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1. (p.100, exercise 11.1) Let (X, A, x) be a measure space, and (u;) a sequence
of measrable real valued functions such that lim; .. u;(x) = u(z) for all x € X.
Suppose that |u;| < g for some measurable function g such that g* € L1, p > 0.
Show that lim; o [ |u; — ul|P dp = 0.

Proof: First notice that for any a,b € R, one has
la —b” < (la] + [b])” < (2max(|al, [b]))” = 2" max([al”, [b]") < 2°(|al” + [b]").

Applying this fact to our sequence, we see that |u;(x) —u(x)[P? < 2PgP(x) (note that
|u;| < g implies |u| < g), and ¢? is a non-negative integrable function. Furthermore,
lim; .o |u; — ul? = 0, hence by Lebesgue Dominated Convergence Theorem,

lim [ |u; —ulPdp = / lim |u; —u|Pdp = 0.
j—00 j—00

2. (p.100, exercise 11.3) Let (f%), (gx) and (Gy) be sequences of integrable functions
on a measure space (X, A, p). If

(1) img—oo fr(x) = f(x), limg—0o ge(z) = g(z) and limg_ Gi(z) = G(x) for all
r e X,

(i) gr(z) < fe(z) < Gi(x) for all k > 1 and all x € X,

(iii) limy—eo [ grdp = [gdp, limy_oo [ Grdp = [ Gdp < and both [ gdp and
| G dy are finite,

then, limy_o [ fodp = [ fdp and [ fdp is finite.

Proof: By assumption 0 < fy —gr — f —g and 0 < Gy, — fr — G — f. By Fatou’s
Lemma we have

f(f —g)du fhmkﬂoo<fk — gr) dp
liminfy oo [(fe — gx) dpe
liminfj,_ f frdp —limsup,_, fgk dp

lim infk_,ooffk dp — fgd,u.

Subtracting [ g du(< o) from both sides of the inequality, we get
[ fdu <liminfy_. [ frdu. On the other hand,

J(G=fdu = [limg.oo(Gr — fi) dpe

f lim infk_,oo(Gk - fk) d,u

liminf,_ o f G dp — limsupy,_, f frdu
[ Gdu—limsup,_., [ frdpu.
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Subtracting [ G du(< co) from both sides of the inequality we get limsup,_, . [ fi du <

ffd,u < liminfk_,ooffk dp. Thus, ffd,u = limk_,ooffk dp and fgd,u < ffd,u <
[ Gdu, hence [ fdu is finite.

. (p.100, exercise 11.4) Let (X, A, 1) be a measure space, and let (g,) be a sequence
of p-integrable functions on X such that ">, f‘ gn| dpt < 0o. Show that Y7 | g, is

finite p a.e, and
[ mdn=3" [ gudn
n=1 n=1

proof (b): By part Corollary 9.9, [ 3> |gn|du = > 0o [|galdu < oo, hence
Yoo lgn| is p-integrable. We show that u = >, |g,| is finite p a.e. (see
also the proof of Corollary 10.13). Let N = {z € X : u(x) = oo}. Then
N = (2 {u > n}. Since the sequence of measurable sets {u > n} is decreasing
and by the Markov inequality each has finite measure, then p(N) = lim,, o p({u >
n}) =lim, o+ [wdp=0. Thus, u= >, |g,| is finite p a.e. Since | > oo gn| <
Yoo lgnl, it follows that >~ | g, is finite p a.e. Let h, = Y " _| g, then (hy,)
converges to > >~ | g, p a.e. Furthermore, |h,| <> 7 |g,|, thus by the Dominated
Convergence Theorem,

Z/gndu: lim /hnd,u:/ lim hnd,u:/Zgnd,u.
n=1 n=1

. (p.100, exercise 11.6) Give an example of a sequence (u;) of integrable func-
tions such that w;(z) — wu(x) for all  where u is an integrable function, but
lim; oo [u;du # [wdu. Why doesn’t this contradict the Lebesgue Dominated
Convergence Theorem?

Proof: Consider the measure space (R, B(R), \) with B(R) the Borel o-algebra, and
A the Lebesgue measure. Let u;(x) = jl(o,1/5) (), j > 1. Clearly, lim; . u;(x) =0
for all x € R, and

1
lim [ w;jd\ = lim jA((0,1/5)) = lim j— =1,

o0 o0 joo” ]

/1imujd)\:/0d>\zo.
J—00

This does not contradict the Lebesgue Dominated Convergence Theorem because
the sequence (u;) is not bounded by an integrable function.

while

. (p.100, exercise 11.8) Check whether the following functions are Lebesgue inte-

grable:
1

(i) u(z) = % v € [1,00), (i) o(x) = 5, = € [1,00),
(ill) w(z) = %, x € (0,1], (iv) y(x) = %, z € (0,1].



Proof: The functions in (i) and (iv) are not Lebesgue integrable, while the functions
in (ii) and (iii) are Lebesgue integrable. We will prove (i) and (iii) only. The proofs
of (ii) and (iv) are similar.

Notice that u(z) = 11p.)(z), and u(z) = sup, 21p,)(x). Since the function
%1[1,,1) (z) is Riemann integrable, then it is also Lebesgue integrable and the Riemann
integral equals the Lebesgue integral (Theorem 11.8). Thus, by Beppo-Levi,

1 "1
/u(x) d\(z) = lim 1y (2) dX(z) = lim —dzx = lim (logn —log1) =

Thus, v is not Lebesgue integrable.

Now consider the function w(z) = 10,1}, and notice that w(z) = sup,, ﬁlu /]

1
N7
where (ﬁl[l /n1]) is an increasing sequence of Riemann integrable functions. Hence,
by Beppo-Levi,

1

1
d\(x hm/ 111 /17, dA(z) = lim —dx = lim (2—24/1/n) =2 < 0.
[ vt = tim [ty dre) = fim [ = i (2-2/17m)

Thus, w is Lebesgue integrable.

If all the intervals are replaced by [1/2,2], then all fuctions under consideration
(u,v,w,y) are Riemann integrable and therefore Lebesgue integrable.

. (p.100, exercise 11.12(i)) Let A be the one-dimensional Lebesgue measure. Prove
that

r = lim _ 2 ’ n(x T).
/(Loo)e In(z) dA\(z) = 1 - (1 k) In(z) dA\(z)

k—o00

Proof: It is easy to see that for any 0 < x < 1, one has In(1 —x) < —z (why?), i.e.
(1 —x) < e~ *. Hence, for any k > 1 we have (notice that In(z) < z on (1, 00))

% - - —x
1a k() <1 - E) In(z) < 1ap(r)e " In(r) < Las(z)e " In(z) < 1 o) (z)ve™™.
It is easy to see that the function 1(; «)(2)ze™" is Riemann integrable, and hence is

Lebesgue integrable. Furthermore, limy_. 1(1,5)(z) (1 — —) In(z) = 1(1,00)(x)e™" In(z),
thus by the Lebesgue Dominated Convergence Theorem we have

f(l,oo) e In(z)d\(z) = [1g,e0)(z)e ™ In(z)d\(z)
— [ limg o 1 (@) (1= 2)"In(z) dA(z)
— limy oo [ 1 (@) (1= 2)" In(z) dA(z)

= limj_ce [y (2) (1 - £)"In(z) dA(2).



