
RATIONAL SURFACES AND SINGULARITIES

EDUARD LOOIJENGA

1. DEL PEZZO SURFACES

Fano manifolds. LetM be a connected complex manifold of complex
dimension n. Its sheaf of holomorphic n-forms, Ωn

M, often called
the canonical sheaf of M, is the sheaf of holomorphic sections of the
holomorphic line bundle defined by the nth exterior power of the
holomorphic cotangent bundle ofM. We however prefer the notation
that refers to its a central role in Serre duality as a dualizing sheaf and
write ωM instead. We denote by KM its class in Pic(M).

If M is compact, then the dimension of the pluricanonical system
|ωN

M| grows like a polynomial of degree k ≤ n and the smaller k, the
more special M. From this point of view the most special compact
complex manifolds are those for which the dual ω−1

M of the canonical
sheaf (called the anticanonical sheaf) is ample, for then |ωN

M| is empty
for all N > 0: after all, the dual of an ample bundle cannot have a
nonzero section. This means that for some k > 0, the linear system
|ω−k

M | embeds M in a complex projective space, so that M is in fact a
projective manifold. We call a compact connected complex manifold
with this property a Fano manifold.

Example 1.1. Pn is a Fano manifold: the translation invariant n-form
dz1 ∧ · · · ∧ dzn on Cn has, when viewed as a meromorphic n-form
on Pn, a pole of order n + 1 along the hyperplane at infinity and
so ωPn ∼= OPn(−n − 1). Hence ω−1

Pn
∼= OPn(n + 1) is ample. More

generally, if H ⊂ Pn+1 is a nonsingular hypersurface of degree d, then
we observe that the residue on H of the meromorphic (n + 1)-form
f−1dz1∧ · · ·∧ dzn+1, where f is an equation of degree d for H∩Cn+1,
vanishes of order d−n− 2 at infinity, and so ωH

∼= OH(d−n− 2). In
particular, H is Fano if and only if d ≤ n+ 1.

Observe that P1 is essentially the only Fano manifold of dimension
1, for if M is a compact connected Riemann surface of genus g, then
ωM has degree 2g−2 and soω−1

M is ample if and only if g = 0. We will
concentrate in this section on Fano manifolds of dimension 2. These
are also called Del Pezzo surfaces. As we just observed, any surface in
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P3 of degree ≤ 3 is a Fano surface. If S is a Del Pezzo surface, then the
self-intersection number KS ·KS = (−KS) · (−KS) must be positive (for
−KS is the class of an ample line bundle) and we call it the degree
of S. This can be sometimes a bit confusing: for a quadric surface
S ⊂ P3 we have ωS

∼= OS(2) and so S has degree 8 (rather than 2) as
a Del Pezzo surface.

Exceptional curves of the first kind. If S is a smooth complex sur-
face, then for p ∈ S we have defined the blowup πp : Sp → S of S
at p. Here Sp is another smooth surface and π is a morphism that is
an isomorphism over S − {p}, whereas the preimage of p is smooth
curve Ep that can be identified with the projectivization P(TpS) of the
tangent space TpS such that the normal bundle of Ep in M becomes
the tautological line bundle over P(TpS). So Ep is isomorphic to P1
and Ep · Ep = −1.

Conversely, if S̃ is a smooth complex surface and E ⊂ S̃ is a smooth
curve isomorphic to P1 with self-intersection number −1, then E can
be holomorphically contracted to produce a smooth complex surface:
π : S̃ → S, so that if π(E) = {p}, then there is an isomorphism h :

S̃ ∼= Sp such that π = πph. We then say that E is an exceptional curve
of the first kind. It can be shown that if S̃ is projective, then so is S.
The projection π identifies the (co)homology of the pair (S̃, E) with
that of the pair (S, {p}) and from this it readily follows that the map
π∗ : H2(S) → H2(S̃) is injective with the supplement spanned by the
fundamental class [E] of E (or rather its image under the natural map
H2(S̃)→ H2(S̃)). So we have a natural splitting H2(S̃) ∼= H2(S)⊕Z[E].
Likewise H2(S̃) → H2(S) is onto and intersection with E defines the
second component of an isomorphism H2(S̃) ∼= H2(S) ⊕ Z[E]. This
splitting is orthogonal with respect to the intersection pairing.

A similar argument applies to the Picard groups. The projection π
induces an injective map Pic(π) : Pic(S) → Pic(S̃) (pull-back of line
bundles), which is of course compatible with the map π∗ : H2(S) →
H2(S̃) via the first Chern class. The line bundle OS̃(E) spans the com-
plementary summand and splits Pic(S̃) into Pic(S)⊕ Z[OS̃(E)].

In terms of divisors this amounts to the following: if C is a reduced
curve on S which has multiplicitym at p (som = 0 if p /∈ C), and C̃ is
the strict transform of C̃ in S̃ (i.e., the closure of C\ {p} in S̃), then the
divisorial pull-back π∗C is C̃+mE. So in terms of the above splitting,
[C̃] corresponds to ([C],−m[E]). Since the splitting is orthogonal, we
find that E · C̃ = −mE ·E = m and C̃ · C̃ = C ·C+m2E ·E = C ·C−m2.
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If η ∈ ωS,p is a generator, then π∗η has a zero of order one along
E. In other words, ωS̃ = π

∗(ωS)(E). This implies that KS̃ = π
∗KS+ [E]

in Pic(S̃) and that KS̃ · [E] = [E] · [E] = −1. It also follows that
ω−1
S̃

= π∗(ω−1
S )(−E). This means that a global section of ω−1

S̃
can

be thought of simply as a global section of ω−1
S which vanishes in

p so that the anticanonical system of S̃ is the subsystem of the anti-
canonical system of S defined by that property. In particular, |ω−1

S̃
| is

of codimension one in |ω−1
S | unless the latter has p as a fixed point (or

is empty), in which case we have equality. A similar argument shows
that for any N > 0, |ω−N

S̃
| is a subspace of |ω−N

S | (of sections which
vanish of order ≥ N at p) and a little more effort goes into proving
that if S̃ is a Del Pezzo surface, then so is S. Hence, if our goal is
to classify Del Pezzo surfaces, then we may start with restricting our-
selves to the surfaces that are relatively minimal, meaning that they
don’t contain exceptional curves of the first kind. The proof of the
following proposition (which we only outline) invokes a weak form
of the classification of surfaces.

Proposition 1.2. A Del Pezzo surface that is relatively minimal is iso-
morphic to P2 or P1 × P1.

Sketch of proof. Let S be a Del Pezzo surface that is relatively minimal.
Then |ωN

S | will be empty for all positiveN (forω−1
S is ample). Accord-

ing to the coarse classification of relatively minimal surfaces (see for
instance [?]), S is then isomorphic to either P2 or to a P1-bundle over
a curve B. One then verifies that in the last case, |ω−N

S | is empty for
all positiveN unless B has genus zero: B ∼= P1 and the P1-bundle over
B is trivial. �

We already observed that P2 and P1 × P1 (which embeds in P3 as a
quadric surface) are Del Pezzo surfaces indeed.

If we blow up a point p = (p1, p2) of P1 × P1, then the strict trans-
forms of the two factor lines passing through p become exceptional
curves of the first kind and if blow each of them down we get a copy
of the projective plane.

Corollary 1.3. A Del Pezzo surface is isomorphic to P1 × P1 or to a
surface obtained by successively blowing up points of P2.

We now focus on the Del Pezzo surfaces that are blown-up projec-
tive planes.

Blown-up projective planes and the Manin lattice. Let us recall
that H2(P2) ∼= H2(P2) ∼= Pic(P2) is infinite cyclic and generated by the
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class [L] of a line. As observed before, the anticanonical class of P2 is
3[L] and so its anticanonical system is the space of cubics in P2.

Let S be a surface and suppose that it can be obtained by succes-
sively blowing r points p1, . . . , pr on (or rather, over) over a surface P
isomorphic to P2:

P = P∅ ← Pp1 ← Pp1p2 ← · · ·← Pp1p2···pr = S,

with pi ∈ Pp1p2···pi−1. If Ei ⊂ Pp1p2···pi denotes the exceptional divisor
over pi, then we think of its divisor class [Ei] as lying in Pic(S) via pull-
back. Similarly the generator [L] of Pic(P) is thought of as lying in
Pic(S). We then find with induction on r that Pic(S) can be identified
with H2(S) and has [L], [E1], . . . , [Er] integral basis. It also follows that
−KS = 3[L] −

∑r
i=1[Ei].

This suggests to define the Manin lattice(1) Λ1,r as Z1+r with basis
elements denoted `, e1, . . . , er and endowed with the symmetric bilin-
ear form for which these basis elements are pairwise perpendicular,
` · ` = 1 and ei · ei = 1, for i = 1, . . . , r. It has evidently signature
(1, r). We put dr := 3`−

∑r
i=1 ei. Notice that dr · dr = 9− r. It is clear

from the preceding:

Lemma 1.4. The lattices H2(S), H2(S) and Pic(S) are all three as lat-
tices canonically isomorphic to each other. If S is given as an iterated
blow-up of a projective plane, then this identifies them with the Manin
latticeΛ1,r such that [Ei] corresponds to ei, [L] to ` and the anticanonical
class to dr = 3`−

∑r
i=1 ei.

Let us call an isomorphism φ : Λ1,r ∼= Pic(S) as in this lemma a
geometric marking of S. As the following example shows, for r ≥ 3, S
can usually be described as a blown up projective plane in more than
one way and so may have different geometric markings.

Example 1.5. Suppose r = 3 and that p1, p2, p3 have pairwise distinct
image in P. If we identify pi with its image in P, then the strict
transform of the line pipi+1 is an exceptional divisor of the first kind,
which we denote Ei,i+1. The three curves E2,3, E3,1, E1,2 are pairwise
disjoint and hence can be blown down simultaneously. The result will
be a copy P ′ of P2 and so S is now obtained as a blown up projective
plane in an essentially different way. The new marking now maps e1
to [E2,3] = [L] − [E2] − [E3], e2 to [E3,1] = [L] − [E3] − [E1] and e3 to
[E1,2] = [L] − [E1] − [E2].

1This is of course the simplest lattice of hyperbolic type, but we call it thus,
because Manin was the first to exhibit in his book Cubic Forms the central role of
this lattice in the theory of Del Pezzo surfaces.
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The passage from one model to the other, P ← S → P ′, defines a
birational map P 99K P ′, which in terms of suitable coordinates in P
and P ′ is given by [z0 : z1 : z2] 7→ [z−10 : z−11 : z−12 ] = [z1z2 : z2z0 : z0z1].
Such a map is called an elementary Cremona transformation. More
intrinsically, P 99K P ′ is defined by the linear system of conics in P
passing through p1, p2, p3 (so that P ′ is the projective space dual to
it). This is why this is also sometimes called an elementary quadratic
transformation.

The Fano condition. The following proposition gives necessary con-
ditions for the Fano property (which turn out to be also sufficient).

Proposition 1.6. If S = Pp1···pr is a Del Pezzo surface, then r < 9 and
the points p1, . . . , pr are in general position in the sense that they have
distinct image in P (so that a simultaneous blowup is possible) and if
we identify them with their images in P, then no 3 lie on a line, no 6 on
a conic and no 8 on a cubic that has a singular point at some pi.

Proof. Since −KS is ample, we have 0 < (−KS) ·(−KS) = dr ·dr = 9−r,
and so r < 9.

We show that there exists an effective divisorD on SwithD·KS = 0
(so that −KC cannot be ample) if one of the mentioned nondegener-
acy conditions is not met. If 1 ≤ i < j ≤ r are such that pj lies on
Ei, but pi+1, . . . , pj−1 do not, then the strict transform of Ei in Sp1···pj
is an effective divisor D which represents [Ei] − [Ej] and we have
KS · D = KS · ([Ei] − [Ej]) = 0. This proves that p1, . . . , pr must have
distinct image in P. For the other cases, one may take for D the strict
transform of a line through 2 pi’s, a conic through 6 pi’s, or a cubic
through 8 pi’s having a singular point at one of them; after renumber-
ing its class is represented by `−

∑3
i=1 ei, 2`−

∑6
i=1 ei, 3`−2e1−

∑8
i=2 ei

respectively and these have zero inner product with dr. �

Suppose S is as in the preceding proposition. Then by our previ-
ous discussion the anticanonical system |ω−1

S | can be identified with
the linear system of cubics in P passing through p1, . . . , pr. The com-
plete linear system of cubics on P2 is of dimension 9 and so |ω−1

S | has
dimension ≥ 9 − r. One can show that the condition for a cubic C
to pass through each pi imposes r independent conditions on C as
long as r < 9. So for r = 8 we get a one dimensional linear system.
When C and C ′ are distinct smooth members of this system, then they
must meet in a ninth point p9 and hence each member of the linear
system has that property. In particular, the conditions are no longer
independent for r = 9, as there is a pencil of cubics passing through
p1, . . . , p9.
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Remark 1.7. So if S is a Del Pezzo surface of degree d > 1, then
its anticanonical system is without fixed points and hence provides a
morphism fS from S to a projective space of dimension d. This is an
embedding for d ≥ 3. In fact, for d = 4 the image is a complete inter-
section of two quadrics in projective 4-space and for d = 3 a smooth
cubic surface in projective 3-space. We already noticed that a cubic
surface is a Del Pezzo surface. The same is true for any nonsingular
complete intersection S of two quadrics in P4 (for a smooth complete
intersection M ⊂ Pn+k of k hypersurfaces of degree 1+a1, . . . , 1+ak
we have ωM

∼= OM(−n− 1+
∑k

i=1 ai)).
For d = 2, the morphism fS maps to a projective plane and must be

of degree 2. It will ramify along a smooth quartic curve. Again there
is a converse: for a double cover f : S → P2 which ramifies along
a quartic curve C, we have ωS = f∗(ωP2)(C). Since C is a divisor
for f∗(OP2(2)), it follows that ω−1

S
∼= f∗(ω−1

P2 )(−C)
∼= f∗(OP2(3)) ⊗OS

f∗(OP2(−2)) = f
∗(OP2(1)) and so ω−1

S is ample and has degree 2.
When d = 1, the linear system |ω−1

S | may be regarded as a pencil of
cubics through 8 points in a projective plane P in general position. As
noted above, the members of this pencil pass through a ninth point,
p = p9 say. If we blow up that point also, then the resulting surface
fibers over a projective line with the members of the pencil as fibers:
we get a rational elliptic surface on which the exceptional curve E9
now appears as a section. The general position condition amounts
to requiring that there are no reducible cubics in this pencil. Con-
versely, if S̃ → P1 is a rational elliptic surface all of whose fibers are
irreducible and is endowed with a section E, then E is necessarily an
exceptional curve of the first kind and contraction of that curve yields
a Del Pezzo surface of degree 1.

Root data in the Manin lattice. We assume r ≥ 3 and introduce a
number of notions attached to Λ1,r. Let us write Qr for the set of
vectors v ∈ Λ1,r with v · dr = 0. Since dr · dr = 9 − r, we see that
Qr is negative definite for r < 9, negative semidefinite with radical
spanned by dr for r = 9 and of signature (1, r− 1) for r > 9. If α ∈ Qr

is such that α · α = −2, then we have defined a reflection sα in Λ1,r
which fixes dr by the formula:

sα(v) := v+ (v · α)α.

Notice that this reflection is orthogonal (it is in O(Λ1,r)) and fixes
dr. Now Qr admits a basis of such vectors, namely {α0, α1, . . . , αr−1}
with α0 = ` − e1 − e2 − e3 and αi := ei − ei+1 for i = 1, . . . , r − 1.
Notice that two distinct elements have inner product 0 or 1. This
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means that
(
− (αi ·αj)

)
i,j

is a (symmetric) generalized Cartan matrix
(the type of which is denoted by Er). This is the point of departure
of the construction of a Kac-Moody algebra. We follow a number of
steps toward this construction that is relevant in this context (but the
Kac-Moody algebra will not appear here).

We first observe that for i = 1, . . . , r, the reflection sαi simply inter-
changes the basis elements ei and ei+1, leaving each of the remaining
basis elements fixed. If for a geometrically marked surface S as above,
pi+1 /∈ Ei, then we could interchange the order of blowing up: first
blow up pi+1 and then pi and the effect on the geometric marking is
just composition with sαi.

The reflection sα0 does not affect e4, . . . , er and we have sα0(e1) =
` − e2 − e3, sα0(e2) = ` − e3 − e1, sα0(e3) = ` − e1 − e2 and sα0(`) =
2`− e1 − e2 − e3. This is precisely the transformation formula for the
elementary Cremona transformation that we found above.

Now letWr denote the subgroup of O(Λ1,r)dr generated by the sim-
ple reflections sα0, . . . , sαr−1. Notice that the subgroup of Wr gener-
ated by the last r− 1 reflections sα1 , . . . , sαr−1 fixes ` and can be iden-
tified with the permutation group on e1, . . . , er. The preceding dis-
cussion shows (inductively) that for a general choice of (p1, . . . , pr) ∈
(P2)r, that is, avoiding a countable union of subvarieties of (P2)r, we
have that for every w ∈Wr,

(i) φw is a geometric marking,
(ii) φw(er) represents the class of an exceptional curve of the first

kind,
(iii) φw(αi) (i = 0, . . . , r−1) can be represented by the difference

[E] − [E ′], where E and E ′ are disjoint exceptional curves of
the first kind.

(iv) φw(`) represents a class that defines a blowdown of S to a
projective plane.

We denote

Rr :=Wr{α0, . . . , αr−1}, Er :=Wrer, Lr :=Wr`.

Observe that if we put e12 := ` − e1 − e2, then (e12, e1, . . . , er) is
basis of Λ1,r contained in Er and α0 = e12− e3, so that every αi is now
written as a difference of two perpendicular elements of Er. We may
think of Rr as a (generalized) root system and Wr as its Weyl group.
Clearly, every α ∈ Rr has the property that α · α = −2 and sα ∈ Wr,
but the converse need not hold: it may happen that α ∈ Qr is such
that α · α = −2, but α /∈ Rr and sα /∈ Wr. But for r = 3, 4, 5, 6, 7, 8,
Qr is negative definite and Rr is a finite root system of type A2 +A1,
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A4, D5, E6, E7, E8 respectively. In these cases, it is not hard to show
that we have characterizations of the subsets defined above solely in
terms of the abstract pair (Λ1,r, dr) (and not involving the given basis
of Λ1,r): every α ∈ Qr with α · α = −2 lies in Rr, every e ∈ Λ1,r with
e · e = −e · dr = −1 lies in Er, and every ` ′ ∈ Λ1,r with ` ′. · ` ′ = 1
and ` ′ ·dr = 3 lies in Lr. Moreover, the inclusion Wr ⊂ O(Λ1,r)dr is an
equality.

Let us list for r ≤ 8, the elements of Er up to a permutation of
indices. In other words, we determine the orbits of the permutation
group generated by sα1 , . . . , sαr in Er. For r ≤ 4, these are represented
by e1 and e12. For r ≥ 5we also get sα0(`−e4−e5) = 2`−e1−· · ·−e5 and
for r ≥ 7, sα0(2`−e1−e4−e5−e6−e7) = 3`−2e1−e2−e3−e4−e5−e6−e7.
This completes their description.

We do the same for the roots, or rather (since the opposite of a root
is also a root) for those roots for which ` has a nonnegative coefficient.
For r ≤ 4 we have e1 − e2 and ` − e1 − e2 − e3. For r ≥ 6 we also get
sα0(` − e4 − e5 − e6) = 2` − e1 − · · · − e6 and for r = 8, sα0(2` − e1 −
e4−e5−e6−e7−e8) = 3`−2e1−e2− · · ·−e8. Since these classes are
perpendicular to dr, they should under a geometric marking of a Del
Pezzo surface not go to classes which represent positive divisors. For
instance, there should be no conic in P passing through p1, . . . , p6 as
that class is represented by 2`−e1− · · ·−e6. We thus not only recover
the assertion of Proposition 1.6, but also obtain a more appealing
formulation: it simply says that the Fano property implies that no
root must map to the class of a positive divisor. This last property
(appearing as (v) below) is equivalent to a number of others:

Theorem 1.8. Suppose 3 ≤ r ≤ 8, S a surface obtainable from a projec-
tive plane by blowing up successively r points and let φ : Λ1,r ∼= Pic(S) be
an isometry which takes −KS to ωr. Then the following are equivalent:

(i) S is a Del Pezzo surface,
(ii) for every w ∈Wr, φw is a geometric marking,

(iii) every element of φ(Er) represents the class of an exceptional
curve of the first kind,

(iv) every element of φ(Rr) can be represented as [E]− [E ′], where E
and E ′ are disjoint exceptional curves of the first kind,

(v) no element of φ(Rr) is represented by a positive divisor,
(vi) every element of φ(Lr) represents the line class of a blowdown

S→ P2,
(vii) any irreducible curve on S with negative self-intersection is an

exceptional curve.
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The proof, which we omit, can be reconstructed from our earlier
observations.

2. MODULI OF DEL PEZZO PAIRS

Four points in P2 in general position ‘have no moduli’: we can
always find a projective coordinate system such they are given by
[1 : 0 : 0], [0 : 1 : 0], [0 : 0 : 1], [1 : 1 : 1]. So Del Pezzo surfaces of
degree ≥ 9 − 4 = 5 have no moduli either. Each additional point to
blow up increases the number of moduli by 2 and so we find that the
Del Pezzo surfaces of degree d have 2(r − 4)+ = 2(5 − d)+ moduli.
In view of the remarks above, we get for d = 4, 3, 2, 1 the (coarse)
moduli space of smooth complete intersections of 2 quadrics in P4, of
smooth cubic surfaces in P3, of smooth plane quartics and of smooth
rational elliptic surfaces without reducible fibers and endowed with
a section. It is however not so easy to get a good direct description of
these moduli spaces. The situation is much better if instead we con-
sider the moduli space of pairs (S,D), where S is a Del Pezzo surface
(of a fixed degree d) and D is an anticanonical positive divisor (of
fixed type). This means that there exists a meromorphic 2-form ω on
S with divisor −D (this makes S −D in a sense an affine Calabi-Yau
surface). The meromorphic 2-form is of course unique up to scalar. It
is often convenient to look at pairs (S,ω) instead and this is what we
will do first. We need the following general fact:

Lemma 2.1. Let S be a smooth compact complex surface and let D be
a curve on S. Then we have a natural exact sequence

H1(Dreg)→ H2(S−D)→ H2(S)→ H0(Dreg),

where the first map is given by the Lefschetz tube construction (recalled
in the proof), the middle map by the inclusion and the last map by
intersecting 2-cycles transversally with D. If moreover H1(S) = 0 and
D has at most one singular point, then the first map is injective and the
last one surjective.

Proof. Let U be an open regular neighborhood of D in S with smooth
boundary. Then Alexander duality plus excision yield the identifica-
tion

Hk(S, S−D) ∼= Hk(S, S−U) ∼= Hk(Ū, ∂U) ∼= H4−k(Ū) ∼= H4−k(D).

If we combine this with the duality isomorphism H3(S) ∼= H1(S), the
exact sequence for the pair (S, S−D) yields the exact sequence

H1(S)→ H1(D)→ H2(S−D)→ H2(S)→ H2(D)→ H1(S).
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Since the singular set Dsg of D is finite, H0(Dreg) ∼= H2(D,Dsg) →
H2(D) is an isomorphism and H1(Dreg) ∼= H1(D,Dsg) → H1(D) is
onto. This establishes the exact sequence as stated.

IfH1(S) = 0, thenH1(S) = 0 and soH1(D)→ H2(S−D) is injective.
And if Dsg is empty or a singleton, the restriction H0(D)→ H0(Dsg) is
onto and so H1(Dreg) ∼= H1(D,Dsg)→ H1(D) is injective. The lemma
now follows, except perhaps the identification of the maps. We only
do this for the first map. Retracing our steps, we find that the map
H1(Dreg) → H2(S − D) is given as follows: if Ū admits a retraction
π̄ : Ū → D such that π̄ is locally trivial over Dreg, then assign to a
1-cycle c on Dreg the boundary of the 3-chain π̄−1c (this boundary
has its support in ∂U ⊂ S −D). This is known as the Lefschetz tube
construction. �

The cuspidal case. Let S be a Del Pezzo surface of degree d = 9−r ≤
6 (i.e., r ≥ 3) and ω a meromorphic 2-form on S whose divisor is
of the form −D with D a cuspidal curve. We invoke Lemma 2.1
to determine H2(S − D). Since Dreg

∼= C, this lemma implies that
H2(S−D) can be identified with the sublattice of H2(S) ∼= H2(S) that
is orthogonal to [D]. The cohomology class of ω can be understood
as a linear map [ω] : H2(S−D)→ C.

The formω has a residue on the smooth partDreg ofD: this will be
a nowhere zero differential on Dreg. Since Dreg is isomorphic to the
affine line C, and since a nowhere zero differential on C is of the form
λdz, we can find an isomorphism z : Dreg

∼= C such that ResDω = dz.
This function z is of course unique up to a constant.

Now let be given a geometric marking φ : Λ1,r ∼= H2(S). Then the
preceding shows that φmaps Qr onto H2(S−D). So we have defined

χ = χ(S,ω,φ) := φ∗ω ∈ Hom(Qr,C).

We will show that χ(S,ω,φ) is a complete invariant of the isomor-
phism type of the triple (S,ω,φ). We do this by computing its values
on the basis (α0, . . . , αr−1). In fact, let α ∈ Rr and represent φ(α)
as [E] − [E ′] with E and E ′ mutually disjoint exceptional curves of the
first kind. Since E · (−KC) = 1, E meets D transversally in a point
p ∈ Dreg. Likewise E ′ meets D transversally in some p ′ ∈ Dreg and
we have p ′ 6= p. We must find a 2-cycle A on S −D that is homolo-
gous in S to E− E ′. This is done as follows: let Ū be a closed regular
neighborhood of D in S and Ū → D a deformation retraction that is
a C∞-locally trivial disk bundle over Dreg and for which the fiber over
p resp. p ′ lies in E resp. E ′. Let γ be a smooth path in Dreg from p ′ to
p and put A := (E − Up) + (∂U)γ − (E ′ − Up ′). Then A is a 2-cycle
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and since A− (E− E ′) bounds Ūγ, A represents φ(α) in H2(S). So

[ω](φ(α)) =

∫
A

ω =

∫
E−Up

ω+

∫
(∂U)γ

−

∫
E ′−Up ′

ω =

∫
(∂U)γ

ω

(for a holomorphic 2-form on a curve is zero) and the last integral
equals by the residue theorem 2π

√
−1
∫
γ

ResDω = 2π
√
−1
(
z(p) −

z(p ′)
)
. In particular, [ω](φ(α)) 6= 0 (for p 6= p ′). Now let π : S → P

be the blow down defined by the marking (so P is isomorphic to P2).
Then π(D) is a cuspidal curve in P. Since D is the strict transform of
π(D) under π we identify D with π(D). Then Ei meets D in pi and
we have for i = 1, . . . , r− 1, [ω](φ(αi)) = 2π

√
−1(z(pi+1) − z(pi)). If

L12 is line in P through p1 and p2, then L12 meets D in a third point
p12. The strict transform E12 of L12 in S is an exceptional curve of the
first kind and then E12−E3 represents φ(α0) = φ(`−e1−e2−e3). We
thus find that [ω](φ(α0)) = 2π

√
−1(z(p12) − z(p3)).

In Hodge theory one accounts for the factor 2π
√
−1 by regarding [ω] as

a linear map from Qr to the Tate Hodge structure C(1) (which has weight
−2), or what amounts to the same, as an element of Hom(Qr(−1),C) (and
where Qr has weight −2).

In order to see that these integrals enable us to completely recon-
struct the triple (S,φ,ω) up to unique isomorphism, we first go in the
opposite direction: we write Vr for Hom(Qr,C) and construct for any
χ ∈ Vr an associated triple (Sχ,ωχ, φχ) as follows.

There is a unique (z12, z1, z2, . . . , zr) ∈ C1+r with z12 +
∑r

i=1 zi = 0

such that χ(α0) = (2π
√
−1)(z12 − z3) and χ(αi) = (2π

√
−1)(zi − zi+1)

for i = 1, . . . , r− 1. Consider the embedding

fχ : C→ C2, fχ(z) := (z, (z− z1)(z− z2)(z− z12)).

Notice that the closure Dχ := fχ(C) of its image in P2 is the cubic
curve given by X2X20 = (X1−z1X0)(X1−z2X0)(X1−z3X0). It has a cusp
at [0 : 0 : 1] whose tangent is given by X0 = 0. Moreover the images
of z1, z2, z12 lie on the coordinate line X2 = 0. There is a unique
meromorphic 2-form ωχ on P2 that has as divisor −Dχ and whose
residue on fχ(C) pulled back to C is dz. Now put Sχ := P2fχ(z1)···fχ(zr)
and identify Dχ resp. ωχ with its strict transform in resp. pull-back to
Sχ. We have arranged that

[ωχ](φχ(αi)) = χ(αi), i = 0, . . . , r− 1.
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so that φ∗[ωχ] = χ. We can do this ‘with parameters’ and thus obtain
a (trivial) projective plane bundle PVr = P2 × Vr over Vr, a bundle of
cuspidal curves DVr ⊂ PVr over Vr and sections p1, . . . , pr of DVr → Vr
such that we get a surface bundle SVr over Vr by blowing up these sec-
tions successively. The construction also comes with a meromorphic
relative 2-form on SVr/Vr whose divisor is −DVr and whose cohomol-
ogy class over χ ∈ Vr is represented by χ.

If Sχ is a Del Pezzo surface, then for every α ∈ Rr, φχ(α) is repre-
sentable by a difference of disjoint exceptional curves of the first kind
so that χ(α) 6= 0. Conversely, if Sχ is not a Del Pezzo surface, then
there exists a α ∈ Rr representable by an effective divisor A. This
divisor must be disjoint with Dχ (for A ·Dχ = 0 and Dχ ·Dχ > 0) and
so χ(α) = 0. Hence Sχ is a Del Pezzo surface if and only if χ|Rr is
never zero. We denote the set of such χ by V◦r ; it is the complement
of the union of the reflection hyperplanes in Vr.

We return to our triple (S,ω,φ). If we take χ = χ(S,ω,φ) = φ∗[ω],
then we claim that here is a unique isomorphism h : P2 ∼= P that takes
Dχ to D, fχ(z1) to p1 and fχ(z2) to p2 and for which h∗ω = ωχ. To see
this, first observe that there is a unique isomorphism of the completed
x-axis onto L12 which takes fχ(z1) to p1, fχ(z2) to p2 and fχ(z12) to a
point of D. We may extend this to an isomorphism h : P2 ∼= P that
takes the cusp of Dχ ([0 : 0 : 1]) and its tangent line (X0 = 0) to
the cusp of D and its the tangent line. Then h is determined up to
scalar multiplication in the X1-direction, but becomes unique if we
also demand that h(Dχ) = D. Then h∗ω = ωχ and h will also take
fχ(zi) to pi for i > 2. So h lifts to an isomorphism of geometrically
marked Del Pezzo surfaces Sχ ∼= S with h∗ω = ωχ.

We now quote a famous theorem, the essential part of which is due
to Chevalley:

Theorem 2.2. Let V be a complex vector space of dimension r and
W a finite subgroup of GL(V) generated by complex reflections (i.e.
transformations of finite order whose fixed point set is a hyperplane).
Then:

(i) the W-stabilizer of any point of V is generated by complex re-
flections, so that W acts freely on V◦ := V − ∆, where ∆ ⊂ V
denotes the union of the fixed point hyperplanes of complex re-
flections in V and

(ii) the graded C-algebra of W-invariant regular functions on V,
C[V]W, has r algebraically independent homogeneous genera-
tors and ∆ is defined by a homogeneous element of C[V]W
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Property (ii) says that if we pick homogeneous generators f1, . . . , fr
for C[V]W, say of degrees d1, . . . , dr, then f := (f1, . . . , fr) : V → Cr
factors through an isomorphism V/W ∼= Cr of affine varieties. The
C×-action on the orbit space V/W (coming from scalar multiplica-
tion on V) then corresponds in Cr to the C×-action t.(u1, . . . , ur) =
(td1u1, . . . , t

drur) and if F ∈ C[u1 . . . , ur] is homogeneous and such
that F(f1, . . . , fr) defines ∆, then the image of ∆ in V/W corresponds
to the hypersurface (F = 0) ⊂ Cr. This means that (F = 0) defines the
discriminant of the finite morphism V → V/W ∼= Cr; in particular,
the morphism V◦ → V◦/W ∼= Cr − (F = 0) is unramified. We fur-
ther note that the orbit space P(V)/W gets identified with weighted
projective space P(d1, . . . , dr) and that F defines a hypersurface in it
whose complement corresponds to P(V◦)/W.

Returning to our situation, we see that Wr acts freely on V◦r , so
that passing to the Wr-orbit spaces yields an object over V◦r /Wr: a
bundle SV◦r /Wr → V◦r /Wr, a subbundle of cuspidal curves DV◦r /Wr and
a relative 2-formωV◦r /Wr on SV◦r /Wr → V◦r /Wr with −DV◦r /Wr as divisor.
We sum up:

Theorem 2.3. We have obtained a universal family (SV◦r /Wr ,ωV◦r /Wr)
over V◦r /Wr for the pairs (S,ω), where S is a Del Pezzo surface of degree
9− r ≤ 6 andω a meromorphic differential on S whose divisor is minus
a cuspidal curve. The C×-orbit space of the base, P(V◦r )/Wr, is a vari-
ety whose underlying set can be identified with the set of isomorphism
classes of pairs (S,D), where D is an anticanonical cuspidal curve on S.

Since the action of Wr on Vr/Wr has fixed points, we should not
expect it to extend to SVr/Wr. Indeed, for a fixed point χ ∈ Vr of sαr−1,
we have pr−1 = pr. This means that the fiber Sχ is of the form Pp1...pr
with pr−1 = pr. Then the strict transform C of Er−1 represents the
class [Er−1] − [Er] = φ(er − er−1). But if sαr−1 were to extend to an
involution of Sχ, then it would send C to a class representing −C.
This is not possible, for on a projective surface a positive divisor can-
not be represented by a negative divisor as well (any ample class has
positive intersection product with such a class).

It is interesting to see what happens for the most extreme case
χ = 0 ∈ Vr. Then z12 = z1 = · · · = zr−1 = 0 and hence f0(z) = (z, z3).
In particular, f0(0) = (0, 0) is a flex point of f0(C) = Dχ,reg. We then
must blow up r times over the strict transform of D0 over this flex
point. The result is perhaps somewhat of a surprise: we see that ev-
ery basis element αi of Qr is represented by (a smooth) (−2)-curve
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Ci (the curve C2 is the strict transform of the tangent line of D0 in
P2 at (0, 0). These curves make up a normal crossing curve C and
intersect according tot the Dynkin diagram of the root system Rr. The
connected components of this curve can be contracted (since R3 is
of type A2 + A1, we get two connected components in that case) to
produce a normal singular surface S̄0. The curve C is disjoint with D0

and so D0 then still lies on the smooth part of S̄0.

Running ahead a bit, we mention here that we can do something similar
in every fiber of SVr → Vr. For instance, if α ∈ Rr is a positive root (in
the sense that it is a linear combination of α0, . . . , αr−1 with positive coeffi-
cients), then for a generic χ in the hyperplane defined by χ(α) = 0, we have
that the class on Sχ defined by α is a (−2)-curve (a smooth rational curve
with self-intersection −2). This is fairly clear if α = αi for some i and the
general case is deduced from that by applying an appropriate element ofWr

to this situation. This can be generalized to yield a more precise statement
(which is typical for other situations that we consider below):

Theorem 2.4. Given χ ∈ Vr, then every connected component of the union of
the (−2)-curves contained in Sχ−Dχ is a configuration of type A, D or E. The
set of classes of these (−2)-curves consists of positive roots in R and makes up
a root basis for the root subsystem Rr,χ ⊂ Rr consisting of the α ∈ Rr with
χ(α) = 0.

We can contract each of the connected components of the union of the
(−2)-curves in Sχ −Dχ and thus obtain a surface with Kleinian singularities
Sχ → S̄χ (we return to this later). This can be done ‘in a family’ so as obtain
a bundle S̄Vr → Vr on which Wr acts (with the action of sα on S̄Vr over the
hyperplane in Vr defined by χ(α) = 0 is the identity). We now have defined
a family S̄Vr/Wr over Vr/Wr which extends SV◦r /Wr over V◦r /Wr. The family
of 2-forms extends as well, where it is understood that these forms are only
defined on the smooth part of the fibers (we get a generating section of the
relatively dualizing sheaf of S̄Vr/Wr → Vr/Wr twisted by the cuspidal divisor
at infinity).

The nodal case. Let us now assume that the anticanonical divisor D
is a nodal curve: it has a normal crossing singularity. We will find this
to be multiplicative version of the cuspidal case.

The nodal curve D has at its singularity two branches and we fix
an ordering of them. This amounts to a choice of a generator of
the infinite cycle group H1(D). We then choose an isomorphism z :
Dreg

∼= C× so that z = 0 is the first branch and z = ∞ the second.
This isomorphism is unique up to multiplication by a scalar in C×.
It also defines a generator of δ ∈ H1(Dreg), as being the class of the
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positively oriented circle |z| = 1. Let ω be a meromorphic 2-form on
S with divisor −D. Then we can take its residue twice: first on Dreg

and then at the singular point on the first branch. If we require that
this double residue is 1, then ω will be unique. So then ResDω = dz

z
.

Suppose S geometrically marked by φ : Λ1,r ∼= H2(S). (We shall refer
to the combination of φ and the order of the branches of the node
of D as a geometric marking of the pair (S,D).) It then follows from
Lemma 2.1 that we have a natural exact sequence

0→ Zδ→ H2(S−D)→ Qr → 0.

Our choice ofω ensures that the linear map [ω] : H2(S−D)→ C takes
on δ the value (2π

√
−1)2. So we have a well-defined homomorphism

χ = χ(S,ω,φ) : Qr → C×, χ(a) := exp
( 1

2π
√
−1

∫
φ̃(a)

ω
)
,

where φ̃(a) is a lift of φ(a) in H2(S − D). If a = α ∈ Rr, then we
proceed as in the cuspidal case: we represent φ(α) as the difference
[E]− [E ′] of two disjoint exceptional curves of the first kind. They will
meetDreg in p resp. p ′ say, and if we choose a path γ in C× from z(p ′)
to z(p), then we find a 2-cycle A in S − D which lifts φ(α) and for
which∫
A

ω = 2π
√
−1

∫
γ

dz

z
≡ 2π

√
−1 log(z(p)/z(p ′)) (mod (2π

√
−1)2Z).

Hence we have χ(α) = z(p)/z(p ′). We thus find χ(α0) = z(p12)/z(p3)
and χ(αi) = z(pi)/z(pi+1) for i = 1, . . . , r− 1.

In a way quite similar to the cuspidal case, we deduce that χ(S,ω,φ)
is a complete invariant for the triple (S,ω,φ) together with the or-
der of branches at of D at its singular point. Let us do the opposite
construction. We put Tr := Hom(Qr,C×) and let χ ∈ Tr. Choose
(z12, z1, z2, . . . , zr−1) ∈ (C×)r+1 such that

z12/z3 = χ(α0) and zi/zi+1 = χ(αi) for i = 1, . . . , i− 1.

Note that (z12, z1, z2, . . . , zr−1) is uniquely defined up to a common fac-
tor (the above formulae define a surjective homomorphism (C×)r+1 →
Tr whose kernel is the main diagonal of (C×)r+1). Now let fχ : C× →
P2 be the embedding defined by

fχ(z) := [z : z2 : (z− z1)(z− z2)(z− z12)].

The closure of its image is a nodal curveDχ which has its double point
in [0 : 0 : 1] (a value obtained for z = 0 and z = ∞) and has fχ(C) as
its smooth part. Notice that fχ(z1), fχ(z2) and fχ(z12) lie on the line at
infinity. We letωχ be the meromorphic 2-form on P2 characterized by
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the property that it has divisor −Dχ and that Resz=0 f∗χ ResDχωχ = 1.
Then Sχ := P2f(z1)f(z2)···f(zr) is the blow-up P2 that we associate to χ.
It comes with a nodal curve (which we identify with Dχ as its strict
transform) and a meromorphic 2-form (the pull-back of ωχ). The
same argument as in the cuspidal case shows that Sχ is a Del Pezzo
surface if and only if χ ∈ T ◦r , where T ◦r is the set of χ ∈ Tr which have
no root in their kernel. The geometric markings of the pair (Sχ, Dχ)
are now permuted by {±1}.Wr ⊂ GL(Qr). We can carry this out over
Tr to obtain a family of geometrically marked pairs (STr ,DTr , φ̃Tr).

Theorem 2.5. The restriction of this family to T ◦r , (ST◦r ,DT◦r , φ̃T◦r ) is
a universal family of triples (S,D, φ̃), where S is a Del Pezzo surface
of degree 9 − r ≤ 6, D a nodal anticanonical divisor of S and φ̃ is a
geometric marking of the pair (S,D). The closed points of the orbit space
T ◦r /Wr are in bijective correspondence with the isomorphisms classes of
pairs (S,D) endowed with a generator H1(D).

Note that taking the opposite generator induces an involution in
T ◦r /Wr which is the identity only when −1 ∈ Wr, i.e., when r = 7 or
r = 8.)

Remark 2.6. If S ⊂ P3 is a cubic surface, then as we have seen, any plane
section of S is an anticanonical divisor of S and vice versa. For p ∈ S, the
projective plane PpS ⊂ P3 tangent to S at pmeets S in a curveDp which will
have at p a singular point. Generically this will be nodal curve. It follows
that we may interpret T◦6 /({±1}.W6) resp. P(V◦6 )/W6 as the space of PGL(4)-
orbits of pairs (S, p), where S ⊂ P3 is a smooth cubic surface andDp a nodal
resp. cuspidal curve.

In particular, we have a natural map from T◦6 /(W6.{±1}) to the moduli
space of smooth cubic surfaces whose fibers are Zariski open subsets of such
surfaces. It would be interesting to characterize the fibers of this map solely
in terms of the root data. This is even of interest in the birational category,
for apparently C(T6){±1}.W6 contains naturally the field of rational functions
of the moduli space of cubic surfaces as a subfield (which is known to be
rational) and the question is whether we can describe it explicitly.

Similarly, if C ⊂ P2 is a smooth quartic curve, and f : SC → P2 is the
double cover of P2 which ramifies along C, then for every line L ⊂ P2, f∗L
is an anticanonical curve. For p ∈ C, the line LpC ⊂ P2, f∗LpC which
will have at p a singular point and generically this will be nodal curve or a
cuspidal curve according to whether LpC is generic (i.e., meets C in 2 other
points) or is a simple flex point. It follows that we may interpret T◦7 /W7

resp. P(V◦7 )/W7 accordingly (the involution of SC defined by its cover of P2
defines −1 ∈ W7 and so {±1}.W7 = W7). We have the same question as for
cubic surfaces: can we explicitly describe the subfield of C(T7)W7 that we
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thus obtain as the field of rational functions of the moduli space of quartic
curves in C(T7)W7? This subfield is known to be rational, too, but the known
proof (due to Katzylo) is hard and very computational—perhaps that this
can lead to a less computational proof.

Finally, T◦8 /W8 resp. P(V◦8 )/W8 can be interpreted as the moduli space of
rational elliptic fibrations with only irreducible fibers and endowed with a
section and a nodal resp. cuspidal fiber singled out.

Theorem 2.5 does not assert that T ◦r /Wr carries a universal family.
The reason is that the action of Wr on T ◦r may fixed points. We show
that this is remedied by passing to a finite cover. For this we recall
that the nodal curve D ⊂ S satisfies D ·D = 9− r = d. So the normal
bundle νD/S of D in S has degree d. We further observe that the
identity component TD of Aut(D) is isomorphic to C× and acts simply
transitively on the smooth part Dreg of D.

We now change the moduli problem a bit as follows. We fix a nodal
curveD endowed a line bundle ν onD of degree d. We consider pairs
(S, i : D ↪→ S, u : νi ∼= ν) with S a Del Pezzo surface of degree d, i an
isomorphism onto an anticanonical divisor and u an isomorphism of
the normal bundle of i onto ν given up to scalar. We can proceed to
construct these as before as follows:

Recall that (ε12, ε1, . . . , εr) is a basis of Λ1,r. In terms of that basis

dr = 3(ε12 + ε1 + ε2) − ε1 − · · ·− εr = 3ε12 + 2ε1 + 2ε2 − ε3 − · · ·− εr.
Consider in Dr+1

reg the subset Tr of p• = (p12, p1, . . . , pr) with the prop-
erty that 3p12 + 2p1 + 2p2 − p3 − · · · − pr is a divisor for ν. For every
p• ∈ T we use the divisor p12 + p1 + p2 to embed D in a projective
plane P: P is then the plane of lines in |p12 + p1 + p2| and the images
of p12, p1, p2 lie on a line by construction. Observe that the normal
bundle of this embedding has 3(p12 + p1 + p2) as divisor. Now blow
up P in the images of p1, . . . , pr to get a surface Sp• endowed with
an embedding ip• : D ↪→ Sp•. Then the normal bundle of ip• has
3(p12 + p1 + p2) −

∑r
i=1 pi = 3p12 + 2p1 + 2p2 − p3 − · · · − pr as divi-

sor. The product Dr+1
reg is principal homogeneous space (torsor) of the

torus T r+1D and so Tt is a torsor for the kernel of the homomorphism

(t12, t1, . . . , tr) ∈ T r+1D 7→ 3t12 + 2t1 + 2t2 − t3 − · · ·− tr ∈ TD.
But we use the basis (ε12, ε1, . . . , εr) of Λ1,r to identify T r+1D with TD ⊗
Λ1,r, then we see that this map is just obtained by tensoring the ho-
momorphism v ∈ Λ− 1, r 7→ v · dr with TD, so that this kernel may be
identified with Qr ⊗ TD. We conclude that T is a Qr ⊗ TD-torsor. The
Weyl group Wr acts via Qr on Qr ⊗ TD, but this action lifts naturally
to T if we require that the intersection of T with the main diagonal
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to T r+1D (these are the (p, . . . , p) with d(p) a divisor for ν; there are d
solutions of these). are fixed points of Wr. (Indeed, we have a nat-
ural Wr-equivariant map Tr → Hom(Qr, TD) of which this is the fiber
over the identity element.)

Let us now recall that the exponential invariant theory for root
systems gives the following toric analogue of Chevalley’s theorem:

Theorem 2.7. Let R be a root system, W its Weyl group and Q the
lattice spanned by its roots. If we put T := Q⊗ C×, then:

(i) the W-stabilizer of any point of T is generated by reflections, so
that T acts freely on T ◦ := T − ∆, where ∆ ⊂ T denotes the
union of the fixed point hypertori of reflections in W and

(ii) the C-algebra of W-invariant regular functions on T , C[V]W,
has r algebraically independent homogeneous generators and ∆
is defined by an element of C[V]W.

We conclude:

Theorem 2.8. We have a universal family

(ST ◦r /Wr, iT ◦r /Wr : DT ◦r /Wr ↪→ ST ◦r /Wr)
over T ◦r /Wr for the pairs (S, i : D ↪→ S), where S is a Del Pezzo surface
of degree 9− r ≤ 6 and i(D) an anticanonical curve on S such that the
normal bundle νi is D-isomorphic to ν.

Again, we can extend this family across Tr/Wr if we allow the fibers
to have Kleinian singularities.

3. AFFINE SURFACES AS MILNOR FIBERS

Normal surface singularities. A (complex-analytic) singularity is a
punctual germ of an analytic space. This is defined by a neighborhood
X of a closed point o of an analytic space with the understanding that
any other neighborhood of x in that space defines the same singular-
ity. It is algebraically given by its local C-algebra (of local-analytic
functions) OX,o. We will focus on the case of a normal surface singu-
larity: dimo X = 2 and X is normal at o. That last property implies
that a punctured neighborhood of o in X is nonsingular: X has o as
isolated singular point (we then say that the singularity is genuine) or
is smooth in o. We say that a normal surface singularity is Gorenstein
if there exists a nowhere zero 2-form on punctured neighborhood of
o. (We then always assume that X is chosen so small that X − {o}
is nonsingular and carries a nowhere zero 2-form.) The easiest way
to generate normal surface singularities is by taking an f ∈ C{x, y, z}
with f(o) = 0 and with the property that the common zero set of the
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partial derivatives of f has o as an isolated point: then the zero set of f
at o is a normal surface singularity with local C-algebra C{x, y, z}/(f).
These are in fact Gorenstein: the residue of f−1dx ∧ dy ∧ dz on the
smooth part of f−1(0) is a a nowhere zero 2-form on that smooth part.

Any genuine normal surface singularity (X, o) admits a normal cross-
ing resolution, i.e, there exists a nonsingular surface X̃, a normal
crossing curve C ⊂ X̃ and a proper holomomorpic map π : X̃ → X
that is an isomorphism over X − {o} and for which C = π−1(o) (so C
is compact). Any irreducible component of C that is an exceptional
curve of the first kind can be contracted and still gives normal cross-
ing resolution. If there are no such irreducible components, then
we call the normal crossing resolution minimal and it is a remark-
able fact that a minimal normal crossing resolution is unique (this is
however particular to dimension two). If (Ci)i∈I is the collection of
irreducible components of C, then the intersection matrix (Ci · Cj)i,j
is negative definite. (And conversely, a compact curve on a complex
manifold of dimension 2 can be analytically contracted to produce a
normal surface singularity, if the intersection matrix of its irreducible
components (whether they are smooth or not) is negative definite.)
If (X, o) is Gorenstein, then the pull-back of the 2-form on X − {o}

yields on X̃ a meromorphic 2-form whose divisor KX̃ is supported by
C: ωX̃

∼= OX̃(KX̃).
Let us now describe the simplest normal (Gorenstein) surface sin-

gularities.

Kleinian singularities. If Γ ⊂ SL(2,C) is a nontrivial finite subgroup,
then Γ , then the image Γ̄ of Γ in PSL(2,C) acts on the Riemann sphere
and acts there orthogonally with respect to a spherical (Fubini-Study)
metric. Thus Γ̄ becomes the group of special symmetries of a regular
polyhedron and this is the way we usually classify the finite subgroups
of PSL(2,C) up to conjugacy. This also leads to a classification of finite
subgroups of SL(2,C) up to conjugacy, for either Γ is the preimage of
PSL(2,C) in SL(2,C) or is a subgroup of index two thereof.

The Γ -orbit space X := Γ\C2 has at (the image of) the origin a sin-
gular point. Such a singularity (and any analytic germ isomorphic
to it) is called, depending on the background (or nationality) of the
speaker, a rational double point, a Kleinian singularity, a Du Val singu-
larity or an A-D-E singularity. We shall opt for ‘Kleinian singularity’.
Since Γ ⊂ SL(2,C), Γ acts freely on C2 − {(0, 0)}. It also follows that
X is Gorenstein singularity: Γ leaves invariant the 2-form dz1 ∧ dz2,
and so this form descends to a 2-form (which we shall denote ω) on
X − {o}. In all these cases C[w1, w2]Γ has 3 homogeneous generators
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TABLE 1. The Kleinian singularities

subgroup of SL(2,C) Dynkin equation weights
cyclic group of order n+ 1 An≥1 xn+1 + y2 + z2 (2, n+ 1, n+ 1)

dihedral group Dn≥4 xy2 + xn−1 + z2 (2, n− 2, n− 1)
binary tetrahedral group E6 x4 + y3 + z2 (3, 4, 6)

binary octadral group E7 x3y+ y3 + z2 (4, 6, 9)
binary icosahedral group E8 x5 + y3 + z2 (6, 10, 15)

obeying one equation. In table 1 we denoted these generators x, y, z,
mention their degrees (weights) and give the equation they satisfy.
So these are surface singularities that can be realized in C3. For ex-
ample, if Γ is the cyclic group of matrices ( ζ 00 ζ ), where ζn+1 = 1, then
C[w1, w2]Γ is generated by x := w1w2, y ′ := wn+11 and z ′ := wn+12 .
These obey the relation xn+1 − y ′z ′ = 0. A linear transformation
y ′ := y +

√
−1z, z ′ := −y +

√
−1z, then turns this equation into

xn+1 + y2 + z2 = 0.
The A-D-E designation has to do with the fact that the minimal

normal crossing resolution of such a singularity has as exceptional
divisor a curve whose irreducible components are smooth of genus
zero (so isomorphic to P1) of self-intersection −2 and cross each other
normally so that the intersection matrix is minus that of a simply
laced Dynkin diagram, (which is of type Ar≥1, Dr≥4 or Er for r =
6, 7, 8).

Lemma 3.1. The lift of ω on X̃ is holomorphic on X̃ and has no zeroes
and so ωX̃

∼= OX̃.

Proof. Let KX̃ denote the divisor of the lift of ω. Since every irre-
ducible component Ci of C is smooth of genus zero with Ci ·Ci = −2,
the adjunction formula says that KX̃ · Ci = (2g(Ci) − 2) − Ci · Ci =
−2 + 2 = 0. Since the intersection matrix (Ci · Cj) is nondenegerate
(it is in fact negative definite), it follows that KX̃ = 0. �

Simple elliptic singularities. A normal surface is called simply ellip-
tic of degree d > 0 if it admits a resolution whose exceptional curve is
a smooth genus one curve C with C ·C = −d. One can show that the
isomorphism type of C completely determines the isomorphism type
of the singularity. So such a singularity is always obtained by taking
the total space X̃ of a line bundle over ` over C of degree −d (all such
are isomorphic if we allow the isomorphism to induce a translation
in C), and contracting its zero section: the underlying variety is an
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TABLE 2. Simply-elliptic singularities embeddable in C3

d Dynkin equation weights
1 Ẽ8 = T̃2,3,6 x6 + y3 + z2 + λxyz (2,3,6)
2 Ẽ7 = T̃2,4,4 x4 + y4 + z2 + λxyz (2,4,4)
3 Ẽ6 = T̃3,3,3 x3 + y3 + z3 + λxyz (3,3,3)

affine cone, namely

X := Spec
(
⊕∞
k=0 H

0(C, `−k)
)
.

Since the isomorphism type of C comes in a one parameter family, so
does the isomorphism type of these singularities. From the adjunction
formula one sees thatωX̃

∼= OX̃(C) and so a simply-elliptic singularity
is Gorenstein. They embed in C3 for d ≤ 3 only (see Table 2); the j-
invariant of the associated genus one curve is a rational function of
the parameter λ (which therefore must omit certain values).

Cusps. This class of singularities is easiest characterized by means
of the type of their minimal normal crossing resolution, but that is
not the way they arose (and which explains their name): a normal
surface singularity is called a cusp singularity if its minimal normal
crossing resolution has as exceptional divisor a nodal curve or a cy-
cle C = ∪i∈Z/nCi (with n ≥ 2) of smooth rational curves such that
Ci · Ci+1 = 1 and Ci · Cj = 0 if j /∈ {i − 1, i, i + 1}. The negative defi-
niteness of (Ci ·Cj)i,j then implies that for wll i, Ci ·Ci ≤ −2 and that
the is inequality is strict for at least some i. One can show that the
cyclically ordered set of self-intersection numbers (Ci · Ci)i∈Z/n com-
pletely determines the isomorphism type of the singularity.

The alternative definition goes like this. Let L be a free abelian group of
rank 2 (so L ∼= Z2) and put LR := R|otimesL and T := C×⊗L (so T ∼= (C×)2).
The map z ∈ C× 7→ w := − log |z| ∈ R is a group homomorphism with kernel
the circle groupU(1). This map induces a SL(L)-equivariant homomorphism
I : T → LR with kernel the compact 2-torus U(1) ⊗ L. For φ ∈ Hom(L,Z)
we denote by φR : LR → R the ‘realification’ and by eφ : T = C× ⊗ L →
C× ⊗ Z = C× the corresponding character. Note that − log |eφ| = φRI and
so |eφ| = exp(−φRI).

Let S ∈ SL(L) be such that Tr(S) > 2. Since the characteristic polyno-
mial of S is λ2 − Tr(S)λ + 1, S has two distinct eigenvalues λ± = 1

2(Tr(S) ±√
Tr(S)2 − 4) that are both positive quadratic irrationalities. So S acts freely

and properly discontinuously on LR − {0} (for no eigenvalue is ±1) and the
two eigenlines corresponding to the two eigenvalues decompose R⊗ L into
four sectors, each of which is invariant under S (for both eigenvalues are
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positive). We fix such a sector U ⊂ R⊗ L and put U := I−1U. Then S leaves
U invariant. We put X◦ := SZ\U . Analytic functions on X◦ are obtained as
follows. We claim that

fφ :=
∑
n∈Z

e(S
n)∗φ

converges uniformly and absolutely on compact subsets of U . To see this,
let Ǔ be the set of φ ∈ L∗R with φ|U > 0. This is clearly a sector in L∗R. If
u ∈ U is arbtritrary, then the set of ψ ∈ Ǔ ∩ Hom(L,Z) with ψ ≤ N is the
set of lattice points in a solid triangle of proportionality size N and hence
has cardinality ≤ cuN2 for some cu > 0. So if mu := minψ∈Ǔ∩Hom(L,Z)ψ(u),
then∑
n∈Z

sup
I−1u

|e(S
n)∗φ| ≤

∑
n∈Z

exp(−(Sn)∗φR(u)) ≤

≤
∑

ψ∈Ǔ∩Hom(L,Z)

exp(−ψR(u)) ≤
∑
N≥mu

cuN
2 exp(−N) <∞.

But then this same bound holds if we replace I−1(u) by I−1(u + U). Since
any compact subset K of U is contained in u + U for some u, we have such
an estimate on I−1K. It then holds also on the SZ-orbit of I−1K. You can
verify that the convex hull [U ∩ L] of U ∩ L can be written as the SZ-orbit of
K+U for some compact K and so fφ will converge uniformly and absolutely
on I−1[U ∩ L]. The invariance properties of fφ ensure that it factors through
a holomorphic function on X◦. One can show that there are enough of such
functions to separate the points of X◦ (even infinitesimally). We also note
that t > 0, then mtu = tmu and ctu can be taken to be t2cu. Hence the
series

∑
N≥tmu cut

2N2 exp(−N) tends to 0 as t → ∞ and so if fφ(z) tends
to 0, when I(z) ∈ U tends to infinity in U. In fact, as we have observed,
fφ is bounded on I−1[U ∩ L] and limt→∞ supI−1(t[U∩L]) fφ = 0. This suggests
that we can extend X◦ to a space X by adding a point o “at∞”: we give the
disjoint union X := X◦ t {o} a topology at o by taking for a neighborhood
basis of o the subsets of the form I−1(t[U ∩ L]) t {o}, t > 0. We then endow
X with an analytic structure by stipulating that the functions fφ are analytic
on X when we let them take the value zero in o. This makes that X has
at o a normal surface singularity. This is the original definition of a cusp
singularity (they appear naturally on the Baily-Borel compactification of so-
called Hilbert modular surfaces). Such a singularity is in fact Gorenstein:
the choice of a generator of ∧2 Hom(L,Z) defines a translation invariant
2-form on T which is also invariant under SL(L) and so its restriction to U
descends to a 2-form on X◦ which is nowhere zero and meromorphic on X.

The theory of torus embeddings furnishes a minimal normal crossing res-
olution of the above type: the vertices on the boundary of [U ∩ L] is a set
Σ of integral vectors; this set is totally ordered in the sense that each v ∈ Σ
has a successor v1 in the cone spanned by v and the half line bounding U
with eigenvalue λ+. Then there exists an n ≥ 0 such that S(v) = vn for all
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TABLE 3. Cusp singularities embeddable in C3

Dynkin equation
T̃p,q,r xp + yq + zr + xyz

v ∈ Σ. This give rise to a torus nonsingular embedding T ⊂ TΣ: every basis
(v, v1) of L as above gives rise to an isomorphism T ∼= (C×)2 and we then
add to T the normal crossing curve Cv ∪ Cv1 corresponding to the embed-
ding (C×)2 ⊂ C2 (which adds the coordinate axes). A more precise way to
index the boundary strata is as follows: the group of φ ∈ Hom(L,Z) which
vanish on v is infinite cyclic; if φv is the generator which takes the value 1
on v1, then χv := eφv ∈ Hom(T,C×) extends to a coordinate on Cv such that
χv takes the value zero on Cv ∩ Cv1 and∞ on Cv ∩ Cv−1 . So the map above
T ∼= (C×)2 has coordinates (χv, χ−1v1 ).

Thus the boundary CΣ := TΣ − T is an infinite chain of normal crossing
curves: each v ∈ Σ determines such a curve Cv and Cv1 and Cv1 meet in a
normal crossing point, whereas Cv∩Cvk = ∅ for k ≥ 2. The self-intersection
Cv · Cv is computed as follows: if we write v1 in terms of basis (v, v−1),
then this takes the form v1 = −v−1 + kv. We claim that Cv · Cv = −k.
For then φv−1(v1) = k and so χv−1 has order of vanishing 0 on Cv−1 , 1
on Cv and k on Cv1 . For the principal divisor D of χv−1 we must have
0 = D · Cv = (Cv + kCv1) · Cv and hence Cv · Cv = −kCv1 · Cv = −k.

Now TΣ comes with an action of SZ. We let UΣ be the interior of the
closure of U in TΣ. Then UΣ is a S-invariant neighborhood of CΣ in TΣ and
the action of SZ on UΣ is proper and free. So the orbit space X̃ := SZ\UΣ is a
complex manifold of dimension 2. The toric boundary C := X̃−X◦ = SZ\CΣ
is now a cycle of n smooth rational curves (when n > 1) and a nodal curve
when n = 1. There is a natural map X̃→ X which is the identity on X◦ and
maps C onto o. This is our minimal normal crossing resolution.

The cusp singularities that are embeddable in C3 have an equation of the
form as in table 3. The corresponding S (or its inverse) is then conjugate to(

0 1
−1 p

)(
0 1
−1 q

)(
0 1
−1 r

)
.

Deformations of an isolated singularity. We briefly review the the-
ory of deformations. Let us fix an isolated singularity (X, o) of com-
plex dimension n (so a punctured neighborhood of o in X is a complex
manifold of dimension n). A deformation of (X, o) over a base germ
(S, s) is an embedding of (X, o) as a fiber in a ‘family’ of n-dimensional
varieties parametrized by (S, s), to be precise: it is given by a flat
map-germ f : (X , x) → (S, s) between germs of analytic spaces and
an identification ι of the fiber over s with (X, o). In algebraic terms:
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we are given a flat C-algebra homomorphism OS,s → OX ,x plus an
isomorphism of C-algebras OX ,x/mS,sOX ,x ∼= OX,o. We can represent
the map-germ f by an actual map whose fibers are complex analytic
spaces of pure dimension n having isolated singularities only. We
shall see that is not always possible to find a deformation of (X, o)
general fiber is without singularities, but if that is the case, we say
that (X, o) is smoothable (and the deformation in question is then
called a smoothing). If (X ′, o ′) is another singularity, then we say that
(X, x) deforms into (X ′, o ′) if there exists a one-parameter deformation
f : (X , x)→ (C, 0) of (X, o) plus a section σ : (C, 0)→ (X , x) of f such
that the generic fiber has along this section a singularity isomorphic
to (X ′, o ′). In this sense our list of Gorenstein surface singularities
is ordered according to this relation: a Kleinian singularity only de-
forms into Kleinian singularity, a simply-elliptic singularity can only
deform into a simply-elliptic singularity (by simply changing the iso-
morphism type of the genus one curve) or into a Kleinian singularity,
and a cusp singularity can only deform into another cusp singularity, a
simply-elliptic singularity or into Kleinian singularity. (For those that
embed in (C3, o) this was established by Arnol’d.) It can be shown
that if (X, o) is a normal Gorenstein surface singularity, then so are
the singularities in the fibers of f: the fibers of f are normal and there
exists a relative meromorphic 2-form on X/S which is regular and
nonzero away from the critical set of f.

The deformations of (X, o) are the objects of a category: given de-
formations (f : (X , x) → (S, s), ι : X ↪→ X ) and (f ′ : (X ′, x ′) →
(S ′, s ′), ι : X ↪→ X ′), then a morphism Φ : (f ′, ι ′)→ (f ′, ι ′) is given by
a Cartesian diagram

(X ′, x ′) φ−−−→ (X , x)

f ′

y f

y
(S ′, s ′)

φ̄−−−→ (S, s)

with the property that φι ′ = ι. This means that every fiber of f ′ al-
ready appears as a fiber f (for φ maps it isomorphically onto one of
f). A deformation (f, ι) of (X, o) is called versal if it has the prop-
erty that for any deformation (f ′, ι ′) of (X, o) there exists a morphism
Φ = (φ, φ̄) : (f ′, ι ′) → (f, ι) in the sense above. We call it semi-
universal if in addition φ̄ is unique up to first order (i.e., the induced
map mS,s/m

2
S,s → mS ′,s ′/m

2
S ′,s ′ is unique). A basic result of the theory

asserts that such semi-universal deformations exist. It can be deduced
from the definitions that a semi-universal deformation is unique up
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to isomorphism (the isomorphism need not be unique, but its first
order part will). In particular, the Zariski tangent space TsS of the
base of a semi-universal deformation (f, ι) at its closed point s ∈ S
(which is just the dual of mS,o/m

2
S,o) is invariantly defined. Indeed,

to every deformation (f, ι) of (X, o) there is functorially associated a
linear map TsS→ Ext1OX,o(Ω

1
X,o,OX,o) (so compatible with morphisms

of deformations) which is surjective resp. an isomorphism if and only
if (f, ι) is versal resp. semi-universal.

It is also a fact that versality is open: if (f, ι) is versal, then f admits
a representative which defines a versal deformation at each of its sin-
gularities. So the relation “Singularity A deforms into singularity B”
is transitive.

Remark 3.2. Suppose (X, o) ⊂ (Cn+1, o) is an isolated hypersurface
singularity, that is, given by a single nonzero f ∈ mCn+1,0. Since the
critical values of a function are nowhere dense, f is a smoothing.
The singularity isolated and so the ideal If ⊂ OCn+1,o generated by
f and its partial derivatives of f defines 0. We may then view f as
a one-parameter deformation of (X, o). But is it also easy two write
down a semi-universal deformation (F, ι) of Xo. First observe that by
the local Nulstellensatz, If ⊃ mN

Cn+1,0 for some N. This implies that
the C-algebra OCn+1,o/If is finite dimensional. Then if φ1, . . . φk ∈
OCn+1,o are such that (1 = φ1, . . . φk) maps to basis of OCn+1,o/If, then
a semi-universal deformation of (X, o) is given by taking for X , o)
the zero set in (Cn+1+k (with coordinates (z0, . . . , zn, u1 . . . , uk)) of
f(z) +

∑k
i=1 ukφk(z) (the partial derivative of this expression with re-

spect to φ is 1 and so (X , o) will be smooth by the the implicit func-
tion theorem) and letting F : (X , o) → (Ck, o) be the projection on
the u-coordinates, together with the obvious identification of (X, o)
with F−1(o) = X× {o}. We also see that we have a morphism of defor-
mations Φ = (φ, φ̄) from f to F with φ(z) = (z,−f(z), 0, . . . , 0) and
φ̄(t) = (−t, o).

Let us also illustrate for this class of examples how to the tangent space
ToC1+k is identified with Ext1OX,o(Ω

1
X,o,OX,o). First note that differentiating

the expression f(z) +
∑k
i=1 ukφk(z) with respect to the u-variables estab-

lishes the isomorphism ToCk ∼= OCn+1,o/If via ∂
∂uj

∣∣
o
↔ φj (j = 1, . . . k).

Now Ω1X,o is obtained from Ω1Cn+1,o = OCn+1,o{dz0, . . . , dzn} by dividing it
out by the OCn+1,o-submodule generated by df =

∑n
i=0

∂f
∂zi
dzi and reduc-

ing modulo the ideal fOCn+1,o. This amounts to a presentation of Ω1X,o as a
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OX,o-module:

OX,x
·df−−→ OX,x{dz0, . . . , dzn}→ Ω1X,o → 0.

But the first map is easily seen to be injective, so that we have in fact a free
resolution 0 → OX,x ·df−−→ OX,x{dz0, . . . , dzn} → 0 (of length 1) of Ω1X,o as a
OX,o-module. If we apply HomOX,o(−,OX,o) to this resolution, we get

0← OX,x df←− OX,x{ ∂

∂z0
, . . . ,

∂

∂zn

} ← 0,

with df sending
∑
i gi

∂
∂zi

to
∑
i gi

∂f
∂zi

. The cokernel of this map is by def-
inition Ext1OX,o(Ω

1
X,o,OX,o) and we see that it can also be identified with

OCn+1,o/If
∼= ToCk.

Remark 3.3. One might wonder why we did not require that the morphism
Φ be unique, thus defining the notion of a universal deformation. The an-
swer is that this notion would be empty: such deformations simply do not
exist. But if they were to exist, then any automorphism g of (X, o) would ex-
tend uniquely to an automorphism of a universal deformation (f, ι): (f, ιg)
is another deformation of (X, o) and must also be universal; so there exists
a unique isomorphism Φ = (φ, φ̄) of (f, ι) onto (f, ιg) and this is precisely
the extension we asked for. Thus we would have Aut(X, o) act on (f, ι) with
image the full automorphism group of (f, ι). Although this argument is in-
valid (as it depends on a false assumption) one can nevertheless show that
this extension is possible for any a reductive subgroup G ⊂ Aut(X, o): the
G-action on (X, o) may be extended to (f, ι), not uniquely in general, but
any two such extensions will be conjugate in Aut(f, ι).

A case of particular interest is when G = C× and G acts on (X, o) with
positive weights. This can only happen if (X, o) is represented by an affine
variety whose ring of regular functions is graded such that every homoge-
neous element that is not constant has positive degree. This is the case for
the Kleinian singularities and the simply elliptic singularities (the C×-action
is then evident from the construction), but not for the cusp singularities.
The C×-action on (X , x) or (S, s) need not be with positive weights (for the
action of C× on Ext1OX,o(Ω

1
X,o,OX,o) may need not have that property). But

if that is the case, then the whole semi-universal deformation is naturally
represented by a morphism of affine varieties. This is the case for Kleinian
singularities, as one can easily verify. If the weights in (S, s) are only non-
negative (which turns out be the case for simply-elliptic singularities), then
the whole semi-universal deformation is naturally represented by an affine
morphism of complex-analytic spaces: there exists an N such that we can
embed our total space X as a closed analytic subset in S × CN such that its
closure in S× PN is also analytic (the fibers are then affine varieties).
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4. GLOBAL MODELS FOR SEMI-UNIVERSAL DEFORMATIONS

Semi-universal deformation of a Kleinian singularity. A Kleinian
singularity admits, as any isolated singularity, a semi-universal de-
formation. Our goal is to construct a nice model for it. Part of the
construction that follows will also be useful for the study of semi-
universal deformations of the more complex simply-elliptic and cusp
singularities and so we start out with any integer triple of the form
r1 ≥ r2 ≥ r3 ≥ 1. Let P ′ a projective plane on which we are given
a three concurrent lines D1, D2, D3 and a line L not passing through
the common point of the Di’s. Let qi denote the point of intersec-
tion Di ∩ L and low up each qi. Then the strict transform of L has
self-intersection −2. Denote by q(1)

i the intersection point of the strict
transform of Di with the exceptional curve over qi and blow up this
point. Continue this process until we reach q(ri)

i . The result is then a
blowup π : Ŝ→ P ′ such that the preimage of L is the union a Tr1,r2,r3-
curve C and three exceptional curves of the first kind (each connected
to an ‘end component’ of C). The strict transform D̂i of Di has self-
intersection 1 − ri. Note that D̂ := D̂1 + D̂2 + D̂3 is an anticanonical
divisor whose support does not meet C. We then let Ŝ → S be ob-
tained by contracting C and blowing down any exceptional curves of
the first kind below D̂.

To be precise, if r3 = 2, then D̂1 is an exceptional curve of the
first kind and so we blow it down. The images D̂1 resp. D̂2 are then
smooth and have one point in common (with intersection multiplicity
2) and self-intersection 2 − r1 resp. 2 − r2. Let us also assume that
r2 > 3 so that neither is exceptional. Then denote the blowdown by
Ŝ → S and the image of D̂i under this map by Di (i = 1, 2). Their
sum D = D1+D2 is an anticanonical divisor for S. It is a fun exercise
to see that we could have obtained the pair (S,D) in an alternative
manner by just starting out with a projective plane P, a conic Q in P
and a tangent line L of Q. If p ∈ Q \L and q ∈ L \Q are such that pq
is another tangent of Q, then (S,D) is obtained by blowing up over
p (and the strict transforms of Q) r1 + 2 times and blowing up over
q (and on the strict transforms of L) r2 − 1 times, so that the strict
transform of Q resp. L has self-intersection 4− (r1 + 2) = 2− r1 resp.
1− (r2 − 1) = 2− r2.

If in addition r2 = 3, then the image of D2 is also an exceptional
curve of the first kind and we blow it down as well. We then reserve
the notation S for this twofold blowdown Ŝ → S and note that the
image D of D1 is a cuspidal curve with self-intersection 6 − r3. We
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may write this as 9−r, where r is the number of nodes (r1+r2+r3−2)
in a Tr1,r2,r3-graph. A similar argument shows that the pair (S,D) is
obtained by starting out with a projective plane P, a cuspidal curve
K ⊂ P and blowing up r times over the flex point of K (and the strict
transforms of K). This is indeed the construction we gave in the dis-
cussion following Theorem 2.8.

Now assume that that the Tr1,r2,r3-curve C can be contracted to a
Kleinian singularity: we have for Ar we take (r1, r2, r3) = (r, 1, 1)
(r ≥ 1), for Dr (r− 1, 2, 2) (r ≥ 4) and for Er (2, 3, r− 3) (r = 6, 7, 8).
In these cases the corresponding anticanonical divisor D has three
components with an ordinary planar triple point with self-intersection
numbers (1 − r, 0, 0), two components with a common tangent with
self-intersection numbers (4 − r, 0) and a cuspidal curve with self-
intersection number 9− r.

We denote the resulting (contracted) surface So, but we keep de-
noting the image of D in So by the same symbol. Notice, that the
C×-action on P ′ which has {p} ∪ L as its fixed point set lifts to S and
hence also to So. If we fix a 2-form ω on P ′ with divisor −

∑
iDi,

then ω lifts to a generating of ωX(D) and then descends to a gener-
ating section ωSo(D), where ωSo denotes the dualizing sheaf of So.
This shows again that a Kleinian singularity is Gorenstein and that
the 2-form lift to the resolution without poles or zeroes across the
exceptional divisor.

We shall consider pairs (S,ω) for which S is a normal surface whose
dualizing sheaf ωS is invertible and ω is a meromorphic section of
ωS whose divisor is of the form −D with D near S like it is in So,
so a cuspidal curve of self-intersection 9 − r if we are in the Er-case
(r = 6, 7, 8), two smooth genus zero curves meeting in a point with
multiplicity 2 and with self-intersections 0 and 4 − r in the Dr-case
(r ≥ 4) and three concurrent smooth genus zero curves with self-
intersections are 0, 0 and 1 − r in the Ar-case. We assume that D
supports an ample divisor, which amounts to requiring that S −D is
affine. We just constructed such a pair (although we did not really
check there that S − D is affine). For the Er cases, the construction
described in Section 2 produced a whole family. We shall see that
such a family can also be obtained for the other cases.

The Ar-case. Start out with a projective plane P with three distinct
lines D1, D2, D3 in P through a point p ∈ P and a meromorphic
2-form ω on P with divisor −D1 − D2 − D3. Now let S → P be
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obtained by first blowing up points p1 ∈ D2 − {p} and p2 ∈ D3 − {p}

and then successively blowing up points p3, . . . , pr+2 over D1 − {p}. If
we denote by Di the strict transform of Di in S and identify ω with
its pull-back to S, then we have D2 · D2 = D3 · D3 = 0, D1 · D1 =
1 − r, and −D = −(D1 + D2 + D3) is also the divisor of ω on S.
If Ei denotes the divisor on S defined by the blowing up of pi and
E12 the class of the strict transform of the line p1p2 in Pp1p2, then
([E12]− [E3], [E3]− [E4], . . . , [Er+1]− [Er+2]) is a basis for the orthogonal
complement of the image of H2(D) → H2(S). Its intersection graph
is of type Ar. If the p3, . . . pr+2 are pairwise distinct and none of them
is on the line p1p2, then D is ample and the pair (S,ω) is as desired.
This is also true in the degenerate cases, provided we blow down the
(−2) curves that then arise.

There is obvious notion of a marking φ of (S,D) relative the Manin
lattice Λ1,r+2 with a triple d = (d1, d2, d3) of distinguished elements
d1 := ` − e3 − · · · − er+2, d2 := ` − e1, d3 := ` − e2; we then require
that φ(di) = [Di]. If we denote by Qd the orthogonal complement of
Zd1 + Zd2 + Zd3 in Λ1,r+2, then

(α0 = `− e1 − e2 − e3, α3 = e3 − e4, . . . , αr+1 := er+1 − er+2)

is a basis of Qd consisting of roots. It generates a root system of type
Ar whose Weyl group Wd is the subgroup of O(Λ1,r+2) which fixes
each di. If we put Vd := Hom(Qd,C), then in a fashion similar to the
cuspidal case, we find:

Theorem 4.1. We have a universal family for the pairs (S,ω) as above
over Vd/Wd:

(f : (S,D)→ Vd/Wd,ω).

It comes with a C×-action such that over the fixed point o ∈ Vd/Wd

we have the pair (So,ωo) above. Moreover, the restriction f : S − D →
Vd/Wd is affine and may serve as a model for the semi-universal defor-
mation of the Kleinian singularity of type Ar in the central fiber.

As we have seen the pull-back of f over V◦d extends to Ŝ → Vd with
fibers blown up projective spaces. This family is evidently topologi-
cally trivial and this is still the case is we restrict if we restrict to of
Ŝ − D̂. Thus we find that the pull-back of f : S −D → Vd/Wd over V◦d
is topologically trivial. This implies that the monodromy representa-
tion (the action of the fundamental group of V◦d/Wd on H2 of a fiber)
factors through Wd (which is here simply the permutation group of
r+ 1 items) and is in fact given by the Wd action on Qd.
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The Dr-case. Here we take a projective plane P in which we fix a
conic Q and a line L tangent to Q at some point p ∈ Q. We choose a
meromorphic 2-formω on P with divisor −Q−L. Choose p1 ∈ L−{p}.
Then blow up p1 and successively points p2, . . . , pr+1 over Q− {p} and
obtain S = Pp1...prpr+1. If we denote byD0 resp.D1 the strict transform
in S of Q resp. L and identify ω with its pull-back to S, then we have
D0 ·D0 = 4− r and D1 ·D1 = 0 and −D is also the divisor of ω on S.

If Ei denotes the divisor on S defined by the blowing up of pi
and E12 the class of the strict transform of the line p1p2 in S, then
([E12 − [E3], [E2] − [E3], . . . , [Er−1] − [Er]) is a basis for the orthogo-
nal complement of the image of H2(D) → H2(S) whose intersection
graph is of type Dr. If p2, . . . , pr+1 are pairwise distinct and no line
through two of them contains p1, then D is ample and the pair (S,ω)
is as desired. This is also true in the degenerate cases, provided we
blow down the (−2) curves that then arise.

A marking will be relative the Manin lattice Λ1,r+1 with the distin-
guished pair d = (d1, d2) of elements d1 := 2` − e1 − · · · − er and
d2 := `− er+1. Then

(α0 := `− e1 − e2 − e3, α2 = e2 − e3, . . . , αr−1 := er−1 − er)

is a basis of the orthogonal complementQd of Zd1+Zd2 inΛ1,r+1. This
consists of roots which generate a root system of type Dr. Its Weyl
group Wd can be identified with the group of elements of O(Λ1,r+2)
which fix each di and so the markings are simply transitively per-
muted by Wd. If we put Vd := Hom(Qd,C), then Theorem 4.1 and
the subsequent discussion holds in this case as well with Ar replaced
by Dr.

The Er-case. That case was treated already.

The multiplicative analogue. The preceding constructions admit a
multiplicative version in which D is its multiplicative analogue: it is
obtained from a D as above by a small perturbation which preserves
the irreducible components, but brings them in general position: so
in the Ar case we letD1, D2, D3 be three distinct lines with no point in
common and for the Dr series, L is not a tangent of Q (hence meets
Q in two distinct points). We treated already the multiplicative Er
case for r = 6, 7, 8. Then we find an analogue of Theorem 2.5: put
Td := Hom(Qd,C×).

Theorem 4.2. If we put Td := Hom(Qd,C×), then the orbit space
T ◦d/{±1}.Wd parametrizes pairs (S,D) with S a rational surface, D an
anticanonical divisor as above.
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We can in fact, proceed as we did did for Del Pezzo case: fix the
curve D of the above multiplicative type and a point in each con-
nected component of Dreg, except for the one contained in D1. Also
fix a line bundle ν onD which has 3-degree (1−r, 0, 0) in the Ar-case
and bidegree (0, 4 − r) in the Dr case. Then define a Qd ⊗ C×-torsor
T ◦d in Dr+2

1,reg) resp. Dr+1
1,reg) with Wd-action in much the same way as we

did for Del Pezzo case such that T ◦d /Wr carries a family of such pairs
which extends to a family with Kleinian singularities over Td/Wd.

The monodromy representation on the affine fibers is an action of
the fundamental group of T̃ ◦d/Wd on H2(S −D). The latter is, just as
we have seen in the cuspidal case, an extension

0→ Zδ→ H2(S−D)
j−→ Qd → 0.

A priori this action has its image in the subgroup of automorphisms
of this extension that is a semi-direct product of Qd (with v ∈ Qd

sending a ∈ H2(S − D) to a + (j(a) · v)δ) and Wd. (Note that Qd is
also the fundamental group of T̃d.) This inclusion turns out to be an
identity. The group in question is an affine Weyl group.

The elliptic version for Del Pezzo surfaces. Let S be a Del Pezzo
surface of degree d and D ⊂ S a smooth anticanonical divisor. Then
D ·D = d and if S is obtained as an iterated blow up of a projective
plane: π : S → Pp1p2···pr, then π(p1), . . . , π(pr) are pairwise distinct
and π maps D isomorphically onto a cubic curve passing through
these points. According to Lemma 2.1 we have an exact sequence

0→ H1(D)→ H2(S−D)→ H2(S)
·i∗[D]−−−→ Z→ 0.

Via the geometric marking φ associated to the iterated blow up de-
scription, we then obtain the short exact sequence

0→ H1(D)→ H2(S−D)→ Qr → 0.

Let us now fix a basis (δ1, δ2) for H1(D) which is oriented in the sense
that if η is the unique differential on D with

∫
δ1
η = 1, then τ :=

∫
δ2
η

lies in the upper half plane H+. The elliptic curve Eτ := C/(Z + Zτ)
can be identified with D up to translation. We prefer to think of Eτ as
the group of translations of D.

There is also a unique meromorphic 2-formω on Swith divisor −D
and residue η. In a way similar to the cuspidal and nodal cases, the
cohomology class [ω] : H2(S −D) → C gives rise to homomorphism
χ : Qr → Eτ) that has the property that no root lies in its kernel. No-
tice that the normal bundle νD/S of D in S is of degree d = 9− d.


