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1. (Exercise 12.1, p.116) Let (X,A, µ) be a finite measure space, and let 1 ≤ q <
p < ∞.

(i) Show that if u ∈ Lp(µ), then ||u||q ≤ µ(X)
1
q
− 1

p ||u||p.
(ii) Conclude that Lp(µ) ⊂ Lq(µ) for all p ≥ q ≥ 1, and that an Lp(µ)-Cauchy

sequence is also Lq(µ)-Cauchy.

(iii) Is part (ii) true if µ is not finite?

Proof (i): Note that if u ∈ Lp(µ), then uq ∈ L
p
q (µ), and p

q
> 1. Further, if r = p

q
,

then the conjugate of r is s = p
p−q

(i.e., 1
r

+ 1
s

= 1). Applying Hölders’s inequality

to the functions uq ∈ L
p
q (µ), and 1 ∈ L

p
p−q (µ) (since µ is a finite measure), we get

||u||qq =
∫
|u|q dµ ≤

(∫
(|u|q)

p
q dµ

) q
p
(∫

1
p

p−q dµ
) p−q

p

=
(∫

(|u|p) dµ
) q

p (µ(X))1− q
p

= ||u||qp (µ(X))1− q
p .

Hence, ||u||q ≤ µ(X)
1
q
− 1

p ||u||p.

Proof (ii): Suppose u ∈ Lp(µ), then ||u||p < ∞. Since µ(X) < ∞, then by part (i)
we have that ||u||q < ∞ so that u ∈ Lq(µ). This shows that Lp(µ) ⊂ Lq(µ). Finally
suppose (un) ⊂ Lp(µ) is Lp(µ)-Cauchy, by part (i),

||un − um||q ≤ ||un − um||pµ(X)
1
q
− 1

p → 0 as m, n →∞.

Hence, (un) is Lq(µ)-Cauchy.

Proof (iii): The result is not true if µ is not a finite measure. Consider for example

(R,B(R), λ), where λ is Lebesgue measure. Let f =
1

x
· 1(1,∞). Then

∫
R f dλ = ∞,

while
∫

R f 2 dλ = 1. This shows that f ∈ L2(λ) but f /∈ L1(λ). In general for any
q < p, choose 1

p
< α < 1

q
and consider the function g(x) = 1

xα , then g ∈ Lp(λ), but

g /∈ Lq(λ).

2. (Exercise 12.6, p.116) Let 1 ≤ p < ∞ and u, uk ∈ Lp(µ) such that
∞∑

k=1

||u−uk||p <

∞. Show that lim
k→∞

uk(x) = u(x)µ a.e.
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Proof: Since
∞∑

k=1

||u − uk||p < ∞, it follows that lim
k→∞

||u − uk||p = 0, that is

Lp(µ)− limk→∞ uk = u. By Corollary 2.8, there exists a subsequence (un(k)) ⊂ (uk)
which converges µ a.e. to u, i.e. lim

k→∞
un(k)(x) = u(x)µ a.e.

We now show that the series
∞∑

j=0

(uj+1(x)−uj(x)) is finite µ a.e. (u0 = 0) by showing

that it is absolutely convergent µ a.e. From Lemma 12.6 and Minkowski’s inequality,
we have

||
∑∞

j=0 |uj+1 − uj|||p ≤
∑∞

j=1 ||uj+1 − uj||p

≤
∑∞

j=0 ||uj+1 − u||p +
∑∞

j=0 ||uj − u||p < ∞.

By by Corollary 10.13, we have
∑∞

j=0 |uj+1(x) − uj(x)| < ∞ µ a.e. and hence∑∞
j=0(uj+1(x)− uj(x)) < ∞ µ a.e. Furthermore,

lim
j→∞

uj(x) = lim
j→∞

j−1∑
k=0

(uk+1(x)− uk(x)) =
∞∑

k=0

(uk+1(x)− uk(x)) µ a.e.

Finally,
∑∞

k=0(uk+1(x)− uk(x)) = limj→∞ uj(x) = limk→∞ un(k)(x) = u(x) µ a.e.

3. (Exercise 12.7, p.116) Consider ([0, 1],B, λ), where λ is Lebesgue measure re-
stricted to [0, 1]. Show that the sequence un(x) = n · 1(0, 1

n
), n ∈ N converges

pointwise to u(x) = 0, but no subsequence of (un) converges in Lp(λ) for any p ≥ 1.

Proof: If x = 0 or 1, then un(0) = 0 = un(1) for all n hence limn→∞ un(0) =
0 = limn→∞ un(1). Suppose 0 < x < 1, then there exists an integer N > 1 such
that 1

N
< x. Then for any n ≥ N , we have un(x) = 0. Thus, limn→∞ un(x) = 0.

Therefore, the sequence un converges pointwise to 0 for all x ∈ [0, 1].

For any subsequence (un(j)) of (un), we have

||un(j)||pp =

∫
[0,1]

|un(j)|p dλ = n(j)p−1 −→j→∞


1 p = 1

∞ p > 1

Hence, limj→∞ ||un(j)||p 6= 0, i.e. Lp(λ) − limj→∞ un(j) 6= 0. In fact no subsequence
has a limit point in Lp(λ). For suppose w = Lp(λ)− limj→∞ un(j), then by Corollary
12.8 there exists a subsequence (un′

n(j)
) of (un(j)) which converges µ a.e. to w. But

since (uj) converges to 0 µ a.e. (in fact for every point in [0, 1]), it follows that
w = 0 which is a contradiction.

4. (Exercise 12.10, p.116) Let (X,A, µ) be a finite measure space. Show that every
measurable function u ≥ 0 with

∫
exp(hu(x)) dµ(x) < ∞ for some h ≥ 0 is in Lp(µ)

for all p ≥ 1.

Proof: Notice that exp(hu(x)) =
∞∑

n=0

hnun(x)

n!
. Since u(x) ≥ 0 and h ≥ 0 we have

hnun(x)
n!

< exp(hu(x)) for all n ∈ N. Thus,
∫

un dµ < ∞ and u ∈ Ln(µ) for all n ∈ N.
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Finally, for any p ≥ 1 a non-integer, there exist an integer n such that p < n. Then,
by exercise 12.1(ii) we have Ln(µ) ⊂ Lp(µ). Hence, u ∈ Lp(µ) for all p ≥ 1.
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