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1. (p.100, exercise 11.8) Check whether the following functions are Lebesgue inte-
grable:

(i) u(x) =
(iil) w(z) =

€ [1,00), (if) v(z) = % r el 00),

€ (0,1], (iv) y(z) = &, = € (0,1].

X
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%\Ha

Proof: The functions in (i) and (iv) are not Lebesgue integrable, while the functions
in (ii) and (iii) are Lebesgue integrable. We will prove (i) and (iii) only. The proofs
of (ii) and (iv) are similar.

Notice that u(z) = 113 .)(x), and u(z) = sup, 11;,(z). Since the function
%1[1’@(:1:) is Riemann integrable, then it is also Lebesgue integrable and the Rie-
mann integral equals the Lebesgue integral (Theorem 11.8). Thus, by Beppo-Levi,

1 "1
/u(x) d\(z) = lim [ =1 4(x) dA\(z) = lim —dx = lim (logn —log 1) =
n—oo x

n—oo [; I n—oo
Thus, u is not Lebesgue integrable.
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Now consider the function w(z) = ﬁl(o’l]’ and notice that w(z) = sup,, %51[1/7%1]
where (\/%51[1 /n1]) is an increasing sequence of Riemann integrable functions. Hence,
by Beppo-Levi,

1

/ (x) d\(x hm/\/_l[l/nl],d)\( ) = lim de: lim (2—24/1/n) =2

n— oo n—00 1/n \/E n—0o00

Thus, w is Lebesgue integrable.
If all the intervals are replaced by [1/2,2], then all fuctions under consideration

(u,v,w,y) are Riemann integrable and therefore Lebesgue integrable.

2. (p.100, exercise 11.12(i)) Let A be the one-dimensional Lebesgue measure. Prove
that

/( . e % In(x) d\(z) = lim (1 — %)k In(z) dA(x).

k=00 J(1,k)

Proof: It is easy to see that for any 0 < z < 1, one has In(1 — x) < —x (why?), i.e.
(1 —z) < e~*. Hence, for any k > 1 we have (notice that In(xz) < z on (1, 00))

x\k
Law(@) (1-7) (@) < Law(@)e™ Mi@) < Lo (@)e " In(2) < Lo (@)ze .



It is easy to see that the function 1(; o) (2)ze™™ is Riemann integrable, and hence is

Lebesgue integrable. Furthermore, limy_o0 114 (z) (1 — —) In(z) = 11,00)(x)e " In(x),
thus by the Lebesgue Dominated Convergence Theorem we have

Sty €8 (@) dA(z) = [ 1100 (2)e* In(x) dA(z)
= [l Lo (@) (1 - 2)" In(z) dA(@)
= Timge [ 1 (@) (1 - )" In(@) dA(2)
= iy [y (2) (1 - £)"In(z) dA(2).

3. (p.100, exercise 15) In the book there are some typos, here is the correct
version. Let X be a non-negative random variable on a probability space (€, A, P).
The function @y (t) = [ e dP, t > 0, is called the moment generating function of
X. Suppose medP < 0.

(a) Show that for all 0 < k < m,

dk
k
/X dP_ltlfgl 1)k dtk(I)X()

(b) Show that ®x(t) = S5 (—1)*t* [ XL dP + o(t™).
(c) Show that for all ¢ > 0,

|Bx(t) = > (—1 dP| < /dep

(d) Suppose that ka dP < oo for all £ > 1. Show that for any ¢t > 0 such that
Yoo (=1)RtE [ o XY dP < o0, one has ®x(t) = S (—1)kek Xk—fdP.

Proof(a): First notice that for any k < m,

/Xde:/ X’“dPJr/ Xdeg/ X™dP +1 < oo.
{X>1} {X<1} {X>1}

So that [ X* € LY(P), 1 < k < m. Further, the function u(t,w) = e *¥® is m
times differentiable in ¢, and

OFu
s

o (tw)] = [( 1) X (w)e™ W] < XP e L1(P).

It is easily checked that the hypothesis of Theorem 11.5 are satisfied when applied
repeatedly to the functions 22 for 1 < k < m. Hence, for each 1 < k < m,

dk(I) dk —tX
Tkx(t): / AP = / (=1)Fx*e X dp,



Therefore, by Theorem 11.4,

. d (I)X k
ltlllgl( gk /X dP.

Proof(b): Since e=*X X* € L1(P), for 1 <k <m and all t > 0, we have that

m—1 m—1

X
TP = /tX Z 1)kt )dP<oo
=0

This implies that [ Y7 . (=1)"" [ XY dP < oo, and hence

[ >

k=m+1

k:O

/ ) dP = o(t™).

This proves the result.

Proof(c): We first remark that for any v > 0 and any m, one has

m m

__Z(—U <4

k=0

This can be proven easily with the help of induction and the following equality

e ;j AR S-S

0
Using the above with v = tX, we have

3

i

JlemX = Sy (=DktEr | ap

< & [XmdP.

B (t) — S (—1)Ft* [ XL P

IN

Proof(d): Suppose that Y, (—1)*¢* Xk—,k dP < oo, then

lim |(— mtm/—dP]—O

m—00

Hence, by part (c¢) the result follows.



