
COURSE NOTES INFINITE DIMENSIONAL LIE ALGEBRAS OCCURRING IN ALGEBRAIC
GEOMETRY

EDUARD LOOIJENGA

We find it convenient to work over an arbitrary closed field k of characteristic zero. Where
we discuss the link with topological quantum field theory, we assume that k = C. As an
intermediate base we use a smooth k-algebra R. Usually R is a k-algebra of finite type (so
that Spec(R) is a nonsingular affine variety) or a local ring thereof.

1. FLAT AND PROJECTIVELY FLAT CONNECTIONS

Let S be a nonsingular k-variety. The sheaf of 0th order differential operators D0(OS) of
OS is OS (acting OS by scalar multiplication) and the sheaf D1(OS) of first order differential
operators is its direct sum with θS , the sheaf of vector fields on S (acting OS by derivation).
Both are OS-modules and closed under the Lie bracket. As a Lie algebra it is a nontrivial
extension of θS by OS . Indeed, the projection D1(OS)→ θS is also the map which assigns to
D ∈ D1(OS) the derivation f ∈ OS 7→ [D, f ] ∈ OS .

Now let H be a rank r vector bundle over S (= a locally a free OS-module of rank r).
Then the Lie algebra D1(H) of first order differential operators H → H is given in terms
of a local basis of H by a r × r matrix of first order differential operators of OS . More
intrinsically, it is the OS-submodule D1(H) of Endk(H) characterized by the property that
[D1(H),OS ] ⊂ θS ⊗OS

EndOS
(H). This property yields an exact sequence of coherent sheaves

of Lie algebras

0→ EndOS
(H)→ D1(H)

symb−−−→ θS ⊗OS
EndOS

(H)→ 0,

where symb is the symbol map which assigns to D ∈ D1(H) the k-derivation φ ∈ OS 7→
[D,φ] ∈ OS . The local sections of D1(H) whose symbol land in θS ⊗ 1H ∼= θS make up a
coherent subsheaf of Lie subalgebras symb−1(θS) ⊂ D1(H) so that we have an exact sequence
of coherent sheaves of Lie algebras

0→ End(H)→ symb−1(θS)→ θS → 0.

A connection on H is then simply a section ∇ of symb−1(θS) → θS (the image of X ∈ θS
is denoted ∇X ∈ symb−1(θS)). Its curvature R(∇) is the End(H)-valued 2-form given by
X ∧Y ∈ ∧2

OS
θS 7→ [∇X ,∇Y ]−∇[X,Y ]. So ∇ is flat precisely if it is a Lie homomorphism. This

suggests the following definition.

Definition 1.1. A flat projective connection on H is a Lie subalgebra D ⊂ D1(H) with the
property that symb(D) = θS and D ∩ End(H) = OS ⊗ 1H ∼= OS so that we have an exact
subsequence

0→ OS → D → θS → 0.

This indeed defines a flat connection on the associated projective space bundle PS(H), for
an OS-linear section ∇ of D → θS defines a connection on H whose curvature form R(∇) is
an ordinary 2-form on S. So this gives rise to a flat connection in PS(H). Any other section
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∇′ differs from ∇ by an OS-linear map θS → OS , in other words, by a differential α, and on
readily checks that R(∇′) = R(∇) + dα. This implies that the flat connection on PS(H) is
independent of the choice of the section. The curvature form R(∇) is closed and hence locally
exact, and so we can always choose ∇ to be flat as a connection. Any other such local section
that is flat is necessarily of the form ∇+ dφ with φ ∈ O and conversely, any such local section
has that property. Beware that the Lie algebra sheaf D itself does not determine a connection
on H; this is most evident when H is a line bundle, for then we must have D(H) = D1(H).

A flat projective connection D on H acts on the determinant bundle det(H) = ∧rOS
H by

means of the formula

D(e1 ∧ · · · ∧ er) :=

r∑
i=1

e1 ∧ · · · ∧D(ei) ∧ · · · ∧ er, (D ∈ D).

This is indeed well-defined, and identifies D as a Lie algebra with the Lie algebra of first order
differential operators D1(det(H)). Notice however that this identification makes f ∈ OS ⊂ D
act on det(H) as multiplication by rf .

We can identify D also with the sheaf of first order differential operators of other line
bundles on S, for if λ is a line bundle on S and N is a positive integer, then a similar formula
identifies D1(λ) with D1(λ⊗N ), both as OS-modules and as k-Lie algebras, although this
induces multiplication by N on OS . This leads us to:

Definition 1.2. Let λ be an invertible OS-module and H a locally free OS-module of finite
rank. A λ-flat connection on H is homomorphism of OS-modules u : D1(λ) → D1(H) that is
also a Lie homomorphism over k, commutes with the symbol maps (so these must land in θS)
and takes scalars to scalars: OS ⊂ D1(λ) is mapped to OS ⊂ D1(H).

It follows from the preceding that such a homomorphism u determines a flat connection
on the projectivization ofH. The map u preserves OS and since this restriction is OS-linear, it
is given by multiplication by some regular function w on S. If D ∈ θS is lifted to D̂ ∈ D1(λ),
then u(D̂) ∈ D1(H) is also a lift of D and so D(w) = [u(D̂), u(1)] = u([D̂, 1]) = 0. This
shows that w must be locally constant (and hence constant, since a variety is connected); we
call this the weight of u. So in the above discussion, D comes with det(H)-flat connection of
weight r−1.

It is clear that if the weight of u is constant zero, then u factors through θS , so that we get
a flat connection in H. This is also the case when λ comes with a global nonzero section s,
for then D1(OS) splits both as OS-module and as a sheaf of k-Lie algebras, with θS identified
as the annihilator of s. The flat connection is then given by the action of θS via this direct
summand. This has an interesting consequence: if π : L×(λ)→ S is the geometric realization
of the Gm-bundle defined by λ, then π∗λ has a ‘tautological’ generating section and thus gets
identified with OL×(λ). Hence a λ-flat connection onH defines an ordinary flat connection on
π∗H. One checks that if w is the weight of u, then the connection is homogeneous of degree
w along the fibers. So in case k = C, s ∈ S and s̃ ∈ L×(λ(s)) lies over s ∈ S, then the multi-
valued map (z, h) ∈ C× ×Hs 7→ (zs̃, zwh) ∈ L×(λ(s))×Hs is flat, and so the monodromy of
the connection in L×(λ(s)) is scalar multiplication by e2π

√
−1w.

There is an obvious generalization involving several line bundles λ = {λi}i∈I on S (here I
is a finite nonempty set), a situation that we will indeed encounter. We then take for D1(λ)
the Lie subalgebra of ⊕i∈ID1(λi) of I-tuples of operators with the same symbol, so that we
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have an exact sequence
0→ OIS → D1(λ)→ θS → 0.

We define a λ-flat connection on H is homomorphism of OS-modules u : D1(λ) → D1(H)
that is also a Lie homomorphism over k, commutes with the symbol maps and takes OIS to
OS ⊂ D1(H). Such a structure come with a multi-weight w = (wi)i ∈ kI . There is a geometric
interpretation as before, if we let π : L×(λ)→ S be the GI

m-bundle associated to λ, then π∗H
comes with a natural flat connection whose holonomy in a fiber is prescribed by w.

Remark 1.3. We will also encounter a logarithmic version. Here we are given a closed sub-
variety ∆ ⊂ S of lower dimension (usually a normal crossing hypersurface). Then the
θS-stabilizer of the ideal defining ∆, denoted θS(log ∆), is a coherent OS-submodule of θS
closed under the Lie bracket. If in Definition 1.2 we have u only defined on the preimage of
θS(log ∆) ⊂ θS in D1(λ) (which we denote here by D1(λ)(log ∆)), then we say that we have
a logarithmic λ-flat connection relative to ∆ on H.

2. THE VIRASORO ALGEBRA AND ITS BASIC REPRESENTATION

Much of the material exposed in this section is a conversion of certain standard construc-
tions (as can be found for instance in [10]) into a coordinate invariant and relative setting.
But the way we introduce the Virasoro algebra is perhaps less standard. A similar remark
applies to part of the last subsection (in particular, Corollary 3.6), which is devoted to the
Fock module attached to a symplectic local system.

We fix an R-algebra O isomorphic to the formal power series ring R[[t]]. In other words,
O comes with a principal ideal m so that O is complete for the m-adic topology and the
associated graded R-algebra ⊕∞j=0m

j/mj+1 is a polynomial ring over R in one variable. The
choice of a generator t of the ideal m identifies O with R[[t]]. We put L := O[m−1] so that L
gets identified with R((t)). The m-adic topology on L is the topology that has the collection of
cosets {f + mN}f∈L,N≥1 as a basis of open subsets. We often write FNL for mN .

A continuous R-derivation D of L into a topological L-module M has the property that
D(
∑

i≥c rit
i) =

∑
i≥c irit

i−1Dt and so is determined by its value on t. It is then easily seen
that there is a universal one: d : L→ ω for which ω is the free L-module of rank one generated
dt. We put FNω := FN−1LdO. A topological basis for ω is (ωi := ti−1 dt

t )i∈Z. We write θ for
the R-module of continuous R-derivations from L into L, which is just HomL(ω,L). This is
also a free L-module of rank one, a generator being the homomorphism d

dt which takes dt to
1. The derivations that take F sL to F s+NL form the O-submodule FNθ ⊂ θ generated by
DN := tN+1 d

dt . Note that ωi(Dj) = ti+j .
The residue map Res : ω → R which assigns to an element of R((t))dt the coefficient of

t−1dt is canonical, i.e., is independent of the choice of t (an elegant proof is due to Tate [21]).
Its kernel is just the image of the universal derivation so that we have an exact sequence of
R-modules 0→ L

d−→ ω
Res−−→ R→ 0. The R-bilinear map

r : ω × L→ R, (α, f) 7→ Res(fα)

is a topologically perfect pairing of filtered R-modules: we have r(tk, Dl) = δk+l,0 and so any
R-linear φ : L → R which is continuous (i.e., φ zero on mN for some N) is definable by
an element of ω (namely by

∑
k>−N φ(t−k)ωk) and likewise for an R-linear continuous map

ω → R. More generally, if for n ∈ Z, ωn denotes the completed n-fold tensor power of ω
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(this is the free L-module generated by (dt)n, where it is understood that (dt)−1 = d
dt so that

ω−1 = θ), then besides the obvious duality ωn × ω−n → ω0 = L of L-modules we have a
perfect duality

(α, β) ∈ ωn × ω1−n 7→ Res(αβ)

of topological R-modules.
Observe that

(f, g) ∈ L× L 7→ 〈f, g〉 := r(g, df) = Res(g df) ∈ R
is an antisymmetric R-bilinear pairing that sends to (tk, tl) to kδk+l,0. The kernel of his pairing
is clearly R ⊂ L. In fact, this pairing factors through the universal derivation, for the result
only depends on df and dg: if dg = 0, then g is a constant and Res(g df) is zero. So we
have an antisymmetric R-bilinear nondegenerate pairing on dL (which is also the kernel of
Res : ω → R). This pairing naturally extends to (dL×ω)∪ (ω×dL) (its value on (ωk, ωl) with
k 6= 0 is k−1δk+l,0), but not to all of ω × ω.

On the other hand, any continuous derivationD ∈ θ defines aR-bilinear pairing ω×ω → R,
(α, β) 7→ r(α(D), β) = Res(α(D)β). This pairing is symmetric, for it is so on generators
(Dn, ωk, ωl), where it follows from the identity ωk(Dn)ωl = ωn+k+l.

2.1. A trivial Lie algebra. If we think of the multiplicative group of L as an algebraic group
over R (or rather, as a group object in a category of ind schemes over R), then its Lie algebra,
denoted here by l, is just L, regarded as a R-module with trivial Lie bracket. By writing l
we ignore the multiplication of L, but we retain the filtration FN l = mN . The universal
enveloping algebra U l is clearly the symmetric algebra of l as an R-module, Sym•R(l). We
complete it m-adically: given an integer N , then an R-basis of the truncation U l/(U l◦FN l) is
indexed by the set of nondecreasing sequences of integers k := (k1 ≤ k2 ≤ · · · ≤ kr) including
the empty sequence: the associated basis element is tk := tk1 ◦ · · · ◦ tkr (read 1 for the empty
sequence). So elements of the completion

U l→ U l := lim←−
N

U l/U l ◦ FN l

are series of the form
∑

k rkt
k with rk ∈ R with the property that for every c the subsum over

the sequences k whose last term is less than c is finite. We will refer to this construction as
the m-adic completion on the right, although in the present case there is no difference with
the analogously defined m-adic completion on the left, as l is commutative. For example, if
l2 denotes the image of l ⊗ l → U l → U l, then its closure l2 in U l consists of the expressions∑

i0≤i≤j ai,jt
i ◦ tj for some i0.

Remark 2.1. An R-linear map U l → R is continuous precisely when it is so in every vari-
able. It extends continuously to U l → R precisely when it vanishes on some U l ◦ FN l. It
follows that the continuous R-dual of U l resp. U l can be identified with

∏
n≥0 Symn

R ω resp.
⊕n≥0 Symn

R ω = Sym•R ω.

Given a D ∈ θ, then we observed that the R-linear map ω → L is self-adjoint with respect
to the residue pairing. Since ω is the continuous R-dual of L this yields an element of l2. Let
C(D) be half this element, so that in terms of the above topological basis,

C(D) = 1
2

∑
i,j∈Z

Res(ω−i(D)ω−j)t
i ◦ tj .
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In particular forD = Dn = tn+1 d
dt , C(Dk) = 1

2

∑
i+j=n t

i◦tj . Observe that the map C : θ → U l
is continuous.

2.2. Oscillator and Virasoro algebra. The residue map defines a central extension of l by
a copy of the trivial Lie algebra R. This is particular kind of Heisenberg algebra, called the
oscillator algebra l̂. As an R-module it is given as a direct sum l ⊕ R and if we denote the
generator of the second summand by ~, then the Lie bracket is given by

[f + ~r, g + ~s] := Res(g df)~.

So this is a Lie algebra extension together with an R-linear splitting. Observe that [tk, tl] =

kδk+l,0~ and that the center of l̂ is Re⊕R~, where e = t0 denotes the unit element of L viewed
as an element of l. It follows that U l̂ is an R[t0, ~]-algebra. As an R[~]-algebra it is obtained
as follows: take the tensor algebra of l (over R) tensored with R[~], ⊗•Rl⊗R R[~], and divide
that out by the two-sided ideal generated by the elements f ⊗ g − g ⊗ f − Res(gdf)~. This
makes it also plain that U l̂ inherits from the Z≥0-grading of the tensor algebra a Z/2-grading:
U l̂ = U l̂even ⊕ U l̂odd. The obvious surjection π : U l̂→ U l = Sym•R(l) is the reduction modulo
~.

We filter l̂ by letting FN l̂ be FN l for N > 0 and FN l +R~ for N ≤ 0. This filtration is used
to complete U l̂ m-adically on the right:

U l̂→ U l̂ := lim←−
i

U l̂/U l̂ ◦ F il.

In terms of the coordinate t, this has the same description as U l, the difference being that the
coefficients now lie in R[~]. Since l̂ is not abelian, the left and right m-adic topologies now
differ. For instance,

∑
k≥1 t

k ◦ t−k does not converge in U l̂, whereas
∑

k≥1 t
−k ◦ tk does. The

obvious surjection π : U l̂→ U l is of course still given by reduction modulo ~. We also observe
that the filtrations of l and l̂ determine decreasing filtrations of their (completed) universal
enveloping algebras, e.g., FNU l̂ =

∑
r≥0

∑
n1+···+nr≥N F

n1 l̂ ◦ · · · ◦ Fnr l̂.

Let us denote by l̂2 the image of l ⊗R l ⊂ l̂ ⊗R l̂ → U l̂. Its closure l̂2 in U l̂ consists of the
expressions r~ +

∑
i≤j rijt

i ◦ tj with for any given i, rij ∈ R is nonzero for only finitely many

j’s. Under the reduction modulo ~, l̂2 maps onto l̄2 in U l with kernel R~. The generator t
determines a continuous R-linear map Ĉ : θ → l̂2 ⊂ U l̂ characterized by

Ĉ(Dk) := 1
2

∑
i+j=k

: ti ◦ tj : .

We here adhered to the normal ordering convention, which prescribes that the factor with the
highest index comes last and hence acts first (here the exponent serves as index). So : ti ◦ tj :
equals ti ◦ tj if i ≤ j and tj ◦ ti if i > j. This map is clearly a lift of C : θ → U l, but is otherwise
non-canonical.

Lemma 2.2. We have
(i) [Ĉ(D), f ] = −~D(f) as an identity in U l̂ (where f ∈ l ⊂ l̂) and

(ii) [Ĉ(Dk), Ĉ(Dl)] = −~(l − k)Ĉ(Dk+l) + ~2 1
12(k3 − k)δk+l,0.

Proof. For (i) we compute [Ĉ(Dk), t
l]. If we substitute Ĉ(Dk) = 1

2

∑
i+j=k : ti ◦ tj :, then we

see that only terms of the form [tk+l ◦ t−l, tl] or [t−l ◦ tk+l, tl] (depending on whether k+2l ≤ 0
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or k + 2l ≥ 0) can make a contribution and then have coefficient 1
2 if k + 2l = 0 and 1

otherwise. In all cases the result is −~ltk+l = −~Dk(t
l).

Formula (i) implies that

[Ĉ(Dk), Ĉ(Dl)] = lim
N→∞

∑
|i|≤N

1
2

(
Dk(t

i) ◦ tl−i + ti ◦Dk(t
l−i)
)

= −~ lim
N→∞

∑
|i|≤N

(
itk+i ◦ tl−i + ti ◦ (l − i)tk+l−i

)
.

This is up to a reordering equal to −~(l − k)Ĉ(Dk+l). The terms which do not commute and
are in the wrong order are those for which 0 < k + i = −(l − i) (with coefficient i) and
for which 0 < i = −(k + l − i) (with coefficient (l − i)). This accounts for the extra term
~2 1

12(k3 − k)δk+l,0. �

This lemma shows that −~−1Ĉ behaves better than Ĉ (but requires us of course to assume
that ~ be invertible). In fact, it suggests to consider the R-module θ̂ of pairs (D,u) ∈ θ×~−1̄l2
for which C(D) ∈ U l is the mod ~ reduction of −~u. This R-module is independent of the
choice of t and we have an exact sequence

0→ R→ θ̂ → θ → 0

of R-modules. Here R is identified with the R-module generated by the unit of U l̂[1
~ ]. In order

to avoid confusion, we shall denote that generator by c0. Note that a non-canonical section
of θ̂ → θ is defined by D 7→ D̂ := (D,−~−1Ĉ(D)).

Corollary-Definition 2.3. This defines a central extension of Lie algebras, called the Virasoro
algebra (of the R-algebra L). Precisely, if T : θ̂ → U l̂[1

~ ] is given by the second component, then
T is an injective R-Lie algebra homomorphism which sends c0 to 1. If we transfer the Lie bracket
on U l̂[1

~ ] to θ̂, then in terms of our non-canonical section,

[D̂k, D̂l] = (l − k)D̂k+l +
k3 − k

12
δk+l,0c0.

Moreover, adT (D̂) leaves l invariant (as a subspace of U l̂) and acts on that subspace by derivation
with respect to D ∈ θ.

An alternative coordinate free definition of the Virasoro algebra, based on the algebra of
pseudo-differential operators on L, can be found in [3].

The continuous dual of the Virasoro algebra has an interesting description in terms of
polydifferentials. Put L(2) := L⊗̂RL, where the symbolˆrefers to completion relative to the
(m ⊗ 1 + 1 ⊗ m)-adic filtration. In terms of coordinates, L(2) is simply R[[t1, t2]][t−1

1 , t−1
2 ].

Then the analogously defined ω(2) := ω⊗̂Rω is a module over L(2), it is in fact the free L(2)-
module generated by dt1dt2 (we regard dt1dt2 as a symmetric tensor). We have a reduction
to the diagonal L(2) → L (defined by putting t1 = t2 = t). This is covered by a module
homomorphism ω(2) → ω2, where we recall that ω2 denotes the module of quadratic differ-
entials. Let I∆ ⊂ L(2) the reduced ideal defining the diagonal, that is, the ideal generated by
(t1 − t2). There is a canonically defined ‘biresidue map’ Res(2) : I−2

∆ ω(2) → L which assigns
to (t1− t2)−2f(t1, t2)dt1dt2 the reduction of f to the diagonal. Observe that the kernel of this
map is I−1

∆ ω(2).
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Exchanging the factors defines an involution ι of I−2
∆ ω(2) (it takes dt1dt2 to dt2dt1 =

dt1dt2). We will only be concerned with the ι-invariants in I−1
∆ ω(2). Now note that (t1 −

t2)−1f(t1, t2)dt1dt2 is ι-invariant if and only if f is anti-invariant. This means that f is divisi-
ble by t1−t2 and so this shows that (I−1

∆ ω(2))ι = (ω(2))ι. So if ω̂2 ⊂ (I−2
∆ ω(2)/I∆ω

(2))ι denotes
the R-submodule of elements that have biresidue in R, then the preceding discussion shows
that this R-module fits naturally in an exact sequence of R-modules:

0→ ω2 → ω̂2 → R→ 0.

Lemma 2.4. The sequence 0 → ω2 → ω̂2 → R → 0 is topologically dual to the Virasoro
extension sequence 0 → R~ → l̂2 → l2 → 0, where the duality arises from the natural pairing
(R+ ~−1l⊗R l)× ω̂2 → R defined by

〈λ+ ~−1f ⊗R g|ζ〉 := λRes(2) ζ + Rest1=0 Rest2=0 f(t1)g(t2)ζ.

Proof. We only verify that 〈~−1f ⊗R g − ~−1g ⊗R f − Res(gdf) | ζ〉 = 0 and leave the rest of
the argument to the reader.

We check this on generators and choose f = tp and g = tq. As we have seen, we can write
ζ = r(t1 − t2)−2dt1dt2 +

∑
i,j rijt

i−1
1 tj−1

2 dt1dt2 with rij = rji. We first take ζ = (ti−1
1 tj−1

2 +

tj−1
1 ti−1

2 )dt1dt2. Since Rest1=0 Rest2=0 t
p+i−1
1 tq+j−1

2 dt1dt2 = δp+i,0δq+j,0, we find that

〈~−1tp ⊗ tq | (ti−1
1 tj−1

2 + tj−1
1 ti−1

2 )dt1dt2〉 = δp+i,0δq+j,0 + δp+j,0δq+i,0

which this is symmetric in (p, q). This in fact establishes a topologically perfect duality be-
tween l2 and ω(2). Next we consider the case when ζ = (t1 − t2)−2dt1dt2. Then

〈~−1tp ⊗ tq | ζ〉 = Rest1=0 Rest2=0 t
p
1t
q
2(t1 − t2)−2dt1dt2 =

Rest1=0 Rest2=0 t
p−2
1 tq2(1− t2/t1)−2dt1dt2 =

Rest1=0 t
p−2
1 dt1 Rest2=0 t

q
2

∑
i≥1

i(t2/t1)i−1dt2.

Now Rest2=0 t
q
2

∑
i≥1 i(t2/t1)i−1dt2 is zero unless q < 0 and is then equal to−qtq+1

1 . (Note that
here the order in which we a take the residues has become important.) We find that 〈tp⊗tq | ζ〉
is zero unless −q = p > 0 and then we get p. If we interchange the roles of p and q, the result
is −p when −q = p < 0 and zero otherwise. It follows that 〈tp ⊗ tq − tq ⊗ tp| ζ〉 = pδp+q,0. But
this is also the value of Res tqd(tp)〈~ | ζ〉 = pδp+q,0 Res(2)(ζ) = pδp+q,0. �

2.3. A digression: Virasoro Lie algebra and the Schwarz derivative. Let C be a Riemann
surface and consider on C2 the sheaf π∗1ΩC⊗OC2 π

∗
2ΩC , where πi : C×C → C is the projection

on the ith factor. We could identify this with the sheaf of holomorphic 2-forms on C2, but
that has of course the effect that the involution ι : (p1, p2) ∈ C2 7→ (p2, p1) ∈ C2 introduces
an unwanted sign. We therefore prefer to regard this as a subsheaf of the sheaf of quadratic
differentials on C2 and denote it by Ω

(2)
C .

Denote by ∆ : C → C2 the diagonal embedding and let I∆ ⊂ OC2 be the ideal defined by
its image. The differential d : I∆ → π∗i ΩC takes I2

∆ to I∆π
∗
i ΩC and the resulting map ∆∗I∆ →

∆∗π∗i ΩC(∼= ΩC) is an isomorphism of OC -modules. Hence we have a natural isomorphism
∆∗I2

∆
∼= ∆∗Ω

(2)
C , or equivalently, a natural isomorphism ∆∗I−2

∆ Ω
(2)
C
∼= OC . This defines the

biresidue map Res(2) : ∆−1I−2
∆ Ω

(2)
C → OC . We then define Ω̂2

C as the sheaf on C that is the
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subsheaf of ∆−1I−2
∆ Ω

(2)
C /I∆Ω

(2)
C consisting of forms that are invariant under the involution ι

and have constant biresidue on C. This is an extension of the constant sheaf CC by the module
of quadratic differentials Ω2

C on C. The subsheaf Ω2
C(1) ⊂ Ω̂2

C for which this biresidue equals
1 is a torsor over Ω2

C on C.
Let us now do a local computation. Suppose we have a local coordinate z ofC at some point

p ∈ C. Then any element of Ω2
C,p(1) can be written as a sum ∆∗((z1−z2)−2dz1dz2)+f(z)dz2,

with f ∈ OC,p. Let us see what the effect is of a coordinate change is on the first term: So
let w be another local coordinate at p so that we can write z = h(w), with h(0) = 0 and
h′(0) 6= 0. We have (z1 − z2)−2dz1dz2 = (h(w1) − h(w2))−2h′(w1)h′(w2)dw1dw2. Next put
(w,w + ε) : (w1, w2). So ε = w2 − w1 defines the diagonal and we can compute modulo ε:

h∗∆∗
dz1dz2

(z1 − z2)2
= ∆∗(h× h)∗

dz1dz2

(z1 − z2)2
= ∆∗

(h′(w1)h′(w2)dw1dw2

(h(w1)− h(w2))2

)
=
h′(w)h′(w + ε)dw2

(h(w)− h(w + ε))2
≡ h′(w)(h′(w) + εh′′(w) + ε2.h′′′(w)/2 + · · · )dw2

(εh′(w) + ε2h′′(w)/2 + ε3h′′′(w)/6 + · · · )2

≡ h′(w)2 + εh′(w)h′′(w) + ε2h′(w)h′′′(w)/2 + · · · )dw2

ε2(h′(w)2 + εh′(w).h′′(w) + ε2(h′′(w)2/4 + h′(w)h′′′(w)/3) + · · · )

≡ 1

ε2

(
1 + ε2.

h′(w)h′′′(w)/6− h′′(w)2/4 + · · ·
ε2h′(w)2 + · · ·

)
dw2

≡ ∆∗
( dw1dw2

(w1 − w2)2

)
+
S(h)(w)dw2

6

where

S(h) :=
h′h′′′ − 3/2.h′′2

h′2

is known as the Schwarz derivative. You can check that for every f ∈ C{w} there exists a h ∈
C{w} with h(0) = 0 6= h′(0) such that S(h) = f and so the group Aut(OC,p) acts transitively
on ω2

C,p(1). It is clear that S(h) = 0 if and only if h′h′′′ = 3
2h
′′2. This last property turns out to

be equivalent with h being locally a fractional linear transformation: h(w) = (aw+b)/(cw+d)
(with ad − bc = 1 and d 6= 0). It follows that an element ζ ∈ ω2

C,p(1) can be understood as
defining a local projective structure at p, for all the coordinates z in which ζ takes the simple
form (z1 − z2)−2dz1dz2 lie in the same orbit of the group PGL(2,C). A global section of
Ω2
C,p(1) amounts to a global projective structure on C and such a structure is just given by

it holonomy: a homomorphism π1(C,P ) → PGL(2,C) given up to conjugacy in PGL(2,C).
This establishes a embedding

H0(C,Ω2
C,p(1)) ↪→ Hom(π1(C,P ),PGL(2,C)/PGL(2,C),

which in fact is an isomorphism (see [8]). There is a distinguished projective structure on
C: assuming, as we may, that C connected, then by the uniformization theorem C is univer-
sally covered by P1(C), C or the upper half plane. The covering group (which is of course
isomorphic to π1(C,P )) will be a discrete torsion free subgroup of the automorphism group
of the covering space. So in the first case it is trivial, in the second case a discrete translation
group and in the third case a discrete subgroup of PGL(2,C). As these are all subgroups of
PGL(2,C), we have thus defined a projective structure on C.

More on this can be found in the book of Gunning [8] and a series of papers by Biswas and
Raina [4].
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2.4. Another digression: the Bott-Virasoro group. For k = R = C, we can think of O =
C[[t]] as the algebra of formal functions on the germ of C at 0 and likewise L = C((t)) as the
algebra of formal functions on the punctured germ of C at 0. A real analogue is to take for L
the algebra of R-valued C∞-functions of the unit circle S1 (for simplicity we assume this to be
the unit circle in C, but actually one could take for S1 any manifold diffeomorphic to S1: for
what follows no preferred coordinate is needed). Fourier expanding a C-valued C∞-function
on S1 makes it indeed look like an element of L.

In what follows, Ωn will stand for the space of C∞-sections of the kth tensor power of
the cotangent bundle T ∗(S1) so that for k = 1, 0,−1, we get respectively 1-forms, functions
and vector fields. This is the real analogue of ωn. The residue map is replaced by the map
Res : Ωn → R given by α 7→

∫
S1 α. So for each n ∈ Z we have a duality pairing

Ωn × Ω1−n → R, (α, β) 7→
∫
S1

αβ.

which is nondegenerate in a suitable sense. This space is acted on the right by the group of
orientation preserving diffeomorphisms Diff+(S1) (acting by substitutions). The Lie algebra
of that Diff+(S1) may be regarded as the Lie algebra of vector fields Ω−1. We proceed as
before and with the help of a residue pairing we obtain an oscillator algebra: a Lie algebra
extension Ω̂0 of Ω0 by R~ with underlying vector space Ω0 ⊕ R. This leads to a Virasoro
extension: a central extension Ω̂−1 of Ω−1 by R. The formula is the same as for the formal
case except that we must replace Res by

∫
S1 . Its predual is an exact sequence of the form

0→ Ω2 → Ω̂2 → R→ 0,

where Ω̂2 is defined in a similar manner as ω̂2: it is the space of symmetric bidifferentials ζ on
S1×S1 with a pole of order 2 along the diagonal with constant double residu on the diagonal
modulo those that vanish on the diagonal.

The subspace Ω2(1) ⊂ Ω̂2 of forms with biresidue 1 on the diagonal is an affine space over
the space Ω2 of quadratic differentials; it has the interpretation as the space of real projective
structures on S1.

If we think of Ω−1 as the Lie algebra of Diff+(S1), then we may hope for a central extension
of the group Diff+(S1):

0→ R→ D̂iff
+

(S1)→ Diff+(S1)→ 1

whose Lie algebra yields the Virasoro extension. Such an extension exists: any such extension
admits a section (as any R-bundle has this property and so we can assume the underlying
space is R × Diff+(S1). Then the product will have the form (λ1, h1) · (λ2, h2) = (λ1 + λ2 +
c(h1, h2), h1◦h2), where cmust be a cocycle: c(h1, h2)+c(h1◦h2, h3) = c(h1, h2◦h3)+c(h2, h3).
We take this c to be in terms of an angular coordinate φ,

c(h1, h2) =

∫
S1

h′1(h2(φ)).h′′2(φ)dφ.

2.5. Fock representation. It is clear that F 0̂l = R~⊕O is an abelian subalgebra of l̂. We let
it act on a free rank one module Rvo by via the projection F 0̂l → R~ and by letting ~ act as
the identity. The induced representation of l̂ over R,

F := U l̂⊗UF 0 l̂ Rvo,
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will be regarded as a U l[~−1]-module. It comes with an increasing PBW (Poincaré-Birkhoff-
Witt) filtration PBW•F by R-submodules, with PBWrF being the image of ⊕s≤r l̂⊗s ⊗ Rvo.
Since t0 ∈ l is central in l̂ and contained in O it is in the kernel of this representation. As
an R-module, F is free with basis the collection tk ⊗ vo, where k = (kr ≤ · · · ≤ k1) is such
that k1 < 0. (In fact, GrPBW• F can be identified as a graded R-module with the symmetric
algebra Sym•(l/F 0l).) This also shows that F is even a U l̂[~−1]-module. Thus F affords a
representation of θ̂ over R, called its Fock representation.

It follows from Lemma 2.2 that for any D ∈ θ with lift D̂ ∈ θ̂,

T (D̂)tk ⊗ vo − tk ◦ T (D̂)vo =

(
r∑
i=1

tkr ◦ · · · ◦D(tki) ◦ · · · ◦ tk1
)
vo.

By definition T (D̂n)v0 = − 1
2~
∑

k : tk ◦ tn−k : vo. This (finite) sum is over all k with
max{k, n − k} < 0 and so gives zero when n ≥ 0. In other words, T (D̂)vo = 0 when
D ∈ F 0θ. Equivalently, F 0θ acts on F by coefficient-wise derivation. This observation has an
interesting consequence. Consider the module θR/k of k-derivations R → R, denoted here
simply by θR instead of the more accurate θR/k (the module of vector fields on Spec(R)).
Denote by θL,R the module of k-derivations of L that are continuous for the m-adic topology
and preserve R ⊂ L (the vector fields on the formal scheme defined by (O,m) that are lifts of
a vector fields on Spec(R); it contains θ as the lifts of the zero vector field). Since L ∼= R((t))
as an R-algebra, every k-derivation R → R extends to one from L to L and so we have an
exact sequence

0→ θ → θL,R → θR → 0.

The following corollary essentially says that we have defined in the L-module F a Lie algebra
θ̂L,R of first order (k-linear) differential operators which contains R as the degree zero oper-
ators and for which the symbol map (which is just the formation of the degree one quotient)
has image θL,R.

Corollary 2.5. The actions on F of F 0θL,R ⊂ θL,R (given by coefficient-wise derivation, killing
the generator vo) and θ̂ coincide on their intersection F 0θ and generate an extension of Lie
algebras

0→ Rco → DF → θL,R → 0.

Its defining representation on F (still denoted T ) is faithful and has the property that for every
lift D̂ ∈ DF of D ∈ θL,R and f ∈ l we have [T (D̂), f ] = Df (in particular, it preserves every
U l̂-submodule of F).

Proof. The first assertion has already been observed. The generator t can be used to define
a section of θL,R → θR: the set of elements of θL,R which kill t is a k-Lie subalgebra of
θL,R which projects isomorphically onto θR. Now if D ∈ θL,R, write D = Dvert + Dhor with
Dvert ∈ θ and Dhor(t) = 0 and define an R-linear operator D̂ in F as the sum of T (D̂vert) and
coefficient-wise derivation by Dhor. This map clearly has the properties mentioned.

As to its dependence on t: another choice yields a decomposition of the form D = (Dhor +

D0) + (Dvert −D0) with D0 ∈ F 0θ and in view of the above D̂0 acts in F by coefficient-wise
derivation. �
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3. THE WZW CONNECTION IN THE ABELIAN CASE

3.1. The Fock representation for a symplectic local system. We shall run into a particular
type of finite rank subquotient of the Fock representation and it seems best to discuss the
resulting structure here. We start out with the set data described in the following definition.

Definition 3.1. A Fock system of genus g consists of
(i) a free R-module H of rank 2g endowed with a symplectic form 〈 , 〉 : H ⊗R H → R

which is nondegenerate in the sense that the induced map H → H∗, a 7→ 〈 , a〉 is an
isomorphism of R-modules,

(ii) a Lie action of θR on H on H by k-derivations, denoted by D 7→ ∇D (so it is k-
linear and obeys the Leibniz rule: ∇D(ra) = r∇D(a) + D(r)a), which preserves the
symplectic form in the sense that D〈a, b〉 = 〈∇D(a), b〉+ 〈a,∇D(b)〉,

(iii) a maximal isotropic R-submodule F ⊂ H (of rank g).

One might think of ∇ as a flat meromorphic connection on the symplectic bundle repre-
sented by H.

Example 3.2. We encounter the complex-analytic analogue when we are dealing with a proper
submersion f : C → S of complex manifolds whose fibers are compact connected Riemann
surfaces of fixed genus g. Then H = R1f∗CC is a local system on S of rank 2g. Hence
H := Oan

S ⊗ H ∼= R1f∗f
−1Oan

S is a holomorphic symplectic vector bundle over S of rank 2g,
endowed with a flat connection that has H as its subsheaf of flat sections (the Gauss-Manin
connection). We have a natural embedding of f∗Ωan

C/S in H whose image F is a coherent
Oan
S -submodule that is maximal isotropic. If we happen to be in a complex-algebraic setting,

with R the local ring of an smooth point of an affine variety, then H and its Gauss-Manin
connection are algebraically defined and we could take for H resp. F the R-module of regular
sections of H resp. ΩC/S (both will be free).

A somewhat more universal example is that of family of polarized abelian varieties over S.
Indeed, the data above are an abstract version of a polarised variation of Hodge structure of
weight 1.

In this setting a Heisenberg algebra Ĥ is defined in an obvious manner: an R-module it
is H ⊕ R~ endowed with the bracket [a + R~, b + R~] = 〈a, b〉~. We also have defined a
Fock representation F(H,F ) of Ĥ as the induced module of the rank one representation of
F̂ = F + R~ on R given by the coefficient of ~: it is the quotient of UĤ by the right ideal
generated by ~− 1 and F . Notice that if we grade F(H,F ) with respect to the PBW filtration,
we get a copy of the symmetric algebra of H/F over R. Our goal is to define a flat projective
connection on F(H,F ).

Remark 3.3. In case our data come form a polarized family of complex abelian varieties f :
A → S (with S = Spec(R), where R is regular local C-algebra), then the polarization defines
a line bundle L over A . The universal cover of the associated C×-bundle is a Heisenberg
group whose Lie algebra is as above. The sections of the tensor powers of L make up an
algebra (of theta functions) and F(H,F ) can be understood as the space of formal expansions
these along the zero section. Mumford [15] has shown that the space of theta functions
relative to a given polarization admits a projectively flat connection. In that algebraic setting
this is a consequence of the action a finite analogue of the Heisenberg group acting on such
a space and the fact this group has essentially only one interesting faithful representation. In
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the analytic setting is related to the fact that such theta functions are solutions to a certain
heat operator. The projectively flat connection that we are going to define is the formal
counterpart of this phenomenon.

We begin with extending the θR-action to Ĥ by stipulating that it kills ~. This action clearly
preserves the Lie bracket and hence determines one of θR on the universal enveloping algebra
UĤ. This does not however induce one in F(H,F ), for ∇D will not respect the right ideal in
UĤ generated by ~− 1 and F . We will remedy this by means of a ‘twist’.

We shall use the isomorphism σ : H⊗RH ∼= EndR(H) of R-modules defined by associating
to a⊗ b the endomorphism σ(a⊗ b) : x ∈ H 7→ a〈b, x〉 ∈ H. If we agree to identify an element
in the tensor algebra of H, in particular, an element of H, as the operator in UĤ or F(H,F )
given by left multiplication, then it is readily checked that for x ∈ H,

[a ◦ b, x] = σ(a⊗ b+ b⊗ a)(x).

We choose a Lagrangian supplement of F in H, i.e., a maximal isotropic R-submodule F− ⊂
H that is also a section of H → H/F and we write sometimes F+ for F . Since F− is
an abelian Lie subalgebra of Ĥ, we have a natural map Sym•R(F−) → F(H,F ). This is
clearly an isomorphism of Sym•R(F−)-modules. We write ∇D in matrix form according to the
Lagrangian decomposition H = F− ⊕ F+:

∇D =

(
∇−D σ−D
σ+
D ∇+

D

)
.

Here the diagonal entries represent the induced connections on F±, whereas σ±D ∈ HomR(F∓, F±).
Since σ identifies F± ⊗R F± with HomR(F∓, F±), we can write σ±D = σ(s±D) with s±D ∈
F± ⊗R F±. The tensor s±D is symmetric. For example, if a, b ∈ F+, then 〈a, b〉 = 0 and hence

0 = D(〈a, b〉) = 〈∇D(a), b〉+ 〈a,∇Db〉 = 〈σ−D(a), b〉+ 〈a, σ−D(b)〉 = 〈σ−D(a), b〉 − 〈σ−D(b), a〉

which implies that σ−D is symmetric. We may regard σ∓D as the second fundamental form of
F± ⊂ H. Moreover, we have in UĤ, [s±D, a] = 2σ±(a). So if a ∈ F∓, then

[∇D, a] = ∇D(a) = ∇∓D(a) + σ±D(a) = ∇∓D(a) + 1
2 [s±D, a].

This suggests we should assign to D ∈ θR the first order differential operator TF−(D) in
Sym• F− ∼= F(H,F ) defined by

TF−(D) := ∇−D + 1
2s

+
D + 1

2s
−
D.

Proposition 3.4. The map TF− : θR → Endk(F(H,F )) is k-linear and has the property that
[TF−(D), a] = ∇D(a) for every D ∈ θR and a ∈ Ĥ. Any other map θR → Endk(F(H,F ))
enjoying these properties differs from TF− by a multiple of the identity operator, in other words,
is of the form D 7→ TF−(D) + η(D) for some η ∈ HomR(θR, R) = ΩR/k.

Proof. That TF−(D) has the stated property follows from the preceding. Let η : θR →
Endk(Sym• F−) be the difference of two such maps. Then for every D ∈ θR, η(D) ∈
EndR(F(H,F )) commutes with all elements of Ĥ. Since F(H,F ) is irreducible as a repre-
sentation of Ĥ, it follows that η(D) is a scalar in R. �
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Notice that if a1, . . . , an ∈ F− and r ∈ R, then

TF−(D)(an ◦ · · · ◦ a1 ◦ rvo)

=
( n∑
i=1

an ◦ · · · ◦ (∇−D + σ+
D)(ai) ◦ · · · ◦ a1

)
rv0 + an ◦ · · · ◦ a1 ◦ (Drv0 + 1

2s
−
D ◦ rvo)

= ∇D(an ◦ · · · ◦ a1 ◦ r)v0 + an ◦ · · · ◦ a1 ◦ r 1
2s
−
D ◦ v0.

So this looks like the operator T (D̂) acting in F with s−D playing the role of −~−1Ĉ(D).
We observe that T (D̂) is in fact a connection on Sym• F−. Here is the key result about its
curvature. We again use the identification F(H,F ) ∼= Sym• F−.

Proposition 3.5. The curvature of the connection TF− : θR → Endk(F(H,F )) is scalar and 1/2
times the curvature of ∇+ on det(F+): for D,E ∈ θR, then [TF−(D), TF−(E)]− TF−([D,E]) ∈
Endk(F(H,F )) is scalar multiplication by 1

2∇
detF+

(D,E). In particular, the operators TF−(D)
and the scalars R generate in Endk(F(H,F )) a Lie subalgebra DF(H,F ) that is independent of the
choice of F− and which endows F(H,F ) with the structure of a flat projective connection.

Proof. The fact that ∇ preserves the Lie bracket is expressed by the following identities:

∇+
D∇

+
E −∇

+
E∇

+
D −∇

+
[D,E] = σ+

Eσ
−
D − σ

+
Dσ
−
E ,

∇−D∇
−
E −∇

−
E∇
−
D −∇

−
[D,E] = σ−Eσ

+
D − σ

−
Dσ

+
E ,

∇Hom(F−,F+)
D (σ+

E)−∇Hom(F−,F+)
E (σ+

D) = σ+
[D,E],

∇Hom(F+,F−)
D (σ−E)−∇Hom(F+,F−)

E (σ−D) = σ−[D,E].

The first two give the curvature of F+ and F− on the pair (D,E). The last two can also be
written as operator identities in Sym• F−:

[∇±D, s
±
E ]− [∇±E , s

±
D] = s±[D,E].

We now expand

[TF−(D), TF−(E)]− TF−([D,E]) =

= [∇−D + 1
2s

+
D + 1

2s
−
D,∇

−
E + 1

2s
+
E + 1

2s
−
E ]− (∇−[D,E] + 1

2s
+
[D,E] + 1

2s
−
[D,E]) =

=
(
[∇−D,∇

−
E ]−∇−[D,E]

)
+ 1

2

(
[∇−D, sE ]− [∇−E , sD]− s+

[D,E])
)

+ 1
2

(
[∇−D, s

−
E ]− [∇−E , s

−
D]− s−[D,E])

)
+ 1

4

(
[s+
D, s

−
E ]− [s+

E , s
−
D]
)
.

If we feed the above identities in the last expression, we obtain

[TF−(D), TF−(E)]− TF−([D,E]) =
(
σ−Eσ

+
D + 1

4 [s+
D, s

−
E ])−

(
σ−Dσ

+
E + 1

4 [s−D, s
+
E ]
)
.

We must show that the right hand side is equal to 1
2 Tr(σ+

Eσ
−
D − σ+

Dσ
−
E), or perhaps more

specifically, that σ−Eσ
+
D + 1

4 [s+
D, s

−
E ] = 1

2 Tr(σ+
Eσ
−
D) (and similarly if we exchange D and E).

This reduces to the following identity in linear algebra: if a ∈ F+ and b ∈ F−, then in
Sym• F− we have

σ(b⊗ b)σ(a⊗ a) + 1
4 [a ◦ a, b ◦ b] = 1

2 TrF−(σ(b⊗ b)σ(a⊗ a)),

Indeed, a straightforward computation shows that

[a ◦ a, b ◦ b] = 2〈a, b〉(a ◦ b+ b ◦ a) = 4〈a, b〉b ◦ a+ 2〈a, b〉2.
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If we interpret 〈a, b〉b ◦ a as an operator in Sym• F−, then applying it to x ∈ F− yields
〈a, b〉b〈a, x〉 = −b〈b, a〉〈a, x〉 = −σ(b ⊗ b)σ(a ⊗ a)(x). By taking x = b, we get TrF+(σ(b ⊗
b)σ(a⊗ a)) = 〈a, b〉b〈a, b〉 = 〈a, b〉2 and so the desired identity follows.

The last assertion follows from this curvature computation and Proposition 3.4. �

Corollary 3.6. The R-module F(H,F ) is canonically endowed with a detR(F )-connection of
weight 1/2.

Proof. Let F− be as above so that we can identify F(H,F ) with Sym• F− and we endow
detR(F ) with the connection ∇detF+

. We define uF− : D1(detF ) → D1(Sym• F−) as multi-
plication by 1/2 on R and for every D ∈ θR we assign to ∇detF+

D the operator
√

1/2T (D). It
follows from Proposition 3.5 that uF− is a Lie homomorphism over R.

It remains to show that uF− is independent of F−. This can be verified by a computation,
but rather than carrying this out, we give an abstract argument that avoids this. It is based
on the well-known fact that if Ho is a fixed symplectic k-vector space of finite dimension, and
Fo ⊂ Ho is Lagrangian, then the set of Lagrangian supplements of Fo in Ho form in the Grass-
mannian of Ho an affine space over Sym2

k Fo (and hence is simply connected). Now by doing
the preceding construction universally over the corresponding affine space over Sym2

R F , we
see that the flatness on the universal example immediately gives the independence. �

Remark 3.7. In the context of a family of polarized abelian varieties, the quadratic terms that
enter in the definition of TF− can be understood as a relict of the heat operator, of which the
associated theta functions are solutions (see Welters [29]).

3.2. The semi-local setting. This refers to the situation where we allow the R-algebra L to
be a finite direct sum of R-algebras isomorphic to R((t)): L = ⊕i∈ILi, where I is a nonempty
finite index set and Li as before. (The motivation is in the next subsection.) We then extend
the notation employed earlier in the most natural fashion. For instance, O, m, ω, l are now the
direct sums over I (as filtered modules) of the items suggested by the notation. If r : L×ω →
R denotes the sum of the residue pairings of the summands, then r is still topologically
perfect. The associated antisymmetric bilinear map on L, (f, g) ∈ L× L 7→ 〈f, g〉 := r(df, g),
has kernel is RI .

However, we take for the oscillator algebra l̂ not the direct sum of the l̂i, but rather the
quotient of ⊕îli that identifies the central generators of the summands with a single ~. We
thus get a Virasoro extension θ̂ of θ by c0R and a (faithful) oscillator representation of θ̂ in U l̂.
The decreasing filtrations are the obvious ones. We shall denote by F the Fock representation
F of l̂ that ensures that every summand Oi acts as zero; it is then the induced representation
of the rank one representation of F 0̂l = O ⊕R~ in Rvo.

From now on, unless otherwise stated, we place ourselves in the semi-local setting, so that
L = ⊕i∈ILi with I nonempty and finite and Li ∼= R((t)).

3.3. Computations on a pointed projective curve. The following example motivates what
follows. Assume k algebraically closed. Suppose we are given a connected nonsingular projec-
tive curve C of genus g and a nonempty finite set I and an embedding i ∈ I 7→ xi ∈ C. Denote
its image by X so that C◦ := C −X is affine. This brings us in the semilocal case considered
above with R = k: we let Oi be is the formal completion of OC,xi , Li its field of fractions,
d : Li → ωi the universal continuous derivation, O := ⊕iOi, L := ⊕iLi and ω := ⊕iωi. The
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residue pairing r : ω × L → k which sends (α = (αi)i, f = (fi)i) to
∑

i Res(fiαi) is a topo-
logically perfect. The associated pairing (f, g) ∈ L × L 7→ 〈f, g〉 := r(df, g) =

∑
i Res(gidfi)

is degenerate with kernel the locally constant functions, i.e., kI . Indeed, r(df, g) only de-
pends on the pair (df, dg) and defines a nondegenerate pairing on dL (the differentials with
all resides zero).

Let A be the image in L of the k-algebra of regular functions on C◦ := C −X and likewise
B ⊂ ω the image of the A-module of regular differentials on C◦. The two determine each
other via the residue pairing r : ω×L→ k: the Riemann-Roch theorem can be interpreted as
saying that they are each others annihilator: B = ann(A) and A = ann(B). So we find that
d : L→ ω takes A to ann(A) and that the resulting map ΩA/k → ann(A) is an isomorphism of
R-modules. Observe that AdA ⊂ B = ann(A). We also note that A∩O is the space of regular
functions on C and hence equal to k.

Following Weil, H1(C,OC) can be described as follows. We have an exact sequence

0→ OC → j∗OC◦ → ⊕i∈ILi/Oi → 0

where j : C◦ ⊂ C is the inclusion and Li/Oi is understood as a skyscraper sheaf at xi. Since
H1(C, j∗OC◦) = H1(C, lim−→n

OC(nX)) = lim−→n
H1(C,OC(nX)) is trivial (Serre duality and

Riemann-Roch), the exact cohomology sequence gives an isomorphism

L/(O +A) ∼= H1(C,OC).

Via this isomorphism, the Serre duality pairing H0(C,ΩC) ×H1(C,OC) → k is given by the
residue pairing: (α, f +O+A) ∈ H0(C,ΩC)×L/(O+A) 7→ Res(fα). The latter is a perfect
pairing and so we find that the image of H0(C,ΩC) in ω is the annihilator of O + A. The
annihilator of O is F 1ω and so H0(C,ΩC) is identified with F 1 ann(A) := F 1ω ∩ ann(A).

We can rework L/(O + A) ∼= H1(C,OC) in terms of differentials. We first note that since
kI ⊂ O, it then follows that d induces an isomorphism of L/(O + A) onto dL/(F 1ω + dA).
Now dL/F 1ω describes the polar parts of meromorphic differentials at X whose residues are
all zero. It is a classical fact that such a polar part is always the polar part of a meromorphic
differential on C which is regular on C◦, is of an element of ann(A): F 1ω+ann(A) = dL (but
we will see that it is also a formal consequence of the identityA∩L = k). So dL/(F 1ω+dA) ∼=
ann(A)/F 1ω ∩ ann(A). So we can now identify the short exact sequence for the De Rham
cohomology

(Hodge) 0→ H0(C,ΩC)→ H1
DR(C, k)→ H1(C,OC)→ 0

with

(ω-Hodge) 0→ F 1 ann(A)→ ann(A)/dA→ ann(A)/F 1 ann(A)→ 0,

which is nothing but the classical representation of H1
DR(C, k) as the quotient of the space of

differentials of the second kind that are regular on C◦ modulo the exact ones. If we apply
d−1, then after noting that d−1(F 1 ann(A)) = F 0A⊥, we get the sequence

(L-Hodge) 0→ F 1A⊥ → A⊥/(A+ kI)→ A⊥/F 0A⊥ → 0.

In the last case, the De Rham pairing H1
DR(C, k) × H1

DR(C, k) → k (which is 2π
√
−1 times

the Betti intersection pairing) is induced by 〈 , 〉 : L × L → R. Furthermore, A⊥/F 0A⊥
∼=−→

L/(A+O).
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3.4. The case of a family of curves. The preceding can also be carried over a smooth k-
variety S (for instance S = Spec(R)). We then have a smooth proper morphism π : C →
S whose geometric fibers are connected curves of genus g over S, endowed with pairwise
disjoint sections (xi)i∈I . If we denote by j : C◦ ⊂ C the complement of their union, then
π◦ := πj : C◦ → S is an affine morphism and A := π◦∗OC◦ is a sheaf of OS-algebras. Via the
relative residue pairing, we can identify ann(A) with π◦∗ΩC◦/S . The L-Hodge sequence

0→ F 1A⊥ → A⊥/(A+RI)→ A⊥/F 0A⊥ → 0.

is naturally isomorphic to the Hodge exact sequence

0→ π∗ΩC/S → R1π∗π
−1OS → R1π∗OC → 0.

Every local vector field D ∈ θS can be lifted to a vector field D̃ on C◦. This will neces-
sarily preserve A⊥. Since D̃ also preserves OIS , it will act on A⊥/(A + OIS). This action
only depends on D, for any other lift differs by an element of θC◦/S ∼= HomOS

(ΩC◦/S ,OS) ∼=
HomOS

(A⊥/OIS ,A) and such an element will clearly induce the zero map in A⊥/(A + OIS).
The resulting (Lie-)action of θS onA⊥/(A+OIS) (denotedD 7→ ∇D) is via the latter’s identifi-
cation with R1π∗π

−1OS just the Gauss-Manin connection. It preserves the symplectic pairing
on A⊥/(A +OIS). We thus end up with the data needed to define a Fock system attached to
a symplectic local system.

3.5. Allowing curves with nodal singularities. Eventually we also want to allow in our
family some singular fibers. Most of the discussion will go through if these have complete
intersection singularities, but our interest is in the much more restricted case of ordinary
double points. A nodal singularity is in fact a plane curve singularity which has two branches
crossing normally: the formal completion of its local ring is isomorphic to that of the union
of the coordinate axes in A2 at the origin. A curve C with nodal singularities only has an
invertible dualizing sheaf ωC that is easy to describe explicitly: it is the sheaf of rational
differentials on C that are regular on its smooth part and have on each branch of a node a
pole of order at most one at the singular point with the property that the two residues of the
branches add up to zero. If a node at p ∈ C is given by means of a local planar equation
f ∈ k[z1, z2] with f = az1z2+ higher order terms and a 6= 0, then a generator of ωC,o is
represented by what we could regard as the restriction to C of the quotient of dz1 ∧ dz2 by
df : on the branch tangent to z2 = 0 resp. z1 = 0 it is given by ( ∂f∂z1 )−1dz2 resp. −( ∂f∂z2 )−1dz1.
Its residue at p is a−1 resp. −a−1. If C is connected and complete and X ⊂ Creg is a finite set
which meets every irreducible component of C, then the residue pairing establishes a perfect
pairing between A = k[C◦] and H0(C◦,ΩC◦) and between H1(C,OC) and H0(C,ωC). In
particular, the dimension of H0(C,ωC) is that of the arithmetic genus of C.

This works just as well, if not better, in families with a nonsingular total space: suppose
given a proper and flat morphism between k-varieties π : C → S whose base S and domain C
are nonsingular and connected and whose fibers are reduced connected curves with at worst
ordinary double point singularities. Since the family is flat, the arithmetic genus of the fibers
is locally constant and hence constant, say equal to g: R1π∗OC is locally free of rank g. We
denote by ∆ ⊂ S the discriminant of π so that we have over S −∆ a smooth family. In our
particular case, the locus where π fails be smooth is itself nonsingular and of codimension
2 (it is locally given by the vanishing to two partial derivatives) and the restriction of π is
finite with image ∆. In the generic (versal) case, ∆ has only normal crossing singularities
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with the local branches at s ∈ S in an evident manner indexed by the nodes of C and for
simplicity we shall henceforth assume this to be the case. Then the critical locus (C/S)sing of π
is the normalization of ∆ and that the normal bundle of the map (C/S)sing → S is naturally
identified with the tensor product of the two normal bundles of (C/S)sing in each of the local
branches defined along it. To see this, assume (for simplicity) that S is of dimension one and
that over o ∈ S, the fiber has just one double point, and that in terms of local coordinates at
that point and at o, f = π∗s with f as above. Then our local discussion then indeed shows
that the derivative of f sends ∂

∂z1
⊗ ∂

∂z2
to a ∂

∂s . (Since this is the intrinsic description of the
hessian of f , we call this the hessian isomorphism.)

The vector fields on S that are locally liftable to a vector field on C are precisely those that
belong to θS(log ∆), i.e., those that are tangent to ∆, or equivalently, respect the principal
ideal sheaf defining ∆. (We see this also illustrated in the local description above, for then
f
∑2

i=1( ∂f∂zi )
−1 ∂

∂zi
is a lift over π of the Euler vector field s ∂∂s ∈ θS(∆).)

The family C/S carries a relative dualizing sheaf ωC/S which is invertible (=locally free of
rank one) and may be characterized simply as follows: the locus U ⊂ C where π is smooth
has a complement on C of codimension two (or is empty) and then ωC◦/S is simply the direct
image of ΩU/S on C. We have a natural isomorphism ΩU/S⊗OUπ∗ωS ∼= ωU (where ωS = ΩdimS

and similarly for U). This continues to hold on C if we replace ΩU/S by ωC/S . (In the local
description above, a local generator of ωC/S is represented by the quotient of dz1∧dz2 by df .)
Note that we have a natural homomorphism HomOC(ωC/S ,OC) → HomOC(ΩC/S ,OC) ∼= θC/S .
This is in fact an isomorphism: it is clearly so outside the codimension 2 locus (C/S)sing and
as ωC/S is invertible and θC/S torsion free, this must be so on all of C.

The characterizing property of a relative dualizing sheaf entails that we may identify
R1π∗ωC/S with OS and that for every locally free OC-module F , the pairing Rkπ∗F ⊗OS

R1−kπ∗Hom(F , ωC/S) → R1π∗ωC/S ∼= OS is perfect. In particular, we have a perfect pairing
π∗ωC/S ⊗OS

R1π∗OC → OS (and so π∗ωC/S is locally free of rank g). These pairings can be
obtained in terms of a residue map as we will explain below.

Suppose given pairwise disjoint sections xi of π, indexed by the finite nonempty set I whose
union ∪i∈Ixi(S) lies in the smooth part of C and meets every irreducible component of a fiber.
The last condition ensures that if j : C◦ := C − ∪i∈Ixi(S) ⊂ C is the inclusion, then π◦ := πj
is an affine morphism. Then R1π∗OC has a description à la Weil as before: let (Oi,mi) be the
formal completion of OC along xi(S), Li the subsheaf of fractions of Oi with denominator a
local generator of mi and denote by O, m and L the corresponding direct sums (= the direct
image on S). We also keep on using ω, θ, θ̂ etc. for their sheafified counterparts. So these
are now all OS-modules and the residue map is also one of OS-modules: Res : ω → OS .
If we write A for the sheaf of OS-algebras π◦∗OC◦ and identify it with its image in L, then
R1π∗OC can be identified with L/(A + O). The same reasoning shows that for any locally
free OS-module of finite rank F , R1π∗F can be identified with F ⊗Ox L/(π◦∗j∗F) +F ⊗Ox O)
(where Ox := ⊕iOC,xi). Now note that we have a natural map of OS-modules

(F ⊗Ox L)⊗OS
π∗Hom(F , ωC/S)→ ω

Res−−→ OS ,

where the first map is evaluation along the sections xi. This factors through a pairing
R1π∗F ⊗OS

π∗Hom(F , ωC/S) which accomplishes relative Serre duality.
We may regard

DR•C/S : 0→ OC
d−→ ωC/S → 0
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as a kind of ‘relative De Rham complex’, which fits in the exact sequence of complexes 0 →
ωC/S [−1] → DR•C/S → OC → 0. We put HkC/S := Rkπ∗DR•C/S (a relative hypercohomology
module). Then the connecting homomorphisms Rjπ∗OC/S → Rjπ∗ωC/S (induced by d) in the
long exact sequence of OS-modules

· · · → Rk−1π∗OC → Rk−1π∗ωC/S → HkC/S → Rkπ∗OC → Rkπ∗ωC/S → · · ·

are trivial (for j = 0 this is clear and for j = 1 we get its Serre adjoint) and so we have a
short exact sequence

0→ π∗ωC/S → H1
C/S → R1π∗OC → 0

In particular, the middle term is free of rank 2g. The fiber of H1
C/S over s ∈ S −∆ is the De

Rham cohomology space H1
DR(Cs) and so H1

C/S furnishes a natural extension of the Hodge
bundle over S −∆.

We will see that the Gauss-Manin connection ∇ manifests itself here as a connection with
logarithmic singularities so that we have covariant derivation inH1

C/S with respect to θ(log ∆).
Since we want to take a bit of an axiomatic approach, we collect the properties that we

consider relevant for this purpose. We denote the sheaf ofOS-derivationsA → A by θA/S and
the sheaf π◦∗ωC◦/S by ωA/S . The final clause of the proposition below generalizes the classical
fact that the first De Rham cohomology group of a compact Riemann surface is its space of
the differentials of the second kind modulo the exact ones.

Proposition 3.8. The sheaf of OS-algebras A satisfies the following properties.
(A1) A is as a sheaf of OS-algebras flat and of finite type and A ∩O = OS ,
(A2) L/(A + O) and F 1ωA/S locally free of rank g and are perfectly paired with respect to

the residue pairing,
(A3) ωA/S is the annihilator of A with respect to the residue pairing and we have θA/S =

HomA(ωA/S ,A),
(A4) The local vector fields on S that can be lifted to a vector field on C◦ make up the Lie

subalgebra θS(log ∆).

Moreover, H1
C/S may be identified with ker(ωA/S

(Resi)i−−−−→ OIS)/dA. Via this identification the Lie
algebra θS(log ∆) acts naturally in H1

C/S and induces over S −∆ the Gauss-Manin connection.

Proof. By relative Serre duality and Riemann-Roch, the OS-module π∗OC(nX) is free of rank
1 − g + n|I| when n|I| > 2g − 2. Hence A = lim−→n

(π∗OC(nX)) is a direct limit of free OS-
modules and therefore flat. It is clear that A ∩ O = π∗OC and since π is projective with
connected fibers and S is normal, the latter can be identified with OS . This proves (A1).

Property (A2) is essentially relative Serre duality: the residue pairing establishes a per-
fect OS-duality between R1π∗OC and π∗ωC/S . The Weil isomorphism identifies R1π∗OC with
L/(A+O) and it is clear that π∗ωC/S = ωA/S ∩ F 1ω = F 1ωA/S .

We next do (A3). We have the Weil isomorphism R1π∗O(−nx) ∼= L/(m−n + A). The
Serre-dual of R1π∗OC(−nx) is π∗ωC/S(nx) and so π∗ωC/S(nx) and m−n + A are each others
annihilator. Hence the same is true for ωA = ∪nπ∗ωC/S(nx) in relation to ∩n(m−n +A) = A.
For the rest of (A3) we note that θC/S and ωC/S are line bundles on C that are each others
OC-dual. Since C◦ is affine over S, the natural map

θA/S = π◦∗θC◦/S → Homπ◦∗O◦C(π
◦
∗ωC◦/S , π

◦
∗O◦C) = HomA(ωA/S ,A)
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is an isomorphism.
For (A4) we note that the elements of θS(log ∆) admit local lifts in C. On C◦, these local

lifts make up a subsheaf of θC◦ that is an extension of (π◦)−1θS(log ∆) by θC◦/S . Since π◦ is
affine, R1π◦∗θC◦/S = 0 and so any element of θS(log ∆) lifts to θC◦ .

Finally, d maps L/OIS isomorphically onto ker(ω
(Resi)i−−−−→ OIS). This maps O onto F 1ω and

so identifies L/(A+O) with ker(ωA/S
(Resi)i−−−−→ OIS)/F 1ω + dA. The asserted identification of

H1
C/S then follows.
Now let be given sections D of θS(log ∆)) and α of ωA/S on an an affine open subset U

of S which is small enough for there to exist generator µ of ωU . Then π∗µ∧ : ωC/S |π−1U →
ωC |π−1U is an isomorphism. Choose a lift D̃ ∈ H0(U, π∗θC◦) of D. We then define the relative
Lie derivative LD̃(α) ∈ H0(U, ωA/S) by the property

µ ∧ LD̃(α) = LD̃(µ ∧ α)− π◦∗LD(µ) ∧ α = dιD̃(µ ∧ α)− π◦∗(dιDµ) ∧ α.

This formula shows that LD̃(α) is exact near xi, so that it has zero residue along xi. In other

words, LD̃(α) is a section over U of ker(ωA/S
(Resi)i−−−−→ OIS). Another choice of D̃ differs from

this element by some D̃o ∈ H0(U, θA/S). Since µ ∧ LD̃o
(α) = dιD̃o

(µ ∧ α) = µ ∧ dιD̃o
α ∈

µ ∧ dH0(U,A), it follows that LD̃o
(α) ∈ H0(U, dA). This shows that we have well-defined

Lie action of θS(log ∆) in H1(C/S). It is well-known (and not hard to prove) that this is over
S −∆ covariant derivativation with respect to the Gauss-Manin connection. �

3.6. Covacua spaces for Fock data. Proposition 3.8 shows that in the situation to which it
pertains, we can cover S be affines whose coordinate ring satisfies the properties below.

Definition 3.9. We say that an R-subalgebra A ⊂ L is of Fock type if

(A1) A is a flat R-algebra of finite type and A ∩ O = R,
(A2) the R-modules L/(A + O) and F 1 ann(A) are free of finite rank which are perfectly

paired over R by the residue pairing,
(A3) the universal continuous R-derivation d : L → ω maps A to ann(A) and the A-

dual of the resulting A-homomorphism ΩA/R → ann(A) yields an R-isomorphism

HomA(ann(A), A)
∼=−→ θA/R,

(A4) there exists a reduced nonzero ideal DA ⊂ R such that the Lie algebra θA,R of k-
derivations of R which preserve A map in θA onto the subalgebra θR(log DA) of θR)
of derivations of A which preserve ∆.

This ideal DA ⊂ R (which must be unique) is then called the discriminant ideal of A and the
closed subset ∆ ⊂ Spec(R) defined by it is called the discriminant of A.

Let A ⊂ L = l be an R-subalgebra of Fock type as above and put H := A⊥/(A + RI) ∼=
A⊥/dA. Then the residue pairing on l induces one on H so that Ĥ becomes a subquotient of l̂
(namely A⊥+R~/A+RI). Observe that the maximal isotropic subspace F 0l then corresponds
to F 0A⊥/F 0(A+RI) ∼= F 1A⊥ ∼= F 1 ann(A) (use (A1)) and the latter is maximal isotropic by
(A3). This property also shows that the form on H is nondegenerate. The following theorem
links the two Fock systems F and F(H,F 1A⊥) and can be regarded as an abelian version of
the WZW-connection.
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Theorem 3.10. Let A ⊂ L be an R-subalgebra of Fock type. Denote by DA,F ⊂ DF resp.
DF(log DA) ⊂ DFA

the preimage of θA,R resp. θR(log DA) (these are Lie algebras of first order
differential operators acting on F resp. FA). Then:

(i) The space of covariants FA := F/AF is naturally identified (in a Â⊥-equivariant man-
ner) with the Fock representation F(H,F 1A⊥),

(ii) every D ∈ θA/R admits a unique lift D̂ ∈ θ̂A/R such that T (D̂) lies in the U l̂-closure of
A ◦ l,

(iii) the Lie action of DA,F on F preserves the submodule AF and acts on FA through a
Lie-epimorphism DA,F → DF(log DA) (with c0 acting as the identity).

In particular, DA,F acts on FA naturally via its detR(F 1A⊥)-connection of weight 1
2 .

Proof. For (i) we note that the kernel of the composite A⊥ ⊂ L = l ⊂ l̂ → F → FA contains
A + F 0A⊥. The fact that A + RI is an abelian subalgebra of l̂ then implies that there is
an induced R-linear map F(H,F 1A⊥) → FA. It is straightforward to verify that this is an
isomorphism of R-modules and then (i) follows.

To prove (ii), let D ∈ θA/R. According to (A3), we may view D as a L-linear map ω → L

which maps ann(A) to A. This implies that Ĉ(D̂) lies in the closure of the image of A⊗R l̂ +

l̂⊗RA in U l̂. It follows that Ĉ(D̂) has the form ~r+
∑

n≥1 fn ◦gn with r ∈ R, one of fn, gn ∈ L
being in A and the order of fn smaller than that of gn for almost all n. In view of the fact that
the nonzero elements of A are of lower order than those of O and fn ◦gn ≡ gn ◦fn (mod ~R),
we can assume that all fn lie in A. We then modify our lift by taking the coefficient of ~ to
be zero. It then follows that T (D̂) lies in the U l̂-closure of A ◦ l. A lift with this property is
unique: any other lift differs from this one by an element of R~. But A ⊂ l is isotropic for
〈 , 〉 and so A ◦ l ∩R~ = 0.

For (iii) we observe that if D ∈ θA,R and f ∈ A, then [D, f ] = Df lies in A. This shows
that if D̂ ∈ DA,F, then T (D̂) preserves AF and hence acts in FA. When D ∈ θA/R and we
choose D̂ ∈ θ̂A/R as in (ii), then T (D̂) is clearly zero in FA. Thus DA,F acts in FA through its
quotient DA,F/θA/R. This quotient can be identified DF(log DA). �

4. LOOP ALGEBRAS AND THE SUGAWARA CONSTRUCTION

Here we show how the Virasoro algebra acts in the standard representions of a centrally
extended loop algebra. This construction goes back to the physicist H. Sugawara (in 1968),
but it was probably Graeme Segal who first noticed its relevance for the present context. Most
of this material can be found for instance in [10] (Lecture 10) and [9] (Ch. 12), except that
we approach the Sugawara construction via the construction discussed in the previous section
and put it in the (coordinate free) setting that makes it appropriate for the present application.

In this section, we fix a simple Lie algebra g over k of finite dimension. We retain the data
and the notation of Section 2.

4.1. Canonical invariant symmetric form and dual Coxeter number. We identify g ⊗ g
with the space of bilinear forms g∗ × g∗ → k, where g∗ denotes the k-dual of g, as usual. We
form its space of g-invariants (relative to the adjoint action on both factors) (g ⊗ g)g. This
space is known to be of dimension one and to consist of symmetric tensors. So a generator
c is represented by a nondegenerate symmetric bilinear form c : g∗ × g∗ → k. Since c is
nondegenerate, it defines an isomorphism g∗ ∼= g as g-representations and hence defines a
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nondegenerate g-invariant symmetric bilinear form č : g × g → k. Its g-invariance amounts
to č([X,Y ], Z]) + č(y, [X,Z]) = 0 for all X,Y, Z ∈ g. If (Xκ)dim g

κ=1 is an orthonormal basis with
respect to č, then c =

∑
κXκ ⊗ Xκ, and its g-invariance says that

∑
κ([Z,Xκ] ⊗ Yκ + Xκ ⊗

[Z, Yκ]) = 0 for all Z ∈ g. In other words, the image of c in Ug lies in the centre of Ug.
This means that c acts in every irreducible representation of g as a scalar. Up to know, c is
determined up to a nonzero scalar, but we will fix our c by requiring an additional property.

For this we briefly recall the basic structure theory of semisimple Lie algebras. Fix a Cartan
subalgebra h ⊂ g. The adjoint action of h on g yields a decomposition g = h⊕⊕α∈Φgα, where
Φ ⊂ h∗ − {0} and X ∈ gα means that [H,X] = α(H)X for all H ∈ h. The finite set Φ is a
root system and its elements are called the roots of the pair (g, h). We also choose a root basis
(α1, . . . , αr) in h∗ so that Φ decomposes into positive and negative roots: Φ = Φ+ t Φ− with
Φ− = −Φ+; the elements of Φ+ are the nonnegative linear combinations of (α1, . . . , αr).

For every root α ∈ Φ, the root space gα is of dimension one and we also have −α ∈ Φ.
Moreover hα := [gα, g−α] is 1-dimensional subspace of h and has a generatorHα characterized
by the property that α(Hα) = 2. . It is then clear that gα + hα + g−α closed under the Lie
bracket, hence makes up a Lie subalgebra of g. This Lie algebra is isomorphic to sl(2): for if we
choose X±α ∈ h±α such that [Xα, X−α] = Hα, then Xα 7→ ( 0 1

0 0 ), X−α 7→ ( 0 0
1 0 ), Hα 7→ ( 1 0

0 −1 )
defines a Lie isomorphism. The roots come in at most two types: if we regard h∗ as subspace
of g∗ via the decomposition g∗ = h∗ ⊕ ⊕α∈Φg

∗
α, then these are distinguished by the value of

c(α, α). We now normalize c by requiring that α ∈ Φ 7→ c(α, α) is Q-valued and takes 2 as its
maximal value1.

With this definition, c acts in the adjoint representation g as multiplication by an even
number. Half of this is called the dual Coxeter number of g and denoted by ȟ. So in terms of
a basis {Xκ}κ of g that is orthonormal for č (so that c takes the form

∑
κXκ ⊗Xκ), we have

dim g∑
κ=1

[Xκ, [Xκ, Y ]] = 2ȟY for all Y ∈ g.

We will write C ∈ Ug for the image of c ∈ g ⊗k g so that C =
∑

κXκ ◦Xκ. (This notational
distinction becomes important in the next subsection, where both c and C appear as elements
of the same algebra.)

The action ofC on a finite dimensional irreducible representation of g V commutes with the
g-action and hence must be scalar (by Schur’s Lemma), denoted CV . This scalar can be given
in terms of the highest weight λ ∈ h∗ of V . To explain, we choose a root basis (α1, . . . , αr)
in h∗. Since h acts semisimply in V we can decompose V according to the characters in h:
V = ⊕λ∈h∗V (λ). If we denote by Λ(V ) the set of λ ∈ h∗ for which Vλ 6= 0, then the highest
weight of V is by definition the λV ∈ Λ(V ) where λ ∈ Λ(V ) 7→ λ(Hα1 + · · · + Hαr) takes its
maximum (this is indeed unique). Then

CV = c(λV , λV + 2ρ) = c(λV + ρ, λV + ρ)− c(ρ, ρ),

where ρ := 1
2

∑
α∈Φ+

α (see [9]). In case V = g is the adjoint representation, this highest
weight is spanned by the highest root, denoted here by α̃ and we have c(α̃, α̃) = 2.

1Then c(α, α) ∈ {1, 2} for all roots unless g is of type G2, in which case we get { 2
3
, 2}.
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4.2. Centrally extended loop algebras. Let Lg stand for g⊗k L, but considered as a filtered
R-Lie algebra (so we restrict the scalars toR) with FNLg = g⊗kmN . The quotient ULg/ULg◦
FNLg is a free R-module: a set of generators is Xκr(tkri ) · · ·Xκ1(tk1i ), kr ≤ · · · ≤ k1 < N ,
i ∈ I, where we adopt the custom to write X(f) for X ⊗ f . We complete ULg m-adically on
the right:

ULg ◦ FNLg.
Denote by q : g⊗g→ (g⊗g)g the g-invariant projection (given byX⊗Y 7→ č(X,Y )c). Then

an argument similar to the one we used to prove that the pairing r is topologically perfect
shows that the pairing

rg : (g⊗k ω)× (g⊗k L)→ cR, (X(α), Y (f)) 7→ q(X ⊗ Y ) Res(fα)

is topologically perfect (the basis dual to (Xκ(tl))κ,l is (Xκ(t−l−1dt))κ,l).
A central extension of Lie algebras

0→ cR→ L̂g→ Lg→ 0

is defined by endowing the sum Lg⊕ cR with the Lie bracket

[X(f) + cr, Y (g) + cs] := [X,Y ](fg) + rg(Xdf, Y g),

Since the residue is zero on O, the inclusion Og ⊂ L̂g is a homomorphism of Lie algebras.
In fact, this is a canonical (and even unique) Lie section of the central extension over Og,
for it is just the derived Lie algebra of the preimage of Og in L̂g. The Aut(g)-invariance of c
implies that the tautological action of Aut(g) on g extends to L̂g.

We filter L̂g by setting FN L̂g = FNLg for N > 0 and by letting for N ≤ 0, FN L̂g be the
preimage of FNLg + cR. Then UL̂g is a filtered R[c]-algebra whose reduction modulo c is
ULg. The m-adic completion on the right

UL̂g := lim←−
N

UL̂g/(UL̂g ◦ FNLg)

is still an R[c]-algebra and the obvious surjection UL̂g → ULg is the reduction modulo
c. These (completed) enveloping algebras not only come with the (increasing) Poincaré-
Birkhoff-Witt filtration, but also inherit a (decreasing) filtration from L.

4.3. A digression: the loop space analogue. Suppose R = k so that L is a complete local
field. Let G be an algebraic group defined over k whose Lie algebra is g. Then the algebraic
loop group L G of G is a limit of algebraic groups defined over k and is characterized by the
property that G (L) = L G (k). Its Lie algebra is Lg. The central extension L̂g of Lg by k
can often be integrated to one of L G by Gm by means of a procedure that was initiated by
Steinberg [18]. We here describe the analogue for the loop group of a compact form of G .

So let G be a compact simply connected real Lie group with (real) Lie algebra is g. It is
known that then G is in fact 2-connected (every continuous map S2 → G is null-homotopic),
but not 3-connected, for π3(G) is infinite cyclic. The simplest example, SU(2), illustrates this:
when we identify this group as the group of unit quaternions, we see that it is diffeomorphic
to S3.

These homotopy properties are reflected by the bi-invariant De Rham complex of G: note
that the group G × G acts on G by left-right multiplication with (g1, g2) ∈ G × G sending
h ∈ G to g1hg

−1
2 . This group then also acts on the De Rham complex of E •(G) of G and an

averaging argument shows that E •(G) is homotopy equivalent to its subcomplex E •(G)G×G.
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The complex E •(G){1}×G is of course the Lie algebra of right-invariant forms and so can
be identified with the exterior algebra on g∗, the differential being expressed in terms of
the Lie bracket. Then E •(G)G×G is the subcomplex of g-invariants in ∧•g∗ (relative to the
adjoint representation). On this subcomplex the differential is zero, so that we can identify
it with H•(G;R) (this is in fact the space of harmonic forms on G relative a bi-invariant
metric). There are clearly no nonzero g-invariants in g∗ and neither are there in ∧2g∗ (g
admits no nonzero invariant antisymmetric bilinear form), but (∧3g∗)G is generated by the
form (X,Y, Z) 7→ 〈[X,Y ], Z〉, where 〈 , 〉 is a nonzero G-invariant symmetric form on g. We
normalize this 3-form in such a manner that the corresponding bi-invariant form α on G has
the property that integration over α defines an isomorphism π3(G) → Z. It has the property
that under the multiplication map m : G×G→ G, m∗α = π∗1α+ π∗2α.

Now let Σ be a connected closed oriented surface and consider the space Map(Σ, G) of
differentiable maps S2 → G regarded as a group for pointwise multiplication. We show that
the preceding gives rise to a continuous character χ : Map(Σ, G) → U(1) as follows. Choose
a connected compact oriented manifold M with boundary together with an orientation pre-
serving identification of ∂M with Σ. We suppose M equipped with a smooth retraction r of
neighbourhood of ∂M in M onto ∂M Since G is 2-connected, any F ∈ Map(Σ, G) extends to
a differentiable map F̃ : M → G. By a small homotopy, we can arrange that on a neighbour-
hood of ∂M ∼= Σ this map factors through r. We claim that then exp(2π

√
−1
∫
M F̃ ∗µ does

not depend on F̃ : if F̃ ′ : M → G is another such extension, then we can glue these maps
to produce a differentiable map: H : M ∪Σ (−M) → G by letting H be on M resp. −M be
F̃ resp. F̃ ′. Now

∫
M H∗µ is an integer by construction. But this is easily seen to be equal to∫

M F̃ ∗µ−
∫
M F̃ ′∗µ. It follows that we have a well-defined map χ : Map(Σ, G)→ U(1).

To see that χ is a homomorphism, let be given F1, F2 : Σ → G. If F̃i : M → G is an
extension of Fi as above, then F̃1 · F̃2 : M → G is an extension of F1 · F2 with the same
regular boundary behaviour. Since F̃1 · F̃2 : M → G is the composite of (F̃1, F̃2) : M → G×G
and m : G×G→ G, we have∫

M
(F̃1 · F̃2)∗α =

∫
M

(F̃1, F̃2)∗m∗α =

∫
M

(F̃1, F̃2)∗(π∗1α+ π∗2α) =

∫
M
F̃ ∗1α+

∫
M
F̃ ∗2α,

so that after exponentiating we find that χ(F1 · F2) = χ(F1)χ(F2).
We have several ‘applications’ of this character χ, one of which involves Σ = S2 only.

For this we consider the space Map(S1, G) of differentiable maps S1 → G. It is a group for
pointwise multiplication whose complexified Lie algebra may be viewed as an analogue of the
our Lg. The central extension of L̂g has as its counterpart a central extension of Map(S1, G)
by U(1) defined as follows. Since G is simply connected, every loop S1 → G extends to a
differentiable mapD2 → G. We consider only those mapsD2 → G that are near the boundary
factor through radial projection onto S1. So if Map+(D2, G) is the group of such maps, then
restriction defines a surjective homomorphism of groups Map+(D2, G)→ Map(S1, G). Notice
that F ∈ Map+(D2, G) is in the kernel K of this homomorphism precisely when it is constant
1 near the boundary circle. So via a stereographic projection such an F may be thought of
as an element of Map(S2, G) that is constant 1 on a neighborhood of the north pole ∞. We
thus get an embedding K ⊂ Map(S2, G). We now obtain the central extension as a push-out:
K∩ker(χ), where χ : Map(S2, G)→ U(1) is as defined above, is normal in Map+(D2, G) (this
is clear) and so if we put M̂ap(S1, G) := Map+(D2, G)/K ∩ ker(A), then we find a central
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extension

1→ U(1)→ M̂ap(S1, G)→ Map(S1, G)→ 1.

This is known to be the universal central extension of Map(S1, G). In a way a topological
justification of this extension is that we have π2(Map(S1, G)) ∼= π3(G) ∼= Z and that the
central extension ‘restores’ the vanishing of π2 in the same way as the Hopf bundle S3 →
P1(C) = S2 (which is indeed a U(1)-bundle) does this for S2. But the main motivation for
this central extension is that it has a representation theory which is much better behaved than
the one for Map(S1, G). The same is true on the level Lie algebras (which is an extension of
Map(S1, g) by a one-dimensional Lie algebra). This Lie algebra is a real analogue of our L̂g.

4.4. Another digression: a U(1)-bundle over a moduli space. The second use of χ involves
a principal G-bundle P/Σ (where G acts on the right as is usual for such bundles). The gauge
group Aut(P/Σ), the group of automorphisms of P/Σ, can be identified with Map(Σ, G):
since P/Σ is trivial, it admits a section s : Σ → P , which then defines the Σ-isomorphism
(x, g) ∈ Σ × G 7→ s(x).g ∈ P . Any other section is of the form x ∈ Σ 7→ s(x)f(x) for some
f ∈ Map(Σ, G). Since Aut(P/Σ) permutes these sections, it is identified with Map(Σ, G).
Another choice of s gives an identification which differs form this one by a conjugacy with
an element of Map(Σ, G). Hence we have a well-defined character (independent of choices)
χ : Aut(P/Σ)→ U(1).

Now consider the space of flat connections on P/Σ. This is acted on by Aut(P/Σ) and so
the orbit space may be regarded as the moduli space Flat(G,Σ) of principal G-bundles with
flat connection. If we take the orbit space with respect to the subgroup ker(χ) ⊂ Aut(P/Σ)
instead, we get a U(1)-bundle over Flat(G,Σ). There is a description of Flat(G,Σ) in sim-
pler terms, which makes it immediate that it is a finite dimensional space: if we choose a
base point xo ∈ Σ, then any flat connection on P/Σ defines via its holonomy a group ho-
momorphism ρ : π1(Σ, xo) → Aut(Pxo) ∼= G, where the last identification involves a choice
of a point in Pxo . If we change base point xo or the isomorphism of the right G spaces
Pxo

∼= G, changes ρ by post-composition with an inner automorphism of G. Conversely,
any homomorphism ρ : π1(Σ, xo) → G determines a flat connection on the trivial bundle
Σ × G → Σ, and any two such differ by an automorphism of this bundle if and only if the
associated maps are in the same G-conjugacy class. In other words, the space Flat(G,Σ) is
naturally identified with Hom(π1(Σ, xo), G)/G. The preceding construction defines a U(1)-
bundle over Flat(G,Σ). A heuristic computation (which can be made rigorous) shows that
dim(Hom(π1(Σ, xo), G)/G) = (2g(Σ)−2) dimG (use that π1(Σ, xo) has 2g(Σ) generators sub-
ject to one relation).

This has a complex-analytic counterpart: let Σ be endowed with a conformal structure so
that it becomes a Riemann surface C. Then any element of Hom(π1(Σ, xo), G) can be com-
plexified to an element of Hom(π1(Σ, xo),G (C)) to produce a flat (hence complex-analytic)
G (C)-principal bundle over C. This bundle is semistable and ‘semisimple’. Conversely, any
such G (C)-principal bundle so arises. In fact, a theorem of Narasimhan-Sheshadri and its
subsequent generalization by Donaldson implies that Flat(G,Σ) can be identified with the
coarse moduli space M(C,G (C)) of ‘semisimplified’ semistable G (C)-principal bundles. The
Picard group of this bundle has a canonical generator that corresponds to the U(1)-bundle
over Flat(G,Σ) constructed above.
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4.5. Segal-Sugawara representation. Tensoring with c =
∑

κXκ ⊗Xκ ∈ g⊗k g defines the
R-linear map

l⊗R l→ Lg⊗R Lg, f ⊗ g 7→
∑
κ

Xκ(f)⊗Xκ(g),

which, when composed with Lg ⊗R Lg ⊂ L̂g ⊗R L̂g → UL̂g, yields a map γ : l ⊗R l → UL̂g.
Since γ(f ⊗ g − g ⊗ f) =

∑
κ[Xκf,Xκg] = cdim g.Res(gdf), this factors through a map

γ̂ : l̂2 → ULg⊗R if we put γ(~) := cdim g. This R-module homomorphism is continuous and
so extends to the completions γ̂ : l̂2 → ULg⊗R. Let us see how this induces an action of
the Virasoro algebra. Let us first consider Ĉg := γ̂Ĉ : θ → (UL̂g)Aut(g) (where we recall that
Ĉ : θ → U l̂) and describe it in the spirit of Section 2: given D ∈ θ, then the R-linear map

1⊗D : g⊗k ω → g⊗k L
is continuous and self-adjoint relative to rg and the perfect pairing rg allows us to identify
it with an element of UL̂g; half this element produces our Ĉg(D). Thus the choice of the
parameter t yields

Ĉg(Dn) = 1
2

∑
i∈I

∑
κ,k+l=n

: Xκ(tki ) ◦Xκ(tli) : .

This formula could have been used to define Ĉg but that approach would make its naturality
less apparent.

Lemma 4.1. For X ∈ g, f ∈ L and D ∈ θ, we have

[Ĉg(D), X(f)] = −(c+ ȟ)X(Df)

(an identity in UL̂g) and upon a choice of a parameter t, then with the preceding notation

[Ĉg(Dk), Ĉg(Dl)] = (c+ ȟ)(k − l)Ĉg(Dk+l) + c(c+ ȟ)δk+l,0
k3 − k

12
dim g.

For the proof (which is a bit tricky, but not very deep), we refer to Lecture 10 of [10] (our
Cg(D̂k) is their Tk). This formula suggests that we make the central element c + ȟ of UL̂g
invertible (its inverse might be viewed as a rational function on (Sym2 g2)g), so that we can
state this lemma in a more natural manner:

Corollary 4.2 (Sugawara representation). The map D 7→ −1
c+ȟ

Ĉg(D) induces a natural homo-
morphism of R-Lie algebras

Tg : θ̂ →
(
UL̂g[ 1

c+ȟ
]
)Aut(g)

which sends the central element c0 ∈ θ̂ to c(c + ȟ)−1 dim g. Moreover, if D̂ ∈ θ̂, then adTg(D̂)

leaves Lg invariant (as a subspace of UL̂g) and acts on that subspace by derivation with respect
to the image of D̂ in θ.

5. ALGEBRAIC DESCRIPTION OF THE WZW CONNECTION

5.1. Review of the theory of highest weight modules of a simple Lie algebra. For what
follows we briefly review from [9] the theory of highest weight representations of a loop
algebra such as L̂g. According to that theory, the natural analogues for L̂g of the finite
dimensional irreducible representations of the finite dimensional semi-simple Lie algebras are
obtained as follows, assuming for the moment that I is a singleton. We fix a Cartan subalgebra
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h ⊂ g and a system of positive roots (α1, . . . , αr) in h∗. We decompose g = g− ⊕ g0 ⊕ g+

with g0 = h and g+ resp. g− the direct sum of the root spaces associated to the positive resp.
negative roots so that g≥0 := g0 ⊕ g+ is a Borel subalgebra and g+ and g− are nilpotent
subalgebras of g.

Let V be a finite dimensional irreducible representation of g and denote by λ = λV ∈
Λ(V ) ⊂ h∗ the highest weight of V . Then the weight space dimV (λ) = 1 and g≥0 leaves V (λ)
invariant, acting on it via g0 = h with character λ. Thus V appears as the irreducible quotient
of the induced (Verma) module Ug ⊗Ug≥0

V (λ). This Verma module is already generated by
V (λ) as a Ug−-module.

The weight λV is integral dominant in the sense that if ($1, . . . , $r) denotes the basis
of h∗ dual to (Hα1 , . . . ,Hαr), then λV ∈ Z≥0$1 + · · · + Z≥0$r. The map V 7→ λV ∈ h∗

defines a bijection between the set of equivalence classes of finite dimensional irreducible
representation of g and the integral dominant weights of (h,Φ+). Given an integral dominant
weight λ, we often denote by Vλ a representative of the equivalence class of irreducible
representations defined by λ.

Definition 5.1. The level of the finite dimensional irreducible g-representation V is `V :=
c(α̃, λV ).

This level is a nonnegative integer. Each c(α̃,$i) is a positive integer and so for any ` ≥
0, the set of dominant integral weights λ with c(α̃, λ) ≤ ` is finite. In other words, the
collection of equivalence classes of irreducible representations of level ` is finite. We denote
that collection by P`.

5.2. Review of the theory of highest weight modules of L̂g. There is a similar construction
for the irreducible highest weight modules of L̂g. Let t be a generator m and put L− :=
t−1R[t−1]. Then we have a decomposition

L̂g = L̂g− ⊕ L̂g0 ⊕ L̂g+,

where
L̂g0 := R⊗k h⊕Rc, L̂g+ := F 1Lg + F 0Lg+ and L̂g− := L−g⊕Rg−.

(note that only L̂g− involves the choice of t).
We now fix a nonnegative integer ` and make R ⊗k V an R-representation of F 0Lg by

letting c act as multiplication by ` and by letting g ⊗k O act via the reduction modulo m,
g⊗kO → R⊗k g. If we induce this up to L̂g we get a representation H̃`(L̂g, V ) of L̂g. Clearly,
the definition of H̃`(L̂g, V ) does not involve the choice of t.

By the PBW-theorem, the natural map Sym•R(g ⊗k L−) ⊗k V → H̃`(L̂g, V )Ag is an iso-
morphism of R-modules (here Sym•R(g⊗k L−) is understood as the subalgebra of the tensor
algebra on g⊗k L− which consists of symmetric tensors).

Let X±α ∈ g±α be generators such that [Xα, X−α] = Hα. We put X̃ := Xα̃(t−1).

Lemma 5.2. For every nonnegative integer p, X−α̃(t)X̃p+1 acts on the highest weight space V (λ)

as (p + 1)(p − ` + `V )X̃p. Moreover, a supplement of X−α̃(t) in L̂g+ annihilates X̃p+1V (λ).
If ` ≥ `V , then X̃`+1−`V V (λ) generates a L̂g-submodule of H̃`(L̂g, V ) that is a quotient of
H̃`(L̂g, Vλ+2(`+1−`V )α̃).

Proof. We put H̃ := [X̃,X−α̃t
−1]. Note that H̃ = Hα̃ − c. Then [H̃, X̃] = 2X̃ and so H̃X̃r =

X̃rH̃+r.2X̃r = X̃r.(Hα̃−c+2r). This acts on V (λ) as (`V−`+2r)X̃r. SinceX−α̃(t) annihilates
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V (λ), it follows that X−α̃(t) ◦ X̃p+1 acts on V (λ) as −
∑p

r=0 X̃
rH̃X̃p−r =

∑p
r=0(`V − ` +

2r)X̃p = (p+ `V − `)(p+ 1)X̃p. This proves the first assertion.
The second is proved similarly: Let β be a positive root and f ∈ O. Then [Xβ(f), X̃] = 0

and Xβ(f) kills V (λ). Hence Xβ(f) kills X̃p+1V (λ). Likewise, if β 6= α̃, then [X−β(tf), X̃] is
zero or α̃−β is a root (which is then necessarily positive) and [X−β(tf), X̃] is proportional to
Xα̃−β(f). In the last case we note thatXα̃−β(f) commutes X̃ = Xα̃(t−1) and soX−β(tf)X̃p+1

is a linear combination of X̃p+1X−β(tf) and X̃pXα̃−βf . Such an element kills Vλ. Similarly,
[X−α̃(t2f), X̃] = −Hα̃(tf), [Hα̃(tf), X̃] = 2Xα̃f . Both Xα̃f and Hα̃(tf) kill V (λ) and hence
the same is true of X−α̃(t2f)X̃p+1. A similar argument shows that when H ∈ h, then H(tf)

kills X̃p+1V (λ). This proves the second assertion and combined with the first one, we find
that when ` ≥ `V , L̂g+ annihilates X̃`+1−`V V (λ).

Since [H, X̃] = α̃(H)X̃, H acts on X̃p+1V (λ) as multiplication by (λ + (p + 1)α̃)(H). In
other words, h acts on X̃p+1V (λ) with weight λ+(p+1)α̃. This implies the last assertion. �

For future reference we mention:

Corollary 5.3. Assume that ` ≥ `V . Then for every p > ` − `V and every n ≥ 0, we have
X−α̃(t)nX̃p+nV (λ) = X̃pV (λ).

Proof. Let v ∈ V (λ). Iterated application of Lemma 5.2 yields

X−α̃(t)nX̃p+nv =

(
p+ n

n

)(
p+ n− `+ `V

n

)
X̃pv. �

When ` ≥ `V we define H`(L̂g, V ) = H`(L̂g, Vλ) as the quotient L̂g-module of H̃`(L̂g, Vλ) by
the submodule generated by X̃`+1−`V V (λ), so that we have an exact sequence of L̂g-modules

H̃`(L̂g, Vλ+2(`+1−`V )α̃)→ H̃`(L̂g, Vλ)→ H`(L̂g, V )→ 0.

For the proof of the following assertion we refer to Exercise (12.12 of [9]).

Proposition-Definition 5.4. The L̂g-module H`(L̂g, V ) is irreducible and integrable in the
sense that the elements of L̂g+ ∪ L̂g− act locally nilpotently in H`(L̂g, V ) (which means that
for each u ∈ L̂g+ ∪ L̂g−, H`(L̂g, V ) = ∪N ker(uN )). We call this the integrable irreducible
representation of L̂g of highest weight (λ, `). Any irreducible L̂g-module with this property is
equivalent to such a representation.

We now return to the general case where we allow I to be more than a singleton. We
assume given for every i ∈ I an irreducible representation Vi of g of level ≤ `. Applying the
preceding to every pair (Lig, Vi) yields a L̂ig-representation H`(Vi) so that we can form the
L̂g-representation H̃`(L̂g, V ) := ⊗i∈IH̃`(Vi) and H`(L̂g, V ) := ⊗i∈IH`(Lg, Vi). Proposition-
definition 5.4 implies that H`(L̂g, V ) is irreducible and integrable as a L̂g-module. With our
given R-subalgebra A of Fock type of genus g, we can form H̃`(L̂g, V )Ag and H`(L̂g, V )Ag.
The following proposition says the latter is of finite rank.

Proposition 5.5 (Finiteness). The space H`(L̂g, V ) is finitely generated as a UAg-module (so
that H`(L̂g, V )Ag is a finitely generated R-module).
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Proof. Choose a subspace F− ⊂ L− which maps isomorphically onto L/(O + A). Since F−g
is a free R-module of finite rank, we may think of it as an affine space over R. If KN ⊂ F−g
denotes the set of u ∈ F−g for which uN annihilates ⊗i∈IVi = 0, then KN defines a Zariski
closed subset of F−g. Clearly, KN ⊂ KN+1. Since the elements of F−g act on H`(L̂g, V )
in a locally nilpotent manner, we have ∪NKN = F−g. Such a countable union of Zariski
closed subsets must be a finite one: KN = F−g for some N (this is clear when the field k is
uncountable and we can reduce to that case by embedding k in such a field). It then follows
that M :=

∑
r≥0(F−g)◦(r) ⊗ (⊗i∈IVi) =

∑N−1
r=0 (F−g)◦(r) ⊗ (⊗i∈IVi) is a finitely generated

R-submodule of H`(L̂g, V ) that is invariant under F−g. The Poincaré-Birkhoff-Witt theorem
then shows that M generates H`(L̂g, V ) as a Ag-module.

The second assertion follows from Theorem 5.12. �

Remark 5.6. In the general context of Proposition 5.5 we expect the R-module H`(L̂g, V )Ag
to be locally free and this to be a consequence of a flatness property of the UAg-module
H`(L̂g, V ). Such a result, or rather an algebraic proof of it, might simplify the argument in
[24] (see Section ?? for our version).

Inspired by the physicists terminology, we make the following definition.

Definition 5.7. We call the finitely generatedR-module H`(L̂g, V )Ag theR-module of covacua
attached to A and its R-dual H`(L̂g, V ∗)Ag := HomR(H`(L̂g, V )Ag, R) the R-module of vacua.
We refer to H̃`(L̂g, V )Ag and its topological dual H̃`(L̂g, V ∗)Ag (where we use the topology
coming from the PBW-filtration) as the R-module of precovacua resp. prevacua.

Remark 5.8. If F− ⊂ A⊥ is a section of A⊥ → A⊥/(A+F 0A⊥), then the PBW theorem shows
that the natural map from the tensor algebra of g ⊗ F− tensored with V to H̃`(L̂g, V )Ag is
onto. In other words, any element of H̃`(L̂g, V )Ag can be represented by a linear combination
of elements of the form Y1f1 ◦ · · ·Ynfn ◦ rv with fi ∈ F− and r ∈ R. In particular, we can
always choose our coefficients fi in A⊥. This last property is useful as it is preserved under the
WZW-connection that we will define next.

5.3. The extended Sugawara connection. We fix a nonnegative integer `. We first assume
that I is a singleton and let V be an irreducible finite dimensional representation of g of level
≤ `. Recall that CV denotes the scalar by which the Casimir element C acts on V . We let the
Lie algebra θ̂ act on H̃`(L̂g, V ) and H`(L̂g, V ) over R via Tg. If we choose a generator t of m,
then it follows from Corollary 4.2 that if D̂ ∈ θ̂ lifts D ∈ θ, then for v ∈ V and r ∈ R we have

Tg(D̂)
(
Yrfr ◦ · · · ◦ Y1f1 ◦ rv

)
=

=
r∑
i=1

Yrfr ◦ · · · ◦ YiD(fi) ◦ · · · ◦ Y1f1 ◦ rv + Yrfr ◦ · · · ◦ Y1f1 ◦ rTg(D̂)v

.

If D ∈ F 1θ, then clearly Tg(D̂)v = 0, but this is not so when D ∈ F 0θ, for

Tg(D̂0)v =
−1

2(`+ ȟ)

∑
κ

Xκ ◦Xκ ◦ v =
−CV

2(`+ ȟ)
v.

Our generator defines a section σt : θR → θL,R of θL,R → θR, characterized by the property
that σt(D)(t) = 0 for every D ∈ θR. We thus obtain a splitting θL,R = θ⊕ σt(θR) and we then
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define a representation Tg,t over k of D̂L,R = θ̂R ⊕ σt(θL,R) on H̃`(L̂g, V ) (and similarly on
(H̃`(L̂g, V )), by stipulating that on θ̂R the action is as above and on σt(θL,R) as coefficientwise
derivation. The following lemma explicates its dependence on t:

Lemma 5.9. For any other generator t′ of m, put u := t′/t ∈ O× and denote by u0 ∈ R× its
reduction modulo m. Then for every D̂ ∈ D̂L,R which lifts D ∈ θR and for every Z ∈ UL̂g we
have

Tg,t′(D̂) = Tg,t(D̂)− Du0.CV

2(`+ ȟ)u0

,

where the last term is an element of R that acts as a scalar. In particular, Tg,t and Tg,t′ have the
same image and Tg,t only depends on the image of t in m/m2.

Proof. It suffices to check this for D̂ of the form σt′(D). It is straightforward to verify that
D − (tu̇ + u)−1D(u)t ∂∂t is the lift of D to θL,R which kills ut = t′ (where u̇ is the derivative
with respect to t) and so

σt′(D) = σt(D)− D(u)

tu̇+ u
t
∂

∂t
.

Notice that the coefficient of D0 = t ∂∂t in this expression is −u−1
0 D(u0). Now Tg,t′(σt′(D))

is by definition given as coefficientwise derivation with respect to D. On the other hand
Tg,t(σt′(D)) is coefficientwise derivation plus multiplication by

−u−1
0 D(u0)Tg(D0) =

D(u0).CV

2(`+ ȟ)u0

. �

Remark 5.10. The R-module m/m2 is free of rank one and can be understood as a relative
Zariski contangent space. The image t̄ of t in m/m2 defines a Lie splitting of D1(m/m2)→ θR:
it assigns to D ∈ θR the lift Dt̄ ∈ D1(m/m2) characterized by Dt̄(t̄) = 0. It is easy to see to
check that for t′ = u0t with u0 ∈ R×, we have Dt̄′ = Dt̄ − u−1

0 Du0.

Remark 5.11. Returning to the general case, where I as any finite set, we see that the pre-
ceding lemma takes the following form: if t = (ti)i∈I is a generator of m = ⊕imi, then we
have defined an action Tg,t on H̃`(L̂g, V ) and H`(L̂g, V ). For any other generator t′ of m, put
ui := t′i/ti ∈ O

×
i and denote by ui,0 ∈ R× its reduction modulo mi. Then for every D̂ ∈ D̂L,R

which lifts D ∈ θR and for every Z ∈ UL̂g we have

Tg,t′(D̂)− Tg,t(D̂) = −
∑
i∈I

Dui,0.CVi
2(`+ ȟ)ui,0

,

where the right hand side is an element of R.

We have the following analogue of Theorem 3.10.

Theorem 5.12 (Algebraic version of the WZW connection). Let A ⊂ R be a R-subalgebra of
Fock type. Then:

(i) Every D ∈ θA/R has a unique lift D̂ ∈ θ̂A/R with the property that Tg(D̂) lies in the
UL̂g-closure of Ag ◦ Lg.

(ii) For any choice of a generator t = (ti)i∈I of m, the associated Sugawara representa-
tion Tg,t of DF on H`(L̂g, V ) has the property that it makes DA,F preserve the submod-
ule AgH`(L̂g, V ) ⊂ H`(L̂g, V ) and acts in the space of Ag-covariants in H`(L̂g, V ),
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H`(L̂g, V )Ag, via a Lie-epimorphism DA,F → DF(log DA); this representation is one by
differential operators of degree≤ 1 (with c0 acting as multiplication by (c+ȟ)−1cdim g).

(iii) These data define a natural flat logarithmic connection (called the WZW connection and
denoted ∇WZW ) on H`(L̂g, V )Ag relative to the collection R-modules det(F 1 annA),
{mi/m

2
i }i∈I with weights 1

2 resp. CVi/2(l + ȟ).

The same properties hold for H̃`(L̂g, V )Ag.

Proof. The proof is indeed similar to the arguments used to prove Theorem 3.10. Since D
maps A⊥ to A ⊂ L, 1⊗D maps the submodule g⊗A⊥ of g⊗ω to the submodule g⊗A = Ag
of g ⊗ L = Lg. It is clear that g ⊗ A⊥ and Ag are each others annihilator relative to the
pairing rg. This implies that Ĉ(D̂) lies in the closure of the image of Ag⊗k Lg + Lg⊗k Ag in
UL̂g. It follows that Ĉ(D̂) has the form cr +

∑
κ

∑
n≥1Xκ(fκ,n)Xκ(gκ,n) with r ∈ R, one of

fκn , gκ,n ∈ L being in A and the order of fκn smaller than that of gκ,n for almost all κ, n. Since
the elements of A have order ≤ 0 and Xκ(fκ,n) ◦Xκ(gκ,n) ≡ Xκ(gκ,n)Xκ(fκ,n) (mod cR), we
can assume that all fκ,n lie in A and so the first assertion follows.

Let D̂ ∈ DA,F have image D ∈ θA,R. Then for X ∈ g and f ∈ A, we have [D,X(f)] =

X(Df), which is an element of Ag (since Df ∈ A). This shows that Tg(D̂) preserves
AgH`(L̂g, V ). If D̂ is as in (i), then we have seen that Tg(D̂) maps H`(L̂g, V ) to AgH`(L̂g, V )

and hence induces the zero map in H`(L̂g, V )Ag. So DA,F acts on H`(L̂g, V )Ag via a Lie-
epimorphism DA,F → DF(log DA).

The last observation follows from Theorem 3.10 , Lemma 5.9 and Remark 5.10.
The same proof applies to H̃`(L̂g, V ). �

Remark 5.13. According to Remark 5.8 any element of H̃`(L̂g, V )Ag can be represented by a
linear combination of expressions of the type Yrfr ◦ · · ·Y1f1 ◦ v with fi ∈ A⊥. The covariant
derivative of such an element with respect to some D ∈ DF(log DA) is given by implementing
the receipe: choose a lift D̃ ∈ DA,F. Then D̃ preserves A and hence A⊥ and so

∇wzw
D [Yr(fr) · · ·Y1(f1)v] =

r∑
k=1

[Yr(fr) · · ·Y (D̃fk) · · ·Y1(f1)v] + [Yr(fr) · · ·Y1(f1)D̃(v)],

where we note that all these terms except the last have their coefficients in A⊥. The last
term is computed by decomposing D̃ for each i ∈ I into a horizontal and a vertical part. The
horizontal part has the effect of multiplication by some element of R, whereas the vertical
part is given by the Sugawara representation. This too, has its coefficients in A⊥.

Our discussion also suggests to ‘twist’ OC in the sense that
If we sheafify and apply this to the situation of Subsection 3.5 we find:

Corollary 5.14 (The WZW-connection). Let π : C → S be a family of curves endowed with
sections (xi : X → C)i∈I as in Subsection 3.5: S and C are smooth, the geometric fibers have
at worst ordinary double points and the discriminant ∆ is a normal crossing divisor. Denote by
q : L×(det(π∗ωC/S , (x

∗
iωC/S)i∈I) → S the Gm × GI

m-bundle over S defined by the Gm-bundles
associated to the line bundles mentioned as arguments. Let ` be a nonnegative integer and let for
each i ∈ I be given a finite dimensional irreducible representation Vi of g. Then H`(L̂g, V ) is a
coherent OS-module, locally free over S −∆ and the pull-back q∗H`(L̂g, V ) admits a canonical
flat connection with weights (1

2 , (CVi/2(l+ ȟ)i∈I) and with a logarithmic singularity along q∗∆.
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These properties follow from the preceding, except the assertion that H`(L̂g, V ) is locally
free over S −∆. This is however a consequence of the following well-known

Lemma 5.15. Let U be a nonsingular k-variety and F a coherent OU -module endowed with a
flat connection. Then F is locally free.

Indeed, this Lemma implies that q∗H`(L̂g, V ) is locally free over q−1(S−∆). Since q admits
local sections, it then follows that H`(L̂g, V ) is locally free over S −∆.

5.4. Propagation principle. The following proposition is known as the propagation of vacua;
it essentially shows that trivial representations may be ignored (as long as some representa-
tions remain: if all are trivial, then we can get rid of all but one of them). If we do not care
about the WZW-connection, then this is even true for nontrivial representations (a fact that
can be found in Beauville [1]) so that we then essentially reduce the discussion to the case
where I is a singleton.

Proposition 5.16. Let I ′ ⊂ I be nonempty and put I ′′ := I − I ′, V ′ := ⊗i∈I′Vi and V ′′ :=
⊗j∈I′′Vi. Assume that the map A → ⊕j∈I′′Lj/Oj is onto and denote by A′ its kernel (so that
the image of A′ in Lj is contained in Oj for all j ∈ I ′′). Then the injections (Vj ↪→ H`(Vj))j∈I′′

define maps of A′g-modules H̃`(V
′)⊗k V ′′ → H̃`(L̂g, V ) and H`(V

′)⊗k V ′′ → H`(L̂g, V ) (where
A′g acts on the tensor factor R ⊗k Vj , j ∈ I ′′, via the evaluation map A′g → R ⊗k g given by
reduction modulo mj) which both induce an isomorphism on covariants:(

H̃`(L̂′g, V
′)⊗k V ′′

)
A′g

∼=−→ H̃`(L̂g, V )Ag,
(
H`(L̂′g, V

′)⊗k V ′′
)
A′g

∼=−→ H`(L̂g, V )Ag.

In case the Vj , j ∈ I ′′ are all trivial, so that we have isomorphism H`(V
′)A′g → H`(L̂g, V )Ag,

then this isomorphism is equivariant for the flat logarithmic connections on either side relative
to the collection of rank one R-modules det(F 1 annA), {mi/m

2
i }i∈I′ .

Proof. It suffices to do the case when I ′′ is a singleton {o}. Let us abbreviate H̃′ := H̃`(L̂′g, V
′),

H̃o := H̃`(L̂og, Vo) and H̃ := H̃`(L̂g, V ) (and similarly without the tildes).
Our assumption says that A → Lo/Oo is onto. So L̂og = Ag + F 0L̂og and hence UL̂og =

UAg.UF 0L̂og by the PBW-theorem. This implies that H̃o is generated as an Ag-module by Vo.
In other words, the natural map H̃′ ⊗ Vo → H̃Ag is onto. The kernel is clearly A′g(H̃′ ⊗ Vo)
and so this yields the first isomorphism.

The same reasoning shows that the map
(
H′⊗R Ṽo

)
A′g
→
(
H′⊗R H̃o

)
Ag

is an isomorphism.
So in order that the second map be an isomorphism, the natural map(

H′ ⊗R H̃o

)
Ag
→
(
H′ ⊗R Ho)Ag

must be one. It is clearly onto. Let f ∈ A′ map to a generator of mo. First note that
Ho is the quotient of H̃o by U(L̂og)Xα̃(1/f)`+1−`VoVo(λo) = U(Ag)Xα̃(1/f)`+1−`VoVo(λo).
This implies that the kernel of

(
H′ ⊗R H̃o

)
Ag
→
(
H′ ⊗R Ho)Ag is generated by the image of

H′ ⊗R Xα̃(1/f)`+1−`VoVo(λo) in
(
H′ ⊗R H̃o

)
Ag

. So it suffices to prove that for every w′ ∈ H′,
w′ ⊗ Xα̃(1/f)`+1−`VoVo(λo) ∈ Ag

(
H′ ⊗R H̃o

)
. By Proposition-Definition 5.4, the action of

X−α̃(f) in H′ is locally nilpotent and so X−α̃(f)nw′ = 0 for some n ≥ 0. Corollary 6.14 tells
us that Xα̃(1/f)`+1−`VoVo(λo) = X−α̃(f)nwo for some wo ∈ H̃o. Since X−α̃(f) ∈ Ag acts on
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H′ ⊗R H̃o

)
Ag

as X−α̃(f)⊗ 1 + 1⊗X−α̃(f) it follows that

w′ ⊗Xα̃(1/f)`+1−`VoVo(λo) = w′ ⊗X−α̃(f)nwo

≡ (−1)nX−α̃(f)nw′ ⊗ wo ≡ 0 (mod A′g
(
H′ ⊗R H̃o

)
),

as desired.
The second assertion follows in a straightforward manner from our definitions: just observe

that a derivation D of A′ which preserves R and each mj , j ∈ I ′′ will act in H̃`(L̂jg, Vj) =

H̃`(L̂jg, k) as coefficientwise derivation. �

Remark 5.17. Even when not all the Vj , j ∈ I ′′, are trivial, the isomorphism in Proposi-
tion 5.16 can be used to transfer the flat logarithmic connection on H`(L̂g, V ) relative to the
collection {det(F 1 annA), {mi/m

2
i }i∈I} to

(
H`(V

′) ⊗k V ′′
)
A′g

. However, L̂jg then enters for
j ∈ I ′′ in a nontrivial manner: a derivation D of A′ which preserves R may not preserve mj

and so we must write the action of D in L̂j as a sum of a derivation which acts as coefficient-
wise derivation and a vertical Sugarawa part of which only the coefficient of gt−1

j ⊗g matters.
We will see this illustrated in the genus zero case discussed below.

Remark 5.18. Proposition 5.16 is sometimes used in the opposite direction: suppose mo ⊂ A
is a principal ideal with the property that for a generator t ∈ mo, the mo-adic completion
of A gets identified with R((t)), and A[1/t] → L/O is onto. Denote by Ao the kernel of
A[1/t] → L/O. If we associate to o the trivial g-representation k and let (I t {o}, {o}) take
the role of (I, I ′), we then find an isomorphism H`(L̂g, V )Ag ∼= (H`(L̂g, k) ⊗ V )Aog. We will
see this illustrated by the following genus zero example.

5.5. The genus zero case and the KZ-connection. We here assume our curve C to be iso-
morphic to P1. Let x1, . . . , xn ∈ C be pairwise distinct. Choose an affine coordinate z on C
whose domain contains these points and write zi for z(xi). Notice that t∞ := z−1 may serve
as a parameter for the local field at z =∞. So if H`(k) denotes the representation of ̂g((z−1))
attached to the trivial representation k of g, then by the special case of the propagation prin-
ciple formulated in Remark 5.18 we have H`(L̂g, V )Ag = (H`(L̂g, k) ⊗ V1 ⊗ · · · ⊗ Vn)A′[z],
where g[z] acts on Vi via its evaluation at xi and A′ = k[z]. Now H̃`(k) is generated by
g[z] = A′g-module with kernel g ⊂ g[z] and so (H̃`(L̂g, k) ⊗ V1 ⊗ · · · ⊗ Vn)g[z] is just the
space of g-covariants (V1 ⊗ · · · ⊗ Vn)g. According to Proposition 5.4 H`(L̂g, k) is obtained
from H̃`(L̂g, k) by dividing out by g[z]X(z)1+`, where X is a generator of the highest root
space gα̃, and so (H`(L̂g, k)⊗ V1 ⊗ · · · ⊗ Vn)g[z] can be identified with the biggest quotient of
(V1 ⊗ · · · ⊗ Vn)g on which (

∑n
i=1 ziX

(i))1+` acts trivially (where X(i) acts on Vi as X and on
the other tensor factors Vj , j 6= i, as the identity).

Now regard z1, . . . , zn as variables and consider the open subset Un ⊂ Ank of pairwise
distinct n-tuples parametrized by these and take R = k[Un] = k[z1, . . . , zn][∆−1], where
∆ =

∏
i<j(zi − zj). Then the projective line over Un, P1

Un
, comes with n + 1 ‘tautological’

sections (including the one at infinity). For such a trivial family, the relative Zariski cotangent
space of these sections are automatically trivialized (e.g., z = zi is trivialized by dz and z =∞
by −z−2dz). We denote the complement of the union of the these sections by C◦ ⊂ P1

Un
and

by A the R-module k[C◦] = R[z][f−1], where f =
∏
i(z− zi). The preceding discussion shows
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that we then have an exact sequence

R⊗k (V1 ⊗ · · · ⊗ Vn)g → R⊗k (V1 ⊗ · · · ⊗ Vn)g → H`(L̂g, V )Ag → 0,

where the first map is given by (
∑n

i=1 ziX
(i))1+`. We identify its WZW connection, or rather,

a natural lift of that connection to R ⊗k (V1 ⊗ · · · ⊗ Vn)g. In order to compute the covariant
derivative with respect to the vector field ∂i := ∂

∂zi
on Un, we follow our recipe and lift it to

P1
Un

in the obvious way (with zero vertical component). We continue to denote that lift by
∂̃i and determine its (Sugawara) action on H`(L̂g, V ). We first observe that ∂i is tangent to
all the sections, except the ith. Near that section we decompose it as ( ∂∂z + ∂̃i) − ∂

∂z , where
the first term is tangent to the ith section and the second term is vertical. The action of the
former is easily understood: its lift to R⊗k (V1 ⊗ · · · ⊗ Vn)g acts as derivation with respect to
zi (in R). The vertical term, − ∂

∂z , acts via the Sugawara representation, that is, it acts on the
ith slot R⊗Vi as 1

`+ȟ

∑
κXκ(z− zi)−1 ◦Xκ and as the identity on Vj , j 6= i, in other words, it

acts as 1
`+ȟ

∑
κX

(i)
κ ((z− zi)−1)X

(i)
κ . This action does not induce one in R⊗k (V1⊗ · · · ⊗ Vn)g.

To make it so, we subtract from this the action by the following element of AgU L̂g (which of
course will act trivially in H`(L̂g, V )Ag):∑

κ

Xκ

( 1

z − zi

)
◦ 1

`+ ȟ
X(i)
κ =

1

`+ ȟ

∑
j,κ

X(j)
κ

( 1

z − zi

)
X(i)
κ .

This modification does indeed act in R⊗k (V1 ⊗ · · · ⊗ Vn)g, namely as

−1

`+ ȟ

∑
j 6=i

1

zj − zi

∑
κ

X(j)
κ X(i)

κ =
1

`+ ȟ

∑
j 6=i

1

zi − zj

∑
κ

X(j)
κ X(i)

κ .

We regard the Casimir element C as an element of Sym2 g, so that C(i,j) :=
∑

κX
(j)
κ X

(i)
κ is

its action in V1 ⊗ · · · ⊗ Vn on the ith and jth factor (note that C(i,j) = C(j,i)). We find that
the WZW-connection is induced by the connection on R⊗k (V1⊗· · ·⊗Vn)g whose connection
form is ∑

i

1

`+ ȟ

∑
j 6=i

dzi
zi − zj

C(i,j) =
1

`+ ȟ

∑
1≤i<j≤n

d(zi − zj)
zi − zj

C(i,j).

It commutes with the Lie action of g on V1 ⊗ · · · ⊗ Vn and so the connection passes to one on
R⊗ (V1⊗· · ·⊗Vn)g. This lift of the WZW-connection is known as the Knizhnik-Zamolodchikov
connection. It is not difficult to verify that it is flat (see for instance [11]), so that we have not
just a projectively flat connection, but a genuine one.

Proposition 5.19. The mapR⊗k(V1⊗· · ·⊗Vn)g → H`(L̂g, V )Ag is an isomorphism for n = 1, 2.
Hence for n = 1 (resp. n = 2), H`(L̂g, V )Ag is zero unless V1 is the trivial representation (resp.
V1 and V2 are equivalent to each others dual), in which case it can be identified with R.

Proof. For n = 1 this is clear. For n = 2, H`(L̂g, V )Ag can be identified with the image in
(V1⊗ V2)g of the kernel of (z1X

(1) + z2X
(2))1+` acting in V1⊗ V2. Since X(1) +X(2) is zero in

(V1 ⊗ V2)g and (X(1))1+` is zero in V1, this (V1 ⊗ V2)g. �

Remark 5.20. The case n = 3 is also special, because a 3-pointed genus zero curve (C ∼=
P1;x1, x2, x3) has no moduli. Our identification of H`(L̂g, V )Ag shows that H`(L̂g, V )Ag is
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naturally identified with the biggest quotient of V1⊗V2⊗V3 on which both g and the endomor-
phisms (z1X

(1)+z2X
(2)+z3X

(3))1+` act trivially. But this should be independent of (z1, z2, z3).
Indeed, as is shown in [1], if V1, V2, V3 are the associated irreducible g-representations of level
≤ `, then H`(L̂g, V )C is naturally identified with the biggest quotient of V1⊗V2⊗V3 on which
both g and the endomorphisms (z1X

(1) + z2X
(2) + z3X

(3))1+` act trivially for all values of
(z1, z2, z3). This last condition is of course equivalent to requiring that Xp⊗Xq ⊗Xr induces
the zero map in V1 ⊗ V2 ⊗ V3 whenever p+ q + r > `.

When g = sl(2), Vi will be equivalent to nith symmetric power of the defining representa-
tion for some ni and then the Clebsch-Gordan rule says that (V1⊗V2⊗V3)sl(2) is of dimension
≤ 1, with equality if and only if n1 +n2 +n3 is even, say 2m, and ni ≤ m for all i. As is shown
in [1], the biggest quotient of V1 ⊗ V2 ⊗ V3 on which sl(2) and (z1X

(1) + z2X
(2) + z3X

(3))1+`

act trivially is nonzero (and hence of dimension one) if and only if in addition m ≤ `.
5.6. Topological interpretation. Let Σ be a closed oriented surface. Denote the genus of
Σ by g(Σ) and by L(Σ) ⊂ ∧g(Σ)H1(Σ;R) the set of L ∈ ∧gH1(Σ;R) for which K(L) :=

ker(∧L : H1(Σ;R) → ∧g(Σ)+1H1(Σ;R)) is a Lagrangian subspace (so that L is a generator of
∧g(Σ)K(L)). Let us first assume that Σ is connected. It is known that if g(Σ) > 0, then L(Σ) is
connected, has infinite cyclic fundamental group with a canonical generator and is an orbit of
the symplectic group Sp(H1(Σ;R)). For example, if g(Σ) = 1, then L(Σ) = H1(Σ̌;R)− {0} ∼=
R2 − {0}. (In the uninteresting case g(Σ) = 0, we have ∧g(Σ)H1(Σ;R) = ∧0{0} = R and
so L(Σ) is then canonically identified with R − {0}, in particular, L(Σ) contains a canonical
element.) An element of L(Σ) may arise if Σ is given as the boundary of a compact oriented
3-manifold W : then the kernel of H1(Σ;Z)→ H1(W ;Z) is a Lagrangian sublattice and so an
orientation of it yields an element of L(Σ).

Given a 2-dimensional real vector space T , we denote by S(T ) its sphere of rays. Fix a
finite set I.

Definition 5.21. An I-marking of Σ consists of the following data: an injection x : I ↪→ Σ,
i ∈ I 7→ xi ∈ Σ, for every i ∈ I a universal cover S̃i → S(Tx(i)Σ) of the sphere of rays in
Tx(i)Σ and the choice of a universal cover L̃ → L(Σ). These are the objects of a groupoid for
which a morphism (Σ, S̃, L̃) → (Σ′, S̃′, L̃′) is given by a system (h, (h̃i)i, h̃L), where h is an
orientation preserving diffeomorphism h : Σ ∼= Σ′ which takes xi to x′i, and h̃i : S̃i → S̃′i resp.
h̃L : L̃ → L̃′ are lifts of the natural maps induced by h, where it is understood that another
such system defines the same morphism if it is isotopic to (h, (h̃i)i, h̃L) in the sense that it lies
in the same arc component of the space such pairs.

Remark 5.22. Instead of choosing a universal cover S̃i → S(Tx(i)Σ), we could fix a ray in
Tx(i)Σ, for this ray can then be taken as a base point of S(Tx(i)Σ) and thus define a canonical
universal cover of it. While that may be more down to earth, the definition above is a bit
more flexible.

Remark 5.23. The automorphism group of the I-marked surface (Σ, S̃, L̃), denoted here by
Γ(Σ, S̃, L̃), is a central extension of the usual mapping class group Γ(Σ, x) of the pair (Σ, x):
the forgetful group homomorphism Γ(Σ, S̃, L̃(Σ)) → Γ(Σ, x) is onto and fits in a short exact
sequence

ZI × Z→ Γ(Σ, S̃, L̃)→ Γ(Σ, S)→ {1},
where ZI × Z is in a natural manner identified with the group of covering transformations of
(
∏
i S̃i) × L →

∏
i S(Tx(i)Σ) × L(Σ). The latter has image contained in the center of Γ(Σ, S̃)
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and is injective unless g(Σ) = 0: in that case the last Z-summand maps to zero and the map
ZI → Γ(Σ, S̃) is injective when |I| > 2, has kernel the sum of the two generators when |I| = 2
and is zero when |I| ≤ 1.

A conformal structure c on Σ yields in combination with the given orientation a complex
structure on Σ and thus endows it with the structure of a complex projective curve that we
shall denote by Σ(c).

Lemma 5.24. Let L ∈ L(Σ). Then L determines for every conformal structure c on Σ(c) a
generator of detH0(Σ(c), ωΣ(c)).

Proof. We note that every regular differential on Σ(c) defines by integration a linear map
K(L) → C and the basic theory of Riemann surfaces tells us that we thus obtain a complex-
linear isomorphism H0(Σ(c), ωΣ(c)) ∼= Hom(K(L),C). This induces an isomorphism between
detH0(Σ(c), ωΣ(c)) and HomR(detRK(L),C) = HomR(CL,C) ∼= C. �

Theorem 5.25. Let k = C. Suppose we are given a nonnegative integer ` and let V : i ∈ I 7→ Vi
assign to each i ∈ I a finite dimensional irreducible representation Vi of g of level ≤ `. Then
there exists a functor H`(−;V ) from the groupoid of I-marked surfaces to the category of com-
plex vector spaces with the property that for every such surface (Σ, S̃, L̃) and every conformal
structure c on Σ we have a natural identification of H`(Σ, S̃, L̃;V ) with the associated vacuum
space H`(V )Acg, where Ac denotes the algebra of complex valued functions on Σ − x(I) that
are meromorphic relative to c. In particular, if Σ is diffeomorphic to S2, then H`(Σ, S̃;V ) is
trivial for |I| = 1 and |I| = 2 unless V is the trivial representation (in which case we get a vector
space canonically isomorphic to C) resp. the two representations are dual to each other (in which
case this vector space is of dimension one). The canonical generator of the covering transforma-
tion in S̃i → S(Tx(i)Σ) resp. L̃ → L(Σ) acts as scalar multiplication by exp

(
π
√
−1

`+ȟ
CVi
)

resp.

exp
(
π
√
−1

`+ȟ
`dim g

)
.

If I ′ ⊂ I is such that Vi is the trivial representation for i ∈ I − I ′, then we have a natural
isomorphism H`(Σ, S̃, L̃;V ) ∼= H`(Σ, S̃|I ′, L̃;V |I ′).

This construction is also functorial with respect to automorphisms of g: inner automorphisms
acts as the identity and for every σ ∈ Out(g) we have a natural isomorphism H`(Σ, S̃, L̃; σV ) ∼=
H`(Σ, S̃, L̃;V ).

Proof. A conformal structure on Σ assigns to each tangent space of Σ an inner product up to
scalar. The inner products up to scalar on a 2-dimensional real vector space are parametrized
by a Lobatchewski disk and hence a conformal structure is just a section of a disk bundle over
Σ. This shows that the space of conformal structures on Σ is contractible. An arc in the space
of conformal structures yields a family of compact Riemann surfaces {Cs}0≤s≤1. If we pull
this family back over the projection

[0, 1]× L̃ ×
∏
i∈I

(
S̃i ×Si (Tx(i)Σ− {0})

)
→ [0, 1],

then Lemma 5.24 enables us to trivialize the associated determinant bundle, and the section
defined by xi comes with a tautological normal vector field. This is enough to have the WZW-
connection in Corollary 5.14 trivialize the associated vacua bundle. Since the base space is
contractible, it follows that we have a natural identification between the two vacua spaces.
The proposition follows from this. �
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Remark 5.26. We may drop the assumption that Σ be connected and let {Σj}j∈J enumerate its
distinct connected components. If L̃(j) → L(Σ(j)) is a universal cover, then the dependence
of the tensor product (⊗C)j∈JH

`(Σ(j), S̃(j), L̃(j);V (j)) on the covers L̃(j) → L(Σ(j)) is only
through their ‘tensor product’ L̃ → L(Σ). So the preceding generalizes if we letH`(Σ, x̃, L̃;V )
be this tensor product.

Remark 5.27. The natural involution of g with respect to a choice of root data takes every
finite dimensional g-representation into one equivalent to its contra-gradient. Such an in-
volution σ is unique up to inner automorphism and so we obtain a canonical isomorphism
between H`(Σ, S̃, L̃;V ∗) and H`(Σ, S̃, L̃;V ). One expects that there exists a canonical perfect
pairing H`(−Σ, S̃, L̃;V ∗) ⊗ H`(Σ, S̃, L̃, V ) → C, where −Σ stands for Σ with the opposite
orientation.

For g = 0, we have a natural identification L(Σ) ∼= R − {0} so that we then have a well-
defined vector space H`(Σ, V ). Proposition 5.19 tells us what we get in some simple cases:

Proposition 5.28. For Σ a disk (resp. a cylinder), H`(Σ, S̃;V ) := H`(Σ, S̃, L̃;V ) is zero unless
V is the trivial representation (resp. the two representations attached to the boundary are each
other’s contra-gradient), in which case it is canonically equal to C.

6. VACUA MODULES IN TERMS OF POLYDIFFERENTIALS

6.1. Polydifferentials. Let N be a nonempty finite set with cardinality n. Let U be a nonsin-
gular curve over k. For every r ∈ N we denote by πr : UN → U the corresponding projection.
If F is a coherent sheaf on U , then we abbreviate the exterior tensor product on UN (in
the category of coherent sheaves) by ⊗r∈Nπ∗rF by F (N). Notice that the permutation group
S(N) acts on this sheaf. It is clear that O(N)

U = OUN . On the other hand, we have a natural,
S(N)-equivariant, identification of Ω

(N)
U with Ωn

UN ⊗ or(N), where or(N) stands for the ori-
entation module ∧NZN . We define the sheaf of polydifferentials on UN as the sheaf of graded
OUN -algebras (Ω•U )(N). Observe that here is a natural decomposition

Ω•U
(N) =

⊕
J⊂N

π∗JΩU
(J),

where πJ : UN → UY is the evident projection. For ζ ∈ Ω•U
(N), we write ζJ for its component

in π∗JΩ
(J)
U . Residue operators that involve a single factor have a meaning for polydifferentials.

So if U is Zariski open in a nonsingular curve C, p ∈ C − U and i ∈ N , then we have defined
residue Resπi=p : Ω

(N)
U → Ω

(N−{i})
U .

There is an obvious extension of this notion to a relative situation C/S and its semi-local
variants O/R and L/R.

6.2. Residue maps for polydifferentials. Suppose we are in the local case: O ∼= R[[t]],
where t is a generator of m so that L ∼= R((t)). Then L(N) ∼= R[[{tr}r∈N ]][

∏
r t
−1
r ] and ω(N) =

L(N)
∏
r dtr. We write D := Spec(O) an D∗ := Spec(L) .

For N as above, we have for every r ∈ N an obviously defined residue in the ith factor:

Resi : ω(N) → ω(N−{i}).

If i, j ∈ N are distinct, then Resi and Resj commute, in contrast to the case of differential
forms, where they anticommute. Now let ∆ij ⊂ DN be the diagonal hyperplane defined by
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the factors i, j and consider the obvious extension

Resi : ω(N)(∗∆ij)→ ω(N−{i}),

where (∗∆ij) means that we allow poles of arbitrary order along ∆ij . Then Resi and Resj no
longer commute:

Lemma 6.1. On ω(N)(∗∆ij) we have [Resi,Resj ] = −Resi Resj→i, where

Resj→i : ω(N)(∗∆ij)→ ω(N−{i})(∗∆ij)

is the residue at the diagonal divisor ∆ij relative to the projection which forgets the jth compo-
nent.

Proof. It suffices to check this for N = {1, 2} and (i, j) = (2, 1). Choose a generator t of m.
Then any ζ ∈ ω(2)(∗∆ij) can be written ζ = (t2 − t1)−r

∑
k1,k2

ak1,k2t
k1−1
1 tk2−1

2 dt1dt2 for some
r ≥ 0. Let us concentrate on an individual term: ζ = (t2 − t1)−rtk1−1

1 tk2−1
2 dt1dt2. We expand

ζ near t1 = 0:

ζ = (t2 − t1)−rtk1−1
1 tk2−1

2 dt1dt2 = tk2−r−1
2 (1− t1/t2)−rtk1−1

1 dt1dt2 =

= tk2−r−1
2 tk1−1

1

∑
n≥0

(
n+ r − 1

n

)
(t1/t2)ndt1dt2 =

∑
n≥0

(
n+ r − 1

n

)
tk2−r−n−1
2 tk1+n−1

1 dt1dt2.

The residue in t1 = 0 is zero unless k1 ≤ 0, in which case we get
(
r−k1−1
−k1

)
tk1+k2−r−1
2 dt2. The

residue of the latter is zero, unless k1 + k2 = r, in which case we get
(
r−k1−1
−k1

)
=
(
r−k1−1
r−1

)
. So

Res1 Res2 ζ is zero unless r = k1 + k2 and k1 ≤ 0, in which case we get
(
r−k1−1
r−1

)
. Similarly,

Res1 Res2 ζ is zero unless r = k1 + k2 and k2 ≤ 0: we then get (−1)r
(
r−k2−1
r−1

)
= (−1)r

(
k1−1
k1−r

)
.

These two cases exclude each other: [Res2,Res1]ζ is zero unless r = k1 + k2 and k1 ≤ 0 or
k1 ≥ r, in which case we get

(
r−k1−1
r−1

)
resp. (−1)r−1

(
k1−1
k1−r

)
.

In order to compute Res1→2 ζ, we put s := t2 − t1 so that we can write Res1→2 ζ =

Ress=0 s
−rtk2−1

2 (t2 − s)k1−1d(−s)dt2. When k1 ≥ r − 1, this is −(−1)r−1
(
k1−1
k1−r

)
tk2−1+k1−r
2 dt2,

whose residue is zero unless k1 + k2 = r, in which case we get (−1)r
(
k1−1
k1−r

)
. When 1 ≤ k1 <

r − 1 we get zero. When k1 ≤ 0, we write

− s−rtk2−1
2 (t2 − s)k1−1dsdt2 = −s−rtk1+k2−2

2 (1− s/t2)k1−1dsdt2 =

= −s−rtk1+k2−2
2

∑
n≥0

(
n− k1

n

)
(s/t2)ndsdt2 = −

∑
n≥0

(
n− k1

n

)
tk1+k2−2−n
2 sn−rdsdt2.

Its residue in s = 0 is−
(
r−1−k1
r−1

)
tk1+k2−r−1
2 dt2 and the latter’s residue is zero unless k1+k2 = r

in which case we get −
(
r−k1−1
r−1

)
= −

(
r−k1−1
−k1

)
. �

Two residues. We now focus on the case when the pole order along ∆ij is at most 2. Con-
sider the transposition involution σij in O(N) which interchanges the factors i and j. Then
O(N)(2∆ij)/O(N) is a sheaf of R-algebras of length 2 on ∆ij and comes with an action of
σij . The line subbundle O(N)(∆ij)/O(N) is precisely the (−1) eigensubmodule of σij , so that
O(N)(2∆ij)/O(N) splits into modules of rank one:

O(N)(2∆ij)/O(N) = O(N)(∆ij)/O(N) ⊕
(
O(N)(2∆ij)/O(N)

)σij .
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We get a corresponding splitting of ω(N)(2∆ij)/ω
(N):

ω(N)(2∆ij)/ω
(N) = ω(N)(∆ij)/ω

(N) ⊕
(
ω(N)(2∆ij)/ω

(N)
)σij .

We use this splitting to define

Rij = (R′ij ,R′′ij) : ω(N)(2∆ij)→ ω(N−{j}) ⊕ ω(N−{i,j})

as the reduction

ω(N)(2∆ij)→ ω(N)(2∆ij)/ω
(N) = ω(N)(∆ij)/ω

(N) ⊕
(
ω(N)(2∆ij)/ω

(N)
)σij

postcomposed with the map which on the first summand is equal to Resj→i and which on the
second summand is Resi Resj→i. If we let ∆N denote the union of the diagonal divisors ∆kl,
k, l ∈ N distinct, then Rij extends in an obvious manner to

Rij = (R′ij ,R′′ij) : ω(N)(2∆N )→ ω(N−{i})(∆N−{j})⊕ ω(N−{i,j})(2∆N−{i,j}).

Notice that R′′ij = −R′′ji. According to Lemma 6.1 we have ω(N)(2∆N )

[Resi,Resj ] = −ResiR′ij −R′′ij .

The basic computation. Let us compute these residue operators in terms of coordinates (where
we take N = {1, 2} and (i, j) = (2, 1) for simplicity). We have for f1, f2 ∈ L,

(†) R′21

(f1(z1)f2(z2)dz1dz2

z2 − z1

)
= Res1→2

f1(z1)f2(z2)dz1dz2

z2 − z1
= −f1(z2)f2(z2)dz2,

which is indeed symmetric in f1 and f2 (even as a differential if we think of z2 as a coordinate
on ∆12) and

(‡) R′′21

(f1(z1)f2(z2)dz1dz2

(z2 − z1)2

)
= Res2 Res1→2

f1(z1)f2(z2)dz1dz2

(z2 − z1)2
=

= Res2 f2(z2)
(

Res1→2
f1(z1)dz1

(z2 − z1)2

)
dz2 = Res2 f2(z2)f ′1(z2)dz2 = Res(f2df1) = −Res(f1df2).

6.3. Moderate poles. An element of (F 0ω)(N)(2∆N ) has by definition a denominator of the
form

∏
i zi
∏
i 6=j(zi − zj). We will here be interested in a submodule for which the polar

part is milder. Let us first note that a subproduct of
∏
i zi
∏
i 6=j(zi − zj) can be completely

described in terms of a graph with vertex set N that has some double bonds and has some
of its vertices marked: draw an edge connecting i and j with the same multiplicity as the
factor zi − zj appears in the subproduct and mark the i-th vertex if zi is a factor. We now
let (F 0ω)(N)(log ∆N ) resp. (F 0ω)(N)(2 log ∆N ) be the submodule spanned by the elements
in (F 0ω)(N)(2∆N ) whose denominator is a subproduct of

∏
i zi
∏
i 6=j(zi − zj) for which the

associated marked graph has the property that each connected component is a tree resp. a
tree or a polygon (so a double bond can here only appear as a polygon with two vertices) and
that any marked vertex has degree one (and hence can only appear on a tree component).
Notice that our residue maps preserve these submodules. In fact, our residue operators Resi,
R′ji, R′′ji affect the graph as follows: Resi contracts the unique edge containing the marked
vertex i, R′ji contracts the simple edge connecting i and j, and R′′ji removes the connected
component with two vertices labeled i, j (in case this operation does not apply, all edges
and markings are removed). The module (F 0ω)(N)(log ∆N ) can also be understood as the
elements for which the polar part stays reduced after arbitrary blowing up. It is clear that
both modules are S(N)-invariant.
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6.4. The dual of a representation. We will apply the preceding to the cases when N =
{1, . . . , n} and write then n for N . We give here an alternative definition of vacua modules
and then show that this definition coincides with the one we gave earlier.

Let ` be a nonnegative integer and V be a finite dimensional irreducible representation of
g of level `V ≤ `. Denote by H̃`(L̂g, V ∗) the space of sequences of equivariant linear maps

ζ• =
(
ζn ∈ Homk[Sn](g

⊗n ⊗ V, (F 0ω)(n)(2 log ∆n))
)∞
n=0

(so ζ0 ∈ V ∗) satisfying the following two properties:
(i) for n ≥ 1,

Res1 ζn(Yn ⊗ · · · ⊗ Y1 ⊗ v) = ζn−1(Yn ⊗ · · · ⊗ Y2 ⊗ Y1v),

(ii) For n ≥ 2,

R′n,n−1 ζn(Yn ⊗ · · · ⊗ Y1 ⊗ v) = ζn−1([Yn, Yn−1]⊗ Yn−2 ⊗ · · · ⊗ Y1 ⊗ v),(iia)

R′′n,n−1 ζn(Yn ⊗ · · · ⊗ Y1 ⊗ v) = `č(Yn ⊗ Yn−1)ζn−2(Yn−2 ⊗ · · · ⊗ Y1 ⊗ v),(iib)

Note that these conditions completely describe the polar part of ζn in terms of its predecessors.
On the other hand, given these predecessors, then two choices of ζn can differ by an arbitrary
k[Sn]-homomorphism from g⊗n ⊗ V to (F 1ω)(n).

Example 6.2. Let us work this out for n = 1 and n = 2. Clearly, ζ0 ∈ V ∗. We have that

ζ1(Y ⊗ v) = ζ0(Y v)
dz

z
+ η1(Y ⊗ v)

with η1(Y ⊗ v) ∈ F 1ω so that the polar part of ζ1(Y ⊗ v) is simply ζ0(Y v)dzz . Likewise the
polar part of ζ2(Y2 ⊗ Y1 ⊗ v) is computed as follows:

ζ2(Y2 ⊗ Y1 ⊗ v) ≡
`č(Y2 ⊗ Y1)ζ0(v)dz1dz2

(z1 − z2)2
+
ζ1([Y2, Y1]⊗ v)(z2)dz1

z1 − z2
+ζ1(Y2⊗Y1v)(z2)

dz1

z1
+ζ1(Y1⊗Y2v)(z1)

dz2

z2
,

where we used the symmetry property of ζ2. We determine the residues:

Res1→2 ζ2(Y2 ⊗ Y1 ⊗ v) = ζ1([Y2, Y1]⊗ v)(z2),

so that Res2 Res1→2 ζ2(Y2 ⊗ Y1 ⊗ v) = ζ0([Y2, Y1]v). Next we observe that

Res1 ζ2(Y2 ⊗ Y1 ⊗ v) = ζ1(Y2 ⊗ Y1v)(z2) + ζ0(Y1Y2v)
dz2

z2

so that Res2 Res1(Y2 ⊗ Y1 ⊗ v) = ζ0(Y2Y1v + Y1Y2v). Finally,

Res2 ζ2(Y2 ⊗ Y1 ⊗ v) =

Res2

(ζ1([Y2, Y1]⊗ v)(z2)dz1

z1 − z2
+ ζ1(Y2 ⊗ Y1v)(z2)

dz1

z1
+ ζ1(Y1 ⊗ Y2v)(z1)

dz2

z2

)
= ζ0([Y2, Y1]v)

dz1

z1
+ ζ0(Y2Y1v)

dz1

z1
+ ζ1(Y1 ⊗ Y2v)(z1)

= ζ0(2Y2Y1v)
dz1

z1
+ η1(Y1 ⊗ Y2v)(z1),

so that Res1 Res2(Y2 ⊗ Y1 ⊗ v) = ζ0(2Y2Y1v).
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Note that this shows that (z1 − z2)−1ζ1([Y2, Y1] ⊗ v)(z2)dz1 accounts for the polar part of
ζ2(Y2⊗Y1⊗v) that only depends on Y1∧Y2; the remaining sum only depends on the symmetric
part of Y1 ⊗ Y2.

Let ζ• ∈ H̃`(L̂g, V ∗). We extend ζn to an R-linear map:

ζn : Lg⊗n ⊗ V → ω(n)(2 log ∆n)

by ζn(Xn(fn) ⊗ · · · ⊗ X1(f1) ⊗ v) := π∗nfn · · ·π∗1f1ζn(Xn ⊗ · · · ⊗ X1 ⊗ v). The following
proposition has its origin in a theorem of Beilinson-Drinfeld [2]:

Proposition 6.3. The pairing H̃`(L̂g, V ∗)× (Lg)⊗R• ⊗k V → R,〈
ζ•|Xn(fn)⊗ · · · ⊗X1(f1)⊗ v

〉
:= Reszn=0 · · ·Resz1=0 π

∗
nfn · · ·π∗1f1ζn(Xn ⊗ · · · ⊗X1 ⊗ v),

drops to a pairing
〈 | 〉 : H̃`(L̂g, V ∗)× H̃`(L̂g, V )→ R

which is topologically perfect: it identifies H̃`(L̂g, V ) with the topological dual of H̃`(L̂g, V ).

Proof. We first verify that the pairing is well-defined. The PBW theorem and the symmetry
properties of ζ• tell us that it suffices to check that for v ∈ V , X,Y ∈ g, ξ ∈ (Lg)⊗m and
η ∈ (Lg)⊗n we have

〈ζ•|η ⊗ (Y ⊗ v − Y v)〉 = 0

and 〈
ζ•|η ⊗

(
Y2f2 ⊗ Y1f1 − Y1f1 ⊗ Y2f2 − [X2, Y1]f2f1 − č(Y2, Y1) Res0 f1df2.c

)
⊗ ξ
〉

= 0.

The first assertion easily reduces the case η = 1 and is then immediate from the ordinary
residue theorem. Similarly for the proof of the second identity we may without loss of gener-
ality assume that η = 1 = ξ. Then the desired property follows from

Resz2=0 Resz1=0

(
ζ2(Y2f2 ⊗ Y1f1 ⊗ v)− ζ2(Y1f1 ⊗ Y2f2 ⊗ v)

)
= [Res2,Res1]π∗2(f2)π∗1f1.ζ2(Y2 ⊗ Y1 ⊗ v) = −Res2 Res1→2 π

∗
2(f2)π∗1f1.ζ2(Y2 ⊗ Y1 ⊗ v)

= (−Res2R′2,1−R′′2,1)π∗2(f2)π∗1f1.ζ2(Y2 ⊗ Y1 ⊗ v)

= Res2 π
∗
2(f2f1)R′2,1 ζ2(Y2 ⊗ Y1 ⊗ v) + Res(f1df2)R′′2,1 ζ2(Y2 ⊗ Y1 ⊗ v)

= ζ1([Y2, Y1]f2f1 ⊗ v) + ζ0(v)`č(Y2, Y1) Res f1df2,

where we invoked the formulae (†) and (‡).
Next we show that the pairing is topologically perfect. We have an increasing filtration

F• on H̃`(L̂g, V ) by letting Fn be the image of L̂g
⊗n
⊗ V and a decreasing filtration G• on

H̃`(L̂g, V ∗) by letting Gn be the ζ• with ζn−1 = 0.
By the PBW theorem, Fn/Fn−1

∼= Symn
R (L̂g/Ôg) ⊗ V ∼= Symn

R(g ⊗k (L/O)) ⊗ V . The
residue pairing identifies the latter’s dual with Symn

R(Hom(g, F 1ω)) ⊗ V ∗, or what amounts
to the same, the space of Sn-equivariant linear maps from g⊗n⊗k V to ann(O) = F 1ω(n). But
this is just Gn/Gn+1. �

Recall that H`(L̂g, V ) is the quotient of H̃`(L̂g, V ) by the L̂g-submodule generated by
Xα̃(t−1)1+`−`V )V (λ). Consider for Y1, . . . , Yn ∈ g and a generator vλ ∈ V (λ), the poly-
differential of degree n + ` + 1 − `V , ζn+`+1−`V (Yn ⊗ · · · ⊗ Y1 ⊗ X⊗(n+`+1−`V )

α̃ ⊗ vλ. Since
Xα̃vλ = 0, this has no poles along the divisors zi = 0, i = 1, . . . , ` + 1 − `V . Furthermore,
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č(Xα̃, Xα̃) = 0 and evidently [Xα̃, Xα̃] = 0. So this form is regular in has neither a pole along
zi = zj when 1 ≤ i < j ≤ `+ 1− `V . In other words, ζ•+`+1−`V |g⊗•⊗X

⊗`+1−`V
α̃ ⊗ V (λ) takes

values in polydifferentials that are regular in the generic point of z1 = · · · = z`+1−`V = 0. But
then more is true: the Lie algebra L̂g acts on H`(L̂g, V ∗) and hence so does g. The subrepre-
sentaion of g⊗`+1−`V ⊗ V generated by X⊗`+1−`V

α̃ ⊗ V (λ) is irreducible with highest weight
(`+ 1− `V )α̃ + λV . Its level is c(`+ 1− `V )α̃ + λV , α̃) = (2(`+ 1− `V ) + `V = 2`+ 2− `V .
Indeed, this is the unique subrepresentation of g⊗`+1−`V ⊗V of that level (and of this weight).
Let us denote this subrepresentation by (g⊗(`+1−`V ) ⊗ V )max.

Proposition 6.4. The topological dual H`(L̂g, V ∗) of H`(L̂g, V ) is the subspace H`(L̂g, V ) ⊂
H̃`(L̂g, V ) that consists of the ζ• with the property that ζ•+`+1−`V |g⊗• ⊗ (g⊗(`+1−`V ) ⊗ V )max

maps to polydifferentials that vanish on z1 = · · · = z`+1−`V = 0.

Proof. From the above discussion it is clear that ζ• ∈ H̃`(L̂g, V ), if and only if it has zero
pairing with Yn(fn) · · ·Y1(f1)Xα̃(t−1)`+1−`V vλ for all Yi ∈ g and fi ∈ L. This pairing has the
value

Resn+`+1−`V · · ·Res1
ζn+`+1−`V (Yn ⊗ · · · ⊗ Y1 ⊗X⊗`+1−`V

α̃ ⊗ vλ)

z1z2 · · · z`+1−`V

n∏
i=1

fi(zi+`+1−`V ).

This is zero for all Yn(fn)⊗ · · · ⊗ Y1(f1) if and only if the polydifferential of degree n

Res`+1−`V · · ·Res1
ζn+`+1−`V (Yn ⊗ · · · ⊗ Y1 ⊗X⊗`+1−`V

α̃ ⊗ vλ)

z1z2 · · · z`+1−`V

n∏
i=1

fi(zi+`+1−`V ).

is zero for all Yn⊗· · ·⊗Y1 ∈ g⊗n. This is equivalent to ζn+`+1−`V (Yn⊗· · ·⊗Y1⊗X⊗`+1−`V
α̃ ⊗vλ)

vanishing in z1 = · · · = z`+1−`V = 0. �

Remark 6.5. The symmetry property of ζ• implies that we have similar vanishing properties
if we permute the arguments. But we can say more: the Lie algebra L̂g acts on H`(L̂g, V ∗)
and hence so does g. This implies in particular, that the vanishing property in Proposition 6.4
above will in fact hold on .

6.5. The global counterpart. We first place ourselves in the setting of Definition 3.9. We
then have for every i ∈ I an irreducible representation Vi of g. We denote by λi ∈ h∗ the
highest weight of Vi so that λ :=

∑
i λi is the highest weight of ⊗Vi. Let V (i) ⊂ ⊗jVj be the

tensor subproduct of the Vj , j 6= i and the highest weight space Vi(λi).

Theorem 6.6. Let π : C → S and (x = (xi : S → C)i∈I) be as in Subsection 3.5. The
iterated residue pairing identifies the prevacua bundle H̃`(L̂g, V ∗)Ag with the bundle of graded
OS-modules ζ• =

(
ζn ∈ Homk[Sn]

(
g⊗n ⊗

⊗
i∈IVi, π

(n)
∗ ωC/S(x)(n)(2 log ∆n)

))∞
n=0

such that

(i) if v ∈ ⊗i∈IVi, then we have for every n ≥ 1 and every i ∈ I,

Resz1=xi ζn(Yn ⊗ · · · ⊗ Y1 ⊗ v) = ζn−1(Yn ⊗ · · · ⊗ Y2 ⊗ Y (i)
1 v),

(iia) for n ≥ 2,

R′n,n−1 ζn(Yn ⊗ · · · ⊗ Y1 ⊗ v) = ζn−1([Yn, Yn−1]⊗ Yn−2 ⊗ · · · ⊗ Y1 ⊗ v),

(iib) for n ≥ 2,

R′′n,n−1 ζn(Yn ⊗ · · · ⊗ Y1 ⊗ v) = `č(Yn ⊗ Yn−1)ζn−2(Yn−2 ⊗ · · · ⊗ Y1 ⊗ v).
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The subbundle of vacua H`(L̂g, V ∗)Ag gets identified with the graded submodule of ζ• for which

ζ`+1−`Vi+•|g
⊗• ⊗ (g⊗(`+1−`Vi ) ⊗ Vi)max ⊗j 6=i Vj resp. ζ`+1+•|g⊗• ⊗ (g⊗(`+1))max ⊗ V

takes values in polydifferentials that vanish on z1 = · · · = z`+1−`Vi = xi (i ∈ I) resp. on the
diagonal z1 = · · · = z`+1.

Proof. This is immediate from the definitions, except perhaps the last assertion where we
claim the vanishing on the diagonal. This follows from the propagation principle, for we may
add a new section xo to which we associate the trivial representation and nothing changes.

�

Proposition 6.7. Let π : C → S and x : S → C be as in Subsection 3.5. The iterated residue
pairing identifies the prevacua bundle H̃`(L̂g, V )Ag with the bundle of graded OS-modules

ζ• =
(
ζn ∈ Homk[Sn]

(
g⊗n, π

(n)
∗ ωC/S(x)(n)(2 log ∆n)

))∞
n=0

,

where ζn is Sn-equivariant and satisfies Properties (iia) and (iib) of 6.6. The subbundle of vacua
H`(L̂g, V )Ag gets identified with the graded submodule with the property that for every i ∈ I,
ζ`+1−`Vi+•|g

⊗• ⊗ (g⊗(`+1) ⊗ Vi)max ⊗ ⊗j 6=iVj resp. ζ`+1+•|g⊗• ⊗ (g⊗(`+1) ⊗ V )max takes values
in polydifferentials that vanish on z1 = · · · = z`+1−`Vi = xi resp. z1 = · · · = z`+1.

Remark 6.8. There will be other vanishing properties than we have stated here (although they
must be necessarily consequences of these). For example, if x is a local section of C/S defined
by t ∈ OC , then g(t−1) acts in a locally nilpotent manner on L̂xg, where Lx is associated to x
as usual. The same argument as used above implies that there exists an an integer d > 0 such
that for any ζ• in the vacua bundle has the property that ζd+•|g⊗• ⊗ Symd(g)⊗ V vanishes on
z1 = · · · = zd. It would be nice to connect this with the discussion of the genus zero case in
[] and [?].

6.6. A canonical 2-form on the self-product of a compact Riemann surface. In order to
discuss the vacua modules on families on curves, we prove a lemma on curves that has some
interest in its own right. Let C be a projective nonsingular curve. We take k = C and treat C
as a compact Riemann surface. Singular (Betti) cohomology is taken with Q-coefficients. We
will prove that C2 carries a canonical symmetric polydifferential with a pole of order 2 along
the diagonal.

We first observe that the Künneth formula yields the isomorphism

H2(C2) ∼=
(
H2(C)⊗1⊕ 1⊗H2(C)

)
⊕
(
H1(C)⊗H1(C)

)
.

Let us write ∆C for the diagonal in C2. Then under the above decomposition, its class [∆C ]
is equal to µ⊗ 1 + 1⊗µ+ δ, where µ ∈ H2

DR(C) is the natural generator, and δ ∈ (H1
DR(C)⊗

H1
DR(C))−σ is defined by the intersection pairing. Notice that both µ and δ are of type (1, 1).

Lemma 6.9. The map H2(C2)→ H2(C2 −∆C) is surjective with kernel Z[∆C ].

Proof. Consider the Gysin sequence

H0(∆C)→ H2(C2)→ H2(C2 −∆C)→ H1(∆C)→ H3(C2).

The first arrow has image Z[∆C ]. The last arrow is via duality identified with H1(∆C) →
H1(C2). Under the identification H1(C2) = H1(C)⊕H1(C) this is given by a 7→ a⊗ 1 + 1⊗ a
and hence is injective. �
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We already observed that we have a natural σ-anti-invariant trivialization Ω2
C2(2∆C) ⊗

O∆C
∼= O∆C

: if z is a local coordinate at x ∈ C, so that (z1, z2) is a chart at (x, x) ∈
C2, then the restriction of (z2 − z1)−2dz2 ∧ dz1 to ∆C is independent of that choice. If we
replace the ∧-symbol by a dot so that it becomes a polydifferential, then the identification
becomes σ-invariant. According to Biswas-Raina [4] there exists a η ∈ H0(C2,Ω2(2∆C))
whose restriction to ∆C yields this trivialization. We may, of course, take this generator to
be anti-invariant under σ: σ∗η = −η. So if the think of η as a polydifferential, then it is
σ-invariant. It is unique up an element of Sym2H0(C,ΩC) = H0(C2,Ω2)−σ ⊂ H2

DR(C2)−σ.
Notice that defines a cohomology class [η] ∈ H2

DR(C2 −∆C)−σ.

Lemma 6.10. The image [η] of η in H2
DR(C2 −∆C)−σ satisfies

[η] ≡ 2π
√
−1δ (mod Sym2H0(C,ΩC)).

In particular, there is in H0(C2,Ω2
C2(2∆C))−σ a unique (De Rham) representative of 2π

√
−1δ.

Proof. A class K ∈ H2
DR(C2)(1) defines a map H•DR(C) → H•DR(C) by a 7→ π2∗(K ∪ π∗1(a)).

We regard δ as an element of H2
DR(C2)(1) and then we get zero in degrees 0 and 2 and

the identity in degree 1. We next do this computation for [η]. Given x ∈ C, then identify
H1
DR(C) with the space of differentials of the second kind on C modulo the exact ones. The

cup product pairing H1
DR(C) ⊗ H1

DR(C) → H2
DR(C) ∼= C(−1) is then given as follows: if

α, β ∈ H0(C − {x},Ω1
C), then α = df , β = dg for some meromorphic functions f, g near x

and then 〈α, β〉 = −
∑

x∈C Resx(fβ) =
∑

x∈C Resx gα (multiply by 2π
√
−1 to get the Betti

cup product).
We first observe that any element of Sym2H0(C,ΩC) induces an endomorphism ofH•DR(C)

that is zero in degree 6= 1 and factors in degree 1 as H1
DR(C) � H1(C,OC)→ H0(C,ΩC) ↪→

H1
DR(C). We show that the cohomology class of η defines a map H0(C,ΩC) to itself that is

the identity. This suffices, for [η] induces the zero map in degree 6= 1. Moreover, the adjoint
of this map (relative to Serre duality) is obtained by interchanging factors and hence given by
−[η]. The same is true for δ (its adjoint is obtained by interchanging factors and hence equal
to −δ), and so [η] and δ induce the same map on H1(C,OC).

Let β be an abelian differential on C. For x ∈ C, choose a local coordinate z at x so that

η = (z1 − z2)−2dz2 ∧ dz1 + a form regular at (x, x).

We can integrate at p with respect to z1 and find that

η = dz2 ∧ d
( −1

z1 − z2
+ a regular function at (x, x)

)
.

Now if β is an abelian differential on C, then β = gdz for some meromorphic function g on C
defined at x. The residue pairing relative to the z1-coordinate (with z2 as parameter) yields

dz2 ∧ −Resz1=z2

−β(z1)

z1 − z2
= dz2 ∧ Resz1=z2

g(z1)dz1

z1 − z2
= dz2 g(z2) = β(z2).

So η induces the identity in H0(C,ΩC). �

Remark 6.11. This argument works mutatis mutandis for a smooth family C → S of projective
curves. However, some care is needed with the statement: if π(2) : C2

/S = C ×S C → S is

the projection, then we have a natural symmetric C∞-section ζ of π(2)
∗ Ω

(2)
C (2 log ∆C)σ which

spans supplement of (π
(2)
∗ Ω

(2)
C )σ in π

(2)
∗ Ω

(2)
C (2 log ∆C)σ. We cannot expect ζ to be complex-

analytic, because we used the Hodge decomposition to define it.
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6.7. Cohomology of the configuration space of a curve. In order to interpret the logarith-
mic polydifferentials in terms of Hodge theory, we digress to discuss the configuration space
of a curve.

The partitions P(N) of a finite set N are partially ordered: P ≤ P ′ means that P refines
P ′. For P ∈ P(N), we define the codimension c(P) as the difference between N and the
number of members of P. So c(P) = 0 corresponds to the finest partition N . We define the
Orlik-Solomon functor as the contravariant functor A from (P(N),≤) to the category of free
abelian groups of finite rank, characterized by the following properties:

(i) when c(P) ≤ 1, then A(P) = Z,
(ii) for c(P) > 1, the following sequence is exact

(1) 0→ A(P)→ ⊕P ′∈P(1)A(P ′)→ ⊕P ′′∈P(2)A(P ′′)→ · · · ,

where P(k) denotes the set of Q ∈ P with Q > P and c(Q) = c(P) + k. We also put
Ak(N) := ⊕c(P)=kA(P). The direct sum A•(N) = ⊕kAk(N) has the structure of a graded-
commutative ring, known as the Orlik-Solomon ring. It is generated in degree 1: if for every
2-element subset {a, b} ⊂ N , Pab denotes the partition which has {i, j} as the unique member
that is not a singleton (so that c(Pab) = 1), then A•(N) is generated by the Aij := A(Pij)
(see also [22]) and is subject to the Arnol’d relations AijAjk + AjkAki + AkiAij = 0. This
is a complete set of relations for A•(N) as a graded-commutative ring. The characterizing
property (1) shows that we have a natural map Ar(N) → A1 ⊗ Ar−1(N). It assigns to a
monomial Ai1j1 · · ·Airjr the tensor

∑r
s=1(−1)s−1Aisjs ⊗ Ai1j1 · · · Âisjs · · ·Airjr . It is injective

when r > 0 for composition with the multiplication map followed by division by r is the
identity. In view of the following topological interpretation (due to Arnol’d) it is natural to
endow Ap(N) with the Tate Hodge structure of type (p, p): denoting for any set X by X̊N

the subset of XN given by injective maps N ↪→ X, then the cohomology ring of C̊N (with its
mixed Hodge structure) can be identified with A•N . This interpretation also implies that the
Poincaré series

∑
k≥0 rk(Ak(N))tk is equal to the polynomial

∏|N |−1
k=1 (1 + kt) [?].

We now take N = {1, . . . , n} and write A•n for A•(N).

Lemma 6.12. Let C be a connected projective curve. Let x : I ↪→ C embed a nonempty finite sub-
set and put U := C − x(I). Then the natural maps H0(Cn,ΩC(x)(n)(log 2∆n))→ H0(Ůn) and
H0(Cn,ΩC(x)(n)(log ∆n)) → H0(Ůn) are injective with the latter taking values in FnH0(Ůn).
Moreover, the natural maps H0(C,ΩC)⊗n → H0(Cn,Ωn

C(log ∆n)) → FnH0(C̊n) are isomor-
phisms.

Proof. The diagonals of Un define a decomposition of Un into strata with each stratum being
given by a partition of n. For every partition P of n we denote by UP the corresponding
stratum closure in Un. Note that its codimension is c(P) and hence is isomorphic to Un−c(P).
In [14] we set up a spectral sequence of mixed Hodge structures

E−p,q1 = ⊕c(P)=pH
q−2p(UP ;Z)⊗A(P)⇒ Hq−p(Ůn;Z).

This remains a spectral sequence if we apply Fn:

FnE−p,q1 = ⊕c(P)=pF
n−pHq−2p(UP)⊗A(P)⇒ FnHq−p(Ůn).

Since UP ∼= Un−p and F rHk(U) = for k < r, the term FnE−p,q1 is zero unless q−2p ≥ n−p, or
equivalently, q ≥ n+ p. In case x is nonempty, U is affine, and then Un−p has no cohomology
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in degree > n− p so that Fn−pE−p,q1 is zero unless q − 2p ≤ n− p, or equivalently, q ≤ n+ p.
Hence the sequence degenerates: we have

FnE−p,q∞ = ⊕c(P)=pF
n−pHq−2p(UP)⊗A(P) ∼= Fn−pHq−2p(Un−p)⊗Apn.

If we take q = n+p, then this shows that FnHn(Ůn) has a filtration whose associated graded
vector space is ⊕pFn−pHn−p(Un−p)⊗Apn ∼= ⊕pH1(C,Ω(x))⊗(n−p) ⊗Apn.

Assume now C projective. The above spectral sequence also exists for U . Then E−p,q1 is
then pure of weight q and so the sequence degenerates at E2: E−p,n+p

∞ is the homology of the
sequence of Gysin maps

Hn−p−2(Cn−p−1)⊗Ap+1(n)→ Hn−p(Cn−p)⊗Ap(n)→ Hn+2−p(Cn+p+1)⊗Ap−1(n)

Then FnHn(C̊n) is the homology of the sequence

Fn−p−1Hn−p−2(Cn−p−1)⊗Ap+1(n)→ Fn−pHn−p(Cn−p)⊗Ap(n)→
→ Fn−p+1Hn−p+2(Cn−p+1)⊗Ap−1(n).

Note that Fn−p−1Hn−p−2(Cn−p−1) = 0, and by the Künneth theorem, Fn−pHn−p(Cn−p) ∼=
H0(C,ΩC)⊗(n−p) and Fn−p+1Hn−p+2(Cn−p+1) ∼=

∑n−p+2
i=1 π∗i µ ∪ H0(C,ΩC)⊗(n−p). In fact,

the second map is obtained by tensoring H0(C,ΩC)⊗(n−p) with the map Ap(n) → A1(n) ⊗
Ap(n − 1) defined above. As this map is injective for p > 0, it follows that FnHn(C̊n) ∼=
H0(C,ΩC)⊗n. �

6.8. Application to vacua bundles. We apply this to our description of vacua bundles. We
use Lemma 6.10 to define for n ≥ 2,

ζ+
n (Yn ⊗ · · · ⊗ Y1 ⊗ v) := ζn(Yn ⊗ · · · ⊗ Y1 ⊗ v)

−
∑
i>j

`č(Yi ⊗ Yj)πij∗ζn−2(Yn ⊗ · · · ⊗ Ŷi ⊗ · · · ⊗ Ŷj ⊗ · · · ⊗ Y1 ⊗ v)π∗ijη,

(where πij : Cn/S → C
2
/S and πij : Cn/S → C

n−2
/S retain (resp. ignore) the factors with indices

i, j) has at most a pole of order one along a relative diagonal. If we let ζ+
i = ζi for i = 0, 1,

then we find that the system ζ• satisfies the properties (i), (iia) and (iib) above if and only if
ζ+
• satisfies the properties (i) and (iia). The advantage of ζ+

• over ζ• is that it takes values in
the space of logarithmic polydifferentials. It follows from Lemma’s 6.10 and 6.12 that both ζ•
and ζ+

• can be understood as taking values in the cohomology of configuration spaces.

Corollary 6.13. In the situation of Proposition 6.7, the iterated residue pairing identifies the
prevacua bundle as a C∞-bundle with the bundle of graded OS-modules

ζ+
• =

(
ζ+
n ∈ Homk[Sn]

(
g⊗n, π

(n)
∗ ωC/S(x)(n)(log ∆n)

))∞
n=0

,

where ζ+
n satisfies the residue properties (i) and (iia) of 6.6. This identifies subbundle of vacua

H`(L̂g, V )Ag with the submodule of ζ• with the property that for every i ∈ I, ζ`+1−`Vi+•|g
⊗• ⊗

(g⊗(`+1)⊗ Vi)max⊗⊗j 6=iVj resp. ζ`+1+•|g⊗•⊗ (g⊗(`+1)⊗ V )max takes values in polydifferentials
that vanish on z1 = · · · = z`+1−`Vi = xi resp. z1 = · · · = z`+1. We may replace here

H0(Cn,Ω
(n)
C (log ∆n)) by the Hodge space FnHn(C̊n) ⊗ det(Zn), and in case, I = ∅, even by

H0(Cn,Ωn
C)⊗ det(Zn) = FnHn(Cn)⊗ det(Zn).
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6.9. The WZW-action on vacua bundles. Recall that

Tg(D̂k) =
−1

`+ ȟ

∑
κ

∑
k1+k2=k

1
2 : Xκt

k2 ◦Xκt
k1 : .

and that its action on on H`(L̂g, k) is given by

Tg(D̂k)
(
Yrfr ◦ · · · ◦ Y1f1 ◦ r) =

=

r∑
i=1

Yrfr ◦ · · · ◦ YiDk(fi) ◦ · · · ◦ Y1f1 ◦ r + Yrfr ◦ · · · ◦ Y1f1 ◦ rTg(D̂k)

.

In order to determine the induced action on the space of polydifferentials H`(L̂g, k) we first
note that the action of θ on ω by Lie derivation, LD(α) := d(〈D,α〉), is minus the adjoint of
D acting on L (with respect to the residue pairing): r(α,Df) + r(LD(α), f) = 0. We extend
the Lie action on ω in the obvious way to ω(n) by letting LD act as

∑
i L

(i)
D , where L(i)

D acts in
the ith factor. It then follows that

〈ζ| − Tg(D̂k)
(
Yrfr ◦ · · · ◦ Y1f1 ◦ r

)
〉 =

= 〈LDζn|Yrfr ◦ · · · ◦ Y1f1 ◦ r〉 − 〈ζn+2|Yrfr ◦ · · · ◦ Y1f1 ◦ rTg(D̂k)〉.

We analyze the last term by computing

(2) Res2 Res1 ζ2(Tg(Dk)⊗ v) =
−1

`+ ȟ
Res2 Res1

∑
κ

ζ2(Xκ ⊗Xκ ⊗ v)
∑

k1+k2=k

: 1
2z
k2
2 zk11 :

We may write ζ2(C ⊗ v) = 2`ζ0(v)(z1 − z2)−2dz2dz1 + ζ+
2 (C ⊗ v) with

ζ+
2 (C ⊗ v) =

∑
κ

∑
r1≥0,r2≥0

ζκr1,r2(v)zr1−1
1 zr2−1

2 dz1dz2

for certain ζκr1,r2 ∈ Homk(V,L
(n)(2 log ∆n)), where we note that ζκr1,r2 = ζκr2,r1 by S2-invariance.

Let k1, k2 be such that k1 + k2 = k. Then

Resz2=0 Resz1=0
zk22 zk11

(z1 − z2)2
dz2dz1 =

{
k2 = −k1 if k = 0 and k2 > 0,
0 otherwise.

Here we only have such terms for which k2 ≤ k1, and so it follows that

〈(Tg(Dk)v|(z1 − z2)−2dz2dz1〉 = 0.

If we replace in Equation (2), ζ2(C ⊗ v) by ζ+
2 (C ⊗ v), then, since ζ+

2 (C ⊗ v) is S2-invariant
and there is no pole along the diagonal, the order of the residues is immaterial and so we can
here omit the normal ordering symbol. Hence

Res2 Res1 ζ
+
2 (Tg(Dk)⊗ v) =

=
−1

`+ ȟ
Res2 Res1

(∑
r1≥0
r2≥0

ζκr1,r2z
r1−1
1 zr2−1

2 dz2dz1.
(

1
2

∑
k1+k2=k

zk22 zk11

))
= 1

2

∑
k1+k2=k

ζκ−k1,−k2 .
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On the other hand,

〈D(1)
k , ζ+

2 (C ⊗ v)〉 =
∑

r1,r2≥N
ζκr1,r2z

k+r1
1 zr2−1

2 dz2,

where the upper index in D
(1)
k refers to the position of the argument with which Dk is con-

tracted. The restriction of this expression to the diagonal z1 = z2 is
∑

r1,r2≥N ζ
κ
r1,r2z

r1+r2+k−1dz

of which the residue at z = 0 is
∑

r1+r2=−k ζ
κ
r1,r2 =

∑
k1+k2=k ζ

κ
−k1,−k2 . Notice that this is also

what we get if D(1)
k is replaced by D(2)

k . Thus we find that

ζ+
2 (C ⊗ v) := ζ2(η ⊗ c⊗ v)− `dim g.ζ0(v)

dz1dz2

(z1 − z2)2
,

has no pole along ∆12 and that for every k-derivation D of L we have

Res2 Res1 ζ2(Tg(D)v) =
−1

2(`+ ȟ)
Res

(
〈D(1), ζ+

2 (C ⊗ v)〉|∆12

)
.

Corollary 6.14. The Sugawara action on H̃(L̂g, k) is given by:

Tg(D̂)(ζn) = −LD(ζn) + Sg(D)(ζn+2),

where

Sg(D)(ζn+2)(Ynfn ⊗ · · ·Y1f1 ⊗ v) :=
−1

2(`+ ȟ)
Res

(
〈D(1), ζ+

n+2(Yn ⊗ · · ·Y1 ⊗ C ⊗ v)〉|∆12

with

ζ+
n+2(Yn ⊗ · · ·Y1 ⊗ C ⊗ v) :=

= ζn+2(Yn ⊗ · · ·Y1 ⊗ C ⊗ v)− `dim g.ζn(Yn ⊗ · · ·Y1 ⊗ C ⊗ v)(z3, . . . , zn+2)
dz1dz2

(z1 − z2)2
.
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Sci. École Norm. Sup. (4) 30 (1997), 499–525.
[14] E. Looijenga: Cohomology of M3 and M1

3, in: Mapping class groups and moduli spaces of Riemann surfaces
(Gttingen, 1991/Seattle, WA, 1991), 205–228, Contemp. Math. 150, Amer. Math. Soc., Providence, RI,
1993. 44

[15] D. Mumford: On the equations defining abelian varieties I, Invent. Math. 1 1966 287–354. 11
[16] P. Scheinost, M. Schottenloher: Metaplectic quantization of the moduli spaces of flat and parabolic bundles, J.

Reine Angew. Math. 466 (1995), 145– 219.
[17] G. Segal: The definition of conformal field theory, in: Topology, geometry and quantum field theory, 421–577,

London Math. Soc. Lecture Note Ser., 308, Cambridge Univ. Press, Cambridge, 2004.
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[27] K. Ueno: Conformal field theory and modular functor, in Advances in algebra and combinatorics, 335–352,
World Sci. Publ., Hackensack, NJ, 2008.

[28] K. Ueno: Conformal field theory with gauge symmetry. Fields Institute Monographs, 24. American Mathemat-
ical Society, Providence, RI; Fields Institute for Research in Mathematical Sciences, Toronto, ON, 2008.

[29] G.E. Welters: Polarized abelian varieties and the heat equations, Compositio Math. 49 (1983), 173–194. 14


