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Throughout this course we fix a field k, which we assume is algebraically
closed. Recall that this means that every polymial f € k[z] of positive degree
has a root z; € k: f(x1) = 0. This implies that we can split off the factor z —
from f with quotient a polynomial of degree one less than f. Continuing in this
manner we find that f decomposes simply as f(x) = c¢(x — 1) - (x — z4) with
¢ € k—{0} and z1,...,x4 € k. Since an algebraic extension of % is obtained by
adjoining to k roots of polynomials in k[z], this also shows that the property in
question is equivalent to: every algebraic extension of k is equal to k.

A first example you may think of is the field of complex numbers C, but as we
proceed you should be increasingly be aware of the fact that there are many others:
it is shown in a standard algebra course that for any field F an algebraic closure F
is obtained by adjoining to F the roots of every polynomial f € F[z] (this can not
always be done in one step, and might involve an infinite process). So we could
take for k an algebraic closure of the field of rational numbers Q, of the finite field
F,, where ¢ is a prime power' or even of the quotient field of any integral domain
such as Clz1, ...,z

Rings are always supposed to possess a unit element 1 and a ring homomor-
phism will always take unit to unit. We also assume them to be commutative un-
less the contrary is stated. If R is a ring, then we denote the multiplicative group
of invertible elements of R by R*. An R-algebra is a ring A endowed with a ring
homomorphism ¢ : R — A, but if ¢ is understood, then for every r € Rand a € A,
the product ¢(r)a is often denoted by ra.

ISince the elements of any algebraic extension of Fy of degree n > 2 are roots of @) — z, we
only need to adjoin roots of such polynomials.



CHAPTER 1

Affine varieties

1. The Zariski topology

Any f € k[zy,...,z,] determines in an evident manner a function k" — k.
In such cases we prefer to think of k™ not as vector space—its origin and vector
addition will be irrelevant to us—but as a set with a weaker structure. We shall
make this precise later, but it basically amounts to only remembering that elements
of k[z1,...,x,] can be understood as k-valued functions on it. For that reason it is
convenient to denote this set differently, namely as A" (or as A7, if we feel that we
should not forget about the field k). We refer to A™ as the affine n-space over k. A
function A" — k is then said to be regular if it is defined by some f € k[z1,...,2,].
We denote the zero set of such a function by Z( f) and the complement (the nonzero
set) by U(f) € A™. If f is not a constant polynomial (that is, f ¢ k), then we call
Z(f) a hypersurface of A™.

EXERCISE 1. Prove that f € k[z1,...,x,] is completely determined by the reg-
ular function it defines. (Hint: do first the case n = 1.) So the ring k[x1, ..., z,] can
be regarded as a ring of functions on A™ under pointwise addition and multiplica-
tion. (This would fail to be so had we not assumed that k is algebraically closed:
for instance the function on the finite field F, defined by x? — « is identically zero.)

EXERCISE 2. Prove that a hypersurface is nonempty. (Hint: use Exercise 1.)

It is perhaps somewhat surprising that in this rather algebraic context, the lan-
guage of topology proves to be quite effective: algebraic subsets of A™ shall appear
as the closed sets of a topology, albeit a rather peculiar one.

LEMMA-DEFINITION 1.1. The collection {U(f) : f € k[z1,...,zy]} is a basis of a
topology on A", called the Zariski topology'. A subset of A™ is closed for this topology
if and only if it is an intersection of zero sets of regular functions.

PROOF. We recall that a collection {U, }, of subsets of a set X is a basis for a
topology if and only if any intersection U,, N U,, is a union of members of {U, },.
This is here certainly the case, for U(f1) N U(f2) = U(f1f2). Since an open subset
of A™ is by definition a union of subsets of the form U(f), a closed subset must be
an intersection of subsets of the form Z(f). O

EXAMPLE 1.2. The Zariski topology on A! is the cofinite topology: its closed
subsets # A! are the finite subsets.

EXERCISE 3. Show that the diagonal in A? is closed for the Zariski topology,
but not for the product topology (where each factor A! is equipped with the Zariski
topology). So A? does not have the product topology.

1We shall later modify the definition of both A™ and the Zariski topology.
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We will explore the mutual relationship between the following two basic maps:
I : {subsets of A"} — {ideals of k[z1,..., 2]},
X CA"— I(X):={f €k[z,...,xs] : fIX =0}
Z : {subsets of k[z1,...,z,]} — {closed subsets of A"}.
J Cklzy,...,zn] — Z(J) :==Nses Z(f).
Observe that
I(X1UXy) = I(X1)NI(Xy), Z(J1UJs)=2Z(J1)NZ(Js),

in particular, both I and Z are inclusion reversing. We also note that I(A™) = (0),
by Exercise 1, and that any singleton {p = (p1,...,pn)} C A™ is closed, as it is the
common zero set of the degree one polynomials x1 — p1,...,Zn — pn.

EXERCISE 4. Prove that I({p}) is in fact equal to the ideal generated by these
polynomials and that this ideal is maximal.

EXERCISE 5. Prove that the (Zariski) closure of a subset Y of A" is equal to
Z(I(Y)).

Given Y C A", then f,g € k[z1,...,z,] have the same restriction to Y if and
only if f — g € I(Y). So the quotient ring k[z1,...,z,]/I(Y) can be regarded as a
ring of k-valued functions on Y. Notice that this ring does not change if we replace
Y by its Zariski closure.

DEFINITION 1.3. Suppose Y is closed in A™. Then k[z1,...,2,]/I(Y) is called
the coordinate ring of Y and we denote this ring by A(Y"). A function Y — k is said
to be regular if it lies in this ring.

Let Y C A" be closed. If X C Y, then I(X) D I(Y), so that Iy (X) :=
I(X)/1(Y) is an ideal of A(Y'): it is the ideal of regular functions on Y that vanish
on X. Conversely, an ideal of A(Y') is of the form J/I(Y), with J an ideal of
klx1,...,z,] that contains I(Y'), and such an ideal defines a closed subset Z(.J)
contained in Y. So the two basic maps above give rise to:

Iy : {subsets of Y} — {ideals of A(Y)},
Zy : {subsets of A(Y)} — {closed subsets of Y'}.

We ask: which ideals of k[z1,...,z,] are of the form I(Y") for some Y? Clearly
if f € k[x1,...,x,] is such that some positive power vanishes on Y/, then f vanishes
on Y. In other words: if f™ € I(Y) for some m > 0, then f € I(Y). This suggests:

PROPOSITION-DEFINITION 1.4. Let R be a ring (as always commutative and with
1) and let J C R be an ideal. Then the set of a € R with the property that ™ € J for
some m > 0 is an ideal of R, called the radical of .J and denoted /.J.

We say that J is a radical ideal if /.J = J.

We say that the ring R is reduced if the zero ideal (0) is a radical ideal (in other
words, R has no nongero nilpotents: if a € R is such that a™ = 0, then a = 0).

PROOF. We show that v/J is an ideal. Let a,b € v/J so that a™,b" € J for
certain positive integers m,n. Then for every » € R, ra € v/J, since (ra)™ =
r™a™ € J. Similarly a—b € \/J, for (a—b)™*" is a linear combination of monomials
that are multiples of a™ or b™ and hence lie in J. O
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EXERCISE 6. Show that a prime ideal is a radical ideal.

Notice that J is a radical ideal if and only if R/J is reduced. The preceding
shows that for every Y € A", I(Y) is a radical ideal, so that A(Y") is reduced. The
dictionary between algebra and geometry begins in a more substantial manner with

THEOREM 1.5 (Hilbert’s Nullstellensatz). For every ideal J C k[z1,...,z,] we
have I(Z(J)) = V/J.

We inclusion D is clear; the hard part is the opposite inclusion. We postpone
its proof, but we discuss some of the consequences.

COROLLARY 1.6. Let Y C A" be closed. Then the maps Iy and Zy restrict to
bijections:
closed subsets of Y « radical ideals of A(Y').

These bijections are inclusion reversing and each others inverse.

PROOF. We first prove this for Y = A™. It is clear that for every closed subset
X of A™ we have Z(I(X)) = X . The Nullstellensatz says that for a radical ideal
J C kl[z1,...,x,), we have I(Z(J)) = J.

An ideal of A(Y) is of the form J/I(Y"). This is a radical ideal if and only if .J
is one. So the property also follows for an arbitrary closed Y. O

Let m be a maximal ideal of k[z1,...,2,]. Such an ideal is certainly radical
as it is a prime ideal and so it is also maximal among the radical ideals that are
distinct from k[z1, . .., z,]. Hence it is of the form I(Y) for a closed subset Y. Since
the empty subset of A" is defined by the radical ideal k[z1,...,x,], Corollary 1.6
implies that Y will be nonempty and minimal for this property. In other words,
Y is a singleton {y} (and if y = (ay,...,a,), then m = (1 — ay,...,2, — a,), by
Exercise 4). Thus the above correspondence provides a bijection between the points
of A™ and the maximal ideals of A™. If we are given a closed subset Y C A™ and
a point y € A", then y € Y if and only if the maximal ideal defined by y contains
I1(Y). But a maximal ideal containing /(Y) is the preimage of a maximal ideal in
AY) = klxq,...,2,]/I(Y). We conclude that points of Y correspond to maximal
ideals of A(Y'). Via this (or a very similar) correspondence, algebraic geometry
seeks to express geometric properties of Y in terms of algebraic properties of A(Y)
and vice versa. In the end we want to forget about the ambient A™ completely.

2. Irreducibility and decomposition

We introduce a property which for most topological spaces is of little interest,
but as we will see, is quite useful (and natural) for spaces equipped with the Zariski
topology.

DEFINITION 2.1. Let Y be a topological space. We say that Y is irreducible if
it is nonempty and cannot be written as the union of two closed subsets # Y. An
irreducible component of Y is a maximal irreducible closed subset of Y.

EXERCISE 7. Prove that no Hausdorff space with more than one point is irre-
ducible. Prove also that an infinite set with the cofinite topology is irreducible.

EXERCISE 8. Let C be an irreducible subspace of a topological space Y. Prove
that if G4,..., G, are closed subsets of Y whose union contains C, then one of
these contains C.
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LEMMA 2.2. Let Y be a topological space.

(i) IfY is irreducible, then every nonempty open subset of Y is dense in Y and
irreducible.

(ii) Conversely, if C C Y is an irreducible subspace, then C is also irreducible.
In particular; an irreducible component of Y is always closed in Y.

PROOF. (i) Suppose Y is irreducible and let U C Y be open and nonempty.
Then Y is the union of the two closed subspaces Y —U and U. Since Y is irreducible,
and Y — U # Y, we must have U = Y. So U is dense in Y. To see that U is
irreducible, suppose that U is the union of two subsets that are both closed in U.
These subsets will be of the form G; N U with G; closed in Y. Then G; U Gs is a
closed subset of Y which contains U. Since U =Y, it follows that Gy, UGy = Y
The irreducibility of ¥V implies that one of the G; (say G;) equals Y and then
U=G;nNnU.

(ii) Let C C Y be irreducible (and hence nonempty). If C is written as a union
of two closed subsets G, G5 of Y, then C is the union of the two subsets G; N C
and G> N C that are both closed in C, and so one of these, say G; N C, equals C.
This means that G; D C and hence G > C. So C is irreducible. O

The following proposition tells us what irreducibility amounts to in the Zariski
topology.

PROPOSITION 2.3. Let Y C A" be closed and nonempty. Then Y is irreducible
if and only if I(Y) is a prime ideal (which, we recall, is equivalent to: A(Y) =
klx1,...,2,]/1(Y) is an integral domain).

PROOF. Suppose Y is irreducible and f,g € k[zy,...,z,] are such that fg €
I(Y). ThenY C Z(fg) = Z(f)U Z(g). Since Y is irreducible, Y is contained in
Z(f)orin Z(g). So f € I(Y) or g € I(Y'), proving that I(Y) is a prime ideal.

Suppose I(Y) is a prime ideal, but that Y is the union of two closed subsets
Y7 and Y3 that are both # Y. Since Y; # Y, there exists a f; € I(Y;) such that
fi € I(Y;) — I(Y). Then fif2 vanishes on Y; UY> = Y, so that f1fo € I(Y).
The fact I(Y) is a prime ideal implies that one of f; and f; is in I(Y). Whence a
contradiction. O

One of our first aims is to prove that the irreducible components of any closed
subset Y C A" are finite in number and have Y as their union. This may not
sound very surprising, but we will see that this reflects some nonobvious algebraic
properties. Let us first consider the case of a hypersurface. Since we are going
to use the fact that k[z4,...,2,] is a unique factorization domain, we begin with
recalling that notion:

DEFINITION 2.4. We say that R is a unique factorization domain if R has no zero
divisors and every principal ideal (a) in R which is neither the zero ideal nor all of
R is in unique manner a product of principal prime ideals: (a) = (p1)(p2) - (ps)
(so the ideals (p1), ..., (ps) are unique up to order).

Here are two basic examples.

A principal prime ideal of Z is of the form (p), with p a prime number. Every
integer n > 2 has a unique prime decomposition and so Z is a unique factorization
domain.
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More relevant here is the case k[zy,...,z,] with n > 0. A principal ideal of
this ring is prime precisely when it is generated by an irreducible polynomial of
positive degree. It is indeed true that every f € k[zy,...,x,] of positive degree
can be written as a product of irreducible polynomials and that this factorization is
unique up to order and multiplication of each factor by a nonzero element of k.

PROPOSITION 2.5. If f € k[z1,...,xy,] is irreducible, then the hypersurface Z(f)
it defines is irreducible. If f € k[x1,...,x,] is of positive degreeand f = f1fo--- fsisa
decomposition into irreducible polynomials, then Z(f1),...,Z(fs) are the irreducible
components of Z(f) and Z(f) = Z(f1) U---U Z(fs) (but we are not claiming that
the Z(f;)’s are pairwise distinct). In particular, a hypersurface is the union of its
irreducible components; these irreducible components are hypersurfaces and finite in
number.

PROOF. If f € k[xy,...,x,] is irreducible, then f generates a prime ideal and
so Z(f) is an irreducible hypersurface by Proposition 2.3.
If f € klxy,...,x,] is of positive degree and f = f1 f2- - fs as the proposition,

then it is clear that Z(f) = Z(f1) U--- U Z(fs) with each Z(f;) irreducible. To
see that Z(f;) is an irreducible component of Z(f), suppose that C C Z(f) is
irreducible and contains Z(f;). We must show that C = Z(f;).

Since C C Z(f) = Z(f1)U---UZ(fs) and C is irreducible, we have C C Z(f;)
for some j (by Exercise 8). Hence Z(f;) C Z(f;). By the Nullstellensatz this is
equivalent to f; € (f;), in other words, f; divides f;. Since f; is irreducible this can
only be so if f; = cf; for some ¢ € k—{0}. This implies that C = Z(f;) = Z(f;). O

The discussion of the general case begins with the rather formal

LEMMA 2.6. For a partially ordered set (A, <) the following are equivalent:

(1) (A, <) satisfies the ascending chain condition: every ascending chain a; <
as < ag < --- becomes stationary: a,, = a,11 = - - - for n sufficiently large.

(ii) Every nonempty subset B C A has a maximal element, that is, an element
by € B such that we never have b > bq for some b € B.

PROOF. (i)=-(ii). Suppose (A4, <) satisfies the ascending chain condition and
let B C A be nonempty. Choose b; € B. If b; is maximal, we are done. If not, then
there exists a by € B with by > b;. We repeat the same argument for b,. We cannot
indefinitely continue in this manner because of the ascending chain condition.

(ii)<=(@). If (A, <) satisfies (ii), then the set of members of any ascending chain
has a maximal element, in other words, the chain becomes stationary. O

If we replace < by >, then we obtain the notion of the descending chain condi-
tion and we find that this property is equivalent to: every nonempty subset B C A
has a minimal element. These properties appear in the following pair of definitions.

DEFINITIONS 2.7. We say that a topological space Y is noetherian if its collec-
tion of closed subsets satisfies the descending chain condition.

We say that a ring R is noetherian if its collection of ideals satisfies the ascend-
ing chain condition.

EXERCISE 9. Prove that a subspace of a noetherian space is noetherian. Prove
also that a ring quotient of a noetherian ring is noetherian.

EXERCISE 10. Prove that a noetherian space is compact: every covering of such
a space by open subsets contains a finite subcovering.
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The interest of the noetherian property is that it is one which almost all the
rings we encounter possess and that it implies many finiteness properties without
which we would not be able to go very far. Let us give a nonexample first: the ring
R of holomorphic functions on C is not noetherian: if I, denotes the ideal of f € R
vanishing on all the integers > k, then I; C I C --- is a strictly ascending chain of
ideals in R.

Obviously a field is noetherian. The ring Z is noetherian: if I, C I C --- is an
ascending chain of ideals in Z, then US2, I; is an ideal of Z, hence of the form (n)
for some n € Z. But if s is such that n € I, then clearly the chain is stationary as
of index s. (This argument only used the fact that any ideal in Z is generated by a
single element, i.e., that Z is a principal ideal domain.) That most rings we know
are noetherian is a consequence of

THEOREM 2.8 (Hilbert’s basis theorem). If R is a noetherian ring, then so is
RJx].

As with the Nullstellensatz, we postpone the proof and discuss some of its
consequences first.

COROLLARY 2.9. If R is a noetherian ring, then so is every finitely generated R-
algebra. In particular, any ring quotient of k[x1, . . ., x,] is noetherian. Also, the space
A™ is noetherian.

PROOF. The Hilbert basis theorem implies (with induction on n) that R[x1, . .., x,]
is noetherian. Hence every quotient ring R[z1, ..., z,]/I is also noetherian. By def-
inition, a finitely generated R-algebra is as such isomorphic to some such quotient
and so the first statement follows.

Suppose A™ D Y; D Y; D --- is a descending chain of closed subsets. Then
I(Y7) C I(Y2) C --- is an ascending chain of ideals. As the latter becomes station-
ary, so will become the former. O

PROPOSITION 2.10. If Y is noetherian space, then its irreducible components are
finite in number and their union equals Y.

PROOF. Suppose Y is a noetherian space. We first show that every closed sub-
set can be written as a finite union of closed irreducible subsets. Let B be the
collection of closed subspaces of Y for which this is not possible, i.e., that can-
not be written as a finite union of closed irreducible subsets. Suppose that B is
nonempty. According to 2.6 this collection has a minimal element, Z, say. Since
Z € B, Z is reducible: Z is the union of two proper closed subsets Z’ and Z”.
The minimality of Z implies that neither Z’ nor Z” is in B: both Z’ and Z” can be
written as a finite union of closed irreducible subsets. But then so can Z and we
get a contradiction.

In particular, there exist closed irreducible subsets Y7,...,Y; of Y such that
Y =Y1U---UY,. We may of course assume that no Y; is contained in some Y; with
j # 1 (otherwise, omit Y;). It now remains to prove that the Y;’s are the irreducible
components of Y, that is, we must show that every irreducible subset C' of Y is
contained in some Y;. But this follows from an application of Exercise 8. d

If we apply this to A", then we find that every subset Y C A™ has a finite
number of irreducible components, the union of which is all of Y. If Y is closed
in A", then so is every irreducible component of Y and according to Proposition
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2.3 any such irreducible component is defined by a prime ideal. This allows us to
recover the irreducible components of a closed subset Y C A™ from its coordinate
ring:

COROLLARY 2.11. Let Y C A™ be a closed subset. If C is an irreducible component
of Y, then the image of I(C') in A(Y) is a minimal prime ideal of A(Y'). Conversely
the preimage of a minimal prime ideal of A(Y') is the ideal defined by an irreducible
component of Y. We thus get a bijective correspondence between the irreducible com-
ponents of Y and the minimal prime ideals of A(Y').

PROOF. Let C be a closed subset of Y and let Iy (C) be the corresponding ideal
of A(Y). Now C is irreducible if and only if I(C) is a prime ideal of k[x1, ..., x,],
or what amounts to the same, if and only if Iy (C) is a prime ideal of A(Y). It is
an irreducible component if C' is maximal for this property, or what amounts to the
same, if Iy (C') is minimal for the property of being a prime ideal of A(Y"). O

EXAMPLE 2.12. Consider the set C := {(¢,t2,#3) € A%|t € k}. This is a closed
subset of A3: if we use (z,v, 2) instead of (1,2, x3), then C is the common zero
set of y — 22 and z — z3. Now the inclusion k[z] C k[z,y, 2] composed with the ring
quotient k[z,y, 2] — k[z,y, z]/(y — 22, 2 — x3) is easily seen to be an isomorphism.
Since k[z] has no zero divisors, (y — z2, 2z — 2*) must be a prime ideal. So C is
irreducible and I(C) = (y — 22,z — a3).

Now consider the closed subset Y C A3 defined by 2y — z = 0 and 3 — 22 = 0.
Let p = (z,y,2) € Y. If y # 0, then we put ¢ := z/y; from y® = 22, it follows that
y = t? and z = t3 and xy = z implies that z = ¢. In other words, p € C in that
case. If y = 0, then z = 0, in other words p lies on the z-axis. Conversely, any point
on the z-axis lies in Y. So Y is the union of C' and the z-axis and these are the

irreducible components of Y.

We briefly discuss the corresponding issue in commutative algebra. We begin
with recalling the notion of localization and we do this in the generality that is
needed later.

2.13. LOCALIZATION. Let R be a ring and let S be a multiplicative subset of
R: 1€ 8,0 ¢ S and S closed under multiplication. Then a ring S~! R, together
with a ring homomorphism R — S~!R is defined as follows: an element of S™'R
is written as a formal fraction r/s, with » € R and s € S, with the understand-
ing that /s = r’/s’ if and only if s”(s'r — sr') = 0 for some s € S. This is
a ring indeed: multiplication and subtraction is defined as for ordinary fractions:
r/sax’/s = (rr')/(ss')and r/s—71'/s' = (s'r —sr’)/(ss’); ithas 0/1 as zero and 1/1
as unit element. Since 0 ¢ S, we have 0/1 # 1/1. The homomorphism R — SR
is simply r — /1. Notice that it maps any s € S to an invertible element of S~! R:
the inverse of s/1is 1/s. In a sense (made precise in part (b) of Exercise 11 below)
the ring homomorphism R — S~!R is universal for that property. This construction
is called the localization away from S.

It is clear that if S does not contain zero divisors, then r/s = r//s’ if and only
if s'r — sr’ = 0; in particular, /1 = 0/1 if and only if » = 0, so that R — S~ 'R is
then injective. If we take S maximal for this property, namely take it to be the set
of nonzero divisors of R (which is indeed multiplicative), then S~ R is called the
fraction ring K(R) of R. In case R is an integral domain, S = R — {0} and so K (R)
is a field, the fraction field of R.
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We take the occasion here to note the following simple consequence: every
prime ideal p of a ring R appears as the kernel of a ring homomorphism from
that ring to a field: just take the composite R — R/p — K(R/p) (it is clear that
conversely the kernel of a ring homomorphism from R to a field is always a prime
ideal).

The case of immediate interest here is when we are given some a € R which is
not nilpotent. Then we can take S = {a™|n > 0} in which case we usually write
R[1/a] for S7'R.

EXERCISE 11. Let R be a ring and let .S be a multiplicative subset of R.

(a) What is the the kernel of R — S™'R?

(b) Prove that a ring homomorphism ¢ : R — R’ with the property that ¢(s)
is invertible for every s € S factors in a unique manner through S—!R.

(c) Consider the polynomial ring R[zs; : s € S] and the homomorphism of
R-algebras R[z; : s € S] — S™!R that sends z; to 1/s. Prove that this
homomorphism is surjective and that its kernel is generated by the ideal
generated by the degree one polynomials sz, — 1, s € S.

EXERCISE 12. Let R be a ring and let p be a prime ideal of R.

(a) Prove that the complement R — p is a multiplicative system. The result-
ing localization (R — p)~' R is called the localization at p and is usually
denoted R,,.

(b) Prove that pR, is a maximal ideal of R, and that it is the only maximal
ideal of R,. (A ring with a unique maximal ideal is called a local ring.)

(c) Prove that the localization map R — R,, drops to an isomorphism of fields
K(R/p) — Ry /pR,.

(d) Work this out for R = Z and p = (p), where p is a prime number.

(e) Same for R = k[z,y] and p = (z).

LEMMA 2.14. Let R be a ring. Then the intersection of all the prime ideals of R
is the ideal of nilpotents 1/ (0) of R. Equivalently, for every nonnilpotent a € R, there
exists a ring homomorphism from R to a field that is nonzero on a.

PROOF. Consider the homomorphism R — R[1/a]. The ring R[1/a] has a max-
imal ideal® and hence admits a ring homomorphism to some field F: ¢ : R[1/a] —
F. Then the kernel of the composite R — R[1/a] — F is a prime ideal (for F has
no zero divisors) and a is not in this kernel (for its image is invertible with inverse

¢(1/a)). O

EXERCISE 13. Let R be a ring. Prove that the intersection of all the maximal
ideals of a ring R consists of the a € R for which 1 + aR C R* (i.e., 1 + az is
invertible for every + € R). You may use the fact that every proper ideal of R is
contained in a maximal ideal.

The following proposition is the algebraic counterpart of Proposition 2.10.
There is also a similarity between the proofs.

2Every ring has a maximal ideal. For noetherian rings, which are our main concern, this is obvious,
but in general this follows with transfinite induction, the adoption of which is equivalent to the adoption
of the axiom of choice.
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PROPOSITION-DEFINITION 2.15. An associated prime of a ring R is a minimal
prime ideal p C R. If R is noetherian, then the number of its associated primes is
finite and their intersection equals 1/ (0).

PROOF. Assume R is noetherian. We first show that that any radical ideal
J C Ris an intersection of finitely many prime ideals. Let B be the collection of the
radical ideals I C R that do not have this property and suppose that B is nonempty.
Then B contains a minimal member [,. Since I, cannot be a prime ideal, there exist
ai,as € R — Iy with ajas € Iy. Consider the radical ideal J; := /Iy + Ra;. We
claim that J; N Jy = Iy. The inclusion D is obvious and C is seen as follows: if
a € Jy N Jy, then for ¢ = 1,2, there exists an n; > 0 such that a™ € I + Ra,.
Hence ™ "2 € (Iy+ Raq1)(Ip + Raz) = Iy, so that a € Iy. Since J; strictly contains
Iy, J; is an intersection of prime ideals. But then so is J; N J; = Iy and we get a
contradiction.

We thus find that \/(0) = p; N --- N p, for certain prime ideals p;. We may
of course assume that no p; contains some p; with j # ¢ (otherwise, omit p;). It
now remains to prove that every prime ideal p of R contains some p;. If that is

not the case, then for ¢ = 1,..., s there exists a a; € p; — p. But then ajas---as €
p1 N---Nps =+/(0) C p and since p is a prime ideal, some factor q; lies in p. This
is clearly a contradiction. |

EXERCISE 14. Let J be an ideal of the ring R. Show that \/J is the intersection
of all the prime ideals that contain J. Prove that in case R is noetherian, the prime
ideals that are minimal for this property are finite in number and that their common
intersection is still v/.J. What do we get for R = Z and J = Zn?

3. Finiteness properties and the Hilbert theorems

The noetherian property in commutative algebra is best discussed in the context
of modules, even if one is ultimately only interested in rings.

We fix a ring R. The notion of an R-module is the natural generalization of a
K-vector space (where K is some field). Let us observe that if M is an (additively
written) abelian group, then the set End(M) of group homomorphisms M — M is
a ring for which subtraction is pointwise defined and multiplication is composition
(so if f,g € End(M), then f —g : m € M — f(m) — g(m) and fg : m —
f(g(m))); clearly the zero element is the zero homomorphism and the unit element
is the identity. This ring may fail to obey our standard conventions: it is usually
noncommutative and if M = {0}, then End(M) = {0} so that 1 = 0 in this case.
We only introduced it in order to be able state succinctly

DEFINITION 3.1. An R-module is an abelian group M, equipped with a ring
homomorphism R — End(M).

So any r € R defines a homomorphism M — M; we usually denote the image
of m € M simply by rm. If we write out the properties of an R-module structure in
these terms, we get: r(my — msy) = rmy —rma, (r1 —ro)m = riym —rom, L.m = m,
r1(rgm) = (ryr2)m. If R happens to be field, then we see that an R-module is the
same thing as an R-vector space.

The notion of an R-module is quite natural if you think about it. For instance,
a linear space M of (p x ¢)-matrices in which the coefficients are allowed to lie in
a ring R of functions is an R-module. Also, every ideal I C R is an R-module. An
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Z-module structure on an abelian group M is empty: it does not add to M anything
else than the structure it already has an abelian group.
Here are a few companion notions, followed by a brief discussion.

DEFINITIONS 3.2. In what follows is M an R-module. Amap f : M — N
from M to an R-modules N is called a R-homomorphism if it is a group homomor-
phism with the property that f(rm) = rf(m) forallr € Rand m € M. If f is
also bijective, then we call it an R-isomorphism; in that case its inverse is also a
homomorphism of R-modules.

For instance, given a ring homomorphism f : R — R/, then R’ becomes an
R-module by r7’ := f(r)r’ and this makes f a homomorphism of R-modules.

A subset N C M is called an R-submodule of M if it is a subgroup and rn € N
for all r € R and n € N. Then the group quotient M /N is in a unique manner a
R-module in such a way that the quotient map M — M /N is a R-homomorphism:
we let r(m + N) := rm + N for r € R and m € M. Notice that a R-submodule of
R (here we regard R as a R-module) is the same thing as an ideal of R.

Given a subset S C M, then the set of elements m € M that can be written as
7181 + -+ rpsp with r; € R and s; € S is a R-submodule of M. We call it the
R-submodule of M generated by S and we shall denote it by RS.

If there exists a finite set S C M such that M = RS, then we say that M is
finitely generated as an R-module.

DEFINITION 3.3. We say that an R-module M is noetherian if the collection of
R-submodules of M satisfies the ascending chain condition: any ascending chain
of R-submodules N; C N, C --- becomes stationary.

It is clear that then every quotient module of a noetherian module is also noe-
therian. The noetherian property of R as a ring (so as previously defined) coincides
with this property of R as an R-module.

The following two propositions provide the passage from the noetherian prop-
erty to finite generation:

PROPOSITION 3.4. An R-module M is noetherian if and only if every R-submodule
of M is finitely generated as an R-module.

PROOF. Suppose that M is a noetherian R-module and let N C M be a R-
submodule. The collection of finitely generated R-submodules of M contained in
N is nonempty. Hence it has a maximal element Ny. If Ny # N, then choose
x € N — Ny and consider Ny + Rz. This is a R-submodule of N. It is finitely
generated (for Vg is), which contradicts the maximal character of V.

Suppose now that every R-submodule of M is finitely generated. If N; C
Ny C --- is an ascending chain of R-modules, then the union N := U, N; is a
R-submodule. Let {s1,...,s;} be a finite set of generators of N. If s,, € N;_, and
j :=max{i1,..., i}, then it is clear that N; = N. So the chain becomes stationary
as of index j. O

PROPOSITION 3.5. Suppose that R is a noetherian ring. Then every finitely gen-
erated R-module M is noetherian.

PROOF. By assumption M = RS for a finite set S C M. We prove the propo-
sition by induction on the number of elements of S. If S = (), then M = {0} and
there is nothing to prove. Suppose now S # (). Choose s € S, so that our induc-
tion hypothesis applies to M’ := R(S — {s}). Let Ny C Ny C --- be an ascending
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chain of R-submodules of M. Consider the R-module homomorphism ¢ : R — M,
é(r) :=rs. Then ¢~ 'N; C ¢~ 1N, C --- is an ascending chain of ideals of R. Since
R is noetherian this chain stabilizes, as of index j;, say. Our induction hypothesis
implies that Ny N M’ € NonN M’ C --- becomes stationary, say as of index j,. Put
Jo := max{ji, jo}. Then for j > jy, N, and N,, have the same intersection with M’
and the same image in M /M’. It the easily follows that N; = N;,. O

We are now sufficiently prepared for the proofs of the Hilbert theorems. They
are jewels of elegance and efficiency.

We will use the notion of initial coefficient of a polynomial, which we re-
call. Given a ring R, then every nonzero f € R|z] is uniquely written as ryz? +
rg_12% 1 + ... 4 1o with ry # 0. We call 4 € R the initial coefficient of f and
denote it by in(f). For the zero polynomial, we simply define this to be 0 € R.
Notice that in(fg) = in(f) in(g).

PROOF OF THEOREM 2.8. The assumption is here that R is a noetherian ring.
In view of Proposition 3.4 we must show that every ideal I of R[z] is finitely gen-
erated. Consider the subset in(/) := {in(f) : f € I} of R. If f,g € I with
d := deg(f) — deg(g) > 0, then in(f) — in(g) is zero or equal to in(f — tg). From
this it easily follows that in([) is an ideal of R. Since R is noetherian, in(7) is finitely
generated: there exist fi,..., fr € I such that in(J) = R{in(f1),...,in(fx)}. Let
d; be the degree of f;, dy := max{ds,...,dr} and N C R[x] the set of polonomials
of degree < dy. So N is the R-submodule of R[] generated by 1,x,...,z% =1, We
claim that

I'=R[z[{f1,...,fs} + (IO N),

in other words, that every f € I is modulo R[z|{f1,..., fx} a polynomial of degree
< dy. We prove this with induction on the degree d of f. Since for d < dj there is
nothing to prove, assume that d > dy. We have in(f) = r1in(f1) + -+ + g in(fx)
for certain rq,...r; € R. Now notice that

in(f) = Zﬁ' in(f;) = Zin(rifi) = in(z ri fad=d).

It follows that f — >, r; fiz4~% is an element of I of degree < d. It therefore lies
in R[z]{f1,..., fr} + (I N N) by our induction hypothesis. Hence so does f.

Our claim implies the theorem: N is a finitely generated R-module and so a
noetherian R-module by Proposition 3.5. Hence the R-submodule TN N is a finitely
generated R-module by Proposition 3.4. If fri1,..., fr+: is a set of R-generators
of INN, then {f1,..., fit:} is a set of R[z]|-generators of I. O

For the Nullstellensatz we need another finiteness result.

PROPOSITION 3.6 (Artin-Tate). Let R be a noetherian ring, A an R-algebra and
B an A-algebra that is finitely generated as an A-module. Then A is finitely generated
as an R-algebra if and only if B is finitely generated as an R-algebra.

PROOF. By assumption there exist by, ..., b, € Bsuchthat B =3 ." Ab,.
If there exist ay, ..., a, € Awhich generate A as an R-algebra: A = R[aq,...,a,],
then ay,...,ay,,by,...,b, generate B as an R-algebra.

Suppose, conversely, that there exists a finite subset of B which generates B
as a R-algebra. By adding this subset to by, ..., b, we may assume that by, ..., b,
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also generate B as an R-algebra. Then every product b;b; can we written as an
A-linear combination of b1, ..., b,:

m
k k
k=1

Let Ap C A be the R-subalgebra of A generated by all the (finitely many) coeffi-
cients ai—"j. This is a noetherian ring by Corollary 2.9. It is clear that b;b; € >, Aoby
and with induction it then follows that B = R(b,...,by,] C >, Aobk. So B is
finitely generated as an Ag-module. Since A is an Ag-submodule of B, A is also
finitely generated as an Ap-module by Proposition 3.4. It follows that A is a finitely
generated R-algebra. O

This has a consequence for field extensions:

COROLLARY 3.7. Let L/K be an extension of fields. Then this extension is finite
if and only if L is finitely generated as a K-algebra.

PROOF. It is clear that if L is a finite dimensional K-vector space, then L is
finitely generated as a K -algebra.

Suppose now by, ...,b,, € L generate L as a K-algebra. We must show that
every b; is algebraic over K. Suppose that this is not the case. After renumbering
we can and will assume that (for some 1 < r < m) by, ...,b, are algebraically inde-
pendent over K and b,1, ..., b, are algebraic over the quotient field K (b1, ...,b,)
of K[by,...,b.]. So L is a finite extension of K(by,...,b.). We apply Proposi-
tion 3.6 to R := K, A := K(by,...,b,) and B := L and find that there exist
fractions f1/g1,..., fn/gn € K(b1,...,b,) (with f;,9; € K[b1,...,b.] and g; # 0)
which generate K(by,...,b,) as a K-algebra. Clearly not all the g; can lie in K
(for K(by,...,b,) strictly contains Kby, ...,b.]). So the degree of g := g192- - gn

is positive. Since the fraction 1/(1 + ¢g) € K(by,...,b,) must be a polynomial in
f1/g1s- -, fn/gn, it follows that it can be written as f/g~, with f € Kby, ...,b.].
Here we may of course assume that f is not divisible by g in Kby,...,b,]. From

the identity f(1 + g) = ¢’V we see that N > 1 (for ¢ has positive degree). But then
f =g(—f+ g"V~1) shows that f is divisible by g and we get a contradiction. O

EXERCISE 15. Prove that a field which is finite generated as a ring (that is,
which is isomorphic to a quotient of Z[x, ..., z,] for some n) is finite.

We deduce from the preceding corollary the Nullstellensatz.

PROOF OF THE NULLSTELLENSATZ 1.5. Let J C k[z1,...,x,] be an ideal. We
must show that I(Z(.J)) C v/J. This amounts to: for every f € k[z1,...,z,] — VJ
there exists a p € Z(J) for which f(p) # 0. Consider k[z1,...,x,]/J and denote by
f € k[z1,...,x,]/J the image of f. Since f is not nilpotent, we have defined

A= (k[zy, ... za)/ )1/ f] = Elxo, 21, ...y xn]/(J, 2o f — 1).
The second description shows that this is a finitely generated k-algebra. Choose
a maximal ideal m C A. Then the field A/m is a finitely generated k-algebra and
so by Corollary 3.7 a finite extension of k. But then it must be equal to k, since k
is algebraically closed. Let a; denote the image of x; in A/m = kfori =0,...,n
and put p := (ay,...,a,) € A™. Since (ap;p) = (ao,-..,a,) is a common zero of
the elements of the ideal (J,zof — 1), we have p € Z(J) and ao f(p) = 1, so that
f(p) #0. O
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4. The affine category

We begin with defining the maps that we want to consider between closed
subsets of affine spaces.

DEFINITION 4.1. Let X € A™ and Y C A" be closed subsets. We say that a
map f : X — Y is a regular if the components f1,..., f,, of f are regular functions
on X (i.e., are given by the restrictions of polynomial functions to X).

Composition of a regular function on Y with f yields a regular function on X
(for if we substitute in a polynomial of n variables g(y1,...,y,) for every variable
y; a polynomial f;(z1,...,z,,) of m variables, we get a polynomial of m variables).
So f then induces a k-algebra homomorphism f* : A(Y) — A(X). There is also a
converse:

PROPOSITION 4.2. Let be given closed subsets X C A™ and Y C A" and a k-
algebra homomorphism ¢ : A(Y) — A(X). Then there is a unique regular map
f: X — Y such that f* = ¢.

PROOF. Put f; := ¢(y;|Y) € A(X) (i =1,...,n). Then f = (f1,..., fn) : X —
A™ has the property that for every g € kly1,...,un), f*9 = ¢(g]Y). So f* factors
through A(Y') and the resulting map A(Y') — A(X) coincides with ¢. O

The same argument shows thatif f : X — Y and g : Y — Z are regular maps,
then so is their composite gf : X — Z. So we have a category (with objects the
closed subsets and regular maps as defined above). In particular, we have a notion
of isomorphism: a regular map f : X — Y is an isomorphism if it is bijective and
the inverse is also an regular map. This implies that f* : A(Y) — A(X) is an k-
isomorphism of k-algebras. Proposition 4.2 implies that conversely, an isomorphism
of k-algebras A(Y) — A(X) comes from a unique isomorphism X — Y.

We complete the picture by showing that any finitely generated reduced k-
algebra A is isomorphic to some A(Y'); the preceding then shows that Y is unique
up to isomorphism. Since A is finitely generated as a k-algebra, there exist ay, ..., a, €
A such that every element is a polynomial expression in aq, . . ., a,, with coefficients
in k. Said differently, the k-algebra homomorphism ¢ : k[zy,...,z,] — A which
sends z; to a; is surjective. If we put I := Ker(¢), then ¢ induces an isomorphism
klz1,...,zp]/T =2 A. Pt Y := Z(I) C A™. Since A is reduced, I is a radical ideal
and hence equal to I(Y) by the Nullstellensatz. It follows that we then have a
k-algebra isomorphism A(Y) = A.

The formal way to sum up the preceding is as follows.

PROPOSITION 4.3. The map which assigns to a closed subset of some A" its coor-
dinate ring defines an anti-equivalence between the category of closed subsets of affine
spaces (and regular maps between them as defined above) and the category of reduced
finitely generated k-algebras (and k-algebra homomorphisms).

EXAMPLE 4.4. Consider the regular map f : A! — A2, f(t) = (t3,¢3). The
image of this map is the hypersurface Z defined by 2® — y? = 0. This is a home-
omorphism on the image for it is a bijection of sets that have both the cofinite
topology. The inverse sends (0,0) to 0 and is on Z — {(0,0)} given by (z,y) — y/z.
In order to determine whether the inverse is regular, we consider f*. We have
A(Z) = kla,y)/(@® — ), A(AL) = k[t] and f* : K[z, y]/(x® — y?) — k{¢] is given by
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x +— t2,y — t3. This homomorphism is not surjective for its image misses ¢ € k[t].
So f is not an isomorphism.

EXAMPLE 4.5. An dffine-linear transformation of k™ is of the form z € k" —
g(x) + a, where a € k™ and g € GL(n, k) is a linear transformation. Its inverse
isy — g (y —a) = g7 '(y) — g (a) and so of the same type. When we regard
such an affine linear transformation as a map from A" to itself, then it is regu-
lar: its coordinates (gy,. .., g,) are polynomials of degree one. So an affine-linear
transformation is also an isomorphism of A™ onto itself.

EXERCISE 16. Let C' C A? be the ‘circle’, defined by 22 + y? = 1 and let py :=
(=1,0) € C. For every p = (z,y) € C — {po}, the line through py and p has slope
f(p) = y/(x + 1). Denote by \/—1 € k a root of the equation t* + 1 = 0.

(a) Prove that when char(k) # 2, f defines an isomorphism of C' — {py} onto
Al — {£/—T1}.

(b) Consider the map g : C — A!, g(x,y) := =z + /—1y. Prove that when
char(k) # 2, g defines an isomorphism of C' onto A' — {0}.

(c) Prove that when char(k) = 2, the defining polynomial 22 + 3? — 1 for C
is the square of a degree one polynomial so that C is a line.

EXERCISE 17. Let f1,..., fn € k[z1,...,2,] be such that f; = z; and f; — z; €
klxy,...,2;-1] fori =2,..., x,. Prove that f defines an isomorphism A" — A™.

4.6. QUADRATIC HYPERSURFACES IN CASE char(k) # 2. Let H C A" be a hyper-
surface defined by a polynomial of degree two:

n
f(.’ﬂl,...,l’n) = Z al-jxl-xj +Zaixi+a0.

1<i<j=n i=1

By means of a linear transformation (this involves splitting off squares, hence re-
quires the existence of 1/2 € k), the quadratic form >, _,.;_, a;;z;z; can be
brought in diagonal form. This means that we can make all the coefficients a;;
with i # j vanish. Another diagonal transformation (which replaces z; by \/a;;z;
when a;; # 0) takes every nonzero coefficient a;; to 1 and then renumbering
the coordinates (which is also a linear transformation) brings f into the form
flxy,...,mp) = Y22+ >0 a;x; + ap for some r > 1. Splitting off squares
once more enables us to get rid of >"_, a;z; so that we get

T n
flz, ... xn) = Zm? + Z a;x; + ag.
i=1 i=r+1
We now have the following cases.

If the nonsquare part is identically zero, then we end up with the equation
Sy x?=0for H.

If the linear part Z?:T 41 @i is nonzero (so that we must have r < n), then an
affine-linear transformation which does not affect z1, ..., z, and takes y " 41 @iTi+
ap to —x,, yields the equation z,, = >_._, z7. This is the graph of the function
>, x?on A" ! and so H is then isomorphic to A"~ 1.

If the linear part ) . 41 @i is zero, but the constant term qy is nonzero, then
we can make another diagonal transformation which replaces x; by \/—agz;) and
divide f by ao: then H gets the equation Y _;_, 7 = 1.
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In particular, there are only a finite number of quadratic hypersurfaces up to
isomorphism. This is also true in characteristic two, but the classification is more
involved.

4.7. THE MAXIMAL IDEAL SPECTRUM. The previous discussion (and in partic-
ular Proposition 4.3) suggests to associate to a finitely generated k-algebra A a
space Specm(A) with a topology as follows. As a set, Specm(A) is the collection of
maximal ideals of A. In order to avoid confusion about whether a maximal ideal
is to be viewed as a subset of A or as a point of Specm(A) we agree that if m is
a maximal ideal of A, then the corresponding element of Specm(A) is denoted xy,
and if # € Specm(A), then the corresponding maximal ideal of A is denoted m,.
For every maximal ideal m of A, the residue field A/m is a finitely generated as a
k-algebra and hence equal to k by Corollary 3.7. This implies that every a € A de-
fines a function f, : Specm(A) — k by letting f,(z) be the image of ¢ in A/m, = k.
We denote by Z(a) C Specm(A) (or Z(f,)) the zero set of this function and by
U(a) or (U(f,)) its complement, the nonzero set. The collection of {U(a)}qc4 is
the basis of a topology on Specm(A4). So a subset Specm(A) is closed precisely if
it is an intersection of subsets of the form Z(a); this is equal to the common zero
set of the set of functions defined by an ideal of A. The space Specm(A) is called
the maximal ideal spectrum of R (but our notation for it is less standard). Notice,
that if A = A(Y") for a closed subset Y C A", then the above discussion shows that
Specm(A) can be identified with Y as a topological space.

Suppose we are given k-algebra homomorphism ¢ : B — A. Then every max-
imal ideal m C A is the kernel of a k-algebra homomorphism v : A — k. The
composite v¢ : B — k is also k-algebra homomorphism, hence surjective, and so
its kernel, which is just ¢~ 'm, is a maximal ideal as well. We thus get a map

Specm(¢) : Specm(A) — Specm(B),  Tm — Ty-1py.
For b € B, the preimage of U (b) is U(¢(b)). This shows that Specm(¢) is continuous.

EXERCISE 18. Let A be a finitely generated k-algebra. Prove that a € A —
fo is an algebra homomorphism from A to the allgebra of &k valued functions on
Specm(A). Show that its kernel is /(0).

5. The product

Let m and n be nonnegative integers. We have already noted that the Zariski
topology on A™*" is not the product topology on A™ x A" (unless mn = 0). The
product topology on A™*" is coarser: the bijection A™*" — A™ x A" is continuous,
forif f € k[zy,...,z] and g € kly1,...,yn), then U(f) x U(g) = U(f * g), where

f*g(mlwuaxmvyla"'ayn) = f(xlw"vxm)g(ylv"wyn)'

Equivalently, if X ¢ A™ and Y C A" are closed, then X x Y is closed in A™*",
We give X x Y the topology it inherits from A™*" (which is usually finer than the
product topology). There is a similarly defined map:

AX) X AY) = AX xY), (f,9) = fxg

which is evidently k-bilinear (i.e., linear in either variable). We want to prove that
the ideal I(X x Y) defining X x Y in A™*" is generated by I(X) and I(Y) (viewed
as subsets of k[z1,...,Tm,y1,...ys]) and that X x Y is irreducible when X and Y
are. This requires that we translate the formation of the product into algebra. This
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centers around the notion of the tensor product, the definition of which we recall.
(Although we here only need tensor products over k, we shall define this notion for
modules over a ring, as this is its natural habitat. It is also the generality that that
we will need later.)

If R is a ring and M and N are R-modules, then we can form their tensor
product over R, M ®p N: as an abelian group M ®pr N is generated by the expres-
sions a ®g b, a € M, b € N and subject to the conditions (ra) ®r b = a Qg (rb),
(a+ad)®rb=a®rb+d @gband a®g (b+V)=a@rb+a®gb. So a general
element of M ® g N can be written like this: vazl a;Qrb;, witha; € M andb; € N.
We make M ®r N an R-module if we stipulate that 7(a ®g b) := (ra) ®pr b. Notice
that the map

Qr: M xN—->MerN, (a,b)—a®gb,
is R-bilinear (if we fix one of the variables, then it becomes an R-linear map in the
other variable).

In case R = k we shall often omit the suffix in ®y.

EXERCISE 19. Prove that ®p is universal for this property in the sense that
every R-bilinear map M x N — P of R-modules is the composite of @ and a
unique R-homomorphism M ®r N — P. In other words, the map

Homp(M @5 N, P) — Bilg(M x N, P)), f+ fo®g
is an isomorphism of R-modules.

EXERCISE 20. Let m and n be nonnegative integers. Prove that Z/(n) ®z Z/(m)
can be identified with Z/(m, n).

If Aisan R-algebra and N is an R-module, then A ®r N acquires the structure
of an A-module which is characterized by
a.(a’ ®@g b) := (aad') @R b.

For instance, if NV is an R-vector space, then C Qg N is a complex vector space,
the complexification of N. If A and B are R-algebras, then A ® p B acquires the
structure of an R-algebra characterized by

(a®pgb).(a’ @pb') = (ad’) @ (bb').

Notice that A - A®r B,a— a®gland B - A®r B, b — 1®prb are R-
algebra homomorphisms. For example, A®pg R[z] = A[z] as A-algebras (and hence
A®g R[z1,...,2,) = Alz1, ..., z,] with induction).

EXERCISE 21. Prove that C ®g C is as a C-algebra isomorphic to C @ C with
componentwise multiplication.

PROPOSITION 5.1. For closed subsets X C A™ and Y C A" the bilinear map
AX)xAY) — A(XXY), (f,g9) — f*ginduces an isomorphism p : A(X)®QA(Y) —
A(X xY) of k-algebras (so that in particular A(X) ® A(Y) is reduced).

If X and Y are irreducible, then sois X x Y.

PROOF. Since the obvious map

k[$13-~'axm] ®k[y17 ay’n] - k[I17~-~a337mZ/17~-- ay’n]

is an isomorphism, it follows that x is onto. In order to prove that p is injective, let
u = Zf; 1 [i ® g; be in the kernel of p. The k-vector subspace of A(Y") spanned
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by the g¢;’s is finite dimensional. By choosing a basis of this subspace and writing
each g; out as a k-linear combination of basis vectors, we may as well assume that
u was written accordingly. In other words, we may assume that gi,..., gy are k-
linearly independent. We have 0 = p(u) = va: 1 fi * g;. The restriction of p(u) to
{p} xY =Y (p € X) is the regular function u, := Zfil filp)g; € A(Y). Since
this function is identically zero and the g;’s are linearly independent, we must have
fi(p) = 0 for all 4. As this is true for all p € X, we must have f; = 0 for all 4. This
proves that u = 0.

Suppose now X and Y irreducible, or equivalently, that A(X) and A(Y) are
domains. We must show that A(X x Y) is then a domain. For this we identify
A(X xY) with A(X) ® A(Y). Let w € A(X x YY) and write u as above: u =
Zilil fixgiwith g1,...,gn € A(Y) k-independent. It is clear that the set X (u) C X
of p € X for which u, = vazl fi(p)g; is zero is the common zero set of fi,..., f
and hence closed in X. Suppose now that u is a zero divisor: uv = 0 for some
v € A(X xY). Then restriction of uv to {p} x Y shows that u,v, = 0 in A(Y).
Since A(Y') is a domain, we must have u, = 0 or v, = 0. Since this is true for
every p € X, it follows that X = X (u) U X (v). But since X is irreducible we have
X = X (u) or X(v). This means that w = 0 or v = 0. O

EXERCISE 22. Let X and Y be closed subsets of affine spaces. Prove that each
irreducible component of X x Y is the product of an irreducible component of X
and one of Y.

It is clear that the projections 7x : X XY — X and 7y : X XY — Y are regular.
We have observed that X x Y has not a topological product in general. Still it is
the ‘right’ product in the sense of category theory: it has the following universal
property, which almost seems to obvious to mention: if 7 is a closed subset of some
affine space, then any pair of regular maps f : 7 — X, g : Z — Y defines a regular
map Z — X x Y characterized by the property that its compositie with 7x resp.
my yields f resp. g (this is of course (f, g)).

6. Dimension

On way to define the dimension of a topological space X is inductively: the
empty set had dimension —1 and X has dimension < n if it admits a basis of open
subsets such that the boundary of every basis element has dimension < n — 1. This
is close in spirit to the definition that we shall use here (which is more adapted to
the Zariski topology).

DEFINITION 6.1. Let X be a nonempty topological space. We say that the Krull
dimension of X is at least d if there exists an irreducible chain of length d in X, that
is, a strictly descending chain of closed irreducible subsets Y° 2 Y! D ... D Y4
of X. The Krull dimension of X is the supremum of the d for which an irreducible
chain of length d exists and we then write dim X = d. We stipulate that the Krull
dimension of the empty set is —1.

LEMMA 6.2. For a subset Z of a topological space X we have dim Z < dim X.

PROOF. If Y C Z is irreducible, then so is its closure ¥ in X. So if we have an
irreducible chain of length d in Z, then the closures of the members of this chain
yield an irreducible chain of length d in X. This proves that dim Z < dim X. O
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EXERCISE 23. Prove that A" has Krull dimension at least n and is equal to 1 for
d = 1. What is the Krull dimension of a nonempty Hausdorff space?

EXERCISE 24. Let U be an open subset of the space X. Prove that for an
irreducible chain Y* in X of length d with U N Y¢ # (), U NY* is an irreducible
chain of length d in U. Conclude that if I/ is an open covering of X, then dim X =
supy ey dimU.

EXERCISE 25. Suppose that X is a noetherian space. Prove that the dimension
of X is the maximum of the dimensions of its irreducible components.

It is straightforward to transcribe this notion of dimension into algebra:

DEFINITION 6.3. Let R be a ring. We say that the Krull dimension of R is at least
d if there exists an prime chain of length d in R, that is, a strictly ascending chain of
prime ideals pg C p1 € --- C pg in R. The Krull dimension of R is the supremum of
the d for which this is the case and we then write dim R = d.

The prime ideals of a ring R are the preimages of the prime ideals of R,cq :=
R/+/(0) and so these rings have the same dimension.

It is clear that for a closed subset X C A", dim A(X) = dim X. Similarly, we
have that for a finitely generated k-algebra A, dim A = dim Specm(A).

The Krull dimension is easy to define, but is difficult to use directly (for instance
it is not easy to see that dim A™ < n). The following theorem (the proof of which
we omit) helps to calculate dimensions:

*THEOREM 6.4. Let F be a field and let A be a finitely generated F-algebra
without zero divisors. Then dim A is finite and the length of every maximal prime
chain in A is equal to the transcendence degree of K (A) over F. In particular, dim A =
trdegp K(A).

Since the field of fractions of k[x1,...,x,]| has transcendental degree n it fol-
lows that dim A™ = n. So every subset of A™ has finite Krull dimension.

COROLLARY 6.5. Let X C A™ be closed and irreducible. Then every maximal
irreducible chain in X has length dim X. Moreover, every nonempty open U C X has
the same dimension as X.

PROOF. The first assertion follows from Theorem 6.4 applied to A(X). For the
second assertion we must show that dim U > dim X. Choose p € U. Extend the
singleton {p} (which is closed in X and irreducible) to a maximal irreducible chain
in X. According to first assertion this chain has length dim X. By Exercise 24 this
chain restricts to an irreducible chain in U. So dimU > dim X. O

EXERCISE 26. Prove that a hypersurface in A™ has dimension n — 1.
EXERCISE 27. Prove that when X and Y are closed subsets of affine spaces, the
dim(X xY) = dim X + dim Y. (Hint: use Exercise 22.)
7. The notion of a morphism

In any topology or analysis course you learn that the notion of continuity is
local: there exists a notion of continuity at a point so that a function is continuous
if it is so at every point of its domain. We shall see that in algebraic geometry the
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notion of a regular function also has a local nature. We restrict ourselves here to
irreducible closed sets, but what follows generalizes to arbitrary closed sets.

In this section we fix an irreducible closed subset Y C A™. We shall make
frequent use of the fact (Lemma 2.2) that a nonempty open subset of the irreducible
Y is dense in Y (so that any two such will always have a nonempty intersection).

For 0 # f € A(Y), U(f) is nonempty in Y and hence dense in Y. The coor-
dinate ring A(Y) is an integral domain and so its ring of fractions K(A(Y)) is a
field. An element of K (A(Y)) is by definition of the form f/g with f,¢g € A(Y) and
g # 0. So this is well-defined k-valued function on the open-dense subset U(g) of
Y.

DEFINITION 7.1. Letp € Y. Then a k-valued function on a neighborhood of p in
the affine variety Y is said to be regular at p if on a (perhaps smaller) neighborhood
of pin Y, this function is of the form f/g with f, g € A(Y) and g(p) # 0. A k-valued
function defined on an open subset U of Y is said to be regular if it is regular in
every point of U; we denote the k-algebra of such functions by O(U).

A rational function on Y is represented by a regular function on a nonempty
open subset of Y, with the understanding that two such functions are regarded as
equal if they coincide on a nonempty open subset contained in a common domain
of definition. The set of such functions defines a field, called the function field of Y,
which we denote by k(Y).

For U =Y we now seem to have two definitions of a regular function. This is
only apparently so:

PROPOSITION 7.2. The natural maps A(Y) — O(Y) and K(A(Y)) — k(Y) are
isomorphisms of k-algebras. In particular; dimY = trdeg, k(Y").

The proof uses localization at a prime ideal (which was introduced in Exercise
12).

LEMMA 7.3. Let R be an integral domain, so that for every maximal ideal m C R
the localization Ry, = (R —m)~ 'R is contained in the quotient field K (R). Then the
common intersection in K (R) of the localizations of R at the maximal ideals equals R
(regarded as a subring of K(R)).

PROOF. Suppose u € K(R) lies in the localization of every maximal ideal of R.
Consider the set I of » € R with ru € R. This is clearly an ideal of R. If I # R,
then I is contained in some maximal ideal m C R. But since u € R,,, there exists
ar € R— msuch that ru € R and we get a contradiction. So I = R, in particular,
u=1ué€R. ([

PROOF OF PROPOSITION 7.2. Let ¢ € k(Y'). We can represent ¢ by a nonempty
open U C Y and some ¢y € O(U). By definition there exists for every p € U
an open neighborhood U, of p in U such that ¢|U, is given by a fraction f/g €
K(A(Y)) with U, C U(g). Then f/¢g maps to ¢ under the map K(A(Y)) — k(Y).
It remains to see that f/g is unique. If f'/¢’ € K(A(Y)) also maps to ¢, then
the two fractions coincide as functions on a nonempty open subset V' contained in
U(g) NU(g"). This means that f¢’ — f’g vanishes on V. Since V is dense in Y, it
follows that fg¢’ — f’g vanishes on all of Y. But then f¢’ — f’g = 0 as an element of
A(Y),sothat f/g= f"/¢ in K(A(Y)).

It also shows that every ¢ € O(Y") can be regarded as an element of K(A(Y))
with the property that it lies in the localization A(Y )., for every p € Y. Since
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every maximal ideal of A(Y") is of the form m,, it follows from Lemma 7.3 that
p e AY). O

We are now ready to describe the maps which we want to consider.

DEFINITION 7.4. A subset of A™ is called quasi-affine if it is open in a closed
irreducible subset.

Given two quasi-affine subsets U C A™ and V C A", thenamap f: U — V is
called a morphism if the components f1, ..., f, of f are regular functions on U. We
say that f is an isomorphism if f is bijective and both f and f~! are morphisms®.

It is clear that a morphism f : U — V is continuous and determines a homo-
morphism of k-algebras f* : O(V) — O(U). So if f is an isomorphism, then f is a
homeomorphism and is f* is an isomorphism of k-algebras.

EXAMPLE 7.5 (The Frobenius morphism). Here is an important example of a
bijection which is not an isomorphism. Assume that k has positive characteristic p
and consider the morphism F, : A' — Al, z — 2P. It is not only surjective (every
element of k£ has a pth root since k is algebraically closed), but also injective: if
a? = bP, then 0 = a? — b’ = (a — b)? and so a = b. But the endomorphism
of k[x] induced by f* sends x to z” and has therefore image k[X?]. Clearly, this
endomorphism is not surjective.

Notice that the fixed point set A!(F,) of F,, (so the set of a € A! with a? = a) is
via the identification of A with k just the prime subfield F,, C k. Likewise, the fixed
point set A'(F,-) of F is the subfield of & with p" elements. Since the algebraic
closure F, of F,, in k is the union of the finite subfields of k, the affine line over F,
equals U,>1 AL (F,r).

This generalizes in a straightforward manner to higher dimensions: by letting
F, act coordinatewise on A", we get a morphism A" — A™ (which we still denote
by F,) which is also a bijection. The fixed point of F} is A"(F,-) and A"(F,) =
UTZlAn(IE“pr).

EXERCISE 28. Assume that k has positive characteristic p and suppose Y C A™
that is the common zero set of polynomials with coefficients in F,, where ¢ = p" is
a positive integral power of p. Write F' for F}} : A" — A™.

(a) Prove that f € k[z4,...,z,] has its coefficients in I, if and only if F*f =
fe.

(b) Prove that an affine-linear transformation of A” with coefficients in F,
commutes with F'

(c) Prove that F restricts to a bijection Fy : Y — Y and that the fixed point
set of Fi is Y (Fym) := Y N A" (Fym).

REMARK 7.6. After this exercise it is impossible not to mention the Weil zeta
function. This function and its relatives—among them the Riemann zeta function—
codify arithmetic properties of algebro-geometric objects in a very intricate manner.
In the situation of Exercise 28, we can use the numbers |Y (F,= )| (= the number of
fixed points of F'" in Y) to define a generating series ), |Y (Fg=)[t™. It appears
to be more convenient to work with the Weil zeta function:

20 = e (3 WE)),

3We will later extend these notions to a wider category.
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which has the property that t% log Zy vyields the generating series above. This
series has remarkable properties. For instance, a deep theorem due to Bernard
Dwork (1960) asserts that it represents a rational function of ¢. Another deep
theorem, due to Pierre Deligne (late 1970s), states that the roots of the numerator
and denominator have for absolute value a nonpositive half-integral power of ¢
and that moreover, these powers have an interpretation in terms of an ‘algebraic
topology for algebraic geometry’. All of this was predicted by André Weil in 1949.
(This can be put in a broader context by making the change of variable ¢ = ¢ *.
Indeed, now numerator and denominator have their zeroes when the real part of
s is a nonnegative half-integer and this makes Deligne’s result reminiscent of the
famous conjectured property of the Riemann zeta function.)

EXERCISE 29. Compute the Weil zeta function of affine n-space relative to the
field of ¢ elements.

DEFINITION 7.7. We say that a quasi-affine subset of A is affine” if it is iso-
morphic to a closed subset of some A”.

EXAMPLE 7.8. Let f € k[x1,...,x,] be nonconstant and consider the hypersur-
face Z c A"*! defined by f(x1,...,2,)Tne1 — 1 = 0. The projection (z1,...,7,) :
Z — A™ is evidently a morphism with image U(f). The inverse U(f) — Z has
components (21, ..., %y, 1/f), so is a morphism as well. It follows that U(f) and Z
are isomorphic, in particular, U(f) is affine. Since

0(%) = A(Z) = klay, - wnpa]/(frngr = 1),

we see that the isomorphism Z > U(f) identifies O(U(f)) with k[z1, ..., x,][1/f]
This example generalizes to the case of a nonconstant f € O(Y') with YV affine:
we find that U(f) is affine and O(U(f)) = O(Y)[1/f].

EXAMPLE 7.9. We can take this further: if U € A™ and f : U — V C A" are
as above, then consider the graph of f, U := {(z,y) € A™*" : z € U,y = f(x)}.
It is easy to see that U is quasi-affine in A™*". The map = € U + (z, f(z)) € U
and the projection U — U are regular and each others inverse. So they define an
isomorphism U — U. Notice that via this isomorphism f appears as a projection
mapping: (z,y) € U —y e V.

EXERCISE 30. The goal of this exercise is to show that U := A% — {(0,0)} is not

affine. Let U, C U resp. U, C U be the complement of the z-axis resp. y-axis so
that U = U, UU,,.

(a) Prove that U, is affine and that O(U,) = k[, y][1/x].
(b) Prove that every regular function on U extends to A? so that O(U) =
kz, y].
(c) Show that U is not affine. (Hint: Observe that the maximal ideal (z,y) C
klz,y] = O(U) is not represented by a point of U.)
8. Rational maps
We shall now also give a geometric interpretation of finitely generated field

extensions of k£ and the k-homomorphisms between them.

40ur definition deviates slightly from the one in Hartshorne’s book.
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DEFINITION 8.1. Let Y and Y’ be affine varieties. A rational map fromY to Y’
is given by a pair (U, F'), where U is a nonempty open subset of Y and F': U — Y’
is a morphism, with the understanding that a pair (V, G) defines the same rational
map if F' and G coincide on U NV. We denote a rational map like this f : Y --» Y.
We say that the rational map is dominant if for a representative pair (U, F),
F(U) is dense in Y. (This is then also so for any other representative pair. Why?)

PROPOSITION 8.2. Any finitely generated field extension of k is k-isomorphic to
the function field of an affine variety. Let Y and Y’ be affine varieties. A dom-
inant rational map f : Y --» Y’ determines a k-linear homomorphism of fields
f*:k(Y'") — k(Y). Every k-linear homomorphism of fields k(Y') — k(Y") is induced
by a unique dominant rational map.

PROOF. Let K/k be a finitely generated field extension of k: there existay, ..., a, €
K such that every element of K can be written as a fraction of polynomials in
ai,...,an. So if R denotes the k-subalgebra R of K generated by aq,...,a,, (@
domain since K is a field), then K is the field of fractions of R. Since R is the
coordinate ring of a closed irreducible subset Y C A™ (defined by the kernel of the
obvious ring homomorphism k[x1,...,z,] — R), it follows that K can be indenti-
fied with £(Y").

Suppose we are given an open and nonempty U C Y and a morphism F' : U —
Y’ with f(Y) dense in Y’'. By taking U smaller is necessary, we may assume that
U is affine. Now F* : A(Y') — A(U) will be injective, for if F*(¢') = 0, then F
has image in Z(g¢'), so that Z(¢') = Y’. This implies ¢’ = 0. It follows that we can
extend F* to the fields of fractions F* : k(Y') — k(U) = k(Y).

It remains to show that every k-algebra homomorphism ® : k(Y') — k(Y) is so
obtained. For this, choose generators by, ...,b,, of A(Y’). Then ®(by),...,®(by,)
are rational functions on Y’ and so are regular on a nonempty open affine subset
U C Y. Then we have a morphism F : U — Y’ C A™ whose coordinates are
®(b1),...,P(by) (more formally, characterized by F*(b;) = ®(b;). So F* is the
restriction of ® to A(U). The image of F’ will be dense by the argument above: if
F maps to a closed subset of Y’ distinct from Y, then its maps to some Z(¢’) with
g € A(Y') — {0}. But this implies that ®(¢’) = F*(¢’) = 0, which cannot happen
since ® is injective. It is clear that ® is the extension of F* to the function fields.
The uniqueness of the rational map defined by (U, F) is clear. O

COROLLARY 8.3. There is a category with objects the affine k-varieties and mor-
phisms the rational dominant maps. Assigning to an affine variety its function field
makes this category anti-equivalent to the category of finitely generated field exten-
sions of k.

PROPOSITION-DEFINITION 8.4. A rational map f : Y --+ Y’ is an isomorphism
in the above category (that is, induces an isomorphism of function fields) if and only if
there exists a representative pair (U, F') of f such that F maps U isomorphically onto
an open subset of Y'. If these two equivalent conditions are satisfied, then f is called a
birational map; if such a birational map exists, we say that Y and Y’ are birationally
equivalent.

PROOF. If f identifies a nonempty open subset of Y with one of Y’, then f* :
E(Y') — k(Y) is clearly a k-algebra homomorphism.

Suppose now we have a k-linear isomorphism k(Y’) = k(Y'). Represent this
isomorphism and its inverse by (U, F) and (U’, F’) respectively. Then F~'U’ is
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openin U and F'F : F~'U’ — Y is defined. Since F'F induces the identity on
k(Y), F'F is the identity on a nonempty open subset of F~'U’ and hence on all of
F~1U’. This implies that F maps F~'U’ injectively to F’~'U. For the same reason,
F’ maps F'~1U injectively to F~'U’. So F defines an isomorphism between the
open subsets F~'U' Cc Y and F/~'U C Y". O

Much of the algebraic geometry in the 19th century and early 20th century
was of a birational nature: birationally equivalent varieties were regarded as not
really different. This sounds rather drastic, but it turns out that many properties of
varieties are an invariant of their birational equivalence class.

9. Sheaves and varieties

The notion of a quasi-affine variety as well as its later generalizations are best
understood in the general context of ringed spaces. This involves the even more
basic notion of a sheaf.

DEFINITION 9.1. Let X be a topological space. An abelian presheaf F on X
consists of giving for every open subset U C X an abelian group F(U) (whose
elements are called sections of F over U) and for every inclusion of open subsets
U C U’ a homomorphism of groups (called the restriction map) F(U') — F(U)
such that:

(i) for the identity U = U we get the identity in F(U),
(ii) if U ¢ U’ C U" are open sets, then the homomorphism F(U") — F(U)
is equal to the composite F(U") — F(U’') — F(U) and

(iii) F(0) is the trivial group 0.
In case the groups of sections come with the structure of a ring (allowing the trivial
ring in view of condition (iii)) and the restriction maps are ring homomorphisms,
then we say that F is a presheaf of rings. Likewise, we have the notion of a presheaf
of modules over a fixed ring R. If 7/ and F are abelian presheaves on X such that
F'(U) c F(U) for evey open U C X, then we say that F’ is subpresheaf of F.

The terminology ‘section over U’ and ‘restriction’ is suggestive, albeit sometimes
a bit misleading.

EXAMPLE 9.2 (The constant presheaf). Give an abelian group G and and a
topological space X, then we have a presheaf defined on X if we take for every
nonempty open U C X the group G and for each inclusion between two such sets
the identity map of G.

ExXAMPLE 9.3. Given a topological space X and an abelian topological group
G, then assigning to every nonempty open U C X the group of continuous maps
U — G (with the obvious restriction maps) is defines a presheaf Cx . Of special
interest are G = R and G = C, in which we get a presheaf of R-algebras (resp. of
C-algebras).

EXAMPLE 9.4. For a smooth manifold M, we have defined the presheaf £,, of
R-algebras which assigns to every nonempty open U C M the R-algebra of differ-
entiable functions U — R. This is a subpresheaf of Cj; g which in fact characterizes
the differentiable structure on M.
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EXAMPLE 9.5. On a complex manifold M, we have defined the presheaf O3} of
C-algebras which assigns to every nonempty open U C M the C-algebra O*"(U) of
holomorphic functions U — C. This subpresheaf of Cys ¢ characterizes the complex
structure on M.

EXAMPLE 9.6. For a quasi-affine subset Y C A", we have defined the presheaf
Oy of k-algebras which assigns to every nonempty open U C Y the k-algebra O(U)
of regular functions U — k.

DEFINITION 9.7. Given a presheaf 7 on X and a point p € X, then a germ of
a section of F at p, is a section of F on an unspecified neighborhood of p, with the
understanding that two such sections represent the same germ if they coincide on
a neighborhood of p contained in their common domain of definition. The germs
of sections of F at p form an abelian group, the stalk of F at p, denoted by F,,.

For instance in the case of Example 9.5, when M is an open subset of C, then
the stalk Of , can be identified with the ring of convergent power series in z — p.

The last four examples differ from the first in that they satisfy an important
additional property:

DEFINITION 9.8. An abelian presheaf 7 on X is called a sheaf if

(iv) every system of sections {s; € F(U;)};cr that is compatible in the sense
that each pair s;,s; has the same restriction to their common domain
U; NUj, is obtained as the collection of restrictions of a section of F over
U;erU; and that section is unique.

A space X endowed with with a sheaf of rings is also called a ringed space.
Examples are 9.3, 9.4 and 9.6. A constant presheaf is usually not a sheaf: if Uy, Us
are disjoint open subsets and we take g; € F(U;) = G distinct for i = 1,2, then
clearly these elements cannot be the restriction of a single g € F(U; U G3) = G.
There is however a simple modification which is a sheaf, namely the constant sheaf
G x which assigns to U C X the group of locally constant maps U — G (these are
the maps constant on connectedness components of U).

This modification is a special case of a general construction which produces
a sheaf 71 out of a presheaf F: a section of FT over an open U is represented
a compatible collection of sections of F relative to an open covering of U, with
the understanding that two such collections define the same section of F7 if they
become equal on a common refinement. It is straightforward to verify that this is
well-defined and defines a sheaf.

ExERCISE 31 (Local nature of a sheaf). Let X be a topological space and U
a basis of open subsets of X. Prove that an abelian sheaf F on the space X is
determined by its restriction to that basis, that is, by the collection F(U), and the
restriction maps F(U’) — F(U), for U, U’ e Y and U C U".

Prove also a converse: suppose that U/ is closed under finite intersections and
assume that for every U € U is given an abelian group F(U) and for every inclusion
U C U’ of members of &/ a homomorphism F(U’) — F(U) such that the properties
(i) through (iv) are satisfied (so for (iv) we must assume not only that U; € U for
every i € I, but also that U;c;U; € U). Then F extends to a sheaf on X.

REMARK 9.9. Via Exercise 31 we can (at least formally) characterize certain
extra structures on spaces in a uniform manner. For example, given a topological
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m-manifold M, then a C*-differentiable structure on M is simply given by sheaf of
R-valued continuous functions on M which has the property that locally it is iso-
morphic to the sheaf of C*-differentiable functions on R™. This is more conceptual
(and perhaps also more concise) than the definition based on an atlas. (Implicit
here is that we know what ‘locally isomorphic’ means—a notion you can guess.)
A holomorphic structure on M can be defined in a similar manner. The notion of
a scheme which we shall encounter later is modeled after these characterizations.
This is why such sheaves are often referred to as structure sheaves.

EXAMPLE 9.10 (Maximal ideal spectrum as a ringed space). If A is a finitely
generated k-algebra without zero divisors, then A appears as the coordinate ring of
an affine variety and so by transcribing Example 9.6 to this more abstract setting
we find a sheaf O of k-valued functions on open subsets of Specm(A); this is the
structure sheaf on Specm(A). In view of Proposition 7.2 it will have the property
that its ring of sections on a basic open subset U(a), a € A — {0} is equal to A[1/q]
and Exercise 31 tells us that this in fact characterizes O. This formulation also
makes sense if A has zero divisors (the basic subsets are then U(a), a € A — /(0)).
And indeed, one can show that thus is obtained a sheaf of rings O on Specm(A). It
has the property that we recover A as the set of sections of O over Specm(A) (take
a = 1 so that U(a) = Specm(A)). But A may have nilpotent elements and so O
need no longer be a sheaf of k-valued functions. This is not so difficult to verify,
but since the proof works for an arbitrary ring, we delay it until that stage has been
set.

A continuous map f : M — N between manifolds (or if you prefer, between
open subsets of R™ and R™) is differentiable precisely, when composing f with any
differentiable function on an open subset of N yields a differentiable function on an
open subset of M. This shows that differentiability can be expressed in terms of the
structure sheaves. With this example in mind, we make the following definition:

DEFINITION 9.11. A k-prevariety is an irreducible topological space X equipped
with a sheaf of k-valued functions (X, Ox) with the property that X can be covered
with finitely many open subsets U for which (U, Ox|U) is isomorphic to an affine
variety with its structure sheaf (in the sense that there exists a homeomorphism «
of U onto an affine variety Z such that for every open V C Z, composition with «
maps O(V) onto Ox (k~1V)). A morphism of k-prevarieties f : (X,0x) — (Y,Oy)
consists of a continuous map f : X — Y such that for every ¢ € Oy (V), f*¢(=

of) € Ox(f~'V).

The ‘pre’ in prevariety refers to the fact that we have not imposed a separation
requirement which takes the place of the Hausdorff property that one normally
imposes on a manifold (see below). The composite of two morphisms is evidently
a morphism: we have here a category. For quasi-affine varieties this yields our
previous definition, so there is no conflict here. In fact, this suggests to extend
our definition of (quasi-)affine variety by saying that a k-prevariety is affine (resp.
quasi-affine) if it is isomorphic to one in the old sense.

We often designate an prevariety and its underlying topological space by the
same symbol, a habit which rarely leads to confusion.

Let X be a prevariety. Since X is irreducible, every nonempty open subset of
X is irreducible and dense in X by Lemma 2.2. By assumption X is covered by
finitely many affine open subvarieties Uy, ..., Uy. Suppose k; is an isomorphism of
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U, onto an affine variety X; that sits as a closed subset in some affine space. Then
X, ; = k;(U; N U;) is an open subset of X; and «; ; := k;x; ' is an isomorphism of
X, ; onto X;; C X;. We can recover X from the disjoint union of the X;,..., Xx
by means of a gluing process: if we use x; ; to identify X, ; with X ; for all 4, j we
get back X. The collection {(U;, x;)}., is called an affine atlas for X.

EXERCISE 32. Prove that a prevariety is a noetherian space. Prove also that
every irreducible subset of a prevariety which is locally closed (i.e., the intersection
of a closed subset with an open subset) is in natural manner a prevariety in such a
manner that the inclusion is a morphism of prevarieties.

Much of what we did for affine varieties extends in a straightforward manner
to this more general context.

For instance, a rational function f : X --+ k is defined as before: it is repre-
sented by a section of Ox over a nonempty open subset of X and two such sections
represent the same rational function if they coincide on a nonempty open subset in
their domain of definition. The rational functions on X form a field k(X), the func-
tion field of X. If U C X is an affine subvariety, then k(X) = k(U) = K(O(U)) (but
we will see that it is not true in general that k(X)) is the field of fractions of O(X)).
In particular, Uy, ...,Uy all have the same dimension trdeg; k(X). According to
Exercise 24, this is then also the dimension of X.

Similarly, if X and Y are prevarieties, then a rational map f : X --» Y is
represented by morphism from a nonempty open subset of X to Y with the under-
standing that two such defined the same map if they coincide on a nonempty open
subset. If some representative morphism has dense image in Y, then f is said to be
dominant and then f induces a field extension f* : k(Y) — k(X). Conversely, an
embedding of fields k(YY) — k(X) determines a dominant rational map X --» Y.
If U C X is open and nonempty, then k(U) = k(X)) and the inclusion is a birational
equivalence.

9.12. THE PRODUCT OF TWO PREVARIETIES. Our discussion of the product of
closed subsets of affine spaces dictates how we should define the product of two
prevarieties X and Y: if (p,q) € X xY, thenletp e U Cc Xandgqe V C Y
be affine open neighborhoods of the components. We require that the topology on
U x V be the Zariski topology so that a basis of neighborhoods of (p, ¢) consists of
the loci (U x V')(h) where a h € O(U) ® O(V) with h(p, q) # 0 is nonzero. We also
require that ring of sections of Ox «y over such a basic neighborhood (U x V')(h)
be O(U) ® O(V')[1/h]. This product has the usual categorical characterization: the
two projections X xY — X and X xY — Y are morphisms and if Z is a prevariety,
then a pairof maps (f : Z — X,g: Z — Y) defines a morphism (f,g) : Z — X xY
if and only both f and g are morphisms.

The Hausdorff property is not of a local nature, for a non-Hausdorff space can
very well be locally Hausdorff. The standard example is the space X obtained from
two copies of R by identifying the complement of {0} in either copy by means of
the identity map. Then X is locally like R, but the images of the two origins cannot
be separated. A topological space X is Hausdorff precisely when the diagonal of
X x X is a closed subset relative to the product topology. As we know, the Zariski
topology is almost never Hausdorff. But on the other hand, the selfproduct of the
underlying space has not the product topology and so requiring that the diagonal is
closed is not totally unreasonable a priori. In fact, this condition turns out to be the
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appropriate way of avoiding the pathologies that can result from an unfortunate
gluing procedure.

DEFINITION 9.13. A k-prevariety X is called a k-variety if the diagonal is closed
in X x X (where the latter has the Zariski topology as defined above).

EXAMPLE 9.14. The simplest example of a prevariety that is not a variety is the
obvious generalization of the space described above: let X be obtained from two
copies AL and A! of A’ by identifying A} — {0} with AL — {0} by means of the
identity map. If o, € X denotes the image of origin of AL, then (0;,0_) € X x X
lies in the closure of the diagonal, but is not contained in the diagonal.

The proof of the following assertion is left as an exercise (see also Exercise 32).

PROPOSITION-DEFINITION 9.15. An subset of a variety X is called a subvariety if
it is irreducible and locally closed in X. A subvariety is in a natural manner a variety
such that the inclusion becomes a morphism. The product of two varieties is a variety.

10. Nonsingular points

If Y ¢ C" is an affine variety over C of dimension d, then we hope that there
is a nonempty open subset of Y where Y is ‘smooth’, i.e., where Y looks like a
complex submanifold of complex dimension d. Our goal is to define smoothness in
algebraic terms (so that it make sense for our field k) and then to show that the set
of smooth points of a variety is open and dense in that variety.

Our point of departure is the implicit function theorem. One version states that
if U ¢ R™ is an open neighborhood of p e R and f; : U - R,i=1,...n —d are
such that f;(p) = 0 and the total differentials at p, df1(p),...,df.—a(p) are linearly

independent in p (this is equivalent to: the Jacobian matrix of (f1,..., fn—q) atpis
of rank n — d), then the common zero set of f1,..., f,_q4 is a submanifold of dimen-
sion d at p whose tangent space there is the common zero set of df; (p), . . ., dfn—a(p).

In fact, this solution set is there the graph of a map: we can express n — d of the
coordinates as smooth functions in the d remaining ones. Conversely, any subman-
ifold of R™ at p of dimension d is locally thus obtained.

We first note that partial differentiation of a polynomial f € k[z1,...,2,] is
well-defined and produces another polynomial. The same goes for a rational func-
tion ¢ = f/g: its partial derivatives are rational functions with denominator g2. We
define the total differential of a rational function ¢ € k(z1,...,z,) as usual:

n 8
dd) = Z ai (l‘)dﬂ?i,
i=1

where we do not worry about interpreting the symbols dz;: for now we think of this
simply as a regular map from an open subset of A™ to a k-vector space of dimension
n with basis dx1,...,dxz,, leaving its intrinsic characterization for later. We must
be careful with this notion when the caracteristic of k is positive:

EXERCISE 33. Prove that f € k[z] has zero derivative, if and only if f is constant
(char(k) = 0) or a pth power of some g € k[z] (char(k) = p > 0).

Generalize this to: given f € k[zy,...,2,], then df = 0 if and only if f is
constant (char(k) = 0) or a pth power of some g € k[x1, ..., x,] (char(k) = p > 0).

We should also be aware of the failure of the inverse function theorem:
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EXAMPLE 10.1. Let C' C A? be the curve defined by y? = 23 + z. By any rea-
sonable definition of smoothness we should view the origin o = (0,0) as a smooth
point of C. Indeed, the projection f : C' — A!, (z,y) — y, would be a local-analytic
isomorphism in case ¥ = C. But the map is not locally invertible within our cate-
gory: the inverse requires us to find a rational function # = u(y) which solves the
equation 2 = x + x and it is easy to verify that none exists. (We can solve for
formally: z = u(y) = y? — y% + 3y'® + - -, where it is important to note that the
coefficients are all integers, so that this works for every k.) In fact, the situation is
worse: no local isomorphism between (C,0) and (A!, o) exists. The reason is that
a local ring Oy, has the function field k(Y") as its field of fractions. So if k(Y) is
not isomorphic to k(z1,...,x,), then (Y, p) is not isomorphic to (A", o). This is the
case here, for one can show that £(C) 2 k(z).

Somewhat related to this is another issue, illustrated by the following

EXAMPLE 10.2. Consider the curve C’ C A? defined by zy = 23 + y. The
polynomial z3 + y® — zy is irreducible in k[z,y], so that A(C’) is without zero
divisors. Hence O¢: , is also without zero divisors. But C’ seems to have two
branches at o which apparently can only be recognized formally: one such branch
is given by y = u(x) = 22 + 2% + 32% + - - - and the other by interchanging the roles
ofzandy: z =v(y) =92 +3° +3y8+---. Ifweuse & :=x—v(y) and n := y —u(x)
as new formal coordinates, then C’ is simply given at 0 by the reducible equation
&n = 0.

These examples make it clear that for a local understanding of a variety Y at
p, the local ring Oy, still carries too much global information, and that one way
to get rid of that might be by passing formal power series. This is accomplished by
passage to what is known as

10.3. FORMAL COMPLETION. Let R be a ring and / C R a proper ideal. We en-
dow every R-module M with a topology, the I-adic topology of which a basis is the
collection subsets a + I" M, a € M, n > 0. So this topology is translation invariant
(translation over a fixed a € M: u € M — u+ a € M is a homeomorphism) and
the action of any » € R is continuous. The topology is Hausdorff precisely when
Nn>0l"M = 0 and in that case it is even definable by a metric: if ¢ : Zy — (0, 00)
is any strictly monotonously decreasing function with lim,,_,, ¢#(n) = 0, then a
metric d is defined by

d(a,a’) :=inf{¢(n) : a—a’ € I"M}.
This metric is nonarchimedean in the sense that d(a, a”) < max{d(a,a’),d(a’,a”)}.
Recall that a metrized space is said to be complete if every Cauchy sequence in
that space converges. A standard construction produces a completion of every
metric space M: its points are represented by Cauchy sequences in M, with the
understanding that two such sequences represent the same point if the disance
between the two nth terms goes to zero as n — oo. In the present situation this
yields what is called the I-adic completion, M;. It can be described without any
reference to ¢: an element of M is given by a sequence (a,, € M/I"M),>o whose
terms are compatible in the sense that a,, is the reduction of a,, 1 for all n. It is an
R-module for componentwise addition and multiplication so that the obvious map
M — My, a — (a+ I"),>0 is a R-module homomorphism. It is easy to verify that
M is complete for the I-adic topology and that the homomorphism M — M; is
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continuous, has kernel N, /™M and has dense image. Notice that R; is in fact a
ring (multiplication is componentwise) such that R — R; is a ring homomorphism.
Moreover, M; is a R;-module (use that M /1™ M is a R/I™-module for every n).

EXAMPLE 10.4. Take the ring k[x1,...,x,]. Its completion relative the maximal
ideal (z1,...,x,) is just the ring of formal power series k[[z1,...,z,]]. We get the
same result if we do this for the localization Ogn , of k[z1, ..., z,] at (z1,...,24).

EXAMPLE 10.5. Take the ring Z. Its completion with respect to the ideal (p), p
prime, yields the ring of p-adic integers Z,). We get the same result if we do this
for the localization Z,) = {a/b : a € Z,b € Z — (p)}. If n is an integer > 2, then it
Z(p)'

follows from the Chinese remainder theorem that Z(n) =1L

EXERCISE 34. Let I and J be ideals of a ring R with J? C I. Prove that
the J-adic topology is finer than the I-adic topology and that there is a natural
continuous ring homomorphism R; — R;. Conclude that when R is noetherian,
R; can be identified with R id

*LEMMA 10.6 (Artin-Rees). Let R be a noetherian ring, I C R an ideal, M
a finitely generated R-module and M' C M a R-submodule. Then there exists an
integer ng > 0 such that for all n > 0:

M' AT M = " (M' NI M).

The proof (which is ingeneous, but not difficult) can be found in any book on
commutative algebra (e.g., Atiyah-Macdonald). The fact that I"M’' Cc M' N I"M
implies that M’ C M is continuous for the I-adic topologies. But Artin-Rees tells us
that we also have M’ N It M C I"M’. This shows more, namely that the I-adic
topology M’ is induced by that of M. So the closure of the image of M’ in M; is a
R;-submodule of the latter that can be identified with A7}.

COROLLARY 10.7. Suppose that in the previous lemma Np>oI™ = (0) (so that M
embeds in M;). Then M’ is the intersection of M with the closure of M’ in M; and
My /M can be identified with the I-adic completion of M /M.

(This can be expressed as: when N,>¢I" = (0), then [-adic completion is a
faithfully exact functor.)

If R is a local ring, then R denotes its completion with respect to the maximal
ideal.

Let R be a noetherian local ring with maximal ideal m and residue field F'. Then
m is a finitely generated R-module. Since the ring R acts on m/m? via R/m = F,
m/m? is a finite dimensional vector space over F.

DEFINITION 10.8. The embedding dimension embdim(R) of a local ring R with
maximal ideal m is the dimension of m/m? as a vector space over its residue field
F = R/m. The Zariski tangent space T'(R) of R is the dual of the F-vector space
m/m?. If p is a point of a variety Y, then the embedding dimension embdim,, Y and
the Zariski tangent space 7,,Y of Y at p are by definition that of Oy ,,.

For instance, the embedding dimension of A™ at any point p is n. This follows
from the fact that the map d,, : f € man, — df(p) € k™ defines an isomorphism
of k-vector spaces myn ), /min’p >~ k™. We note in passing that we here have a
way of understanding the total differential at p in more intrinsic terms as the map
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dp : Opn p — mpn ,/m7, which assigns to f € Oyn , the image of f — f(p) € myn
in mgn ,/m3, . Thus, a differential at p can be understood a k-linear function
T,A™ — k and (d,(z;) = dzi(p))j, is a basis of myn ,/m3, .

Notice that the embedding dimension and the Zariski tangent space of a local
ring only depends on its formal completion.

EXERCISE 35. Let (R’,m) and (R, m’) be local rings with the same residue field
F. Prove that a ring homomorphism ¢ : R’ — R which is local (in the sense that it
sends m to m’) induces an F'-linear map of Zariski tangent spaces T'(¢) : T(R) —
T(R).

In order to understand the terminology, we first show:

LEMMA 10.9 (Nakayama’s lemma). Let M a finitely generated R-module. Then
a finite subset S C M generates M as a R-module if (and only if) the image of S in
M /mM generates the latter as a R/m-vector space.

PROOF. Our assumptions say that M = RS + mM. So the (finite generated)
R-module M’ := M/RS satisfies M’ = mM’. We must show that M’ = 0. Let
e1,...,es be R-generators of M’. By assumption there exist z;; € m such that
e; = Z;:l Tij€; . So if A5 = (S” — Tij, then ijl aije; = 0 for all . The matrix
A = (a;);; has determinant in 1 + m. Since 1 4 m consists of invertible elements,
Cramer’s rule shows that A is invertible as a matrix. So e; = A~1(0) = 0 for all i
and hence M’ = 0. O

If we apply this to M = m, we get:

COROLLARY 10.10. The embedding dimension of a noetherian local ring R is the
smallest number of generators of its maximal ideal. The embedding dimension is zero
if and only if R is a field.

DEFINITION 10.11. A local ring R with maximal ideal m is said to be regular
if it noetherian and its dimension equals its embedding dimension. A point of a
variety Y is called regular or nonsingular if its local ring is regular; a point that is
not regular is called singular.

We will show that this is indeed an intrinsic characterization of ‘being like a
submanifold’. We begin with a formal version of the implicit function theorem.

LEMMA 10.12. Let fi,..., fn_q be regular functions at p € A™ which vanish in
p and for which df1(p),...,dfn—4(p) are linearly independent. Then these functions
generate a prime ideal p in the local ring O~ ,, and the formal completion of Oan /P
with respect to its maximal ideal is isomorphic to k[[z1,...,z4]] as a complete local
k-algebra.

PROOF. Let us abbreviate Oy ,, by O and its maximal ideal by m. For f € m,
the image of f in m/m? is represented by >, chfi(p)(xi — p;) and so is essentially
given by df (p).

Now extend f1,..., fn_q to a system of regular functions f1,..., f, € m such
that dfi(p),...,dfn(p) are linearly independent. This means that f1,---, f, map
to a basis of m/m2. According to Nakayama’s lemma, fi,---,f, then generate
m. Hence the monomials of degree N in f,--- , f, generate m”" and hence also
m® /mN+1 The latter is a k-vector space of dimension equal to the number of
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degree N monomials in n variables. So these monomials form in fact a basis of
mY /mN+1 It now easily follows that we have an isomorphism of complete lo-
cal rings (a ring isomorphism that is also a homeomorphism) k[[y1,...,y.]] — O
which sends y; to the image of f; in O. Its inverse defines a topological embedding
of O in k[[y1,...,yn]] (sending f; to y;). The ideal generated by (y1,...,yn—q) in
El[y1,--.,yn]] is the closure of the image of p. It is clearly a prime ideal. According
to Corollary 10.7 the preimage of that prime ideal in O is p (hence p is a prime ideal)
and the embedding O/p in k[[y1, .-, yn)l/ (Y1, - s Yn—d) = K[[Yn—d+1,- - -, Yn]] real-
izes the completion of O/p. O

THEOREM 10.13. Let Y C A" be irreducible and closed and let p € Y. Then
the local ring Oy, is regular of dimension d if and only there exist regular functions
fis-++, fn—a on an affine neighborhood U of p in A™ such that these functions gen-
erate [(Y NU) and df1,...,df,—q are linearly independent in every point of U. In
that case, the formal completion @yyp is as a complete local k-algebra isomorphic to
E[[z1,...,zq]]- The Zariski tangent space T,,Y is as a subspace of the Zariski tangent

space T,A™ equal to the kernel of the linear map (dfi(p),...,dfn—a(p)) : THA" —
g,

PROOF. Suppose that Oy, is regular of dimension d. Let Zy, C Oy~ , be the
ideal of regular functions at p vanishing on Y. This is the kernel of O» ;, — Oy,.
The latter is a surjective homomorphism of local rings and so the preimage of my,,
resp. my, , is Ty, + Man = man , 1€sp. Ty, + m3,, . It follows that man ,,/(Zy,, +
m3, ) = my,/mi  has dimension d. So the image 7y, + m%, ,/m%. , of Zy, in
the n-dimensional vector space my» ;,/m3, , must have dimension n — d. Choose
fi,.-.sfa—a € Iy, such that dfi(p),...,dfn—q(p) are linearly independent. We
show among other things that these functions generate Zy ,,.

According to Lemma 10.12, the ideal in Oy~ , generated by fi,. .., f; is prime.
Denote its intersection with k[z1,...,x,] by p;. This is also prime, of course. The
elements of p; vanish on a neighborhood of p in Y, hence vanish on all of Y (for Y’
is irreducible). Since p; is strictly contained in p;, 1, we thus find a prime sequence
of lengthn — din I(Y): (0) =po € p1--+ C pn—a C I(Y). AsY is irreducible of
dimension d, there also exists a prime sequence of length d containing 7(Y") which
begins with I(Y): I(Y) = q0 € g1+ € qa € E[x1,...,2,]. Since k[zq,...,x,]
has dimension n, these two prime sequences cannot make up a prime sequence of
length n + 1 and so we must have p,,_q = qo. It follows that if I(Y) = p,,_q4 is
generated by hq, ..., hs, then every h; can be written as a Oy p-linear combination
of fi,..., fn—a- If g € k[x1,...,2,] is a common denominator of these coefficients
and the f;’s (with g(p) # 0), then Y N U(g) is clearly the common zero set of
fis-++y fn—a. The locus of ¢ € U(g) where df1(q),...,dfn—q(¢) has rank < n — d is
defined by the vanishing of the (n — d) x (n — d)-minors and hence closed in U(g).
The complement U of this closed set has now all the asserted properties (with the
last property following from Lemma 10.12).

The converse says that if U, p and f1,..., f,_q are as in the theorem, then
the functions fi, ..., f,_q generate a prime ideal Z,, in Oy~ j, such that Opn ;,/Z, is
regular. This follows Lemma 10.12.

The last assertion is clear from the preceding. O
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PROPOSITION 10.14. The regular points of a variety Y form an open and dense
subset Y,c of that variety. Equivalenty: the singular points of Y form a proper closed
subset Ysing =Y — Yieg f Y.

PrROOF. We know already that Y, is open; we must show its is nonempty. Let
d := dimY so that k(Y") is of transcendence degree d over k. This means that there
exist algebraically independent y1, ... yq € k(") such that k£(Y) is a finite extension
of the purely transcendental extension K := k(y1,...,yq) of k. A basic result in
field theory (the theorem of the primitive element) states that k(YY) is generated
over K by a single element. This means that if f € K[y] is its minimal polynomial,
then k(Y) = K[y]/(f). By clearing the denominators of the coefficients of f, we
may assume that these all lie in &[y1, ..., yq), but have no common divisor. Then
f € k[yi,...,yar1] (we wrote y441 for y) isirreducible in k[y1, . . . , ya+1] and defines
an irreducible hypersurface Y’ in A*! with k(Y’) = k(Y) by construction. Since
Y’ contains an open subset isomorphic to an open subset of Y, it suffices to show
that Y’ has a regular point.

Let p € Y'. A basis for mMHm/mide is given by dy1(p), ..., dya+1(p). This
basis projects onto a generating set of the quotient space my- ), /m%,m and since

Ty p C Opa+1, is generated by f, the only relation among themis ) _, % (p)dy;(p) =

0. Hence the dimension of my~ , /mf,,,p fails to be d precisely when g—;(p) = 0 for
all i. As this characterizes the property p € Y ., we must show that this cannot
happen for all p € Y.

Suppose it does, i.e., suppose that every partial derivative J f /dy; of f vanishes
on Y’'. Then it lies in (f) and since df/0y; has lower degree than f, this implies
that 0f/dy; is the zero polynomial. This is true for all < and so f is constant or
(if char(k) = p) a pth power. The latter is excluded because f is irreducible and
f constant is excluded because f has a positive degree in y4.1. We thus get a
contradiction. O

REMARK 10.15. This enables us to find for a variety Y of dimension d a de-
scending chain of closed subsets Y = Y; D Y31 D -+ D Y, such that dimY; < ¢
and all the (finitely many) connected components of Y; — Y;_; are nonsingular sub-
varieties of dimension 7 (such a chain is called a stratification of Y). We let Y;_; :=
Yiing and if (with downward induction) Y; has been defined, and Sy, ..., Sk are
the distinct irreducible components of Y; of dimension exactly i, then we take for
Y;_; the union of

(i) the remaining irreducible components,
(i) the intersections S, N Sy, with x # X and
(iii) the singular loci (Sx)sing-
Then dimY;_; < i—1 and every connected component of Y; —Y;_; is an nonempty
open subset of some (S, ). and hence a nonsingular subvariety of dimension i.



CHAPTER 2

Projective varieties

1. Projective spaces

Two distinct lines in the plane intersect in a single point or are parallel. In
the last case one would like to say that the lines intersect at infinity so that the
statement becomes simply: two distinct lines in a plane meet in a single point.
There are many more examples of geometric configurations for which the special
cases disappear by the simple remedy of adding points at infinity. A satisfactory
approach to this which makes no a priori distinction between ordinary points and
points at infinity involves the notion of a projective space. The following notion,
perhaps a bit abstract, is quite useful. It will soon become much more concrete.

DEFINITION 1.1. A projective space of dimension n over k is a set P endowed
with an extra structure that can be given by a pair (V,{), where V is k-vector
space of dimension n + 1 and ¢ is a bijection between P and the collection of 1-
dimensional linear subspaces of V: p € P — {, C V. It is here understood that
another such pair (V’/,¢') defines the same structure if and only if there exists a
k-linear isomorphism ¢ : V' — V' such that for every p € P, ¢ sends £, to £;,. (We
are in fact saying that thus is defined an equivalence relation on the collection of
such pairs and that a projective structure is given by an equivalence class.)

In particular, if V is a finite dimensional k-vector space, then the collection of
its 1-dimensional linear subspaces is in a natural manner a projective space; we
denote it by P(V). We often write P" or P? for P(k""!) and call it simply projective
n-space (over k).

EXERCISE 36. Prove that the linear isomorphism ¢ in Definition 1.1 is unique
up to scalar multiplication.

DEFINITION 1.2. Given a projective space P of dimension n over k, then a
subset L of P is said to be linear subspace of dimension d if, for some (or any) pair
(V,¢) as above, there exists a linear subspace V;, C V of dimension d + 1 such that
¢(L) is the collection of 1-dimensional linear subspaces of V.

A map f : P — P’ between two projective spaces over k is said to be linear
morphism if for corresponding structural data (V, ¢) and (V’, ¢') for P resp. P’ there
exists a linear injection F' : V' — V' such that F' sends ¢, to 6}(1)) forallp € P.

So a linear subspace has itself the structure of a projective space and its inclu-
sion in the ambient projective space is a linear morphism. Conversely, the image of
a linear morphism is linear subspace.

A linear subspace of dimension one resp. two is often called a line resp. a plane.
A linear subspace of codimension one (of dimension one less than the ambient
projective space) is called a hyperplane. It is now clear that two distinct lines in a

35
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plane intersect in a single point: this simply translates the fact that the intersection
of two distinct linear subspaces of dimension two in a three dimensional vector
space is of dimension one.

Let P be a projective space of dimension n and describe its structure by a pair
(V,¢) for which V' = k"*1. We denote the coordinates of k"1 by (X, ..., X,).
Then every point p € P(V) is representable as a ratio [pg : - - - : p,] of n+1 elements
of k that are not all zero: choose a generator p € ¢, and let p; = X;(p). Any other
generator is of the form Ap with A € k—{0} and indeed, [Apg : -+ : Ap,| = [po: - :
pn]. This is why [Xo : --- : X,,] is called a homogeneous coordinate system on P(V)
even though the individual X; are not functions on P(V) (but their ratios X,/X;
are, albeit that they are not everywhere defined).

1.3. LINEAR CHARTS AND STANDARD ATLAS. Let U C P be a hyperplane comple-
ment in P(V), i.e., the complement of a hyperplane H C P. We show that U is in
a natural manner an affine space. To see this, let the structure on P be given by
the pair (V, ¢). Then the hyperplane H corresponds to a hyperplane Vy C V. The
cosets of Vg in V are affine hyperplanes in the classical sense of the word. If we
take A # Vy, then assigning to v € A the 1-dimensional linear subspace spanned
by v defines a bijection k4 : P — H — A. This puts on U a structure of an affine
space. This is independent of the choice of A: any another choice A’ is obtained
from A by multiplication by some nonzero scalar v € k and hence x4/ is the com-
posite of k4 and the map u- : A = A’; since the latter is an isomorphism of affine
spaces, 4+ defines the same affine structure on P — H as k4.

For a linear subspace L C P the bijection U = A restricts to one between LNU
and the affine-linear subspace V;, N A. We can restate this in more intrinsic terms
by saying that any linear subspace of P meets U in an affine subspace of U.

If we choose a linear isomorphism X : V =2 k"*! such that Vg is given by
Xo =0and A by Xy =1, then (X3, ..., X,,) maps A bijectively onto ™. Under this
bijection X;|A corresponds to the function X,/ X, on U and (X;/Xy,...,X,/Xo) :
U = k™ is an affine-linear isomorphism. We call such an isomorphism a linear chart
for P.

A homogeneous coordinate system [Xy, ..., X,] for the projective space P de-
fines a chart for every i = 0, ... ,n: if U; C P is the hyperplane complement defined
by X; # 0, then

ki Ui A", [Xo: ot Xol = (Xo/ Xty e Xi/ X, o, X/ X3)
is a chart with inverse (x1,...,2p) — [x1: -+ :2; : 12471 : -+ : ,]. Notice that

the U;’s cover P. We call such a collection of charts (U;, k;)?, a standard atlas for
P. Let us determine the coordinate change for a pair of charts, say for «,#, . The
image of Uy N U,, under kg resp. «, is the open subset U(z,,) resp. U(z1) of A™ and

Iinlial 2U(xy) = Ulzy), (x1,22,.,20) — (L/zp, @1/Tn, .oy Tpe1/Ty).

We could also proceed in the opposite direction and start with an affine space
and realize it as the hyperplane complement of a projective space. Changing our
point of view accordingly, we might say that a projective space arises as a ‘comple-
tion with points at infinity’ of a given affine space. For instance, A" embeds in P"
by (z1,...,xn) — [1: 21 : - : x,] with image the hyperplane complement defined
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2. The Zariski topology on a projective space

We shall define a topology on a projective space whose restriction to every
linear chart is a homeomorphism if we endow A” with the Zariski topology.

Let P be a projective space of dimension n over k and let [X; : --- : X,,] be
a homogeneous coordinate system for P. Suppose F € k[Xy,...,X,] is homoge-
neous of degree d. Then we have F(\Xy,...,\X,,) = MF(Xy,...,X,,) for A € k.
The property of this being zero only depends on [Xj : - - - : X,,] and hence the zero
set of F' defines a subset Zr C P (even though F' is not a function on P). We
denote its nonzero set by Up := P — Zp.

PROPOSITION-DEFINITION 2.1. The collection Up, where F runs over the homoge-
neous polynomials in k[ Xy, ..., X,], is a basis for a topology on P, called the Zariski
topology on P. This topology is independent of the choice of our homogeneous coordi-
nate system [Xo, ..., X,] and every linear chart is a homeomorphism. Let Op be the
sheaf of ring of k-valued functions on P which on every hyperplane complement is its
sheaf of regular functions. Then (P, Op) is a prevariety'.

PROOF. The first statement follows from the obvious equality UrNUp: = Upp:.
The independence of the coordinate choice results from the observation that under
a linear substitution a homogeneous polynomial transforms into a homogeneous
polynomial (of the same degree).

Let now U = P — H be a hyperplane complement. Choose a homogeneous
coordinate system [Xy,...,X,,] such that U is defined by X, # 0 and denote by

J:r A" 2 U, (x1,...,2y) — [1: 21 : -+ : x,) the inverse. If F' € k[Xo,...,X,]
is homogeneous, then ;- 'Ur = U(f), where f(z1,...,2,) := F(1,21,...,2,). SO
the inclusion j is continuous.

Conversely, if f € k[z1,...,z,] is nonzero of degree d, then its homogeniza-

tion’ F(Xo,...,X,) := X4f(X1/Xo, ..., Xn/Xo) is homogeneous of degree d and
U(f) = j~'Ur. So j is also open.

The coordinate system [Xo, ..., X,] determines n + 1 charts {(U;, x;)}, for
P which cover P. We already observed that coordinate changes r;x; ' are isomor-
phisms of affine varieties and thus P acquires the structure of a prevariety. It is
easy to verify that this is independent of any choices. O

EXERCISE 37. Let F' € k[Xy, ..., X,] be nonzero and homogeneous of degree
d.

(a) Prove that every function Ur — k of the form G/F" with r > 0 and G
homogeneous of the same degree as F'" is regular.
(b) Prove that conversely every regular function on U is of this form.

We now discuss the projective analogue of the (affine) I — Z correspondence.

Any F € Ek[X,,...,X,] is uniquely written as a sum of homogeneous polynomi-
als: F' = Fy+ Fy + F>+- - - (with of course only a finite number of nonzero terms):
the term F} is simply the coefficient of t? in F(tXy,...,tX,) € k[Xo,..., X, t] =
k[Xo, ..., X,][t]. We call Fj; the dth homogeneous part of F. This makes k[ Xy, ..., X,]
a graded ring in the sense below.

DEFINITION 2.2. A graded ring is a ring R whose underlying additive group
comes with a direct sum decomposition R, = &72 ,Rq such that the ring product

IWe will shortly see that (P, Op) is in fact a variety.
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maps Ry x R, in Rqy., or equivalently, is such that y 7 R4t? is a subring of R[t].
An ideal I of such a ring is said to be homogeneous if it is the direct sum of its
homogeneous parts I; := I N R,.

If R, is a graded ring, then clearly Ry is a subring of R. If I, is a homogeneous
ideal, then R/I = &3 ,Rq/l4 is again a graded ring. Of special interest is the
homogeneous ideal that is maximal among the proper homogeneous ideals, R :=
@72 | Rq, for which we have R/R| = Ry.

LEMMA 2.3. If I, J are homogeneous ideals of a graded ring R,, then so are INJ,
IJ, I+ Jand VI

We omit the easy proofs.

A proper homogeneous ideal J C k[Xj,. .., X,]+ defines a closed subset
Zy=N{Zp : F € UdZOJd}.
of P™. Since k[Xy, ..., X,] is noetherian, .J has finitely many generators. By taking

the homogeneous parts of these generators we find in fact that J has a finite set
of homogeneous generators. It is easy to see that Z; is their common zero set. Its
relation with the closed subset Z(J) C k"*! is quite simple: Z(.J) is homogeneous
in the sense that if x € Z(J), then tx € Z(J) for all ¢t € k, in fact, Z(J) is the
union of one dimensional subspaces of k"*! parametrized by Z; (here Z; = ()
corresponds to Z(J) = {0}).

Conversely, a subset Y C P™ determines a proper homogeneous ideal I(Y') in
the ideal k[ Xy, ..., X,]+, with its degree d > 1-summand I(Y), being the vector
space of homogeneous polynomials F' of degree d which vanish on Y (i.e., for which
Zr D'Y). Notice that with this definition we have () = k[Xo, ..., Xn]+.

PROPOSITION 2.4. If J C k[Xo,...,X,]+ is a proper homogeneous ideal, then
I(Zy) =V

PROOF. We have I(Z(J)) = +/J by the Nullstellensatz, and so it suffices to
prove that I(Z;) = I(Z(J)). Clearly, I(Z;) > I(Z(J)). Since J C k[Xo, ..., Xn]+,
0€ Z(J)andso F € k[Xy,...,X,] vanishes on Z(.J), then F has no constant term.

As Z(J) is invariant under scalar multiplication, F(tXo, ..., tX,) = Y 45, t*Fa(Xo, . ..

vanishes on Z(.J) x A! so that F; € Z(J) for all d. It follows that I(Z(J)) C
I(Zy). O

EXERCISE 38. Let R, be a graded ring.
(a) Prove that the set of its zero divisors is a homogeneous ideal. The same
for its ideal of nilpotents.
(b) Prove that if I is a prime ideal in the homogeneous sense: if rs € I for
some r € Ry, s € Ry implies r € [ or s € I, then [ is a prime ideal.
(c) Prove that the intersection of all homogeneous prime ideals of R, is its
ideal of nilpotents.

EXERCISE 39. Prove that a closed subset Y C P" is irreducible if and only if
I1(Y) is a prime ideal.

Since k[ Xy, ..., X,] is a noetherian ring, any ascending chain of homogeneous
ideals in this ring stabilizes. This implies that any projective space is noetherian.
In particular, every subset of a projective space has a finite number of irreducible
components whose union is all of that subset.
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DEFINITION 2.5. The homogeneous coordinate ring of a closed subset Y of P" is
the graded ring

S(Y), :=k[Xo,....X,]/I(Y), SY)a=EkXo,...,Xnla/I(Y)a.

Notice that S(Y'), is a reduced finitely generated k-algebra and that S(Y), = k.
The following exercise shows that every such algebra so arises:

EXERCISE 40. Let S, be a graded k-algebra that is reduced, finitely generated
and has Sy = k.

(a) Prove that S, is as a graded k-algebra isomorphic to the homogeneous
coordinate ring of a closed subset Y.

(b) Prove that under such an isomorphism, the homogeneous radical ideals
contained in the maximal ideal S := @4>154 correspond to closed sub-
sets of Y under an inclusion reversing bijection: homogeneous ideals
strictly contained in S; and maximal for that property correspond to
points of Y.

(c) Suppose S, a domain. Show that a fraction F'/G that is homogeneous of
degree zero (F' € S; and 0 # G € S, for some d) defines a function on
Us.

EXERCISE 41. Let Y be an affine variety.

(a) Show that a homogeneous element of the graded ring A(Y)[Xo, ..., X,]
defines a closed subset of Y x P as its zero set.

(b) Prove that every closed subset of Y x P" is an intersection of finitely many
zero set of homogeneous elements of A(Y)[Xo, ..., X,].

(c) Prove that we have a bijective correspondence between closed subsets of
Y x P™ and homogeneous radical ideals in A(Y)[Xy,. .., Xn].

3. The Segre embeddings

First we show how a product of projective spaces can be realized as a projective
variety. This will imply among other things that projective space is a variety. Con-
sider the projective spaces P™ and P" with their homogeneous coordinate systems

[Xo: - : X and [Yo : -+ : Y,]. We also consider a projective space whose homo-
geneous coordinate system is the set of matrix coefficients of an (m + 1) x (n + 1)-
matrix [Zog : -+ Zij : +++ 1 Zpmy); this is just P+ with an unusual indexing of

its homogeneous coordinates.

PROPOSITION 3.1 (The Segre embedding). The map f : P™ x P* — pmntmin
defined by Z;; = X,;Y;, i = 0,...,m;j = 0,...,n is an isomorphism onto a closed
subset of Pt [f ;= n, then the diagonal of P™ x P" is the preimage of the
linear subspace of P""+2" defined by Z;; = Zj;; and hence is closed in P™ x P".

PROOF. In order to prove that f defines an isomorphism onto a closed sub-
set of P+m+n it is enough to show that for every chart domain U;; of the
standard atlas of P ™+ f=17,. is open in P™ x P" and is mapped by f iso-
morphically onto a closed subset of U;;. For this purpose we may (simply by
renumbering) assume that i = j = 0. So then Uy, C P™**t™*" is defined by
Zyo # 0 and is parametrized by the coordinates z;; := Z;;/Zoo, (3,j) # (0,0). It
is clear that f~1Uy is defined by XY, # 0. This is just the domain of the prod-
uct of two standard charts parametrized by x; := X;/Xo,..., 2, := X;n/Xo and
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y1 = Y1/Yo, ...,y := Y, /Yo. In terms of these coordinates, f : f~ Uy — Upo is
given by z;; = x;y;, where (¢, j) # (0,0) and where we should read 1 for x¢ and yo
(so that z;0 = x; and zp; = y;). It is now clear that the image is in fact the graph
of the morphism A™ x A™ — A™" with coordinates z;y;, 1 <i<n,1 <j<m.
This graph is closed in A™ x A™ x A™ and isomorphic to A™ x A™. So f indeed
restricts to an isomorphism of f~Uy, onto a closed subset of Uy.

In case m = n, we must also show that the condition X;Y; = X,V for 0 <
i < j < n implies that [X : --- : X,,] = [Yo : --- : ¥,], assuming that not all X;
resp. Y; are zero. If X; # 0, then we cannot have Y; = 0, because X,Y; = X;Y;
would then imply that Y; = 0 for every j. SoY; # 0. Lett := Y;/X; € k* so
that ¥; = tX,. Substituting this in X,;Y; = X,Y; yields in Y; = ¢X; for all j and so
Yo:---:Y,]=[Xo: - : X,] O

COROLLARY 3.2. A projective space over k is a variety.
PROOF. Proposition 3.1 shows that the diagonal of P x P" is closed. O

DEFINITION 3.3. A variety is said to be projective if it is isomorphic to a closed
irreducible subset of some projective space. A variety is called quasi-projective if is
isomorphic to an open subset of some projective variety.

COROLLARY 3.4. Every irreducible closed (resp. locally closed) subset of P™ is a
projective (resp. quasi-projective) variety. The collection of projective (resp. quasi-
projective) varieties is closed under a product.

PROOF. The first statement follows from 9.15 and the second from Proposition
3.1. O

EXERCISE 42. (a) Prove that the image of the Segre embedding is the

common zero set of the homogenenous polynomials Z;; Z; — Z;; Zy;.

(b) Show that for every (p, q) € P™ x P" the image of {p} x P" and P x {¢}
in Pmntm+n i g linear subspace.

(¢) Prove that the map P" — P("’+31)/2 defined by Ziy;=X:X;,0<i<j<
n is an isomorphism on a closed subset defined by quadratic equations.
Find these equations for n = 2.

(d) As a special case we find that the quadric hypersurface in P? defined by
ZoZ1 — ZyZ3 = 0 is isomorphic to P* x P!, Identify in this case the two
systems of lines on this quadric.

EXERCISE 43 (Intrinsic Segre embedding). Let V and W be finite dimensional
k-vector spaces. Describe the Segre embedding for P(V) x P(W) intrinsically as a
morphism P(V) x P(W) — P(V @ W).

4. Projections

Let V be a finite dimensional k-vector space. If W C V is a linear subspace,
then we can form the quotient vector space V/W and we have linear surjection
7w : V — V/W. We cannot projectivize this as a morphism from P(V') to P(V/W),
but we shall see that if W # V, then it defines at least a morphism P(V) — P(W) —
P(V/W). As a map it is defined as follows: for p € P(V) — P(W), ¢, is a one
dimensional subspace of V' not contained in W so that 7 (¢,) is a one dimensional
subspace of V/W; we let the image of p in P(V/W) be represented the latter.
To see that this is morphism, we choose a coordinate system (Xo,...,X,) for V
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such that W is given by Xy = --- = X,,, = 0. Then (Xo,...,X,,) serves as a
coordinate system for V/W and 7 : V' — V/W is simply given by (Xy,...,X,,) —
(Xo, ..., Xm)- In projective coordinates this is of course given by [ X, : ---: X,,] —
[Xo : --- : X;»] and so indeed a morphism where it is defined (namely where
Xo, ..., Xm not all vanish, that is, on the complement of P(1V)).

It is worthwhile to describe this map in purely projective terms. This starts with
the observation that the 7-preimage of a one-dimensional linear subspace of V/W
is a linear subspace of V' which contains W and has dimension one more than W
and that every such subspace so arises. So the linear subspaces of P(V') containing
P(W) having dimension one more than P(W) form a projective space (which can
be identified with P(V/W)).

This projective structure on this collection of linear subspaces is intrinsic. This
means that if P is a projective space and ) C P is a linear subspace of codimension
m > 0, then the collection of linear subspaces of P which contain ¢ and have
dimension one more than () is in a natural manner a projective space of dimension
m — 1. We denote that projective space by Py. The morphism described above
should go from P — @ to Pg. As a map it simply assigns to p € P — () the point
of Py represented by the projective linear span of p and @ (i.e., the smallest linear
subspace containing p and ()). We denote this morphism 7g : P — Q — Pg. Itis
clearly surjective.

EXERCISE 44. Show that every fiber of 7 is in a natural manner an affine space
of dimension one more than the dimension of Q.

We define the blowup of P along @ as the closure of the graph of mg in P x Py
and denote it by Blg P (we will later discuss this notion in greater generality).
This is a closed subset of P x Py which contains a copy of P — () as an open dense
subset. So Blg P is a projective variety. The projection Blg P — Py extends mq
and is called the projection from Q. As long there is no danger of confusion we
continue to denote it by 7q.

LEMMA 4.1. The morphism g : Blg P — Pg is a locally trivial fibration in
projective spaces of dimension 1 4+ dim ). More precisely, if U C Pg is hyperplane
complement, then there is a morphism p : w,'U — P4m@ 50 that the morphism
(1q,p) : 7o' U — U x PHTmQ is an isomorphism. In particular, Bl P is nonsingu-
lar.

PROOF. Choose a homogeneous coordinate system [X, : --- : X,,] for P as
above and denote the corresponding coordinate system for Py by [Y; : --- : ¥,,].
Since mg is on P — (@ given by Y; = X;, the graph of this map in (P — Q) x Py
is given by [Xo : --- X,,] = [Yp : --- : Y},], or equivalently, by X,Y; — X;Y; = 0

for 0 < i < j < m. These equations define a closed subspace Z C P x Py which
contains the graph in question. We show that Z is the closure of the graph and
has the requires properties. For this we focus on the second part of the lemma
and assume (without loss of generality) that U is given by Y; # 0. We use on U
the standard coordinates y; = Y;/Yp, i = 1,...,m. Then Zy := ZnNn (P x U) is
given by X;y; — X;y; = 0 for 0 < ¢ < j < m, where we should read 1 for y,.

This amounts to X; = y; X, for i = 1,...,m. So if we define p : Zy — P,
by ([Xo: - Xul, 1,3 Um) — [Xo : Xmg1 ¢ -+ Xp], then the resulting map
Zy — U x P17~ is invertible with inverse (y1,. .., Ym,[Xo : X1 - X)) —

[Xo:1v1X0: -t YmXo : Xpny1 : -+ 2 Xp]. Under this isomorphism the intersection
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of Zy; with the graph of 7¢ is mapped to open subset U x Uy C U x P*"~™_ Since
this is dense in U x P+~ it follows that Z; C Blg P. So Z C Blg P and hence
Z =Blg P. O

Within a category of reasonable topological spaces (say, the locally compact
Hausdorff spaces), the compact ones can be characterized as follows: K is compact
if and only if the projection K x Y — Y is closed for every Y. In this sense the
following theorem states a kind of compactness property for projective varieties.

THEOREM 4.2. Let X be a projective variety. Then for every variety Y, the projec-
tion X xY — Y is closed.

We first reduce this theorem to the case where X = P!, Y affine and then show
that it is for this case a consequence of the main theorem of elimination theory.

REDUCTION TO THE CASE X = P! AND Y AFFINE. We must prove that for every
closed subset Z C X x Y the projection 7y (Z) is closed in Y. For this it suffices
to verify that for every open affine subset U C Y, 7y (Z) N U is closed in U. Since
my(Z)NU = my(Z N (X x U)) we may assume that is Y affine.

Since X projective, we may assume it to be a closed subset of some projective
space P. With induction on dim P we reduce to the case dim P = 1. If dim P > 2,
we choose a singleton () C P and consider the blowup Blg P — P. The preimage
Z of Z in Blg P x Y is closed and since Blo P — P is surjective, it is enough
to show that the image of Z in Y is closed. In other words, we must show that
Blg P x Y — Y is closed. We factor this projectionas Blg P xY — Py xY — Y.
Since Py is a projective space of dimension one less than P, the second projection
is closed by induction. So it is enough to see that the first projection is closed. Now
Blg P — Pg is locally trivial fibration in projective lines (Py is covered by affine
open subsets U over which the morphism Blg P — P, is isomorphic to U xP! — U)
and hence the same is true for Blg P x Y — Py x Y. This proves that it suffices to
verify the theorem for X = P*. O

We shall now state the main result of elimination theory. Given an integer n >
0, denote by P, the k-vector space of homogeneous polynomials F' € k[X(, X;] of
degree n. The monomials (X ~“X?)7_, form a basis, in particular, dim P, = n + 1.
Given F' € P,, and G € P,, then the map

U/F,G:Pnfl@melﬁ—Pnerfla (A7B)'_)AF+BG

is a linear map between two k-vector spaces of the same dimension m + n. The
resultant R(F,G) of F and G is defined as the determinant of this linear map with
respect to the monomial bases of the summands of P, 1 & P,,,_1 and of P, 1.
So R(F,G) = 0 if and only if up ¢ fails to be injective.

LEMMA 4.3. R(F,G) = 0if and only if F and G have a common zero in P,

PROOF. If R(F,G) = 0, then ur ¢ is not injective, so that there exist a nonzero
(A,B) € P,_1 ® P,,—1 with AF + BG = 0. Suppose that B # 0. It is clear that
F divides BG. Since deg(B) = m —1 < m = deg F, it follows that ' and G must
have a common factor.

If conversely F' and G have a common zero in P!, then they must have a
common linear factor L, say: F = LF;, G = LG; and we see that (Gy,—F}) €
P,_1 @ P, is nonzero and in the kernel of up ¢. O
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Notice that R(F, G) is a polynomial in the coefficients of /" and G
if F =", Xy 'X{and G =37 ¢: X7 ' X{, then

fo fl fm 0 0
0 fo fi - fm 0
0 0 0
o 0 -~ 0 fo fi fm
R(F,G) = det
( ) e gO gl “ e “ e gn 0 0
O go gl “ e “ .. gn O-a. O
0 0 g .0
0 “ .. O go gl ... .« .. gn

So the resultant defines an element of A(P,,, x P,,) = A(P,,) ® A(P,).

PROOF OF THEOREM 4.2 IN CASE X = P! AND Y AFFINE. Let Z C P! x Y be
closed. Denote by I(Z), the homogeneous ideal in the graded algebra A(Y")[ Xy, X;]
of functions vanishing on Z. Then Z is the common zero set of the members of
I1(Z), (see Exercise 41). For every homogeneous pair F,G € U, A(Y)[Xo, X1]m,
we can form the resultant R(F,G) € A(Y). We claim that 7y (Z) is the common
zero set R C Y of the R(F,G), with F,G € U, I(Z),,. This will certainly prove
that 7y (Z) is closed in Y.

Suppose that y € my (Z) so that (y,[Xo : X1]) € Y xP! for some [X, : X;] € PL.
Then [X, : X;] is a common zero of each pair F,, G,, where F,G € U,,I(Z),, and
the subscript y refers to substituting y for the first argument. So y € R.

If y ¢ my(Z), then in particular {y} x P! is not contained in Z, so that there
exists a F' € U,,I(Z),, with F,, # 0. Denote by p,...,p, € P! the distinct zeroes
of F,. Since (y,p;) ¢ ZUU,2i{(y,p,)}, there exists a G) € U,,I(Z),, with Gy(j)
zero in all the p; with j # 4 and nonzero in p;. By replacing each GV by some

power, we may assume that G(*), ..., G(") all have the same degree. Then G :=
G + ...+ G" € U, I(Z),, and F,, G, have no common zero in P!. This means
that R(F,,G,) #0andsoy ¢ R. O

We mention a few corollaries.

COROLLARY 4.4. Let X be a projective variety. Then any morphism from X to a
variety has closed image.

PROOF. If f : X — Y is a morphism to a variety Y, then the graph I'y C X xY
is closed in X x Y. According to Theorem 4.2, the projection 7y (I'y) is then closed
inY. Butitis clear that my (I'y) = f(Y). O

It is an elementary result from complex function theory that a holomorphic
function on the Riemann sphere constant. This implies the corresponding assertion
for holomorphic functions on complex projective n-space Pg (to see that a holo-
morphic function on P¢ takes the same value on any two distinct points, simply
apply the previous remark to its restriction to the complex projective line passing
through them, viewed as a copy of the Riemann sphere). The following corollary is
an algebraic version of this fact.

COROLLARY 4.5. Let X be a projective variety. Then any morphism from X to a
quasi-affine variety is constant. In particular, any regular function on X is constant.
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PROOF. We first prove the special case. A regular function ¢ on X can be
regarded as a morphism f : X — A'. We think of A! as the complement of the
single point [1 : 0] in P!. So the resulting morphism X — P! has image contained in
A' C PL. By the previous corollary this image is closed in P! and so must be finite.
Since X is irreducible, it follows that the image is a singleton. In other words, ¢ is
constant.

If f: X — Y is a morphism to a quasi-affine variety Y, then its composite with
an embedding of Y in some affine space A™ is given by n regular functions on X.
These are all constant and hence f is constant. |

EXERCISE 45. Let P be a projective space, Q C P a linear subspace and Y C
P — @Q irreducible and closed in P. Prove that the restriction of 7 : P — Q — Py
to Y has finite fibers and that mg(Y") is closed in Pgy. Assuming that this implies
that £(Y") is a finite extension of k(mg(Y')), deduce that dimY must smaller then
the codimension of @) in P.

EXERCISE 46. Regard A™ as the standard open subset of P" (defined by X # 0)
and denote by P, C P" its complement (defined by X, = 0).

(i) Show that a linear subspace Q C P, of dimension k determines a linear
subspace Ly C A™ of dimension k+1 (stricly speaking, up to translation)
and that the projection 7 restricted to A" is isomorphic to the projection
A" — A"/LQ.

(ii) Let now Y C A" be irreducible and closed an # A™. Prove that there
is a line L C A", such that the projection A” — A" /L restricted to Y is
closed and has finite fibers. (Hint: use Exercise 45.)

(iii) Prove that there exists a linear surjection A” — AY™Y whose restriction
to Y is closed and has finite fibers. (This is a form of what is known as
the Noether normalization lemma.)

EXERCISE 47. Let P be a projective space of dimension n.
(a) The dual P of P is by defintion the collection of hyperplanes in P. Prove
that P has a natural structure of a projective space.
(b) Identify the double dual of P with P itself.
(c) The incidence locus I C P x P is the set of pairs (p,q) € P x P with the
property that p lies in the hyperplane H, defined by ¢. Prove that I is a
nonsingular variety of dimension 2n — 1.

(d) Show that we can find homogeneous coordinates [Z : - - - : Z,,] for P and
[Wo : -+ : W,] for P such that I is given by >, Z,W; = 0.
EXERCISE 48. Let F' € k[Xy,...,X,]qs define a nonsingular hypersurface Hin

P". Prove that the map H — P" which assigns to p € H the projectived tangent

space of H at p is given by [5’—50 HERE 6‘9711] Prove that the image of this map is

closed in P" (this image is called the dual of H). What can you say in case d = 2?

We now ask about the image of an arbitrary morphism of varieties. This need
not be a variety as the following simple example shows.

EXAMPLE 4.6. Consider the morphism f : A2 — A2, (xq,13) — (21, 7122). A
point (y1,y2) € A? is in the image of f if and only if the equation y» = 322 has a
solution in z5. This is the case precisely when y; # 0 or when y; = y2 = 0. So the
image of f is the union of the open subset y; # 0 and the singleton {(0,0)}. This is
not a locally closed subset, but the union of two such.
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DEFINITION 4.7. A subset of variety is called constructible if it can be written as
the union of finitely many (locally closed) subvarieties.

THEOREM 4.8. Let f : X — Y be a morphism of varieties. Then f takes
constructible subsets of X to constructible subsets of Y. In particular, f(X) is con-
structible.

We first show that the theorem follows from

PROPOSITION 4.9. Let f : X — Y be a morphism of varieties. Then f(X)
contains a nonempty open subset of its closure (in other words, f(X) contains a locally
closed subvariety of Y which is dense in f(X)).

PROOF THAT PROPOSITION 4.9 IMPLIES THEOREM 4.8. A constructible subset is
a finite union of subvarieties ansd so it is clearly enough to prove that the image of
subvariety of X is constructible. In other words, it suffices to show that the image
of a morphism f : X — Y of varieties is constructible. We prove this with induction
on the dimension of X. According to Proposition 4.9 the closure of f(X) contains
a nonempty open subset U such that f(X) D U. It is clear that f~1U is a nonempty
open subset of X. If Z := X — f~!U, then f(X) = U U f(Z). The irreducible
components of Z have smaller dimension than X and so f(Z) is constructible by
induction. O

PROOF OF PROPOSITION 4.9. Since X is covered by finitely many of its open
affine subsets, we may withous loss of generality assume that X is affine: X closed
in some A™. By identifying X with the graph of f in A™ x Y, we see that we need
to prove that for every closed subset X C A" x Y, my(X) contains a nonempty
open subset of 7wy (X). Since we can factor 7y in an obvious manner in the ‘line
projections’ AF*1 x Y — AF x Y,k =1,...,n—1,itis enough to do the case n = 1.
It is also enough to prove this over an affine subset of Y and so we may in addition
assume that Y is affine. Upon replacing Y by 7y (X), we are now left to show that
if X € A! x Y is closed and such that 7y (X) is dense in Y, then 7y (X)) contains a
nonempty open subset of Y.

If X = Al x Y, there is nothing to show. Otherwise X is contained in a
hypersurface Z(f) C A! x Y with equation f € A(Y)[z], f(z,y) = ZZ].VZO a;(y)z?,
with a; € A(Y), ay # 0 (N > 0). We prove that 7y (X) contains the nonzero set
U .= U(CLN) of an-.

The equation F(Xo, X1,y) = Zf\io ai(y)XéV_iX{ defines a closed subset Zr of
P! x Y. Let ([Xo : X1],9) € Zp. If Xo = 0, then we must have ay(y) = 0 (so that
y ¢ U) and if Xy # 0, then ([Xo : X1],y) € Z(f). So Z(f) N (A x U) is closed in
P! x U, and hence so is X N (A! x U). It follows that 7y (X) N U is closed in U.
Since 7y (X) is also dense in Y, it follows that 7y (X) D U. O

Let be given a positive integer d. We index the monomials in Zj, ..., Z, that
are homogenous of degree d by their exponents: these are the sequences of non-

negative integers d, = (do, - . - , d,,) with sum d. They are (";rd) in number.

PROPOSITION 4.10 (The Veronese embedding). The map fq : P"* — p("i?)-1

defined by Z,, = Xgo --- X4 is an isomorphism onto a closed subset of the target
projective space.
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PROOF. In order to prove that f, is an isomorphism onto a closed subset, it is
enough to show that for every chart domain U,, of the standard atlas of the target
space f; 'U,, is open in P" and is mapped by f, isomorphically onto a closed subset
of Uy, . The preimage of Uy, in P" is defined by X - X + 0. Let us renumber
the coordinates such that dy,...,d, are positive and d,y; = --- = d, = 0. Then
fC;lUd. =UpN---NU,. C Uy. So if we use the standard coordinates (x1,...,z,)
on U, then f;'U,, is defined by z; - - - z,. # 0.

The coordinates on Uy, are the functions Z., /Z,, with e, # d,. Let us write
Zee—de = Zeg—dg,e1—ds,....en—d,, fOT this function. This notation is chosen as to make
the expression f; in terms of these coordinates simply:

fa: £ Uay = Uayy Zew—ay = g (e, £ d,).

So its components are the nonconstant Laurent monomials }* - - - 25 of total de-
gree < dy with k; > —d;. We see that each x; appears as a component, and if
d, # (d,0,...,0), then so does the Laurent monomial y := xl_dl -4, Since all
other components are products of these monomials, the image of this restriction
is the graph of a morphism defined on the closed hypersurface yz?' - - -z = 1 in

A"t (d, # (d,0,...,0)) or on A" (d, = (d,0,...,0)). So we get a closed embed-
ding. O

The following proposition is remarkable for its repercussions in intersection
theory.

PROPOSITION 4.11. Let H C P" be a hypersurface. Then P" — H is affine and for
every closed subset Z C P™ of positive dimension, Z N H is nonempty and of dimension
> dim(Z) — 1. If Z is irreducible and not contained in H, then dim(Z N H) =
dim(Z) — 1.

In the last case it is even true that every irreducible component of Z N H has
dimension dim(Z) — 1. The proof is based on:
The proof uses:

LEMMA 4.12. Let P be a projective space, Z C P be closed subset, and i a non-
negative integer with i + dim(Z) < dim(P). Then there exists an i-plane in P which
does not meet Z.

PROOF. We may (and will) assume that Z is irreducible. If ¢ = 0, then we
must have dim(Z) < dim(P) and so Z # P. In that case any singleton in P — Z
is as required. We next proceed with induction on i. So we can assume ¢ > 0 and
that there exists a (i — 1)-plane @@ C P™ which does not meet Z. Then projection
from () defines a morphism 7 : Z — Py from Z to a projective space of dimension
dim(P) — ¢. Any fiber of this map is an intersection of Z with an i-plane in P
passing through (). We claim that at least one of them is empty. For if not, then 7
is surjective and hence dominant. In particular, dim(Z) > dim(Pg) = dim(P) — 4,
which evidently contradicts our assumption that ¢ + dim(Z) < dim(P). O

PROOF OF PROPOSITION 4.11. The hypersurface H is given by a homogeneous
polynomial of degree d, say by >, ca, X{o ... Xdn This determines a hyperplane
1 c P("i") 1 defined by >4, cd.Za,- It is clear that H is the preimage of H under
the Veronese morphism and so the latter identifies P — H with a closed subset of

n+d ~
the affine space p("a)=1 _ . So P" — H is affine.
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For the rest of the argument we may by passing to the Veronese embedding
assume that H is a hyperplane. If dim(Z N H) < dim(Z) — 2, then there exists a
plane @ C H of dimension dim(H) — (dim(Z) — 2) — 1 = dim(P) — dim(Z) which
avoids Z N H. But if we regard ) as a plane in P which avoids Z, we contradict
Lemma 4.12. This proves that dim(Z N H) > dim(Z) — 1. If Z is irreducible and
not contained in H, then we have also dim(Z N H) < dim(Z) — 1. O

EXERCISE 49. Let d be a positive integer. The universal hypersurface of degree d

n+d
is the hypersurface of P" xP("a")~! defined by F(X,Z) =>4, Zg, XJox 0. . xdn,
We denote itby H and let 7 : H — p(")

(a) Prove that H is nonsingular.

(b) Prove that projection « is singular at (X, Z) (in the sense that the deriv-
ative of = at (X, Z) is not a surjection) if and only the partial derivatives
of Fy € k[Xo,...,X,] have X as a common zero.

(c) Suppose from now on that d > 2. Prove that the singular set of 7 is a

~! be the projection.

smooth subvariety of P" x P("&)=1 of codimension n + 1.

(d) Prove that the set of Z € ]P’(n;d)*l over which 7 has a singular point is a
hypersurface. This hypersurface is called the discriminant of .

(e) For d = 2 we denote the coordinates of p("a)-1 simply by Z;; (where it
is understood that Z,; = Z};). Prove that the discriminant of 7 is then the
zero set of det(Z;;).

5. Grassmannians

Let P be a projective space of dimension n and let d € {0,...,n}. We want
to show that the collection Gry(P) of linear d-dimensional subspaces of P is a
nonsingular projective variety. Let the projective structure on P be defined the pair
(V. 0).

LEMMA 5.1. Let QQ C P be a linear subspace of codimension d + 1. Then the
collection of linear d-dimensional subspaces of P contained in P — ) has in a natural
manner the structure of an affine space Ag of dimension (n — d)(d — 1).

PROOF. Let ) correspond to W C P. Notice that dimV =n + 1 and dim W =
n—d. Then the elements of Ay correspond to linear subspaces L C V of dimension
d+ 1 with LN W = {0}. This means that V = L ¢ W. The affine structure is
best seen by fixing some L, with that property. Then every other such L is always
the graph of a (unique) linear map Ly — W and vice versa. So this identifies Ag
with Hom(Lg, W). It is easy to verify that this affine structure is independent of the
choices. O

We recall that the exterior algebra \*V = @2, A"V is the quotient of the
tensor algebra on V, @2,V (here V®° = k by convention), by the two-sided
ideal generated by the ‘squares’ v ® v, v € V. It is customary to denote the product
by the symbol A. So we can characterize A\*V as (noncommutative) associative
k-algebra with unit element by saying that is generated by the k-vector space V'
and is subject to the relations v A v = 0 for all v € V. It is a graded algebra
(AP V is the image of V®P) and ‘graded-commutative’ in the following sense: if
ac NPVand g € A"V, then BAa = (~1)Pa A B. If ey,..., e, is a basis
for V, then a basis of A\”V is indexed by the p-element subsets I C {0,...,n}:
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I={0<1i; <iy <--- <i, <n}isassociated to the basis element e; = e;, A---Ae;,
(where the convention is that eg = 1 € k = A" V). So dim APV = ("+1). Notice

that \"*' V is one-dimensional and spanned by ey A - A e,,, whereas APV = 0
forp >n+1.

LEMMA 5.2. Let o € APV be nonzero. Denote by K(«) the set of e € V with
e A a = 0. Then dim K (o) < p and equality holds if and only if a spans \* K («).

PROOF. Letey,...,e, be a basis of K(«) and let V/ C V be a subspace supple-
mentary to K («). Then we have a decomposition

P p—|1]
Av= @ ean AV
Ic{1,...,r}
Wedging with e; kills all the summands in which e; appears and is injective on the
sum of the others. So K(a) C ey A--- Ae, A AP " V'. It follows that » < p with
equality if and only if « is a multiple of e; A -+ - A ey, O

If L is a linear subspace of V of dimension d + 1, then A**" L is of dimension

1 and will be thought of as a one dimensional subspace of /\dJr1 V. We thus have
defined the so-called Pliicker embedding:

d+1 d+1

§:Gra(P) > P(A\ V), [L]— [N\ LI

PROPOSITION 5.3. The Pliicker embedding maps Gr4(P) bijectively onto a closed
subset of (A" V).

PROOF. Let a € A“™' V. According to Lemma 5.2 , [a] is in the image of §

if and only if K («) is of dimension d + 1 and if that is the case, then §—'[a] has
P(K(«)) as its unique element. In particular, ¢ is injective. Consider the linear map
d+1 d+2
/\ V — Hom(V, /\ V), a—eq:i=an

The set of linear maps V — /\dJr2 V with kernel of dimension > d + 1 are those
of rank < s := clim(/\dJr2 V) — (d + 1). If we choose a basis for V, then this
locus is given by set a homogeneous equations in Hom(V, /\d+2 V), namely the
(s+1) x (s+1)-minors of the corresponding matrices. Hence the set of o € /\d+1 Vv
for which dim K («) > d + 1 is also given by a set of homogeneous equations and
thus defines a closed subset of P(A\“*" V). This subset is the image of 4. O

Proposition 5.3 almost gives Gr,(P) the structure of projective variety (we have
not proved irreducibility yet). In order to complete the construction, let Q C P be
a linear subspace of codimension d. Let W C V correspond to @ and choose a
generator 3 € /\"_d W. Then wedging with 3 defines a nonzero linear map

d+1 n+1
es: /\ V- /\ V =k
So eg defines a hyperplane in ]P’(/\dJrl V) and hence an affine subspace Ug C
P(/\dJrl V)
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LEMMA 5.4. The preimage of Ug under the Pliicker embedding is the affine space
Agq and 6 maps Ag isomorphically onto its image.

PROOF. If « is the generator of A“** L for some (d + 1)-dimensional subspace,

then LW = {0} if and only if « A 5 # 0: if L N W contains a nonzero vector v
then both « and 3 are divisible by v and so a A 3 = 0; if LNW = {0}, then we have
decomposition V = L & V and it is then then easily seen (by picking a compatible
basis of V for example) that o A 8 # 0. This implies that §~'Ug = Ag.

Let us now express the restriction 6 : Ag — Ug in terms of coordinates. Choose
abasiseg,...,e, for Vsuchthateg,1,...,e,isabasisfor Wand 8 =eg 1A -Aep.
Then e simply assigns to an element « of /\d+1 V the coefficient of ey A - -+ A eq in
a. If Ly C V denotes the span of ey, ..., eq, then Ag = Hom(Lg, W) is identified
with the affine space A(*+1)x("=d) of (d 4 1) x (n — d)-matrices via

n
(a))o<i<d<j<n — k-spanin V of the d + 1 vectors {e; + Z alej}d ),
j=d+1
so that § is given by

n n
(a])o<icd<jcn = (eo+ > ahe) Ao Aleat Y ale;).
j=d+1 j=d+1
The coefficient of e;, A- - - Ae;, is a determinant of which entry is 0, 1 or some a{ and
hence is a polynomial in the matrix coefficients a{ . It follows that this restriction
of § is a morphism. Among the components of § we find the matrix coefficients
themselves: a] appears as the matrix coefficient of eg A --- A& A -+ Aeg Aej. So
the image is really a graph of a morphism defined on A(*1*("=4) Hence § maps
Ag isomorphically onto its image in Ug. O

COROLLARY 5.5. The Pliicker embedding realizes Gry(P) as a nonsingular sub-
variety of P(\“*' V) of dimension (n — d)(d — 1). This structure is compatible with
the affine structure that we have on each Agq.

PROOF. Every two open subsets of the form Ay a have nonempty intersection
and so Grg(P) is irreducible. The rest follows from the previous corollary. O

REMARK 5.6. The image of Gry(P) is an orbit of the natural SL(V')-action on
PN V).
EXERCISE 50. Let P be a projective space. Given integers 0 < d < e < dim P,

prove that the set of pairs of linear subspaces R ¢ @ C P with dimR = d and
dim @) = e is a closed subvariety of Grg(P) x Gr.(P).

The Grassmannian of hyperplanes in a projective space is itself a projective
space (see Exercise 47). So the simplest example not of this type is the Grassman-
nian of lines in a 3-dimensional projective space.

Let V be vector space dimension 4. On the 6-dimensional space A*> V we have
a homogeneous polynomial F : AV — k of degree two defined by

4
F(a) ::a/\ae/\V%k

(the last identification is only given up to scalar and so the same is true for F). In
coordinates F' is quite simple: if eq, ..., e4 is a basis for V, then (e; A e;)1<i<j<a is
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basis for A V. So if we label the homogeneous coordinates of P(A\* V) accordingly:
[X12:---: X34], then F is given by

F(Xi12,...,X34) = X12X34 — X13X04 + X14X03.
Notice that F is irreducible. Its partial derivatives are the coordinates themselves
(up to sign and order) and so F defines a smooth hypersurface.

PROPOSITION 5.7. The zero set of F' is nonsingular and equal to the image of the
Pliicker embedding of G1(P(V)) in P(\> V).

PROOF. The image of the Pliicker embedding is of dimension 3 and so must be
a hypersurface. Since the zero set of F' is an irreducible hypersurface, it suffices to
show that the Pliicker embedding maps to the zero set of F. For this, let « be a

generator of A\’ L for some linear subspace L C V of dimension 2. If ¢, ..., e4 is a
basis of V such that & = e; A eo, then it is clear that « A &« = 0. This proves that the
Pliicker embedding maps to the zero set of F'. O

REMARK 5.8. One can prove directly (with a little bit of linear algebra) that if
a € /\2V is such that a A = 0, then e, : V — /\3V has rank < 2. In fact, a
similar argument will show that the image of a general Pliicker embedding is the
common zero set of a collection of quadratic equations.

PROPOSITION-DEFINITION 5.9. Let X be a closed subvariety of the projective space
P. If d is an integer between 0 and dim P, then the set of d-linear subspaces of P
which are contained in X defines a closed subvariety Fy(X) of Gra(P), called the
Fano variety (of d-planes) of X.

PrROOF. Choose homogeneous coordinates [Z; : --- : Z,] and let I(Z), be the
homogeneous ideal defining X. An open subset U of Gry(P) is parametrized by
the space of linear maps Hom(k9t! k"~9) and Gry(P) is covered by such open
subsets. So is enough to show that F,;(X) meets U is a closed subset. We write
Z = (2',2") € k¥l x k=4, A linear map A € Hom(k4! k"~4) defines an
element of Fy(X) if and only for all G € U,,>0lm, G(Z', A(Z') is identically zero.
We expand G(Z', A(Z') as ), Gm,Zy" -+ Zy*. It is clear that each coefficient
G, is a polynomial in the matrix coefficients of A. Since F,;(X) is the common
zero set of the G,,,,, G € Uy, >0, it follows that F,;(X) N U is closed in U. O

EXAMPLE 5.10. Consider the case of a quadratic hypersurface X C P(V') and as-
sume for simplicity that char(k) # 2. So in terms of homogeneous coordinates [ X :
-1 X,], X can be given by an equation F(Xy,...,X,) = % Eogi,jgn b;; X; X; with
b;j = bj; (so %bii is the coefficient of X?2). In more intrinsic terms: X is given by a
symmetric bilinear form B : V x V' — k (namely by B(v,v) = 0). Let us assume
that X is nonsingular. This means that the partial derivatives of F' have no common
zero in P(V). This translates into: B : V x V — £k is nonsingular, that is, the linear
map b :v € V — B(,v) € V* is an isomorphism of vector spaces. A subspace
L C V determines an element of the Fano variety of X precisely when B(v,v) =0
for all v € L. This implies that B is identically zero on L x L. So b maps L to
(V/L)* C V*. Since b is injective, this implies that dim L < dim(V/L), in other
words that diim L < 1 dim V.
This condition is optimal. If for instance dimV = 2m + 2 is even, then it
not difficult to show that we can find coordinates (Xo, -+ , X2,,+1) such that FF =
>t XiXmt144. Let L resp. L' be the linear subspace defined by X,,,41 = -+ =
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Xom+1 = 0resp. Xo =+ = X,,, =0,s0that V = L @ L’. Notice that both [L]
and [L'] are in F{ X). The vector space Hom(L, L") describes an affine open subset
of the Grassmannian of m-planes in P(V'). An element A € Hom(L, L) is given
by X,nti = Z;”:O a;;X;, 7 =0,...,m. The corresponding m-plane is contained in
X precisely when ZZ;.:O a;; X;X; is identically zero, i.e., if (a;;) is antisymmetric.
It follows that [L] € F,,(X) has a neighborhood isomorphic to an affine space of
dimension $m(m + 1).

EXERCISE 51. Let X be a quadratic hypersurface P(V') of odd dimension 2m+1
and assume for simplicity that char(k) # 2. Prove that F,,;1(X) = () and that
F,,(X) # 0 (Hint: use the fact that we can choose coordinates (X, ..., Xom,12) for
V such that F is given by X2 + Z:’Sl X;Xm+1+i-) Prove that F,,(X) is a smooth
variety and determine its dimension.

EXERCISE 52. Let X C P" be a hypersurface of degree d and let 0 < m < n.
Prove that the intersection of F,,(X) with a standard affine subset of Gr,, (P") is

given by (%) equations.

EXERCISE 53. Consider the universal hypersurface of degree d in P, H C

pr o P51,
(a) For every m-plane Q C P", let Y, denote the set of z € IP’(nZd)*l for which
the corresponding hypersurface H, contains ). Prove that Y, is a linear

subspace of P("4")=1 of codimension (M.

(b) LetY C P(";d)*l be the set of z € P(ngd)*l for which H, contains an
m-plane. Prove that Y is a closed subset of P("")=1 of codimension at
most (" 1) — (m + 1)(n —m).

Let P be a projective space and let X be a nonsingular (not necessarily closed)
subvariety of P of dimension d. For every p € X, we have defined the tangent space
T,X as a d-dimensional subspace of 7),P. There is precisely one d-dimensional
linear subspace T(X ,p) of P which contains p and has the same tangent space at p
as X.

PROPOSITION-DEFINITION 5.11. The map G : X — Grg(P), p € X — T(X,p)
is a morphism. This morphism is called the Gauss map.

PROOF. Let p € X. Let n := dim P. Choose homogenenous coordinates [Z :
-++: Zp] on P such that T(X,p) is givenby Zy11 = --- = Z, = 0and Zy(p) # 0. We
indentify the standard open subset U, defined by Z; # 0 with the affine hyperplane
in k"*! defined by Z, = 1. So for ¢ € X N Uy, Uy N T(X7 q) is an affine-linear
subspace of U, which passes through ¢q. The (d + 1)-dimensional linear subspace
W(X,q) C k™*! associated to T(X ,q) is of course the subspace which meets Uj in

According to Theorem 10.13 there exists a neighborhood U of p in Uy, reg-
ular functions fi,..., fn_q on U such that X N U is their common zero set and

df1,...,dfn_q are linearly independent on all of U. Then for every ¢ € X N U,
the tangent space T,X is parallel to the common zero set of dfi(q), ..., dfn—a(q).
We regard (df1,...,df,—q4) as a matrix-valued function on U, denoted D : U —
Hom(k™, k"~4), so that for ¢ € U N X, T, X is the kernel of D(q). Let us write

D= (D',D"), withD':U — Hom(k% k"~%), D" :U — Hom(k" "% k""9).
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Since D”(p) is nonsingular, the nonzero set defined by det(D”) defines an open
neighborhood of p and so we may as well assume that det(D’) is nonzero on all
of U. Cramer’s rule shows that ¢ € U — D"(q)~! € Hom(k"~ %, k"~9) is matrix
valued function with regular entries: it is a morphism. For every g € U, the kernel
of D(q) is the graph of the linear map A(q) := —D"(q)~'D’(¢) € Hom(k?, k"~%).
In particular, for Q N X N U, T,X is parallel to the subspace spanned by e; +
A(q)(er), - ., ea + Alg)(eq).

It follows that W (X, q) is spanned by ¢ = eg + Y., ¢;¢; and the d vectors
e1+ A(q)(e1), ..., eq + A(q)(eq). This is the graph of the linear map A(q) : k%t —
k"~ which sends e to — Zle 3iA(g)(ei) + X2T_ 411 gje5 and e; to A(g)(ei), i =
1,...d. Since A : X NU — Hom(k*"!, k"~9) is regular, this defines a morphism
X NU — Grg(P). m

For a closed irreducible subset X C P, the Gauss map is defined on its nonsin-
gular part: G : X,es — Grg(P). The closure of the graph of G in X x Grq(P) is
called the Nash blowup of X and denoted X. The projection morphism X — X is
an isomorphism over the open-dense subset X,¢, and hence birational. A remark-
able property of X is that the Zariski tangent space of each point contains a distin-
guished d-dimensional subspace (prescribed by the second projection to Gry(P)) in
such a manner that these subspaces extend the tangent bundle in a regular manner.

6. Intersection multiplicities

Bézout’s theorem asserts that two distinct irreducible curves C, C’ in P? of de-
grees d and d’ intersect in dd’ points. Strictly speaking this is only true if C' and C’
intersect as nicely as possible, but the theorem is true as stated if we count each
point of intersection with an appropriate multiplicity. There is in fact a generaliza-
tion: the common intersection of n hypersurfaces in P has cardinality the product
of the degrees of these hypersurfaces, provided that this intersection is as nice as
possible and it is even true more generally when the locus of intersection is finite
and each point of intersection is counted an appropriate multiplicity. One of our
aims is to define these multiplicities; the commutative algebra tools that we use for
this have an interest in their own right.

DEFINITION 6.1. We say that an R-module has length > d if there exist a d-step
filtration by submodules 0 = M° C M C --- C M4 = M. The length of M is the
supremum of such d (and so may be o).

EXERCISE 54. Suppose R is a noetherian local ring with maximal ideal m and
residue field K. Prove that the length of a finitely generated R-module M is equal
to the sum Y., dimg (m'M/m*t11/) and is finite precisely when m?M = 0 for
some d. (Although M is not in any natural manner a K -vector space, its length is
somewhat like the K-dimension of M.)

We fix a noetherian ring R and a finitely generated R-module M.

Recall that if p is a prime ideal of R, then R, is a local ring with maximal ideal
pR, whose residue field can be identified with the field of fractions of R/p. We
define M, := R, ®r M. So this is a R,-module.

REMARK 6.2. We can describe M, somewhat more concretely as follows. Con-
sider the set M, of expressions m /s withm € M and s € R—p with the understand-
ing that m/s = m’/s’ if the indentity s'm = sm holds in M (so we are considering
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the quotient of M x (R — p) by an equivalence relation). Then the following rules
put on M, the structure of a R-module:

m/s—m'[s = (s'm —sm')/(ss'), 1 -m/s:=rm/s.

The map Ry, x M — My, (r/s,m) — (rm)/s is R-bilinear and hence factors through
an R-homomorphism M, — M,. On the other hand, the map M, — M,, m/s —
1/s ® g m is also defined: if m/s = m//s’, then 1/s @ g m = 1/’ @g m/. It is an
R-homomorphism and it immediately verified that it is a two-sided inverse of the
map above. So M, — M, is an isomorphism.

This description shows in particular that if N C M is a submodule, then N,
may be regarded as submodule of M,.

DEFINITION 6.3. The multiplicity of M at a prime ideal p of R, denoted p, (M),
is the length of M, as a R,-module.

The annihilator Ann(M) is the set of » € R with rM = 0. It is clearly an ideal
of R. We denote by P(M) the set of prime ideals of R which contain Ann(}) and
are minimal for that property. According to Exercise 14 these are finite in number
and their common intersection equals \/Ann(M).

We wish to discuss the graded case parallel to the ungraded case. This means
that if R is graded: R = &2, R;, then we assume M to be graded as well, that is, M
is endowed with a decomposition as an abelian group M = ®;cz M, such that R;
sends M, to M, ;. For example, a homogeneous ideal in R is a graded R-module.
We recall that if p C R is prime ideal in the graded sense (meaning that if a product
of homogeneous elements of R lies in p, then so does one of its factors), then it
is a prime ideal (Exercise 38). This implies that for every prime ideal p C R, the
graded ideal ®%°,(p N R;) is also a prime ideal. It follows for instance, that every
minimal prime ideal p containing a given graded ideal I C R is itself graded. In
other words, the minimal distinct prime ideals p1, ..., p, containing I (these occur
in the primary decomposition v/ = p; N ---Np,.) are all graded.

Clearly, Ann(M) is a graded ideal and hence so by the above discussion the
members of P(M) are graded as well. We further note that the annihilator of any
homogenenous element m, Ann(m) := {r € R : rm # 0} is a graded ideal.

LEMMA 6.4. If M is finitely generated and nonzero (graded), then the collection
of annihilators of nonzero (homogeneous) elements of M contains a maximal element
and any such maximal element is a (graded) prime ideal of M.

PROOF. We only do the graded case. The first assertion follows from the noe-
therian property of R. Let now Ann(m) be a maximal element of the collection (so
with m € M homogeneous and nonzero). It suffices to show that this is a prime
ideal in the graded sense (see Exercise 38), i.e., we must prove that if a,b € R are
homogeneous and ab € Ann(m), but b ¢ Ann(m), then a € Ann(m). So bm # 0
and a € Ann(bm). Since Ann(bm) D Ann(m), the maximality property of the latter
implies that this must be an equality: Ann(bm) = Ann(m), and so a € Ann(m). O

If  is an integer and M is graded, then M|I] denotes the same module M, but
with its grading shifted over I/, meaning that M[l]; := M.

Let us call a (graded) R-module elementary if it is isomorphic to R/p ((R/p)[]),
where p is a (homogeneous) prime ideal (and [ € Z). So the above lemma says that
every nonzero (graded) R-module contains an elementary submodule.
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PROPOSITION 6.5. Every finitely generated (graded) R-module M can be obtained
as a successive extension of elementary modules in the sense that there exists a finite
filtration by (graded) R-submodules 0 = M° C M*' C --- C M% = M such that each
quotient M*/M*~! is elementary.

PROOF. We do the graded case only. Since M is noetherian, the collection of
graded submodules of M that can be written as a successive extension of elemen-
tary modules has a maximal member, M’, say. We prove that M’ = M. If M /M’
were nonzero, then according to Lemma 6.4, it contains an elementary submodule.
But then the preimage N of this submodule in M is a successive extension of an
extension of of elementary modules which strictly contains M’. This contradicts
the maximality of M. O

PROPOSITION 6.6. Suppose that in the preceding proposition M /M~ = R/p,.
Then P(M) is precisely the set of minimal members of the set {p1,...,pq}. Moreover,
every p € P(M) occurs precisely i, (M) times in the sequence (p1, ..., pa).

PROOF. We first show that \/Ann(M) =p;N---Npg. Ifr € p1N---Npy, then r
maps M; to M;_; and so 7% € Ann(M). This proves that p; N---Npg C /Ann(M).
Conversely, if » € R and [ > 1 are such that ' € Ann(M), then 7! € p; for all
1. This implies that r € p, for all 7. It follows that the set of minimal members of
{p1,...,pa} is in fact the set of minimal prime ideals containing Ann(M).

Fix p € P(M) and put K := K(R/p). We then have a filtration 0 = My C --- C
Mg = M (for an inclusion of R-modules induces an inclusion of R,-modules).

Fori=1,...,d, either p; = p or there exists some r € p; N (R —p). Now p; R,
is the set of fractions a/b with a € p; and b € R — p with the understanding that
a/b=d /U if ab'—a’b = 0. When p, = p, p; R, = pR,, is the maximal ideal of R, and
R, /iR, = K. In the second case, we have in R, the identity 1/1 =r/r € p;R,; so
then p; R, = R, and hence R, /p;R, = 0.

In other words, M;~' = M, unless p; = p, in which case the quotient is iso-
morphic to K. Following our definition that case occurs precisely p, (M) times. O

We shall be dealing with polynomials in Q[z] which take integral values on
integers. Such polynomials are called numerical. An example is the binomial of

degree d > 0:
<z> 2(z2—=1)(z2—=2)--- (2 —d+1)

d d!
It has the property that its value in any integer n is an integer, namely (%) if n > d,
0if0<n<d-1land (-1 ") ifn< -1
Let A : Q[z] — Q[z] denote the difference operator: A(f)(z) := f(z+1)— f(2).
It clearly sends numerical polynomials to numerical polynomials. It is also clear that

the kernel of A consists of the constants Q. Notice that A(,%,) = (3)-

LEMMA 6.7. Every P € Q[z] which takes integral values on sufficiently large
integers is numerical and a Z-basis of the abelian group of numerical polynomials is
provided by the binomials.

If f : Z — Zis a function such that for sufficiently large integers A(f) is given by
a polynomial, then so is f.

PROOF. The first assertion is proved with induction on the degree d of P. If
d = 0, then P is constant and the assertion is obvious. Suppose d > 0 and the
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assertion known for lower values of d. So A(P)(z) = Zf;ol ¢i(?) for certain ¢; € Z.

Then P(2) — Y00 e, 71) is in the kernel of A and hence is constant. As this
expression takes integral values on large integers, this constant is an integer. This
proves that P is an integral linear combination if binomials.

For the second assertion, let P € Q[z] be such that P(i) = A(f)(i) € Z for
large i. By the preceding, P(z) = Y, a;(?) for certain a; € Z. So if we put
Q(2) == >, ai(;;,), then Q is a numerical polynomial with A(f — Q)(i) = 0 for
large . This implies that f — @ is constant for large i, say equal to a € Z. So
f(@) = Q(i) + a for large i. O

We shall see that examples of such functions are provided by the Hilbert func-
tions of graded noetherian modules.

In what follows R denotes the graded ring R = k[Xy, ..., X,,] where each X has
degree 1 and M is a finitely generated graded R-module.

We define the Hilbert function of M, ¢pr : Z — Z, by ¢ps(i) := dimy, M;. The
zero set of the graded ideal Ann(M) in P™ will be called the support of M and
denoted supp(M).

THEOREM 6.8 (Hilbert-Serre). Let M be a finitely generated graded module over
the graded ring R = k[Xy, ..., X,] (Where each X; has degree 1). Then there exists
a unique polynomial Py; € Qlz], the Hilbert polynomial of M, such that ¢ (i) =
Py (4) for i sufficiently large. The degree of Py is equal to dim(supp(M)) if we
convene that the zero polynomial has the same degree as the dimension of the empty
set (namely —1).

PROOF. We proceed with induction on n > —1. For n = —1, M is a finite
dimensional graded k-vector space and hence M; = 0 for i sufficiently large. So
assume n > 0 and the theorem verified for lower values of n. We first reduce
to the case when M is of the form R/p, with p a graded prime ideal. If N is a
graded submodule of M, then Ann(M) = Ann(N)NAnn(M/N) and so supp(M) =
supp(V) Usupp(M/N). Since dimy, (M;) = dimy, N; + dimy (M, /N;), we have ¢ =
éN + ¢/ It follows that if the theorem holds for NV and M/N, then it holds for
M. As M is a successive extension of elementary modules, it suffices to do the case
M = (R/p)[l] with p a graded prime ideal. Since ¢y;(i) = ¢/, (I + i), it is enough
to do the case M = R/p.

Now supp(M) is simply defined by the graded ideal p. In case p = (Xo, ..., X,),
the theorem holds trivially: we have dimy M; = 0 for ¢ > 0 (so that we may
take Py to be identically zero) and supp(M) = (). Suppose therefore that p #
(Xo,...,Xn), say that X,, ¢ p. Now multiplication by X,, sends M isomorphically
onto X,,M with quotient M := M/X, M. Since Ann(M) = Ann(M) + X, R, we
have supp(M) = supp(M) N P*~. According to Proposition 4.11 we then have
dim supp(M) = dimsupp(M) — 1. Since we may regard M as a finitely generated
module over R := k[Xo,--- , X,,_1], our induction hypothesis applies and says that
there exists a polynomial Py; of degree dim supp (M) such that ¢,; and Py; coincide
on large integers.

Now for ¢ > 0, ¢5; (i) = oar(é) — da(i — 1) = Agp(i — 1). It follows that
A¢p(i—1) = Py;(4) for large 7. According to Lemma 6.7 implies that there exists a
polynomial P, of degree one higher than that of Py; (so of degree dim(supp(M)))
which coincides with ¢, for sufficiently large integers. O
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It follows from Lemma 6.7 that P,; will have a leading term of the form cy/d!2¢,
where d is the dimension of supp(M).

DEFINITION 6.9. If d = dimsupp(M), then the degree deg(M) is d! times the
leading coefficient of its Hilbert polynomial (which we stipulate to be zero in case
supp(M) = 0). For a closed subset Y C P", the Hilbert polynomial Py resp. the
degree deg(Y') of Y are those of R/I(Y') as a R-module.

One can show that there exists a nonempty open subset of (n — d)-planes Q) C
P™ which meet Y in exactly deg(Y") points. This characterization is in fact the
classical way of defining the degree of Y.

Observe that if Y C P" is nonempty, then deg(Y) > 0. For then I(Y)y # Ry
for every d > 0 and so the Hilbert function of S(Y) is positive on all nonnegative
integers. This implies that Py is nonzero with positive leading coefficient.

We also note that since deg(Y") only depends on the dimensions of the graded
pieces S(Y); of the homogenenous coordinate ring the degree of Y will not change
if we regard Y as sitting in a higher dimensional projective space Y C P* C P™
(with m > n).

We verify some other properties we expect from a notion of degree.

PROPOSITION 6.10. A hypersurface H C P™ defined by an irreducible polynomial
of degree d has degree d.

PROOF. Let F' € R, be the polynomial in question. We have an exact sequence

of graded R-modules

0-R -2+ R SY)—=0

The Hilbert function of R takes at the positive integer ¢ the value (";”) Sofori >d

the Hilbert function of H takes at i the value (") — ("*/~%). Its Hilbert polynomial
is therefore

z4+n z—d+n d 1
_ = + lower order terms,
n n (n—1)!

and hence deg(H) = d. O

PROPOSITION 6.11. Let Y1,...,Y, be the distinct irreducible components of Y of
the same dimension as Y. Then deg(Y) = Y_._, deg(Y;).

PROOF. By proceeding with induction on r, we see that it is enough to show
that deg(Y") equals deg(Y7) + deg(Y”’) or deg(Y:) depending on whether » > 2 or
r = 1. Since I(Y) = I(Y1)NI(Y’), we have an exact sequence of graded R-modules

0—-SY)—-SY)aSY')— M —0,

where M := R/(I(Y1) + I(Y')). This implies that Py = Py, + Py — Py;. We have
supp(M) = Y1 NY”’ and so dim supp(M) < dim Y. This implies that Py, had degree

smaller than dim(Y") and the assertion follows from comparing the coefficients of
Zdim Y . O

We can now state and prove a theorem of Bézout type.

THEOREM-DEFINITION 6.1. Let Y C P"™ be closed with all irreducible components
of the same dimension m and let H C P™ be a hypersurface containing no irreducible
component of Y. If for an irreducible component Z of Y N H, we define the multiplicity
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i(Y,H; Z)of Y and H along Z as iz (R/(1(Y)+I(H)) (= thelength of (R/(1(Y )+
I(H))1(z)y as a Ry(z-module), then we have

> i(Y,H; Z) deg(Z) = deg(Y) deg(H).

Z irred. comp of Y N H of dim. m — 1

PrROOF. Write M for R/(I(Y) + I(H)) and regard M as a R-module. Denote
by d resp. e denote the degree of H resp. Y and let F' € R, generate I(H). The
exact sequence

0— R/I(Y)[—d —E— R/I(Y)— M —0

shows that Py(z) = Py(z) — Py(z — d). Since Py is of degree m with leading
coefficient e/m!, it follows that Py, is of degree m — 1 with leading coefficient
de/(m — 1)

If we write M as a successive extension of elementary R-modules: 0 = M° C
M C .- C M" =M with M*/M'~ = R/p,[l;], then Pr(2) = Y7, Pryp, (2 — ;).
The homogeneous prime ideal p; defines an irreducible subvariety Z; of P". Since
p, D I(Y)NI(H), Z; is contained in Y N H. The degree and leading coefficient
of Pr/y, (2 — ;) are the same as that of Py, (z) and hence equal to dim Z; resp.
deg(Z;)/(dim Z;)!. In particular, the leading coefficient of Py, contributes to that
of Py, if and only if dim Z; = m —1 (this contribution then being deg(Z;)/(m —1)!).
Such a Z; will be an irreducible component of Y N H.

If Z is an irreducible component of dimension m — 1 of Y N H, then ac-
cording to 6.8 the number of times that p; = I(Z) is equal to the length of
(R/(I(Y)+I(H))1(z) as a Ry(z)-module. So the leading term of Py, is the sum of
przy(M)deg(Z)/(m —1)! over all such Z. The theorem follows. O

COROLLARY 6.12 (Bézout). If C and C’ are curves in P? such that CNC’ is finite,
then deg(C) deg(C’) = 3", coner (C,C"5{z}).

PROOF. Immediate from the previous theorem and the fact that a singleton {z}
in P? has degree 1. O

REMARK 6.13. So if the curves C' and C’ have finite intersection, then they
intersect in deg(C) deg(C") points, if each intersection point is counted with appro-
priate multiplicity. This multiplicity at p € C' N C’ can be calculated as follows. Let
d := deg C and choose a generator F' € k[Xy, X1, X3]4 of I(C). Do likewise for C".
If [Xo : X7 : X»] are homogenenous coordinates in P? such that p = [1: 0 : 0],
then i(C,C";{p}) is (by definition) the length of (k[Xo, X1, Xo]/(F, F'))(x,,x,)
as a k[Xo, X1, X2](x,,x,)-module. If we pass to affine coordinates: (v1,z2) =
(X1/Xo, X2/Xp), so that we can write F(Xg, X1, X5) = X f(z1,72) and likewise
for F”, then one can show that i(C, C'; {p}) is also the length of (k[z1, z2]/(f1, f2))(z1,22)
as a module over the local ring Op2 ;, = k[z1,22](5, 2,). This is just the dimension
of k[[x1,x2]]/(f, f') as a k-vector space.

EXAMPLE 6.14. Assume char(k) # 2. We compute the intersection multiplicities
of the conics C and €’ in P2 whose affine equations are 22 +%%—2y = 0 and 2> —y =
0. There are three points of intersection: (0,0), (—1,1) and (1,1) (so none at
infinity). The intersection multiplicity at (0, 0) is the dimension of k[[z, y]]/ (m +y -
2y, 2% —y) as a k-vector space. But k[[z, y]] /(2% +y? —2y, 2% —y) = k[[z]]/(z* —2?) =
K[[x]]/(«?) (for (z® — 1) is invertible in k[[z]]). Clearly dimg (k[[z]]/(z?)) = 2 and so
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this is also the intersection multiplicity at (0,0). The intersection multiplicities at
(—=1,1) and (1, 1) are easily calculated to be 1 and thus the identity2+14+1=2-2
illustrates the Bézout theorem.



