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1. (p.73, exercise 9.1) Let (X, A, 1) be a measure space and f a non-negative sim-
ple function such that f(z) = >°7" y;1a,(x), where y; > 0 and A; € A are not
necessarily disjoint. Show that 7,,(f) = >0 yu(A;).

Proof: The function f can be seen as a sum of m simple functions. Hence by
Properties 9.3((i) and (ii)), we have

=M<Zyj1,4j>=2 (y;14)) Zyj (1) = > winl4)

j=1

2. (p.73, exercise 9.7) Let (X, A) be a measurable space, and (y;);en a sequence of
measures on (X, A). Let u =3, p; (by problem 4.6, p1 is a measure). Show that

for every u € MT(A), one has
/UN Z/uﬂj

JEN

Proof: Suppose first that u = 1,4, where A € A. Then,
Judu=n) =Y ) = > [wdn
n=1 n=1

Suppose now that u = Y ;" | a;la, is a non-negative simple function in standard

form, note that A;,---, A,, are measurable and disjoint. Then,
/ P = o A) =S 0 (A0 = 33 aggin(Ay) = / f dpn.
k=1 k=1 =1 n=1 k=1

Finally, let 4 > 0 be measurable. There exists an increasing sequence of non-negative
simple functions f,, converging to f. By Theorem 9.6 (Beppo-Levi), [udu; =
limy,—00 [ fm dpj for all j € N. Consider the double sequence a, , = Z?:1 [ fn dpj.
It is easy to see that (a,,) is increasing in m and in n, hence by exercise 4.6,
im0 My o G = limy, o0 limyy, o0 @y . Now,



Judp = lim [ fndp

m—00

= lim )~ / Fon dis;
= lim lim ) / Fon dpt;
j=1

= Jim i 3 f o,
7j=1

3. (p.73, exercise 9.9) Let (X, A, ;1) be a measure space, and let (A4;);en be a se-
quence of measurable sets. Set

ligingj = U ﬂAj, and hljisogij = ﬂ U A;.

n=1j=n n=1j=n

(i) Prove that 1y i,

J—oo

) 4 = liminf,; 1a;, and 1hmsupj%o A= lim SUp; o0 L4,

(ii) Prove that p(liminf; .. A;) < liminf; . p(A;).

(iii) Prove that if i is a finite measure, then limsup;_  u(A;) < p(limsup, ., A;).
)

(iv) Provide an example showing that (iii) fails if x is not finite.

Proof (i): We first begin by proving two general facts, namely if £ = n E; and
j=1

if "= U Fj, then 1g = inf,>; 15, and 1y = sup,>; 1r,. We prove the first, the
j=1

second is proved in a similar way. We need to investigate when both sides are equal
to 1. To this end, consider

lg(z) =1 < zekEjforalj>1
<= lg(x)=1forall j >1
<~ Hﬁnglﬁb($):::L

This proves that 1g = }Lgfl 1g;, and similarly 1p = sup 1. Going back to the proof

n>1

of the exercise...we set B,, = A;and C,, = Aj;. Then, liminf A; = B,, and
X w JQ j ng j b H



limsup A4; = ﬂ C,. By the above we have

j—oo n=1

Limin; oo 4, = 1y B, = sup 1p, = sup Laee 4 it;};]lgg Ly, =liminf1,;,
and
lhmsupﬁoo 1ﬁ e Tlgfl 1o, = mf 1u<>° A= 1nf1 ?gg 1a, = lnr;nﬂs;}p 1y,

Proof (ii): Applying Fatou’s Lemma to the sequence (14;) and using part (i), we
get

p(liminf A;) = /1hminfj%o Ay dp = /lim inf 14, dp < lim inf/ 14, dp = liminf u(A;).
J—00 J—00 Jj—00

J—00

Proof (iii): Notice that 14, <1 and [1du = pu(X) < co. Hence, by exercise 9.8
(reverse of Fatou’s Lemma) we have

limsup p(4;) = lim sup/ 1a,dp < /lim sup 14, dp = /1hmsupj%o Ay dp = ,u(lim sup A4;).

j—00 J—00 J—00 J—00

Proof (iv): Consider the measure space (R,B(R),\), where B(R) is the Borel
o-algebra, and X is Lebesgue measure. Notice that A\(R) = oco. For j > 1, let
A; =14,27]. Then,

limsup p(A;) = inf sup u(A;) = inf supj = oo

j—o0 N jen o0 jn

On the other hand,

plimsup A;) = p(N7Z, UL, [4, 25]) = p(NpZ[n, 00)) = u(0) = 0.

Jj—00
Hence, (iii) fails in this case.

. (p.73, exercise 9.10) Let (X, A, ;) be a measure space and (A;) a sequence of

disjoint measurable sets such that X = U Aj;.
jEN

(i) Show that for every u € M™(A) (i.e. u is a non-negative measurable functions
with values in [0, co]) one has

/udu:Z/lAjud,u.
j=1

(ii) Assume (X, A, p) is o-finite. Use part (i) to construct a measurable function
w > 0 such that [wdp < co.



Proof (i): From X = U A; (disjoint union), it is easy to see that 1 = 1x = Z 1y,
jeN =
By Corollary 9.9, for any u € MT(A) one has

/udu:/ilAjudu:i/lAjudu.
j=1 j=1

Proof (ii): Suppose p is o-finite, then there exists an increasing sequence (E,,)
of measurable sets such that X = U E,, and p(E,) < oo for all n € N. Define

neN
Ay = Ey, and forn > 2, A, = E, \ E,_1. Then the sequence (A4,) is disjoint,

X = U A; and p(A,) = p(Ey,) — p(En—1) < 0o. Define w on X by

jeN

o0 2_n
=N = 1,
v = 2 Ay

Then, clearly, w(z) > 0 for all x € X, and by Corollary 9.9,

[e.9]

OO 9—n o—n
/wd“:/,;u(fln)ﬂl’“"d“:;u(An)H/l“‘"d“

1

o0 Zin [e.9] oy
- ZFA”) —HlA) < ;2 =1 < co.

n=1



