...

— Aﬂ1‘..ﬂm_1ﬁm00... 61-~-5m—1(ﬁm_l)(r_l)(r_l)'”‘

ay...ap_1(ag—1)(s—1)(s—1) ag...ap_1000...
We shall redenote the elements of the set A = A; x Ay in the following way:
(0,0) =0, (1,0) =7, o (s=1,0)=(s— 1),
0,1) =1, (L) =r+1, e (=L =(s—1)r+1,

O,r—1)=r—-1, (L,r=1)=2r—-1, ... (s—1Lr—1)=sr—1
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We get a new alphabet A = {0,1,...,m — 1}, where m = sr. Let
— Q7
Oy = {M<37 y) 1w € Aglay,y € A gk}

where 7; = (a4, 3;), hence O, -, = Aéﬁ @; Then for any point M € [0,1]? there exists a
sequence {vx}, Yk € 4, such that

(12) M =0y .. mDm Tk

and for any sequence {yx}, 7 € A: O, _~,.. = M € [0,1]2. The representation of the point
M in the form (12) is said to be the W*-representation of M, and ~ is said to be the k-th
W*-symbol of the point M: v = v(M).

Remark. As it was mentioned above a point of the plane can have one, two or four W,-
representations.

3.4. Some sets defined by the properties of their W*-representations. Let us consider
a fixed W*-representation of the points [0, 1]? with the alphabet A = {0,1,...,m — 1}, m = sr.

Let {Vj} be the sequence of non-empty subsets of A, and let us consider the set C[W*, {V}}]
consisting of points from [0, 1]?> whose k-th W*-symbols belong to V4, i.e.,

CW* AV} ={M : M =0, (). an)..s (M) € Vi, k=1,2,.. .}

If Vi = V for any k € N then the C[W*, {Vj}] will also be denoted by C[W*,{V'}]. It is obvious
that C[W*, {Vj}] is a finite set if Vj consists of only 1 element for all k£ > ko and it is uncountable

if the cardinality of V} is large than 1 for infinitely many values of the index k. It is not hard to
see that the set C{W™*, {Vj}] is:

(1) a union of a finite number of cylinders of the rank kg if Vi, = A for all k > ko;
(2) nowhere dense if V, # A for an infinite number of k;

(3) perfect (i.e., it is a closed set without isolated points);

(4) self-affine if W* =W and V;, =V, k=1,2,....

Theorem 6. The Lebesque measure Ay of the set C = C[W*,{Vi}] is equal to

o0

X (C)=T]0 -Gy

k=1
where

Z Yak Gak = QZkQ;ka (Zvj) =a,a¢c A= {07 17 s, ST — 1}
aEA\Vk

Proof. Let Dj, be the union of all rank k cylinders whose interiors have non-empty intersections
with C. Let Uiy be the union of all cylinders of the rank k 4 1 which belongs to Dy and have

o0
no interior points from C'. It is clear that Dy = Dy \ Ugy1, and C' = (| Dy = klim D;, with
k=1 —00

Taking into account that A\a(D;1) = 1 — G1 and Aa(Ugy1) = GrAa(Dy) we have
A2(Dr+1) = A2(Dy) = GrAa(D) = (1 — Gi)Aa(Dy) =

o

which gives the desired equality. O

= (1 - G)(1 — Gg—1)2(Dg—1)
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[&.8]
Corollary. The set C[W*, {V4}] is of zero Lebesgue measure if and only if Y Gy = +oo.
k=1

3.5. Q] x Q]-representation of points and transformations preserving dimension. Let

Q1 = llaill, Q3 = ||dixll, @1 = ||pix|| with py, = ¢ and Q2 = ||, ]| with p) = q;, i € A1 =
J J J

{0,1,...,s =1}, j € A ={0,1,...,7 — 1}. Let ¢; > 0, Vi € Ay; and ¢} > 0, Vj € As.

Theorem 7. IfVi € Ay and Vj € Ag

13

(13) {q}k—wz;- (k — o),

then the transformation of [0,1]2, defined by the equality

(14) FOM) = (T oty meonr.) = Doty oeary.. = M,

preserves the Hausdorff dimension of every subset of the unit square.

Proof. From (14) it follows that for any cylinder Aal ak € WO(Q1 x Q3) we have
PSS = Ada € WO(Q1 % Qa).

aq...0 aq...0p

To obtain a contradiction, let us assume that f does not preserve the Hausdorff dimension.
Therefore, there exists a set E* C [0,1]? such that ag(E*) # ao(f(E*)). Without loss of
generality we may assume that o/ := op(F) < ap(E*) =: o, where E = f(E*).

So, there exist real numbers o and 3 such that o/ < a < 8 < ag, and

(15) HY(E) = H’(E) =0,
and
(16) H®(E*) = HP(E*) = 4o00.

Let us recall that ag(E) = ao(E, W°(Q1 x Q2)) and ag(E*) = ag(E*, W (Q% x Q3)).

From (15) it follows that m&(E,W°(Q; x Q2)) = 0, Ve > 0. Therefore, for any v > 0
and for any & > 0 there exists an e-covering of the set E by cylinders {A,,} € W9(Q1 x Q2)
(Ap = AZm € WO(Q) x Q) such that 3 [A,,]* < .

m

The transformation f is continuous and, therefore, it is uniformly continuous on the unit
square. f~! is also uniformly continuous. Hence, for any § > 0 there exists £(§) > 0 such that
any &(8)-covering of E is mapped by f~! to a d-covering of the set E* = f~1(E).

From (16) it follows that léiﬁ)l m?(E*, WOQ3 x Q3)) = +oo. So, for any A > 0 there exists

d4 > 0 such that for any § < d4 we have mj (E* Wo%Q3 x Q%)) > A. Therefore, for any
Sa-covering {A*,} of E* by cylinders from W°(Q% x Q%) one has Z |A% P > A.

Let us fix a positive integer A, and let 4 and £(04) be the above defined values.
For a given v > 0, let us choose an £(d4)-covering {An,} (A € WO(Q1 x Q2)) of the set E
such that Z |Ap]Y < 7.

Let us con51der the covering {A*} = {f~1(A)} of the set E*.
From |A,,| <e(04) it follows that |A¥ | < d4, and, therefore,

(17) STIAL = Al

On the other hand,

13 Z|Amra~ A =Y mra-< m’,)
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Slnce > 1 and ¢ — ¢, qjk — q], we have:

(Qa11 BEITE Qakk)c
Gaq * -+ " oy,

-0 (k— o0)

for any ¢ > 1 and for any {a;} € A;.
Similarly, we have

(95,1 " Gg,n)°

-0 (n— o)

/ /
g, "4,
for any ¢ > 1 and for any {8,} € As.
Therefore,
p1...0 a
|AY |a ‘Aall e
3 — 0 for any {n,} — oo and {k,} — oo,
|Am| |A0c1 et |

and, hence, for any £ > 0 and for any ¢ > 1 there exists Ny(¢1,¢) € N such that Vk > Ny(e1, ¢),

Vn > N()(él,c)
‘A B ﬁn‘c

ajg.. ak

— < gq.
|A011 Otk

For given numbers A > 0, « € (¢/, ap) and v > 0, let us choose €1 > 0 such that v -&§ < %A.
Finally, for a given v > 0, let us choose a covering of the set E by cylinders {A,,} whose

ranks are at least Ny (51, g) and whose diameters are less than €(d4), such that > |A,,|* <.
m

In such a case we have

INAL
m

Z|A Z|Am,a ( Al ) Z|Am’a ef <v-ef < %A

which contradicts (17). So, f is a DP-transformation on [0, 1]%.

4. RANDOM ELEMENTS OF [0, 1]? WITH INDEPENDENT W*-SYMBOLS

Let m be a sequence of independent discrete random variables taking values 0, 1,2,

1 (m = sr) with probabilities
P{nx =i} = pix > 0, por + p1k +.o P =1

The random element

5 = D’?Iﬁ2~~~77k~~ € [07 1]2

L,m =

is said to be a random element with independent W*—symbols. Properties of the distribution of £

are defined by the matrices QF, @5 and the infinite stochastic matrix ||pl|, (# = 0,m —

0,m—1,k e N).

Let n and 7 be two probability measures defined on the same measurable space (2, F). Let
us recall that a probability measure is said to be pure discrete if it is supported by an at most
countable set. A measure 7 is called absolutely continuous with respect to 7 (symbolically n < )
if 7(F) = 0 implies n(E) = 0. Measures 1 and 7 are said to be mutually orthogonal (=singular)

(symbolically n L 7) if there exists a set B € F such that n(B) =0 and 7(B) = 1.
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4.1. On the Lebesgue structure of probability measures with independent W*-symbols.
Let pe be the probability measure corresponding to the distribution of the random element §
with independent W*-symbols.

Theorem 8. The probability measure jie with independent W*-symbols is of pure type, and
(1) it is pure discrete iff
o0
M = kH max{pir} > 0;
=1

(2) it is pure absolutely continuous iff

co m—1
L= H Z vV PakGak > 0,
k=1 a=0

where gar = qikq;k, (i,j)=a,a€e A={0,...,m—1}, m = sr;
(3) it is pure singularly continuous in all other cases, i.e., iff
M=L=0.

Proof. Let Qp = A={0,1,...,m—1} with m = rs, and let Fj, = 2°%. For any k € N we define
probability measures i and v by px(a) = par > 0,v(a) = gar, > 0 for any a € A. Let

(QF, ) = [ [ Frrix), (,F,v) = T, F )
k=1 k=1

be the infinite products of probability spaces.
Since pp < vg,Vk € N, from the well-known Kakutani’s theorem (see, e.g., [16]) it follows
that the measure p is either absolutely continuous w.r.t. v or it is orthogonal to v. More

oo
precisely: u < v if and only if d = [] p(ux,vk) > 0, and p L v if and only if d = 0,
k=1

where p(ug, Vi) is the corresponding Hellinger’s integral, i.e.,

dpig
JUE) = —— du.
(ks Vi) /Qk \ oy

Let us prove that the measure p is pure discrete if and only if M = 0.

o0 o0
If M = J] max pr(wg) = 0, then for any point w € ©Q we have p(w) < [[ maxp; = 0.

k=1 wkEQk k=1 iGQk
Therefore, the condition M > 0 is necessary for the discreteness of the measure p.

To prove the sufficiency we consider a subset D, C €2 :

D, = {w ¢ pg(wg) > 0 and Huk(wk) > 0} )

k=1
The set D, consists of the points w = (w1,ws,...,wy,...) such that pg(wr) > 0 and the
condition py(wy) # max iy (wg) holds only for a finite number of indices k. It is easy to see that
wr €8

the set D,, is at most countable and the event "w € D,,” does not depend on any finite coordinates

of w. Therefore, by using the 70 and 1” theorem of Kolmogorov, we conclude that ;(D,) =0 or

w(D,) = 1. Since the set D,, contains the point w* such that py(wy) = max ik (wi), we have
w8

pw(Dy) > p(w*) > 0. Thus, p(D,) = 1, which proves the discreteness of the measure p.
Now let us consider a measurable mapping ¢ : Q = A — [0,1]? defined as follows:

¢(w) = DOJ1U.)2...wk...7
where w = (w1, wa, ..., wg,...) € Q.
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The mapping ¢ is not bijective ( it is a surjection, but it is not an injection, because some
points from [0, 1]? have several (at most 4) different W *-representations). The Lebesgue measure
A2 of the set B of points with non-unique representations equals to zero (as the measure of an
at most countable union of sets of zero measure). The images of the cylinders from Q are
Q% x @Q3-cylinders from [0,1]2. So, ¢! is also measurable.

Let u* and v* be the images of the measures ;1 and v under the mapping ¢:

pHE) = pt (0T HEY)), vH(ET) =t (¢7H(EY))
for any Borel subset E* from the unit square. From the definition of the measures u* and v*
it follows that v* is the Lebesgue measure Ao on the unit square and p* coincides with the
probability measure p¢ with independent W*-symbols.

If M =0, then the measure pu is continuous. Therefore, p(w) = 0 for any w € Q. So, for any
point K € [0,1]? we have u*(K) = u(¢~1(K)) = 0, because ¢~ (K) consists of at most 4 points
from  and each of them is of zero measure pu.

If M > 0, then the measure p is pure discrete, and the above defined set D, consists of
all atoms of this measure. Let D}, = ¢(D,). The set Dy, is at most countable, because ¢ is

surjective and D), is at most countable. Since ¢~1(¢(D,,)) D D,,, we have

w(D}) = u(¢~ (D) = u(Dy) = 1.

Hence, in such a case p* is a pure discrete probability measure, and the set D; consists of all
atoms of p*. So, u* is pure discrete if and only if M > 0.

It is well known (see, e.g., [5]) that for any pair of probability measures 7 and 7 defined on the
same measurable space and for any measurable mapping f, the absolute continuity of n w.r.t.
7 implies the absolute continuity of the corresponding image measure n* = n(f~!) w.r.t. the
corresponding image measure 7* = 7(f~1). So, from pu < v it follows that pu* < v*.

Let us prove that in our case p* < v* implies p < v. First of all let us remind that ¢ is a
bi-measurable mapping (i.e., ¢ and ¢~! are measurable). Let £ be an arbitrary set from F such
that v(E) = 0, and let E* = ¢(E). We can represent E* in the following form

E*=(E*(\B)|JE(B),
where B is the set of points having several different W*-representations. Then
Ao(E*) = v*(E*) = v*(E*(B) + v*(E*(B) =0,

because \o(B) = v*(B) =0 and ¢~1(E* (N B) C E with v(E) = 0.
Since p* <« v*, we deduce that p*(E*) = 0, and, therefore, u(E) < p*(E*) = 0. Hence p < v.

So, from
de m—1
—d = akYak
/Qk”dyk 1k ;\/pkg

and the Kakutani theorem we have
pe << e < vrepred>0sL>0.

It is also well known that for any pair of probability measures 1 and 7 defined on the same
measurable space and for any measurable mapping f, the singularity of the corresponding image
measures 7* = n(f~1) and 7% = 7(f~!) implies the mutual singularity of 7 and 7. So, from
pw* L v* it follows that p L v.
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Let us show that in our case p L v implies p* 1L v*. If u L v then there exists a set G € F
such that u(G) = 1 and v(G) = 0. Then p*(G*) = 1, because p*(G*) > p(G) = 1. From
v*(B) = 0 it follows that v*(G* () B) = 0 and

v (G*(\B) = v(¢~(G*()B)) < v(G) =0,
and, therefore,
VI(G*) =v*(G*(\B) +v*(G*(\B) =0.
Hence p* 1 v*.
So, from this fact and from the Kakutani theorem it follows that

pe L e Llvrepnlrved=0sL=0.

Finally, it is clear that the measure p¢ is singularly continuous w.r.t. the two-dimensional
Lebesgue measure if and only if M =0 and L = 0. O

Remark. From the latter theorem it follows that the continuous singularity plays a generic
role in the family of probability measures with independent W*—symbols. Indeed, the discrete-
ness of the measure ¢ means that max p,;, — 1 quick enough as k — oo. The absolute continuity

a

of pe means that the asymptotic behavior of elements of the matrix GP = ||pa|| is "almost the
same” as the asymptotic behavior of elements from the matrix ||gqx||. In all other cases we deal
with singularly continuously (w.r.t. the two-dimensional Lebesgue measure) distributed random
elements &.

Lemma 4. The spectrum S¢ of the distribution of the random element § with independent
W*-symbols coincides with the set C = C[W*,{Vi}], where Vi, = {v : P, > 0}.

Proof. Let us show that: 1) S¢ € C and 2) C' C 5.
1) Let x € S¢ gives Ve, P{{ € O-(x)} > 0. Then it is easy to find a cylinder [J,
Oc(z) and €1 > 0 such that

).(z) ©
Oz1(@) € Uy @)..m(a)-
Taking into account that P{¢ € O, (x)} > 0 implies

k
P{E ey @)@} = HP%W >0,
=1

we conclude that P, x>0, Vk € N, and consequently x € C'.

2) Let x € C be such that P, ,y, > 0, Vk € N. Then P{¢ € U, ()., (x)} > 0. Let us
consider any € > 0 and Oc(z). Starting from some ko all cylinders [, ()., () belongs to Og(x)
if kK > kg. So we have

P{§ S 05(1')} 2 P{f € D’h(x)'yk(x)} >0,

and x € S¢. Consequently S¢ = C', which ends the proof. O

4.2. Some fractal properties of random elements of [0,1]?> with independent WW*-
symbols. Let us consider the random element in R?:

§=U¢ . ...
where & are independent random elements with the following distributions
Pik D2k --- P(sr)k

Lemma 5. If there exists some i such that p;, = 0 for all k, then the spectrum S¢ coincides with
the set CIW*, V], where V' consists of those digits which correspond to non-zero probabilities.
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The proof is straightforward by observing that: 1) S¢ consists of those points in the plane for
which the probability of any neighborhood is positive; 2) for any ¢ there exists such a rank that
a cylindrical set of C[WW*, V] is completely contained in the € neighborhood.

Corollary 3. When the W*-representation is such that the condition of the theorem 7 are
satisfied then the Hausdorff dimension of the spectrum can be computed using the transformation
preserving the Hausdorff dimension.

Once we got a wide class of transformations preserving the Hausdorff-Besicovitch dimension
we can use some known results for the simple self-affine construction to compute the dimension
of a much wider class of quasi-self-affine sets. In this setting the following result by McMullen
[21] (independently T. Bedford) is very useful.

Let us fix two natural numbers m and n (m < n). Let K(D) be the set in the unit square
consisting of those points on the plane which in their m-n-adic (the matrices @7 and Q3 have
all same columns equal to 1/m and 1/n respectively) expansion contain only digits from the set
D.

Theorem 9. [21]
m—1
ap(K(D)) =log,, | Y a(5) ™|,
§=0
where a(j) is the number of elements in D with the second component equal to j.

Example. Let Q7 = [|gix||, @5 = ||gj;ll, i € A1 = {0,1,2}, j € Ay = {0,1}. Let qox =
1/3 = 3, qu = 1/3, o = 1/3 + 4 and qf, = ¢}, = 1/2. Consider the random element

g = Dflfka

where £, are random elements with the distributions
& 1 23 4 5 6
1/3 0 0 1/3 1/3 0
The spectrum of the random variable £ coincides with the set C[W*,{1,4,5}]. Using the asymp-
totics of our matrix Q)7 and a DP-transformation (of the type of the one given in Theorem 7, note

that this DP-transformation is essentially non Lipschitz in this case) which sends the spectrum
to a McMullen type carpet we can conclude that

ag(Se) = log, <21°g32 + 1) .

Let us also note that we can compute a much wider class of examples using more general
dimension results contained in [6].

5. MULTIDIMENSIONAL CLASSIFICATION OF SINGULARLY CONTINUOUS PROBABILITY
MEASURES ACCORDING THEIR SPECTRAL PROPERTIES

Let O (z) be the e-vicinity of a point z € R™.

Definition 1. A singularly continuous (w.r.t. the n-dimensional Lebesgue measure \,) prob-
ability measure p on R™ is said to be of GC-type (generalized Cantor type) if there exists a
nowhere dense set £ C S, such that p(A) =1 and Vo € E, 3¢ = () > 0: A\, (S, N O:(x)) = 0.

Example 1.

a) The uniform probability measure on a smooth curve 7 (for instance, a circle or a closed
segment of the line) is a singularly continuous (w.r.t. Ay) measure of GC-type (the curve = is
a nowhere dense (in R?) set of zero two-dimensional Lebesgue measure, and Yz € ~,Ve > 0:
A2(Su N O(x)) = 0.
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b) Let p be the probability measure, which is ”uniformly distributed” on the classical Sierpin-
ski square (carpet). This measure can be considered as a probability measure with independent
W*-symbols with Q7 = Q3 = (3, 3, 3) and por = P1k = Pok = P3k = Psk = Pok = Pk = Dsk =
%7 par = 0. This measure is of GC-type (the spectrum itself can be taken instead of the set
E, which has been mentioned in the definition).

c) Let F' be a "fat” Sierpinski square (carpet)(it looks like the classical nowhere dense
Sierpinski square, but here this set is of positive two-dimensional Lebesgue measure). The
set F' can be constructed as the spectrum of the following probability measure with inde-
pendent W*-symbols: qor = qop = qék = q/zk = % - Qk—lﬂ,qlk = qllk = 2%,1{: € N and
Pok = Dk = P2k = D3k = Psk = Dok = Ptk = DPsk = 3, Pak = 0. Geometrically this set
can be considered as a result of the known procedure of deleting (from the unit square) the
interior parts of the cylinders Oy, 0; 4, 0; 4,4, ... of different rank with i; € {0,1,2,3,5,6,7,8}.

Let us order the deleted cylinders (rectangles), and let u; be a probability measure, which is
uniformly distributed on the diagonal of the i—th deleted rectangle. Finally, let

(2
H= Z 90"
i=1
The spectrum of the measure u has the following structure:

SN:(US Z)UF
i=1

So, A2(S,) > 0. Nevertheless this measure is of pure GC-type (the set |J;2, S, can be taken
instead of the set E, which has been mentioned in the definition).

Remark 1. The spectrum of a singularly continuous (w.r.t. \,) probability measure of
the pure GC-type can be of zero n-dimensional Lebesgue measure as well as of positive such a
measure.

Remark 2. If the spectrum of a measure y is of zero n-dimensional Lebesgue measure, then
w is of pure GC-type in R™.

Definition 2. A singularly continuous (w.r.t. A, ) probability measure x on R is said to be of
G P-type if there exists a nowhere dense set £ C S, such that u(F) =1 and Vo € E, Ve > 0:
An (S N Oc(x)) > 0.

Example 2.

Let p be the probability measure with independent W*-symbols generated by the following
matrices Q7,Q%, and ||pic]l: qok = ¢k = q(/)k = q/% = %— zk%,qlk = qllk = 2%,]9 € N and
Pok = P2k = Pk = Psk = 15i Plk = P3k = Psk = P1k = 15, Pak = 0. Directly from Theorem
8 it follows that p is singularly continuous w.r.t. Ao. Its spectrum coincides with the ”fat”
Sierpinski square which has been discussed in example 1 c¢). The measure pu is of pure GP-type
(the spectrum S, itself can be taken instead of the set E, which has been mentioned in the
definition).

Definition 3. A singularly continuous (w.r.t. the n-dimensional Lebesgue measure \,) prob-
ability measure p on R" is said to be of G'S-type if there exists an open set A C S, such that

u(A) = 1.

Remark. Since the maximal open set, which belongs to the spectrum, coincides with the
interior part of the spectrum, a singularly continuous (w.r.t. \,) probability measure y on R”
will be of G'S-type if and only if pu(int(S,)) = 1.

Example 3.

a) Let p be the probability measure with independent W*-symbols generated by the following

matrices Q}, Q3, and [|pix||: qor = Gk = dop, = @1, = 3. and pox = P3k = %, P1k = Pok = 3, k € N.



20 S.ALBEVERIO, V.KOVAL, M.PRATSIOVYTYI, G.TORBIN

Directly from Theorem 8 it follows that p is singularly continuous w.r.t. Ag. Its spectrum
coincides with the whole unit square. The measure p is of pure GS-type (the interior part of
the spectrum S, can be taken instead of the set F, which has been mentioned in the definition).
This measure is called ”classical” GS-measure on the unit square.

b) Let Fy be the classical Sierpinski square (see example 1 b) for details), and let A; be the
i-th square which has been deleted from the unit square during the process of construction of
the set Fy. Let u; be the ”classical” probability GS-measure on the square A;, and let

oo
A N

i=1

I

It is clear that pu is singularly continuous w.r.t. Az. Its spectrum consists of a countable number
of squares S, and the nowhere dense set Fy (A2(Fp) = 0), which belongs to the closure of the
union of the above mentioned squares. This measure is of pure GS-type (the set ;= int(S,,)
can be taken instead of the set E, which has been mentioned in the definition).

c) If we put a ”fat” Sierpinski square F' instead of the set Fp in the example 3b), we shall also
have a singularly continuous probability measure of the pure GS-type. Its spectrum will be of

the following structure:
o
Sy = (U Spi) U F,
i=1

where S),; are rectangles and the Lebesgue measure of the set F' can be even greater than the
Lebesgue measure of (|J;2; Sy,)-

The family of singularly continuous probability measures on R" is rather wide and diverse,
and there exist, of course, singularly continuous probability measures which are not of the above
pure types. Nevertheless, the following theorem establishes the structure of any measure from
this family.

Theorem 10. Any singularly continuous (w.r.t. X\, ) probability measure pn on R™ can be repre-
sented in the following form

= a1p® + apC + azpc’,

3
where a; >0, > a; =1 and pCS . 1GC resp. pCr are singularly continuous probability measures

=1
of GS—, GC— resp. GP-type.

Proof. The proof of the theorem can be naturally split into the proofs of the following two
Lemmas.

Lemma 6. Any singularly continuous (w.r.t. A\, ) probability measure p on R™ can be represented
in the form

= Bpc + Bop,
Bi>0,B1+02=1, and uT" is a singularly continuous probability measure with a nowhere dense
(in R™) spectrum .

Proof. If the measure p is of GS-type or the spectrum S, is nowhere dense then the above
representation is obvious. Now let x4 be not of G'S-type and let its spectrum S, be not nowhere
dense. Let S = intS, (S is not empty because S, is a perfect set (i.e., it is a closed set without
isolated points) as the spectrum of a continuous measure, and S, is not nowhere dense by
assumption), and we have u(S) € (0,1). We put £ = p(S) and

pGS(E) = ,u(lS)'u(Em S), VE € B(R").
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The measure x° is a probability measure and its property of being singular continuous follows
from the singular continuity of x. The measure u©° is of GS-type by definition.

Let us consider the set 7' =5, \ S. T is nowhere dense because the spectrum S, is a perfect
set and the set S contains all the interior points of S,,. Let us set 82 = u(T) =1 — u(S) € (0,1)
and

T L 1 n
pw (E): M(T)”(EQT)’ VE € B(R"™).
The measure p! is a probability measure and its singular continuity also follows directly from
the singular continuity of p. It is clear that u” (T) = 1. Therefore the set S, r+, being a subset
of the closure of a nowhere dense set 7', is nowhere dense.

O

Lemma 7. Any singularly continuous (w.r.t. \,) probability measure u” " on R™ with a nowhere
dense spectrum can be represented in the form
p' = 4 ypt

where v; > 0 and y1 + v = 1.
Proof. Every point of the spectrum SE* belongs to one of the following sets
Te={z:x € SZ*,EE(.%) >0: )\n(Sg* N Og(x)) = 0},

Tp={z:x € SZ*,Ve >0: )\n(SE* N Og(z)) > 0}.

It is obvious that Tc NTp =0 and Tc UTp = SZ*.

Let us remark that the set Tp is closed. Indeed, let {z,} be a sequence of points from 7’» which
converges to a point xg. Since the set S o+ is closed being the spectrum of a measure, we have
xTo € SMT*. Therefore, x¢ belongs either to the set Tp or to the set Try. Suppose that xg € Te.
Then there exists £(zg) > 0 such that A(Oc(g,)(20) (1 S,r+) = 0. On the other hand there
exists a positive integer Ny such that x, € Oa(xo)(xo) for all n > Ny. Let us choose n > Ny
and €1 > 0 such that O, (zn) C O () (w0). Since @, € Tp, we have A(O(gy)(z0) (1S,7+) >
MO¢, (zn) S,r+) > 0. This contradiction shows that zy € T, which proves that Tp is a closed
set.

Therefore, the set T = S,r+ \ Tp is also a Borel set. Let us show that A,(Z¢) = 0. By the
definition of the set T¢, for any x € T there exists £(z) > 0 such that the set O ) (z) (]S,
is of zero Lebesgue measure. Therefore, there exists a point y(x) whose coordinates are ratlo—
nals and a positive rational £*(y(z)) such that € O« (y(u))(¥(2)) C Oy (). It is clear that
An(()s*(y(:z?))(y(m)) m S,uT*) =0.

Since every point z from the set Tc belongs to the set O.«(y(2))(y(2)) () S,r+, we have

Tc C U e* (y(z y(m))ﬂSuT*)'

ze€To

Since all coordinates of points y(x) are rational and e*(y(x)) is also rational (by the construction),
we deduce that the latter union contains an at most countable number of different subsets. Each
subset from this union is of zero Lebesgue measure (by the construction). Therefore, A,,(T¢) = 0
and )\n(Tp) = )\n(SMT*)

If u”7"(Te) = 1 then p’” 1s of GC-type (by definition) and the representation is valid with
yi=1 v =0; p¢ = 7" and one can choose any measure of the GP-type instead of the
measure u“" (see examples before the Theorem).

If 4" (Tp) = 1 then ,uT* 1s of GP-type (by definition), and the representation is valid with
1 =0, v =1; pf = 4" and one can choose any measure of the GC-type instead of the

measure [
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If 0 < u7"(Te) < 1 then we the define measures

pC(E) = pI(ENTp), VE € B(R"),

1
p'" (Tp)

pCe(E) : p(ENTe), VE € B(R™).

u" (Te)
The measures " and pC are singulary continuous (because pu” is singulary continuous).

Let Tp =TpNS wcp. It is obvious that uer (f p) = 1. The set Tp is closed and it is a subset
of 5,¢r. On the other hand the spectrum S,cr is the minimal closed support of the measure

pCGP . Therefore, Tp =S wcp ( the set Tp itself, generally speaking, can contain the set S, cr as

a proper subset). So, the measure uF is of GP-type ( the set Tp can be taken instead of the
set F, which has been mentioned in the definition of a measure of GP-type).

Let T = To (1S,cc. It is also obvious that MGC(T)C =1, and To C S,cc. Therefore, pCC s
a measure of GC-type (one can put the set T ¢ instead of the set E, which has been mentioned
in the definition of a measure of GC-type).

By putting v1 = u7 (T¢) and vo = u”" (Tp) we have VE € B(R"):

p"(B) =" (EnSDT) =" (EN(TeuTp) = p" (ENTe) + " (ENTp) =

1 1
=N MENTe) + v (ENTp) =
ut (Tc) u (Tp) (
= np(E) + 12" (B).
O
The proof of the Theorem follows directly from the latter lemmas. O
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