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1. (Exercise 12.1, p.116) Let (X, A, 1) be a finite measure space, and let 1 < ¢ <
p < oo0.
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(i) Show that if u € LP(u), then ||ul|, < p(X)a™#||ull,.
(ii) Conclude that £P(u) C L9(p) for all p > ¢ > 1, and that an L£P(u)-Cauchy
sequence is also £9(u)-Cauchy.

(iii) Is part (ii) true if p is not finite?

Proof (i): Note that if u € £P(u), then u? € L£a(z), and £> 1. Further, if r = £,
p

then the conjugate of r is s = P (i.e., % + % = 1). Applying Holders’s inequality

to the functions u? € L£a(y), and 1 € £5-4 (1) (since p is a finite measure), we get

p—q

lllg = flulrdn < (fu)f )’ (£175 dn)

SIS

— (S (ulP) dp) > (u(X))*

q

= [full2 (w(X))' "5
Hence, [|ul; < p(X)a 7 ||ull,.

Proof (ii): Suppose u € LP(u), then ||u||, < co. Since pu(X) < oo, then by part (i)
we have that ||u||, < oo so that w € £%(u). This shows that £P(p) C L£%(p). Finally
suppose (u,,) C LP(u) is LP(u)-Cauchy, by part (i),

[etn = tnlly < |t =t [ppe(X) 772 — 0 as m,n — .
Hence, (u,) is £9(u)-Cauchy.

Proof (iii): The result is not true if u is not a finite measure. Consider for example
1

(R,B(R), \), where X is Lebesgue measure. Let f = = - 11 ). Then [, fd\ = oo,
x

while [, f2dX = 1. This shows that f € £*(X) but f ¢ L£'()). In general for any
q < p, choose % <a< é and consider the function g(r) = -, then g € £P()\), but

g & LI(N).

2. (Exercise 12.6, p.116) Let 1 < p < oo and u, uy, € LP(u) such that Z |u—ug], <
k=1
oo. Show that lim ug(z) = u(z) p a.e.
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Proof: Since Z||u — ugl|, < oo, it follows that klim llu — ugl[, = 0, that is
k=1 OO

LP(p) — limg 0 ug, = u. By Corollary 2.8, there exists a subsequence (unu)) C (ur)

which converges p a.e. to u, i.e. klirn Un(r)(T) = u(x) 1 ace.

We now show that the series Z(ujﬂ(x) —uj(x)) is finite p a.e. (up = 0) by showing
=0

that it is absolutely convergent p a.e. From Lemma 12.6 and Minkowski’s inequality,

we have

||Z;‘io|uj+l_uj|||p < Z?ilnujﬂ—uj‘“p

< iollujen —ullp + 327 uy — ul], < oo

By by Corollary 10.13, we have > % [ujy1(z) — uj(z)| < oo p ae. and hence
> ieo(uja(w) — uj(r)) < ooy ae. Furthermore,

o
lim u;(z) = lim E (upsr(z) — up(x E (upy1(z) — u(x)) p ae.
j—00
k=0

]—>OO

Finally, >~ o (wpg1(z) — uk(x)) = limy oo uj(x) = limy_ oo Uny () = u(z) 1 ace.
. (Exercise 12.7, p.116) Consider ([0, 1], B, ), where \ is Lebesgue measure re-

stricted to [0,1]. Show that the sequence u,(r) = n-141), n € N converges
pointwise to u(x) = 0, but no subsequence of (u,,) converges in LP(\) for any p > 1.

Proof: If z = 0 or 1, then w,(0) = 0 = u,(1) for all n hence lim, . u,(0) =
0 = lim, .o u,(1). Suppose 0 < x < 1, then there exists an integer N > 1 such
that + < z. Then for any n > N, we have u,(z) = 0. Thus, lim,_ u,(z) = 0.
Therefore, the sequence u,, converges pointwise to 0 for all z € [0, 1].

For any subsequence (uy,;)) of (uy), we have

1 p=1

lanlly = [y P dA =t s
[0,1] oo p>1

Hence, lim; .o [[tng)|p # 0, ie. LP(A) — limj_.o tupng;) # 0. In fact no subsequence
has a limit point in £P(\). For suppose w = LP(\) — hm]_m Up(;), then by Corollary
12.8 there exists a subsequence (u,, (j)) of (ty(j)) which converges p a.e. to w. But
since (u;) converges to 0 p a.e. (in fact for every point in [0,1]), it follows that
w = 0 which is a contradiction.

. (Exercise 12.10, p.116) Let (X, A, 1) be a finite measure space. Show that every
measurable function u > 0 with [ exp(hu(x)) du(x) < oo for some h > 0 is in LP(u)
for all p > 1.

Proof: Notice that exp(hu(x)) = Z hu—'(a:) Since u(z) > 0 and h > 0 we have
n!
n=0
hn—n() < exp(hu(x)) for all n € N. Thus, [u"du < co and u € L"(u) for all n € N.

2



Finally, for any p > 1 a non-integer, there exist an integer n such that p < n. Then,
by exercise 12.1(ii) we have £"(p) C L£P(n). Hence, u € L£P(p) for all p > 1.



