Sets

In this initial chapter, vou will be introduced to. or more than Likely be reninded of L a
fundamental idea that occurs throughout mathematics: sets. Indeed. a set s an object
from which every mathematical structure is constructed {as we will often see in the
succeedimg chapters). Although there is a formal subject called set theory in which the
properties of sets follow from a number of axioms. this is neither our interest nor our
need. 1t is our desire to keep the discussion of sets informal without sacrificing clarity.
1t is almeost a certainty that portions of this chapter will be familiar to you. Nevertheless.
it is important that we understand what is meant by a set, how mathematicians describe
sets, the notatton used with sets, and several concepts that involve sets.

You've been experiencing sets all your lite. In fuct. all of the Tollowing are examples
of sets: the members of a sports team. the items on a shoppmg list, the integers. As a
small child. you learned to say the alphabet. When you did this, you were actually listing
the letters that make up the set we call the alphabet. A set is a collection of objects.
The objects that make up a set are called 1ts elements (or members). The clements ol'a
softball team are the players, while the elements of the alphabet are letters.

1t is customary o use capital (uppercase) letters (suchas AL B, C.S. X Y) to des-
ignate sets and lowercase letters (for example, a. h. ¢, s. v, v) o represent elements of
sets. If @ is an element of the set A, then we write ¢ € A:if ¢ does not belong to A then
we wrile g ¢ A.

( 1.1 Deseribing a Set J

There will be many oceasions when we (or vou) will need to describe a set. The most im-
portant requirement when describing a set is that the deseription makes it clear precisely
which clements belong to the set.

It 2 set consists of a small number of elements. then ths set can be described by
explicitly listing its clements between braces (curly brackets) where the elements are
separited by commas. Thus S = {120 3] 18 a set consistng of the numbers T2 and 3
The order in which the clements are histed doesn ™t miatier. Thus the set S just mentioned
could be written as § = {32 1} or § == {21, 3} for example. They deseribe the same

set. I aset T consists of the tirst five Tetters of the alphabet. then i0is notessential that we
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Example 1.1

write T = {a, b, ¢, d, e}, thatis, the elements of T need not be listed in alphabetical order.
On the other hand, listing the elements of T in any other order may create unnecessary
confusion.

The set A of all people who signed the Declaration of Independence and later became
president of the United States is A = {John Adams, Thomas Jefferson} and the set B of
all positive even integers less than 20 is B = (2,4, 6, 8, 10, 12, 14, 16, 18}. Some sets
contain too many elements to be listed this way. Perhaps even the set B just given contains
too many elements to describe in this manner. In such cases, the ellipsis or “three dot
notation” is often helpful. For example, X = {1. 3,5, ..., 49} is the set of all positive
odd integers less than 50, while ¥ = {2, 4. 6, ...} is the set of all positive even integers.
The three dots mean “and so on” for ¥ and “and so on up to” for X. A set need not
contain any elements. Although it may seem peculiar to consider sets without elements,
these kinds of sets occur surprisingly often and in a variety of settings. For example,
if S is the set of real number solutions of the equation x? 4 1 = 0, then S contains no
elements. There is only one set that contains no elements, and it is called the empty set
{or sometimes the null set or void set). The empty set is denoted by 1. We also write
# = { }. In addition to the example given above, the set of all real numbers x such that
x? < 0 is also empty.

The elements of a set may in fact be sets themselves. The symbol ¢ below indicates
the conclusion of an example.

The set § = {1,2, (1,2}, B} consists of four elements, two of which are sets, namely,
(1,2} and @. If we write C = {1, 2}, then we can also write § = {1,2,C, ¢}

The set T =10, {1, 2,3}, 4, 5} also has four elements, namely, the three integers
0.4, and 5, and the ser {1,2,3}. Even though 2 € {1.2, 3}, the number 2 is not an
element of T ; that is,2 ¢ T. ¢

Often sets consist of those elements satisfying some condition or possessing some speci-
fied property. In this case, we can define suchasetas § = {x : p(x)}, where, by this, we
mean that § consists of all those elements x satisfying some condition p(x) concerning
x. Some mathematicians write S = {x | p(x)}; that is, some prefer to write a vertical
line rather than a colon {which, by itself here, is understood to mean “such that”). For
example, if we are studying real number solutions of equations, then

S={x: (x=Dx+2x +3)=0}

is the set of all real numbers x such that {x — 1){(x + 2)(x + 3) = 0, that is, S is the
solution set of the equation (x — D)(x 4+ 2)(x + 3) = 0. We could have written § =
{1, —2, —3}; however, even though this way of expressing § is apparently simpler, it
does not tell us that we are interested in the solutions of an equation. The absolute value
Ix| of a real number x is x if x > 0;-while |x] = —x it x < 0. Therefore,

T ={x: |x| =2}

is the set of all real numbers having absolute value 2; thatis, 7 = {2, —2}. In the sets §
and T that we have just described, we understand that “x” refers to a real number x. If
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there is a possibility that this wouldntbe clear to the reader. then we should specilically
say that v is a real number. We'll say more about this soon. The set

P = {v: v has been a president of the United States}

deseribes. rather obviously, all those individuals who have been president of the United
Slates. So Abraham Lincoln belongs o P but Benjamin Franklin does not.

Let A={3.4.5..... 200 1f B denotes the set consisting of those elements of A that are
less than 8, then we can write

B={ved: v 8= {3 45067} ¢
Some sels are encountered so often that they are given special notation. We tise N to

denote the set of all positive integers (or natural numbers): that N = {123
The setof all integers (positive. negative, and zero) is denoted by 7.S07 ={ ... =2 L

0. 1.2, ...}, With the aid of the notation we've just introduced. we can now describe the
set o= {. ... —4.=2.0.2.4 ..} of even integers by
E = {v: yisaneveninteger}) or I7= {2y v is an integer}. or as

E={v: v=2vforsomex eZ} or L ={2v: xeZ}

Also,

&S

§ = visaninteger) = {7 v e Z) ={0. 1. 49,

describes the set of squarces ol integers.

The set of real numbers is denoted by R and the set of positive real numbers is
denoted by R ™. A real number that can be expressed in the form 2 where m.n € 7 and
n # 0. is called a rational number. For example, % !f T = 177 and % are rational
numbers. The set of all rational numbers is denoted hy Q. OF course. (—t = 3. A real
number that is not rational is called irrational. The real numbers V2.V3.V2. 7 and ¢
are known (o be irrational: that is. none of these numbers can be expressed as the ratio of

et

two integers. 1tis also known that the real numbers with infinite nonrepeating decimal
expansions are precisely the irrational numbers. There is no common symbol to denote
the set of irrational numbers. We will use 1 for the set of all irrational numbers. Thus.
VeRand V24 QisoV2e b

For a set S. we write [S] to denote the number ol elements in 5. The number
[S1is also referred to as the cardinal number or cardinality of S. 1t A = {1.2} and
B2 (1.2} W then [Al = 2 and [ B} = 4. Also. 11} = 0. Although the notation is
identical for the cardinality of a set and the absolute value of a real number. we should
have no trouble distinguishing between the two. A set S is finite i |S] = « for some
nonnegative integer n. A set S is infinite if it is not finite. For the present. we will use
the notation 1St only for finite sets S- In Chapter 10, we will discuss the cardinality of
infintte sets.

[el's now consider 4 few examples of sets that are defined m terms of the speciad

sets we have just described.
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[ Example 1.3 LerD={neN: n <9 F=eQ:x<9 H={xeR: x*-2=0}andJ =
(xeQ: ?2-2=0}.

; (a) Describe the set D by listing its elements.
(b) Give an example of three elements that belong to £ but do not belong to D.
i (c) Describe the set H by listing its elements.

(d) Describe the set J in another manner.

(e} Determine the cardinality of each set D, H, and J.

Solution @ D=1{1.2,3.4,5.6,7.8.9}.
( {.0,-3.
(c) H={v2,-v2}.
dy J =4¢.
(¢) |[D|=9,|H|=2,and|J]| =0. ¢

A complex number is a number of the form a + i, wherea, b € Randi = /~1.
A complex number ¢ + bi, where b = 0, can be expressed as a + 0i or, more simply, as
a.Hence a + 0i = a is a real number. Thus every real number is a complex number. Let
C denote the set of complex numbers. If K = {x € C: x?> + | =0}, then K = {i, —i}.
Of course, if L = {x € R: x>+ 1 =0}, then L = . You might recall that the sum of
two complex numbers ¢ + bi and ¢ + di is (a + ¢) + (b + d)i, while their product is

(@4 biy- (¢ +diy=ac+ adi + bei + bdi* = (ac — bd) + (ad + bo)i.

The special sets that we’ve just described are now summarized as follows:

symbol for the set of

natural numbers (positive integers)
integers

rational numbers

irrational numbers

real numbers

complex numbers

R =2 NZ

{ 1.2 Subsets ]

A set A is called a subset of a set B if every element of A also belongs to B. If Ais a
subset of B, then we write A C B.If A, B,and C are sets suchthat A C Band B € C,
then A C C. This property of subsets might remind you of the property of real numbers
where ifa, b, c € Rsuchthatifa < bandb < ¢, thena < ¢. For the sets X = {1, 3, 6}
and Y = {1,2,3,5,6}, we have X C Y. Also, N € Z and Q € R. In addition, R C C.
Since Q € Rand R < C, it therefore follows that Q € C. Moreover, every set is a subset
of itself.

Example 1.4 Find two sets A and B such that A is both an element and a subser of B.
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Suppose that we seek two sets A and B such that A € B and A € B. LeUs start with
a simple example for A, say A = {1}. Since we want A € B, the set B must contain
the set {1} as one of its elements. On the other hand, we also require that A & B. so
every element of A must belong to B. Since 1 is the only element of A. it follows that B
must also contain the number 1. A possible choice for B is then B = (1. {1}}. although
B = {1.2.{1}} would also satisty the conditions. -

If a set C is nor a subset of a set D, then we write C € D. In this case. there must
be some element of C that is not an ¢lement of D). One consequence of this is that the
empty set # is a subset of every set. If this were not the case. then there must be some
set A such that ¥ € A. But this would mean there is some element. say v, in ¥ that is
not in A. However. ¥ contains no elements. So 1 & A for every set A

Let S = {1.{2).{1.2}).

(1) Determine which of the following are elements of §:
{1} 2,425 {1.2), ({123
(b) Determine which of the following are subsets of §:

(1) 420 (1. 20 400 200 (20 (L 2D 1 21

(a) The following are elements of S: 1.2}, {1.2}.
(b) The following are subsets of S: {1} {1, (24, (1. 2} ¢

In a typical discussion of sets, we are ordinarily concerned with subsets of some
specified set U, called the universal set. For example, we may be dealing only with
integers, in which case the aniversal set is Z, or we may be dealing only with real
numbers. in which case the universal set is R. On the other hand, the universal set being
considered may be neither Z nor R. Indeed, U may not even be a set of numbers.

Some frequently encountered subsets of R are the so-called “intervals™. Fora. b € R
and @ < b, the open interval (a. ) is the set

w.h=weRag<x< b}.

Theretore. all of the real numbers ; V5. e, 3., 4.99 belong to (2. 5). but none of the

real numbers /2, 1.99, 2.5 belong 10 (2, 5).
Foru.bh € Rand a < b. the closed interval |a, p]is the sct

la. b ={veR:u=x= by.

While 2.5 ¢ (2,5), wedohave 2.5 € [2.5]. The “interval” {a. a}is therefore {a}. Thus.
fora < b.wehave (a. b) C la. b]. Fora. b € Randa < b. the haif-open or half-closed
intervals |a, h) and (a. h] are defined as expected:

fa.hy={veR:ag<x< hYyand (@. bl ={x € R: a<x =bh)

For a € R. the infinite intervals (—o0c¢, ¢). (—2¢. al. (a. ). and [a. o0) are defined
4s

(—~c.a)={ve Ry =<uaj (—oc.a]l={reR: ¥ <al

(a.oc)=f{reR: x>ua}l. la.o¢)= {(veR: x=ua}
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Figure 1.1 Venn diagrams for two sets A and B

The interval (—oc, oo) is the set R. Note that the infinity symbols oo and —oo are not
real numbers; they are used only to help describe certain intervals. Therefore, {1, 00],
for example, has no meaning.

Two sets A and B are equal, indicated by writing A = B, if they have exactly the
same elements. Another way of saying A = B is that every element of A is in B and
every element of B is in A, thatis, A € B and B € A. This fact will be very useful to us
in Chapter 4. If A # B, then there must be some element that belongs to one of A and
B but does not belong to the other.

It is often convenient to represent sets by diagrams called Venn diagrams. For
example, Figure 1.1 shows Venn diagrams for two sets A and B. The diagram on the left
represents two sets A and B that have no elements in common, while the diagram on the
right is more general. The element x belongs to A but not to B; the element y belongs
to B but not to A; the element z belongs to both A and B; and w belongs to neither A
nor B. In general, the elements of a set are understood to be those displayed within the
region that describes the set. A rectangle in a Venn diagram represents the universal set
in this case. Since every element under consideration belongs to the universal set, each
element in a Venn diagram lies within the rectangle.

A set A is a proper subset of aset B if A € B but A 55 B. If A is a proper subset
of B, then we write A < B. For example, if $ = {4,5,7} and T = (3,4, 5,6, 7}, then
§ ¢ T. (Although we write A C B to indicate that A is a proper subset of B, it should
be mentioned that some prefer to write A ¢ B to indicate that A is a proper subset of
B. Indeed, there are some who write A C B, rather than A C B, to indicate that A is a
subset of 8. We will follow the notation introduced above, however.)

The set consisting of all subsets of a given set A is called the power set of A and is
denoted by P(A).

For each set A below, determine P{A). In each case, determine IAI and |P(A).

(a A=0, (b) A=l{a. b}, (c) A={1,23}

{a) P(A) = {@}. In this case, |A| = 0 and [P(A)] = 1.
(b) P(A) = {@, {a}, {b}, {a, b}}. In this case, |A] = 2 and |P{A)} == 4.

(€) P(A)y={@, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}.
In this case, |A] = 3 and [P(A)] = 8. 4
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Notice that for each set A in Example 1.6, we have [P(A)| = 24 in fact. if A is
any finite set, with # elements say, then P(A) has 27 elements; that is.

IP(A)| - {_)M!

for every finite set A. (Later we will explain why this is true.)

IfC = {. (W)} then
PCy = (A (4] {9 A (A,

11 is important 1o note that no to of the sets B (W), and (W)} are equal (An empiy box
and a box containing an empty box are not the same.) For the set C above, it is therefore
correct to write

pcCchcC.hec.mcC. cc ed.

as well as

{)) S C ) ¢ C. Ul € PO ¢

E 1.3 Set Operations J

Example 1.8

Just as there are several ways of combining two integers to produce another integer
(addition. subtraction, multiplication, and sometimes division), there are several ways
to combine two sets to produce another set. The union of two sets A and B, denoted by
A U B, is the set of all elements belonging to A or B; that is,

AUB =]|x: xe Aorx € B}.

The use of the word “or” here. and in mathematics in general, allows an element of
AU B to belong to both A and B. That is. x is in AU B if x isin Aorxisin B orxis
in both A and B. A Venn diagram for A U B is shown in Figure 1.2.

For the sets A} = {2.5.7.8}, A = {1,3.5}, and Ay = {2,4,6.8}, we have
AjUA; ={1.2,3.5,7.8},
ATUA; = {2.4,5.6.7,8},
Ay UA; =1{1,2.3.4,5,6.8}.
Also NUZ =Z and QUT =R. ’ ¢

Figure 1.2 A Venn diagram for A U B
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o A AR A 5

Example 1.9

e
o

Figure 1.3 A Venn diagram for AN B

The intersection of two sets A and B is the set of all elements belonging to both A
and B. The intersection of A and B is denoted by A N B. In symbols,

ANB={x: xe Aand x € B}.
A Venn diagram for A N B is shown in Figure 1.3.

For the sets Ay, A>, and As described in Example 1.8,
A NAy=(5}, AiNA; ={2,8},and A, N A3 = 0.
Also, NNZ =Nand QNR = Q. ¢

For every two sets A and B, it follows that
ANBC AUB.

If two sets A and B have no elements in common, then AN B =@ and A and B
are said to be disjoint. Consequently, the sets Ay and As described in Example 1.8 are
disjoint; however, A; and A; are not disjoint since 2 and 8 belong to both sets. Also, Q
and I are disjoint.

The difference A — B of two sets A and B (also written as A \ B by some mathe-
maticians) is defined as

A-B={x:xeAandx ¢ B}.
A Venn diagram for A — B is shown in Figure 1.4,

Figure 1.4 A Venn diagram for A — 8
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@

Figure 1.5 A Venn diagram for A

For the sets A; = {2.5.7.
2.7 8 and Ay — Ay = {1.

8) and A> = {1.3.5} in Examples I1.8and 1.9, Ay — A =
3Y. Furthermore. R — Q=1L ¢

Suppose that we are considering a certain universal set U5 that is, all sets being
discussed are subsets of U . For a set A, its complement is

A=U-—A=|{x: veUandx ¢ A}

If U = 7. then N = {0. —1. =2....}): while it U = R. then (Q = L. A Venn diagram for
‘A is shown in Figure 1.5.

The set difference A — B is sometimes called the relative complement of B in
A. Indeed, from the definition, A — B ={v : x € Aand x ¢ B}. The set A — B can
also be expressed in terms of complements, namely, A — B = AN B. This fact will be
established later.

Let U ={1.2..... 10} be the universal set. A = {2.3.5.7}. and B = {2,4.6.8, 10},
Determine eac h of the following:

(mﬁ,(mAnB.<uAm§,<m§,

(@) B =1{1.3.5.7.9}.

) A—-B=1{3.57).

©) ANB=1{3.5.71=A-B.

(d) B =B =1{2.4.6.8 10} ¢

Let A = {0, {0}. {0, {0}}).

(1) Determine which of the following are elements of A: 0, {0}, {0} }.

{by Determine |Al.
(¢) Determine which of the following are subsets of A: 0. {0}, {{o}}.

For (d)—(1). determine the indicated scts.
(y {0}
te) HH“\
(y {Hon o
() {0}U A
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() {{foju A
@ {{{oB}u A.

Solution (a) While 0 and {0} are elements of A, {{0}} is not an element of A.

(b) The set A has three elements: 0, {0}, {0, {0}}. Therefore, | A| = 3.

(¢) The integer O is not a set and so cannot be a subset of A (or a subset of any
other set). Since 0 € A and {0} € A, it follows that {0} € A and {{0}} < A.

(d) Since 0 is the only element that belongs to both {0} and A, it follows that
{0} N A = {0}.

(e) Since {0} is the only element that belongs to both {{0}} and A, it follows that
{{031 1 A = {{0}}.

(f) Since {{0}} is not an element of A, it follows that {{{0}}} and A are disjoint
sets and so {{{O}}} N A = .

(8) Since 0 € A, it follows that {0} U A = A.

(h) Since {0} € A, it follows that {{0}} U A = A.

(i) Since {{0}} ¢ A, it follows that {{{0}}} U A = {0, {0}, {{0}}, {0, {O}}}. ¢

{ 1.4 Indexed Collections of Sets j

We will often encounter situations where more than two sets are combined using the set
operations described above, In the case of three sets A, B, and C, the standard Venn
diagram is shown in Figure 1.6.

The union A U B U C is defined as

AUBUC = [x: x€AorxeBorxeCl.

Thus, in order for an element to belong to A U B U C, the element must belong to at
least one of the sets A, B, and C. Because it is often useful to consider the union of
several sets, additional notation is needed. The union of the # > 2sets Ay, Ay, ..., A,
is denoted by A; U Ay U--- U A, or [J_, A; and is defined as

n
UA; ={x: x € A forsomei, | <j<nl

=]

A B

(G

Figure 1.6 A Venn diagram for three sets
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Thus. for an element ¢ to belong to {_J7_| A,. it is necessary that « belongs to at least one

of the sets Ay, Al .., A,
Example .13 Ler By = (1.2}, B, ={2.3}..... B = {10. 1Y), thar is. B, ={i.i +1} for i =
1,25 ... 10. Determine each of the following:
5 10 7 &
w s, ®Js. © s @ | JBiwherel = j <k <10,
r==1 i=1 [=33 =
5 10
Solution W [ JB=102... 6). m [JBi=11.2..... ).
2\ =1
77 lk
B =034 8. @ | Bi=tii+l... k+1). ¢
=3 =3

We are often interested in the intersection of several sets as well. The intersection
ofthe n > 2sets Ay, Ax, ... A, isexpressed as Ay N Ax - N A, or (L, Ai and is
defined by

n
ﬂr’\, ={v: ve A foreveryi,1 <7 <n}
=)

The next example concerns the sets mentioned in Example 1.13.

Example .14 Let By = {i,i + W fori=1,2,..., 10. Determine the following:
10 1

@ (B (&) BN B () () Bi. where 1 < j < 10.
i=1 f=f

&
() () B where 1 < j < k = 10.
=3

10 I+l
Solution (a) ﬂ Bi=W (b) BENBy ={+1} (©) ﬂ B; ={j+1}.
) i f
ke k
(d (VB =/ + ith=j+1 while (B =4 ik = j+ 1. ¢
i j i=) '

There are instances when the union or intersection of a collection of sets cannot be
described conveniently (or perhaps at all) in the manner mentioned above. For this reason,
we introduce a (nonempty) set 7, called an index set, which is used as a mechanism for
selecting those sets we want to consider. For example, for an index set I. suppose that
there is a set S, for each o € 1. We write {S, }ues to describe the collection of all sets
S, where o € [. Such a collection is called an indexed collection of sets. We detine the
union of the sets in {S,}acs by

U Sy =1{r: ve S, forsomew e},
ael
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Example 1.15

Example 1.16

Example 1.17

Example 1.18

Sets

and the intersection of these sets by

(1S« =1r: xes,foralla e ).

wel
Hence an element a belongs to | J,., S, if @ belongs to at least one of the sets in
the collection {S,},c/, while @ belongs to (Nwer So if a belongs to every set in the
collection {S,},e;. We refer to UaG ; S as the union of the collection [Sy)ae; and
il <1 3 as the intersection of the collection {8, }yes. Just as there is nothing special
about our choice of / in { J\., A; (that is, we could just as well describe this set by
/=1 A;. say). there is nothing special about & in ., S, We could also describe this
setby |, e1 Sv. The variables / and & above are “dummy variables” and any appropriate
symbol could be used. Indeed, we could write J or some other symbol for an index
set.

For n € N, define S, = {n, 2n}. For example, $; = {1,2}, §> = {2, 4}, and 84 = {4, 8}.
Then §; U S2 U Sy = {1, 2. 4,8}. We can also describe this set by means of an index set.
Ifwelet I = {1,2,4}, then

Usuzsluszu&. ¢

ael

For each n € N, define A, 10 be the closed interval | —;l,, %] of real numbers; that is,

1 1
A,,:{XGR: ~—§x§—-}.
n n

So Ay =[—1,1}, Ay = [—%, %], Az = [*—%, %]. and so on. We have now defined the

sets Ay, Az, Az, .... The union of these sets can be written as A; U Ay U A3 U - or
Ui, A;. Using N as an index set, we can also write this union as Unen An- Since A, €
Ay = [—1, 1] for every n € N, it follows that | .y Ay = [—1, 11. Certainly, 0 € A, for
every n € N, in fact, (), .n An = {0}. ¢

Let A denote the set of the letters of the alphabet, that is, A = {a, b, ..., z}. Fora € A,
let Ay consist of a and the two letters that follow a. So A, = {a, b, c}and Ay = {b, ¢, d).
By Ay, wewillmeanthe set{y, z, ayand A. = {z, a, b}. Hence |A,| = 3foreverya € A.
Therefore, | ) e Aa = A. Indeed, if

B={a,d, g jm, p,s,v. vyl
then { .5 Ax = A as well. On the other hand, if I = {p,q,r}, then A=
{p.q.r sty while (", ., Ae = {r}. 4

Let S ={1,2,...,10}. Each of the sets

S$1=1{1,2,3,4},5,=14,5,6,7,8}, and §5 = {7, 8,9, 10}

isasubsetof S. Also, §; U S U 83 = S. This union can be described in a number of ways.
Define I = {1,2,3}and J = {S), $2, S3}. Then the union of the three sets belonging to
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T is precisely Sy U Sy U Sy which can alse be wrirten as

S=38US US: :U.s‘, = JS= X ¢
=]

e d N

[ 1.5 Partitions of Sets

Example 1.19

Solution

Recall that two sets are disjoint if their intersection is the empty set. A collection & of
subsets of a set A is called pairwise disjoint il every two distinet subsets that belong 10 S
are disjoint. For example. let A = {1.2.. ... VB = {1.6).C = {2.5}. D = {4.7}.and
S = {B.C.D}. Then § is a pairwise disjoint collection ol subscis of A since BN C =
BoD =D =@ Onthe other hand. fet A" = {1. 2.3}, B = {l. 2} GY = 1.3},
D= 1{2.3).and S = {B'.C'. D'}, Although " is @ collection of subsets of A" and
B OO O D = theset S is ot a pairwise disjoint collection of sets since 8701 O F#E N
for example. Indeed. B 1 D" and €N D7 are also nonempty.

We will often have the occasion tespecially in Chapter 8) to encounter, for a
nonempty set A. a collection & of pairwise disjoint nonempty subsets of A with the
added property that every element of A belongs to some subset in &. Such a collection
is called a partition of A. A partition of A can also be defined as a collection S of
nonempty subsets of A such that every element o’ A belongs to exactly one subsetin S.
Furthermore. a partition of A can be defined as a collection S of subsets of” A satistying
the three properties:

(1) X #Wioreveryset X € 8t
(2) forevery twosets X. Y € S.either X =Y or X Y =
(3 Uyes X = A

Consider the following collections of subsets of the set A = {1 2,3.4.5,6}:

Sy = {{1.3.6}. {2, 4} {5}
Sy = {{1.2. 3} (4. {5. 6]}
Sy o= {{1.2}.{3.4.5}. (5. 6}}
Syo= {{1.4}.{3.5}. {21

Determine which of these sets are partitions of A.

The set S) is a partition of A. The set Sy is not a partition o’ A since ¥ is one of the
clements of S». The set Sy is not a partition of A cither since the element 5 belongs o
two distinet subsets in Sy namely, {3, 4.5} and {5, 6], Finally. 5118 also not a purtition
of A because the element 6 belongs to no subsetin Sy ¢

As the word “partition” probably suggests, a partition of a nonempty set A s a
division of 4 into nonempty subsets. The partition S, of the set A Example 119 4s
ihustrated in the diagram shown in Figure 1.7,

For example. the set Z of integers can be partitioned into the set of even integers
and the set of odd integers. The set R of real numbers can be partitoned mto the set R

of positive real numbers, the set of negative real numbers. and the set {01 consisting of
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Figure 1.7 A partition of a set

the number 0. In addition, R can be partitioned into the set Q of rational numbers and
the set I of irrational numbers.

Example .20 Ler A = {1,2,...,12}.
(a) Give an example of a partition § of A such that |S] = 5.
(b) Give an example of a subset T" of the partition § in (a) such that |T] = 3.
(c) List all those elements B in the partition S in (a) such that {B} = 2.
Solution (a) We are seeking a partition S of A consisting of five subsets. One such
example is
S = {{1, 2}, {3. 4}, {5,6}, {7, 8,9}, {10, 11, 12}}.
r (b) We are seeking a subset T of § (given in (a)) consisting of three elements.
One such example is
T = {{1,2}, (3,4}, {7.8,9}}.
(c) We have been asked to list all those elements of S (given in (a)) consisting of
two elements of A. These elements are: {1, 2}, {3, 4}, {5, 6}. ¢
( 1.6 Cartesian Products of Sets ]

We’ve already mentioned that when a set A is described by listing its elements, the order
in which the elements of A are listed doesn’t matter. That 1s, if the set A consists of two
elements x and y, then A = {x, y} = {y, x}. When we speak of the ordered pair (x, y),
however, this is another story. The ordered pair (x, y) is a single element consisting of a
pair of elements in which x is the first element (or first coordinate) of the ordered pair
{x, y) and y is the second element (or second coordinate). Moreover, for two ordered
pairs (x, y) and (w, z) to be equal, that is, (x, y) = (w, z), we must have x = w and
y = 2. So, if x # y, then (x, y) # (v, x).

The Cartesian product (or simply the product) A x B of two sets A and B is the
set consisting of all ordered pairs whose first coordinate belongs to A and whose second
coordinate belongs to B. In other words,

AxB=1{a,b): ac Aand b ¢ B}.
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Example 121 If A = {x. v} and B ={1.2, 3}, then
Ax B = {(x. D). (.2 (.3 O Do 200 Hl.
while
BxA={(1.Y). (.22 GG

Since, for example. (x. 1) € A x B and (v. 1) & B x A, these two sets do not contain
the same elemenis; so A x B # B x A, Also,

A A= {(v.0) (v v 0.l
and

B s B = {(1. 1. (1.2 (1.3 (2. D 2).(2. 3. (3. D3 2. (3 D) ¢

We also note that if A = Wor B =¥, then A x B =,
The Cartesian product R x R is the set of all points in the Euclidean plane. For
example, the graph of the straight line y = 2x + 3 is the set

f(r.yy e Rx R y=2x+ 3}

For the sets A = {v. v}and B = {1, 2,3} given in Example 1.21, |A] = 2and {B| =
3: while |A x B} = 6. Indeed, for all finite sets A and B,

|A x B| = [Al- B}

Cartesian products will be explored in more detail in Chapter 7.

EXFERCISES FOR CHAPTER 1

Sec
1.1,

el

tion 1.1: Deseribing a Set
Which of the following are sets?
(ay 1,2,3
(by {1.2},3
{c) {{1}.2}.3
(d) {1.42}. 3
(@) {1.2.a. b}
Let § = [—2. —1.0. 1,2, 3}. Describe each of the following sets as {x € S p(x)}, where p(x)is some
condition on x.

Determine the cardinality of cach of the following sets:
(a) A = {1,2. 3.4.5}

(by B =1{0.2.4 .. 20}

() ' =125.26.27.....75}
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(@ D ={{1,2}.{1,2,3.4})
ey E=1{4)

14.
‘@ A={nel: ~d<n<4}

1.5.

1.6.

Write each of the following sets by listing its elements within braces.

®) B={neZ: n <5)

© C=[meN: n <100}

(dy D={xeR: x?—x =0}

@ E={xeR: ?+1=0)

Write each of the following sets in the form {x € Z : p(x)}, where p(x) is a property concerning x.
@y A=1{-1,-2,-3..}

(b) B = {-3,-2,...,3}

© C={-2,-1,12} ,

The set E = {2x : x € Z} can be described by listing its elements, namely £ = {..., —4,-2,0,2.4,....
List the elements of the following sets in a similar manner.

@ A=1{2x+1: xeZ}

b)Y B={4n: nel}

©)C=1{3¢g+1: g€}

- Theset £ = {..., —4,-2,0,2,4,.. .} of even integers can be described by means of a defining condition

by £ ={y =2x: x € Z} = {2x : x € Z}. Describe the following sets in a similar manner.
(@ A={..,—4,-1,2,528, ...}

(b) B={...,—-10,-5.0,5,10,..}

(c) C =1{1.8,27,64,125, ...}

Section 1.2: Subsets

1.8.

112,

113,

Give examples of three sets A, B, and C such that
(a) ACBCC.

(b) AeB,BeC,and A ¢ C.

(c) AeBand ACC.

. Let (a, b) be an open interval of real numbers and let ¢ € (a, b). Describe an open interval / centered at ¢

such that I C {(a, b).

. Which of the following sets are equal?

A=nelZ: |nl <2} D={neZ: nit<1)
B={(neZ: n =n} E=1{-1,01)
C={ne?: n®=<n)

. Forauniversal set U = (1,2, ..., 8} and two sets A = {1,3.4, 7} and B = {4, 5, 8}, draw a Venn diagram

that represents these sets.
Find P(A) and |P(A)] for
(a) A =1{l 2}

by A =1{0,1,({a}}.

Find P(A) for A = {0, {0}}.
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1.14. Find P(P({1})) and its cardinality.
1.15. Find P(A) and {P(A)] for A = {0, . {#}}).
1.16. Give an example of a set § such that
(a) S < PMN)
by S € P(N)
(¢) S € P(N)and [S] = )
(d) S € P(N)yand |S} = 5.

Section 1.3: Set Operations

1.17. Let U = {1.3..... 15} be the universal set, A = {1.5.9.13},and B = {3.9, 15}. Determine the following:
W AUB, b)) ANB, (VA= B, () B—A (@ A (HANB.

{.18. Give examples of three sets A, B. and C such that
(a) Ac BLACC,and B £ C.

(b) Be A.BCC,and ANC 5 0.
) AecB.BCC,and AZC.

1.19. Give examples of three sets A. B, and € such that B # C but B — A = C —A.

~1.20. Give examples of two sets A and B such that [A — Bl = AN B[ =B — A| = 3. Draw the accompanying
" Venn diagram.

s

{ 121, Let U be a universal set and let A and B be two subsets of U. Draw a Venn diagram for each of the
©. - following sets.

(@) AUB () ANB (&) ANB (d) AUB
What can you say about parts () and (b)? parts (¢) and (d)?

1.22. Give an example of a universal set U, two sets A and B, and an accompanying Venn diagram such that
ANB|=|A—Bl=[B—Al=|AUBI=2

1.23. Let A, B, and C be nonempty subsets of a universal set U. Draw a Venn diagram for each of the following
set operations.

@ (C—BYUA
(by CN(A—B)
1.24. Let A = {A. {1}, {A).
{a) Determine which of the foltowing are elements of AU, (), 19, 1))
(b) Determine |Al.

(¢) Determine which of the following are subsets of A: ¢, {¥), (1. {9}
For (d)-(i), determine the indicated sets.

(dy N A

(e) (WM A

(H W N A
(@) BUA

(h) (U A

(i) (W (U AL
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Section 1.4: Indexed Collections of Sets

1K 1.25. Give examples of a universal set U and sets A, B, and C such that each of the following sets contains
" exactly one element: ANBNC,(ANB)—C,(ANCY—B,(BNCY— A, A~(BUC),B —{(AU(),
C ~ (AU B), AU B UC. Draw the accompanying Venn diagram.

1.26. For a real number r, define A, = {r?}, B, as the closed interval [r — 1, r + 1}, and C, as the interval (r, o).
For § == {1, 2, 4}, determine
4 @) Upes Ae and (ye5 Aa
k (0) Ues Bo and (e Ba
(©) Uges Co and (5 Ca.
1.27. Let A= (1,25}, B=1{0.2,4},C = {2,3,4},and § = {A, B, C}. Determine {_J, ¢ X and [y X.
1.28. For a real number r, define 5, to be the interval [ — 1,7 + 2]. Let A = {1, 3, 4}. Determine | J S and

ﬂaéA S"“

1.29. Let A = {a, b, ..., z} be the set consisting of the letters of the alphabet. For ¢ € A, let A, consist of o and
the two letters that follow it, where A, = {y,z,a} and A. = {z, 4, b}. Find aset § € A of smallest
cardinality such that {_J,.; Az = A. Explain why your set § has the required properties.

wEA

e

1.30. For each of the following collections of sets, define a set A, for each n € N such that the indexed collection
{A,)aen is precisely the given collection of sets. Then find both the union and intersection of the indexed
collection of sets.
@ {{1.2+ DO, [1,2+1/2),{1,2+1/3),.. .}
(0 {(—1,2),(=3/2,4), (-5/3,6),(-7/4,8),...}
i 1.31. For each of the following, find an indexed collection {A,},en of distinct sets (that is, no two sets are equal)
o satisfying the given conditions.
: @ N, Ay = {0} and %, 4, = [0, 1]. A, teltiv]
O N A= {10, and X, Ay =Z. N fn, o

Section 1.5: Partitions of Sets

18 } 1.32. Which of the following are partitions of A = {a, b, ¢, d, ¢, f, g}? For each collection of subsets that is not a
! partition of A, explain your answer.
(@) Si ={{a,c.e. g} {b, f1.{d}}
() $2 = {{a.b,c,d}, {e, f}
| © Sz = {4)
i d) S5 = {{a}, 8, {b, c.d}. e, f. g}}
I (@) S5 = lla. c.d). (b, g). lel, (b. f1)
! ' 1.33. Which of the following sets are partitions of A = {1, 2,3, 4, 5}7
' (@ S = {{1,3}, {2, 5}}
® S ={{l1,2},{3,4,5}. {2, 1}}
(©) 83 ={{1,2},{2,3}.{3,4}. {4,5})
(d) Sq=A

1.34. Let A = {1,2, 3,4, 5, 6}. Give an examiple of a partition § of A such that |§] = 3.

1.35. Give an example of a set A with |A] = 4 and two disjoint partitions §; and S, of A with |§;] =
[$2] = 3.




1.36.

1.37.

1.38.
1.39.
1.40.
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Give an example of three sets A, S,.and §5 such that S is a partition of A, 5, is a partition of Sy, and
1Sa] < 1Si] < 1AL

Give an example of a partition of Q into three subsets.
Give an example of a partition of N into three subsets. |
Give an example of a partition of Z into four subsets.

Let A= {1.2..... 12}. Give an example of a partition S of A \dll\fyln“ the following requirements:
@i =54 Tisa subset of S such that |7} = 4 and [ Uxer X1 = 10, and (ii1) there 1s no element B € §
such that |B| = 3.

Section 1.6: Cartesian Products of Sets

1.41.
1.42.
1.43.
1.44.
{.45.
1.46.
1.47.

Let A = {x.y.zjand B = {x. v}. Determine A x B.

Let A = {1, {1}, {{1}}}. Determine A X A

For A = {a. b}, Determine A X PLA).

For A = {#}, {#}}. Determine A X PA).

For A = (1.2} and B = {#}}, determine A x B and P(A) x P(B).

Describe the graph of the circle whose equation is 1~ + v2 = 4 as a subset of R X R.

List the elements of the set § = {{x. ) € 7 x Z . x|+ |v| == 3} Plot the corresponding points in the
Euclidean v-y plane.

ADDITIONAL EXERCISES FOR CHAPTER 1

1.48.

1.49.

1.50.

Let § = {—10.-9,.... 9. 10). Describe each of the following sets as {v € S p(x)}, where plx)is some
condition on .

(@) A= {-10.-9..... —1.1..... 9. 10}

(by B ={—10.-9..... —1,0}

() C ={—5.-4..... 7}

(dy D =(—10.-9..... 4.6,7..... 10}

Describe each of the following sets by listing its elements within braces.
(1) {x € Z: =4y =0)
(by [x e R: x| = —1}
¢y {meN: 2 <m <5}
(dy {n e N: O<n =3}
(c) hkeQ: kh—4=0}
ylkeZ: 9k* =3 =0}
(g) (keZ: 1<k <10}
Determine the cardinality of cach of the following sets.
(@ A =11.2.3.11.2.3}. 4. {41}
) B={reR:jxj=-1
() {))16N:2<ﬁr71§5}
() D={neN:n< 0}
() E = (ke N: L <k” <100}
() F={keZ: 1<k <100
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1.51.
1.52.

1.54.
1.55.

1.56.

157!
7 B—A={8),and AN B = {5, 7). Determine U/, A, and B.
1.58.

1.59.

1.60.

1.61.

1.62.

Chapter 1 Sets

For A ={—1,0,l}and B = {x. y}, determine A x B.

Let U = {1.2, 3} be the universal set, and let A = {1, 2}, B = {2, 3}, and C = {1. 3}. Determine the
following.

() (AUB)—(BNC)

by A

(c) BUC

(d) Ax B

3. Let A =({1.2,...,10}. Give an example of two sets S and B such that § € P(A), S| =4, B € §, and

IB| = 2.

For A = {1} and C = {1, 2}, give an example of a set B such that P(A) C B < P(C).
Give examples of two sets A and B such that

(a) ANP(A)e B

(b) P(A)C AU B.

Which of the following sets are equal?

A={nel: —4 <n <4} D

B={xeN: 2x+2=0} E
C={xeZ: 3x-2=0)

Let A and B be sets in some unknown universal set I, Suppose that A={38, 9}, A— B = {1, 2},

Let / denote the interval [0, oo). For each r € I, define

A ={r,veRxR: x?+y> =r},
B, ={x.meRxR: 24y <7},
Cr={(r,yeRxR: x*+y? > 2.

(a) Determine [ J,_; 4, and [, A

(b) Determine | J., B, and [}, ; B,.

(c) Determine | J,., C and (), , C,.

Give an example of four sets A;, Ay, A3, A4 such that |[A; N A;| = |i — j| for every two integers / and j
with ]l </ < j <4,

rel

(a) Give an example of two problems suggested by Exercise 1.59 (above).

(b) Solve one of the problems in (a).

LetA=1{1,23},B=11,23,4},andC = {1, 2, 3, 4, 5}. For the sets § and T described below, explain

whether |S} < [T, {S] > |T],or |S| = |T|.

(a) Let B be the universal set and et § be the set of all subsets X of B for which | X| 5 {X|. Let T be the
set of 2-element subsets of C.

(b) Let S be the set of all partitions of the set A and let 7 be the set of 4-element subséts of C.

(c) Let S={(b.a): b€ B,ae A.a+bisodd} and let T be the set of all noncmpty proper subsets of A.

Give an example of a set A = {1,2, ..., k} for a smallest 4 € N having subsets A, A;. A3 such that
[A; — Al = |A; — Al =i — j| forevery two integers i and j with] <i < j < 3.




