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This is the write up of a course I taught at Tsinghua University in the Fall of
2011, while being supported by the there-based Mathematics Sciences Center.

One can enter the subject via algebraic geometry, complex analysis, (combinato-
rial) topology and even homotopy theory. My aim was not to confine myself to just
one of these approaches, but rather to give the students a sense how they not only
supplement, but sometimes also reinforce each other. That sounds rather ambitious
and so I hasten to add that the course’s content was not only subject to time con-
straints, but also to my probable bias and the limitations of my knowledge. Having
said that, I believe that the implementation of this philosophy not only exhibits
the intertwined nature mentioned above, but also allows occasionally for shorter
proofs, at least shorter than the ones I found in the literature.

Conspicuously absent in these notes are references to the primary sources, a
defect I may remedy in the near future. But whatever I do, the reader is in this
regard probably best served by the references list in the recent book by Arbarello-
Cornalba-Griffiths: Geometry of Algebraic Curves II (volume 268 of the Springer’s
Grundlehren series). This magnum opus of almost a thousand pages is also an
excellent reference for much of the material that is discussed here and I highly
recommend to use it on the side.

I knew from the outset that this ‘multidisciplinary approach’ would be rather
demanding on the students. But my audience, which even counted a few under-
graduates, proved to be very motivated and gave me plenty of feedback (which
occasionally led to a correction or a more detailed discussion). The course was a
joy to give.

NB: In these notes a surface always means an oriented 2-manifold.
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1. MAPPING CLASS GROUPS AND DEHN TWISTS

Mapping class groups. Let S be a surface and P ⊂ S closed subset. We
then denote by Diff(S, P) the group of diffeomorphisms S → S that are
the identity on P (but usually write Diff(S) when P = ∅) and Diff◦(S, P) ⊂
Diff(S, P) stands for its identity component–this is a normal subgroup. Two
elements h, h ′ ∈ Diff(S) are called isotopic relative to P if h−1h ′ in Diff◦(S, P).
This means that they are in the same path component of Diff(S, P).

We write Diff+(S, P) ⊂ Diff(S, P) for the group of orientation preserving
diffeomorphisms. Note that it contains Diff◦(S, P) as a normal subgroup. We
call the quotient Γ(S, P) := Diff+(S, P)/Diff◦(S, P) (which comes endowed
with the discrete topology) the mapping class group of (S, P).

Dehn twists. The collection of embedded circles in S − P is acted on by
Diff(S, P). Two embedded circles α, α ′ are said to be isotopic relative to P
is they have the same Diff◦(S, P)-orbit. So Γ(S, P) acts on the set of isotopy
classes of embedded circles in S− P.

An embedded circle α ⊂ S − P leads to a so-called Dehn twist Dα ∈
Γ(S, P): let φ : (−1, 1) × S1 → S − P be an open, orientation preserving
embedding such that α is the image of φ0 and let f : (−1, 1) → [0, 2π]
be a smooth function which is constant 0 on (−1,− 1

2) and constant 2π on
( 12 , 1). Let h : S → S be the identity outside the image of φ and be such
that h(φ(t, u)) = φ(t, ue−

√
−1f(t)). Then h is a diffeomorphism and one can

check that its image in Γ(S, P) only depends on the isotopy class relative to
P of α. In particular, it does not depend on an orientation of α. We call it
this element of Γ(S, P) the Dehn twist associated to α and denote it by Dα.

Exercise 1. Prove that Dα is trivial when α bounds a disk in S which meets
P in at most one point.

If S is a closed surface and P ⊂ S is finite, then we call the pair (S, P) a
P-pointed surface. We then often write S◦ for S−P. If S is connected and g is
the genus of S, then we sometimes denote Γ(S, P) by Γg,P, or if the elements
of P have been effectively numbered: P = {p1, . . . , pn}, by Γg,n.

It can be shown that Γg,P is finitely presented with Dehn twists as genera-
tors. We shall see that Γ0,3 is trivial and that Γ1,1 ∼= SL(2,Z).
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Suppose S closed connected of genus g and P finite. The Diff+(S, P)-orbits
of embedded circles in S◦ can then be topologically distinguished: A non-
separating embedded circle α ⊂ S◦ is by definition such that its complement
S−α connected. That complement is then the interior of a compact surface
of genus g − 1 with two boundary components. Otherwise α is separating
and splits S into two connected components S ′, S ′′, each of which has as
its closure a compact subsurface with α as boundary. If the genera of these
surfaces are denoted g ′ and g ′′, then g = g ′ + g ′′. The members of P will
divide themselves in P ′ := P ∩ S ′ and P ′′ := P ∩ S ′′. The diffeomorphism
type of a compact surface with boundary is completely given by its genus
and its number of boundary components and this is still true in the relative
situation where the surface has been equipped with a finite subset in hits
interior. From this we easily deduce:

Proposition 1.1. The nonseparating embedded circles in S◦ make up a single
orbit under Diff+(S, P) and for a separating embedded circle its Diff+(S, P)-
orbit is characterized by the unordered pair of pairs {(g ′, P ′), (g ′′, P ′′)} de-
fined above. This gives rise to a corresponding characterization of the Γ(S, P)-
conjugacy classes of Dehn twists.

The notion of a mapping class group does not change if we pass to the
topological setting: any closed topological surface admits a differentiable
structure, and for (S, P) as above the inclusion Diff+(S, P) ⊂ Homeo+(S, P)
induces an isomorphism Γ(S, P) ∼= Homeo+(S, P)/Homeo◦(S, P). In fact,
this is even true if we descend to the homotopy category: the natural map
from Γ(S, P) to the group Htp(S, P) of homotopy equivalences (S, P)→ (S, P)
relative to P is an isomorphism. That property amounts to a characteriza-
tion of Γ(S, P) as a group of outer automorphisms of the fundamental group
of S◦, which we describe the next subsection. Before we do so, we mention
that there is an intermediate structure which is quite useful in Teichmüller
theory, namely that of a quasiconformal structure. We will not give the def-
inition, but just mention that the connected component group of the group
of automorphisms of that structure which preserve orientation and fix P
pointwise also maps isomorphically to Γ(S, P).

Fundamental groups and mapping class groups. We will here describe
without proof a characterization of a mapping class group in terms of its
(outer) action on the fundamental group. We begin with general discussion
of outer actions of groups.

Recall that given a group π, the group Aut(π) of group automorphisms of π
contains the group Inn(π) of its inner automorphisms as a normal subgroup. The
quotient group Aut(π)/ Inn(π) is called the group of its outer automorphisms and
is denoted Out(π). Since Inn(π) acts trivially on the (co)homology of π, the group
Aut(π) acts on this (co)homology always via Out(π). If B ⊂ π is a Inn(π)-invariant
subset, in other words, a union on conjugacy classes of π, then we can form the
subgroup Aut(π, B) ⊂ Aut(π) of automorphisms which preserve each conjugacy
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class in B and as this this contains Inn(π), we also have defined the quotient group
Out(π, B) := Aut(π, B)/ Inn(π).

Let X be a path connected space. Its fundamental groupoid πX is the category
whose objects are the points of X and for which a morphism from p ∈ X to q ∈ X
is a homotopy class of arcs from p to q. It is a groupoid since every morphism is
an isomorphism. The fundamental group based at p ∈ X, π(X, p), then appears
as the group of πX-endomorphisms of p (this presupposes that elements of π(X, p)
are read from right to left). Given p, q ∈ X, then by assumption there exists a πX-
morphism γ : π(X, p) ∼= π(X, q) and any two such differ by an element of π(X, q).
So the resulting isomorphism Out(γ) : Out(π(X, p)) ∼= Out(π(X, q)) is independent
of the choice of γ. We denote by Out(πX) this common group. Or if we insist
on treating all the points of X on an equal footing: an element of Out(πX) is the
subgroup of

∏
p∈XOut(π(X, p)) of elements whose components are related by the

isomorphisms Out(γ). This renders evident the observation that a homotopy equiv-
alence h : X → X induces an element of π(h) ∈ Out(πX) and that thus is defined
a group homomorphism from the group Htp(X) of homotopy classes of self homo-
topy equivalences X → X to Out(πX), to which one often refers as an outer action
(of Htp(X)) on the fundamental group.

Let us return to S, a closed connected oriented surface. If o ∈ S is a base
point, then it is well-known that π(S, o) has a (standard) presentation with
generators α±1, . . . , α±g, and relation [αg, α−g] · · · [α1, α−1] ≡ 1.

The outer action of Diff+(S) on πS defines a group homomorphism

Γ(S)→ Out(πS).

The theorem alluded to above asserts that for genus g > 0 this is an isomor-
phism onto a subgroup Out+(πS) of Out(πS) of index 2. (The preservation
of orientation can be expressed in terms of πS, because H2(S) can be under-
stood as group cohomology: H2(S) = H2(πS); we give another description
below which avoids group cohomology.) For g = 0, Γ(S) is trivial. The
following question was asked by Grothendieck and is still open:

Question 1.2 (Grothendieck). Does there exist for every subgroup Γ ⊂ Γ(S)
of finite index a Γ(S)-invariant normal subgroup π ⊂ π(S, o) of finite index
(o ∈ S a base point) with the property that every g ∈ Γ(S) whose image in
Out(π(S, o)/π) is trivial is in Γ? (See a paper by Boggi [?] for more on this
question.)

Now let P ⊂ S be finite nonempty. Recall that S◦ := S−P. We also assume
that when g = 0, |P| ≥ 2 (we will see that Γ(S, P) is trivial otherwise).
Choose o ∈ S◦. In order to give a presentation of π(S◦, o), we first number
the points of P so that P := {p1, . . . , pn}. Then we choose for k = 1, . . . , n,
βk ∈ π(S◦, o) representing a simple positive loop in S◦ around pk based at o
such that βnβn−1 · · ·β1 is represented by a positive loop which encircles P
and which becomes trivial in S. A presentation π(S◦, o) has now generators
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α±1, . . . , α±g, β1, . . . , βn that are subject to the relation

βnβn−1 · · ·β1[αg, α−g] · · · [α1, α−1] ≡ 1.

This relation allows us to eliminate βn and then we see that this group is
in fact freely generated by α±1, . . . , α±g, β1, . . . , βn−1. However it has some
additional structure: the conjugacy class Bk ⊂ π(S◦, o) of βk is invariantly
defined as it consists of all the simple positive loops in S◦ around pk based
at o. If we divide the group π(S◦, o) out by the normal subgroup generated
by Bk, then we get of course the fundamental group of S◦ ∪ {pk}. We put
B := B1 ∪ · · · ∪ Bn and observe that we have an evident map

Γ(S, P)→ Out(π(S◦, o), B) = Out(πS◦ , B).

Another basic result asserts that this map is also an isomorphism. (There is
no orientation issue, for if a diffeomorphism preserves B1, then it must be
orientation preserving. Why?) Now consider the exact sequence of groups

1→ Inn(π(S◦, o))→ Aut(π(S◦, o), B)→ Out(π(S◦, o), B)→ 1.

Since π(S◦, o) has trivial center (it is a free group), we may identify it with
its group of inner automorphisms. The middle term may be identified with
Γ(S, P̃), where P̃ := P t {o} and we thus find the Birman exact sequence

1→ π(S◦, o)→ Γ(S, P̃)→ Γ(S, P)→ 1.

This is in fact also valid in case P = ∅: Γ(S) can be identified with group
of outer automorphisms of π(S, o), which, in terms of the above presenta-
tion, can be lifted to an automorphism of the free group on the generators
α̃±1, . . . , α̃±g that preserves the conjugacy class of [α̃g, α̃−g] · · · [α̃1, α̃−1].

2. CONFORMAL STRUCTURES AND A ROUGH CLASSIFICATION

Conformal structures. Let T be a real vector space of dim 2. A conformal
structure on T is an inner product on T given up to scalar multiplication. If
T is endowed with an orientation, then a conformal structure yields notion
of angle (rotation over θ ∈ R/2πZ is defined) and turns T into a complex
vector space of dim 1: scalar multiplication by

√
−1 is rotation over π/2. In

fact, giving a complex structure on T is equivalent to giving an orientation
plus a conformal structure.

The space of positive definite quadratic forms on T makes up a convex
cone in the space of quadratic forms of T (if T has coordinates (x, y), then a
quadratic form ax2 + 2bxy+ cy2 is positive definite if and only if b2 < ac).
So the set of conformal structures on T makes up a disk Conf(T) in the pro-
jective space associated to the space of quadratic forms on T . This disk has
a convex structure, but has no natural center (it is rather like the upper half
plane which we will later discuss in some detail).

Let S be a surface. The spaces Conf(TpS), p ∈ S, make up a disk bundle
Conf(TS/S) over S. A conformal structure on S is a C∞ section of this bundle.
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This space of sections has also a convex structure: two conformal structures
are naturally joined by an interval. In particular, the space of conformal
structures on S, denoted Conf(S), is a contractible space.

Since S is oriented, a conformal structure on S defines a complex struc-
ture Jp on each TpS. If U ⊂ S is open, then we say that a C∞-map f : U→ C
is holomorphic if Dpf : TpU → Tf(p)C = C is C-linear for all p ∈ U. If S = C
(so that U open in C), then this means that f satisfies the Cauchy-Riemann
equations and so is holomorphic in the usual sense. It is a classical but
nontrivial fact that a Riemann metric on a surface is locally conformal to a
Euclidean metric. This implies that S admits an atlas consisting of holomor-
phic charts. Since the coordinate changes of such an atlas are holomorphic,
the conformal structure turns S into a Riemann surface. Conversely, a Rie-
mann surface has an underlying orientation and conformal structure.

Let S be closed of genus g and P ⊂ S finite. The group Diff+(S, P) acts on
Conf(S). The Teichmüller space of (S, P) is the space of conformal structures
on S given up to isotopy relative to P:

Tg,P = T (S, P) = Diff◦(S, P)\Conf(S).

If the elements of P have been numbered: P = {p1, . . . , pn}, then we also
write Tg,n. We will see that this has the structure of a finite dimensional
complex manifold. Notice that Γ(S, P) acts on Tg,P and has orbit space

Mg,P := Diff+(S, P)\Conf(S)

(Mg,n if P has been numbered). A point of Mg,P can be understood as an
isomorphism class of pairs (C, ι : P → C), with C a closed Riemann surface
of genus g and ι an embedding of the abstract finite set P in C. We will see
that this has structure of an algebraic variety.

The following is a basic result from the theory of Riemann surfaces. We
will take it for granted.

Theorem 2.1 (Uniformization theorem). Every simply connected Riemann
surface is isomorphic to the Riemann sphere P1, the affine line (= complex
plane) C or the upper half plane H.

The automorphism groups of these surfaces are as follows:
Aut(P1) = {z 7→ az+b

cz+d }, where
(
a b
c d

)
∈ SL(2,C). This is SL(2,C)/{±1} =

PSL(2,C). Notice that it is simply transitive on ordered triples of distinct
points: if z0, z1, z∞ ∈ P1 are distinct, then there is unique automorphism of
P1 taking them to resp. 0, 1,∞.

Aut(C) is the affine group Aff(C) := {z 7→ az+ b}, where a ∈ C− {0} and
b ∈ C.

Aut(H) = {z 7→ az+b
cz+d }, where

(
a b
c d

)
∈ SL(2,R). This case is special be-

cause H comes with a metric, the Poincaré metric y−2(dx2 + dy2), that is
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invariant under Aut(H). This metric is also complete and has constant cur-
vature −1 (more about this later).

If C is a connected Riemann surface, then its universal cover C̃ is iso-
morphic to one of the three above. If Π denotes the covering group of the
universal cover C̃ → C, then Π acts freely and properly discretely on C̃. So
Π can be identified with a subgroup of PSL(2,C), Aff(C) or PSL(2,R) act-
ing freely and properly discretely on P1, C, H respectively, and C may be
identified with its orbit space. We get the following rough classification into
spherical, flat and hyperbolic cases.

Spherical case. Every element of SL(2,C) has an eigen vector in C2 and so
every element of PSL(2,C) has a fixed point in P1. Hence the only possible
Π ⊂ PSL(2,C) is the trivial group. It follows that C = P1 in that case.
Notice that in this case we can pick 3 distinct points p0, p1, p∞ in C and ask
that these are mapped to 0, 1,∞ respectively. This makes the isomorphism
f : C→ P1 unique.

Corollary 2.2. The Teichmüller space T0,3 is a singleton and the mapping class
group Γ0,3 is trivial.

Proof. Let S = S0 and P = {p0, p1, p∞}. The assertion that T0,3 is a singleton
means that any two conformal structures on S are isotopic relative to P.
To see this, let J be a conformal structure on S. As we observed above,
there exists a unique orientation preserving diffeomorphism f : P1 ∼= S that
is conformal and is such that f(k) = pk for k = 0, 1,∞. Let J ′ be another
conformal structure on S. By the convexity property of conformal structures,
we can connect J with J ′ by a path of complex structures {Jt}0≤t≤1 (with
J = J0 and J ′ = J1). This gives a path of isomorphisms ft : P1 ∼= (S, Jt) with
ft(k) = pk. Since ht := ftf

−1
0 takes J to Jt and preserves P, the family of

diffeomorphisms {ht}0≤t≤1 accomplishes an isotopy between J and J ′.
This argument also shows that Diff+(S, P) = Diff0(S, P). To see this, we

may just as well assume that S = P1 and pk = k for k = 0, 1,∞. Given
h ∈ Diff+(S, P), and denoting by J the standard conformal structure J on P1,
then arguing as above we get a path {ht}0≤t≤1 in Diff+(S, P) with h0 = 1 and
h∗J = h1∗J. Since h−11 h respects J and fixes 0, 1,∞, the uniqueness property
implies that h = h1. It follows that h ∈ Diff0(S, P). �

Remark 2.3. This implies that for n = 0, 1, 2, T0,n is also a singleton and Γ0,n
is trivial. For n ≥ 4 this is no longer the case: T0,n can then be identified
with the configuration space of pairwise distinct (n − 3)-tuples (z4, . . . , zn)
in P1− {0, 1,∞} = C×− {1} (and the mapping class group Γ0,n is the quotient
of the colored braid group on (n− 1) strands modulo its center).

Flat cases. Every element of Aff(C) without fixed point must be a transla-
tion z 7→ z + b. So Π ⊂ Aff(C) will be a translation group, that is, we may
regard it as a subgroup of C. This subgroup is discrete and hence has rank
at most two and we have C ∼= C/Π. Notice that C/Π is not just a Riemann
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surface, but also an abelian group. We show that if we choose p ∈ C, then
C has naturally the structure of an abelian group with p as unit element.

Let (C̃, p̃)→ (C, p) be the universal cover of C defined by p: a point of C̃
is given by a q ∈ C and a homotopy class of arcs from p to q; p̃ is given by p
and the constant homotopy class and we have Π ∼= π1(C, p). We then get an
isomorphism f̃ : C̃ ∼= C. After translation in C, we can arrange that f̃(p̃) = 0.
We get an induced isomorphism f : C ∼= C/Π with f(p) = [0]. If f̃ ′ : C̃ ∼= C
is another such isomorphism with f̃ ′(p̃) = 0, then f̃−1f̃ ′ is an automorphism
of C which fixes 0. So it is given by scalar multiplication by some λ ∈ C×.
Hence f ′ is obtained by composing f with the map C/Π ∼= C/(λΠ) defined
by multiplication by λ. This map is an isomorphism of Riemann surfaces as
well as of abelian groups and so (C, p) is a natural manner an abelian group.

If Π = {0}, then we get (C, p) ∼= (C, 0).
If Π = Zω0, with ω0 6= 0. Then z 7→ e2πiz/ω0 identifies C with the

multiplicative group C× of C.
If Π is of rank 2, then C ∼= C/Π is a complex torus (g = 1). In this case,

it is convenient to fix an oriented basis (e0, e1) for π1(C, p) (any orientation
preserving diffeomorphism C ∼= S1 × S1 yields one). If εi : [0, 1] → C

is a loop based at p that represents ei and ε̃i : [0, 1] → C̃ the lift of εi
which begins in p̃, then the end point ε̃(1) ∈ C̃ only depends on ei and
we denote that point by ei(1). Then under the isomorphism C̃ → C, p̃ is
mapped to 0 and (e0(1), e1(1)) is mapped to an oriented basis (ω0,ω1) of
C, when regarded as a real vector space. Then after multiplication by ω−1

0 ,
we get an isomorphism f̃ : C̃ ∼= C with f̃(p̃) = 0 and f̃(e0(1)) = 1. This is
unique, for any automorphism of C which fixes both 0 and 1 must be the
identity. Notice that τ := f̃(e1(1)) lies in H (for (1, τ) must be an oriented
basis) and so we get a unique isomorphism (C, p) ∼= C/(Z + Zτ) which on
fundamental groups sends e0(1) to the class represented by the loop defined
by [0, 1] ⊂ C→ C/(Z+ Zτ).

Corollary 2.4. The Teichmüller space T1,1 can be identified with H and the
mapping class group Γ1,1 with SL(2,Z) (acting as a group of fractional linear
transformations.

Proof. If S = S1 and P = {p}, then choose an oriented basis (e0, e1) for
π1(S, p) as above. The preceding construction finds for every conformal
structure J on S a unique τ ∈ H and a unique isomorphism

f : (S, J) ∼= C/(Z+ Zτ)

with the property that it maps p to 0 and e0 to the class of the loop [0, 1] ⊂
C→ C/(Z+ Zτ).

Suppose now J ′ is another conformal structure structure on S and assume
that the above construction produces the same τ ∈ H. We show that J ′ is
isotopic to J relative to p. Since the space of conformal structures on S is
contractible, there exists a path {Jt}0≤t〈1 of such structures with J0 = J and
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J1 = J
′. This yields a continuous family of isomorphisms ft : (S, Jt) ∼= C/(Z+

Zτt) as above with τ0 = τ1 = τ. Let h̃t : C→ C be the orientation preserving
R-linear isomorphism defined by h̃t(1) = 1 and h̃t(τt) = τ. This induces an
orientation preserving diffeomorphism gt : C/(Z+ Zτt)→ C/(Z+ Zτ) that
sends 0 to 0. Notice that g0 = g1 = 1. Consider now the diffeomorphism
f ′t := gtft : S→ C/(Z + Zτ). If we replace Jt by the image of the conformal
structure J ′t on C/(Z+Zτ) under f ′t

−1, then we get a new family of conformal
structures connecting J with J ′ for which the corresponding curve τ ′t in H is
constant equal to τ. This means that J ′t is the image of the given complex
structure J under ht := f ′tf

′
0
−1. So J ′ = J ′1 is isotopic to J = J ′0 relative to p.

The last part of the argument also shows that τ only depends on the
isotopy class of J. So we have a well-defined map T1,1 → H and this map
is injective. It is also onto: we hit every τ ∈ H by chosing an orientation
preserving diffeomorphism f : S → C/(Z + Zτ) with f(p) = 0 and which
induces on π1(S, p) the map which sends e0 resp. e1 to the loops defined by
1 resp. τ.

The isomorphism T1,1 ∼= H depends on the choice of oriented basis (e0, e1).
Another choice yields in general another isomorphism. Since the oriented
bases of π1(S, p) = Ze0 + Z1 are transitively permuted by SL(2,Z), we get
an identification of Γ1,1 with SL(2,Z). We show that this induces the famil-
iar action of SL(2,Z) of H. If (e ′0, e

′
1) is another oriented basis of π1(S, p),

then write (additive notation) e ′1 = ae1 + be0 and e ′0 = ce1 + de0 with
a, b, c, d,∈ Z. We must have σ :=

(
a b
c d

)
∈ SL(2,Z). This takes the pair (τ, 1)

of generators of Zτ + Z to the pair (aτ + b, cτ + d). If we compose with
scalar multiplication by (cτ+d)−1 it acquires the desired form (σ(τ), 1). �

Hyperbolic cases. These are the remaining cases. It follows that all such
surfaces are naturally endowed with a complete metric of curvature −1 (also
called a hyperbolic structure). If C is isomorphic to a connected closed Rie-
mann surface of genus g minus an n-element subset, then (g, n) = (0, 0) is
excluded for then C ∼= P1 by Remark 2.3. Similarly are excluded (g, n) =
(0, 1), (0, 2), (1, 1), for according to Corollary 2.4 we are then in the flat case
(C is isomorphic to C, C× and a complex torus respectively). So if g = 0,
then n ≥ 3 and if g = 0, then n > 0. Now notice that the excluded cases
are precisely the ones for which the Euler characteristic χ(C) of C, which is
2− 2g−n, is ≥ 0. We conclude that Riemann surfaces of the above type are
hyperbolic if and only if χ(C) < 0.

3. GEOMETRY OF THE UPPER HALF PLANE

We begin with observing that certain subsets of P1 = C ∪ {∞} merit to
be called a circle: this can either be an ordinary circle in C ⊂ P1 having an
equation |z − a| = r with r > 0 or the union of a straight line in C and ∞.
The justification is provided by
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Exercise 2. Prove that PSL(2,C) transitively permutes the circles in P1. (A
conceptual proof consists in showing that a circle can also be given as the
zero set of a nondegenerate Hermitian form on C2 of indefinite signature
(1, 1). Then deduce from the fact that such a Hermitian form can be brought
into a standard diagonal form |z1|

2 − |z0|
2 and that GL(2,C) transitively per-

mutes such forms in P1.)

We notice that the boundary ∂H of H in P1 is a circle, namely the real axis
together with {∞}, or more canonically, the real projective line P1(R).

Lemma 3.1. Let p0, p1, p∞ ∈ ∂H be distinct. Then there is a unique g ∈
PSL(2,R) with g(p0) = 0, g(p1) = 1 and g(p∞) = ∞. The group of g ∈
PSL(2,R) which fix both 0 and ∞ consists of the homotheties z 7→ az with
a > 0. The group of g ∈ PSL(2,R) which fix ∞ only is the affine group
z 7→ az+ b with a > 0 and b ∈ R.

The proof is left as an exercise.
We fix some terminology regarding geodesics. Let γ be a map from an

interval I to a Riemannian space M. We say that γ is a shortest geodesic
parameterized by arc length if for every pair t, t ′ ∈ I, d(γ(t), γ(t ′)) = |t− t ′|.
We recall that given a p ∈ M and a unit vector v ∈ TpM there is a shortest
geodesic parameterized by arc length γ : (−ε, ε) → M with γ(0) = p and
γ̇(o) = v. This is unique in the sense that any other such geodesic coincides
with this one where both are defined. The map γ : I→M is called a geodesic
parametrized by arc length if it is locally a shortest geodesic parametrized by
arc length and the image of such a map is called a geodesic. We use the
adjective complete if I = R. A complete geodesic parametrized by arc length
which is periodic (so that it is compact) is said to be closed.

Lemma 3.2. Let p, q ∈ ∂H be distinct. Then there is a unique circle in P1
through p and q which meets ∂H in these points perpendicularly. The intersec-
tion of this circle with H is a complete geodesic and all complete geodesics are
thus obtained.

Proof. The proof of the first assertion is left to you. To prove that the half
circle defined by p and q is a geodesic, it is enough, in view of Lemma 3.1,
to do the case p = 0 and q =∞. We prove that γ : R→ H, γ(t) :=

√
−1et, is

a complete geodesic parametrized by arc length. We have γ̇(t) =
√
−1et =

γ(t) and so this is unit vector for the Poincaré metric. If δ(t) = x(t) + iy(t) :
[0, 1] → H is a path from

√
−1y0 to

√
−1y1 with y0 < y1, then we have the

following lower bound for its length:

L(δ) =

∫ 1
0

√
ẋ(t)2 + ẏ(t)2

y(t)2
dt ≥

∫ 1
0

|ẏ(t)|

y(t)
dt ≥

∫ 1
0

ẏ(t)

y(t)
dt =

log(y(t))
∣∣t=1
t=0

= log(y0/y1) = L(γ|[logy0, logy1]).
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If we have equality, then we must have x(t) ≡ 0 and ẏ(t) ≥ 0, which means
that δ traverses in a monotonous manner a piece of γ. So γ is a complete
geodesic.

The last assertion follows from the fact that every unit tangent vector of
H is tangent to a circle that is perpendicular to ∂H. �

Exercise 3. Prove that the group PSL(2,R) acts transitively on the set tangent
vectors of H of unit length.

Proposition 3.3. Any 1 6= g ∈ Aut(H) = PSL(2,R) has either a fixed point
in H (and called elliptic) or two distinct fixed points in ∂H (and called hyper-
bolic) or a single fixed point in ∂H with multiplicity 2 (and called horocyclic
or parabolic) and is then conjugate to one of the following transformations

elliptic: g has in H the fixed point i and is the rotation around i ∈ H
over an angle θ, z 7→ (cos(θ/2)z−sin(θ/2))/(sin(θ/2)z+cos(θ/2)) ∈
SO(2)/{±1},

hyperbolic: g has on ∂H the fixed points 0 and ∞ and is given by the
homothety z 7→ az with 1 6= a > 0,

parabolic: g has in ∂H the unique fixed point ∞ and is given by the
translation z 7→ z+ 1.

Let M be a Riemannian manifold, N ⊂M a submanifold and p ∈M−N.
Then it is well-known (and not hard to see) that any geodesic γ : [0, a]→M
which realizes the distance between p and N (so γ(0) = p, γ(a) ∈ N and
a = d(p,M)) is perpendicular to N (γ̇(a) ⊥ Tγ(a)N).

Lemma 3.4. Let ` ⊂ H be a complete geodesic which joins p, q ∈ ∂H. Then
each orbit of the group of homotheties in PSL(2,C) which fix both p and q
is the intersection of a circle passing through p and q with H. Such an orbit
consists of points having a fixed distance, d ≥ 0 say, to ` and any geodesic
which meets ` perpendicularly also meets each of these orbits perpendicularly.
In fact, if d > 0, then it is the intersection of a connected component of H − `
with the locus of points in H having distance d to `.

Proof. It is clear that if z ∈ H− `, and g ∈ PSL(2,R) fixes both p and q, then
d(gz, `) = d(z, `). So the locus in question is invariant under the group of
homotheties. For the rest of the assertion we may assume that p = 0 and
q =∞. The orbit of τ ∈ H is then a ray {rτ}r>0 and the distance from τ to `
is realized by the circle arc from τ to ` that has its center in 0. The assertion
easily follows from this. �

For what follows we need the following

Proposition 3.5. Let D ⊂ H be a right-angled hexagon and enumerate its
vertices in their natural counterclockwise cyclic order: {pi}i∈Z/6 (this means
that D is a compact domain in H bounded by the 6 geodesic arcs {pipi+1}i∈Z/6
with pi−1pi meeting pipi+1 at a right angle). Then D is determined up to
isometry by the lengths of the geodesic arcs p0p1, p2p3 and p4p5.
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Proof. Let us write di,i+1 for the length of pipi+1. We show how D can be
reconstructed up to isometry from d01, d23, d45. We begin with choosing
p2, p3 ∈ H such that d(p2, p3) = d23. If p ′2, p

′
3 is another such pair, then

there is a unique σ ∈ PSL(2,R) with σ(p2) = p ′2 and σ(p3) = p ′3. So it is
enough to show that from the pair (p2, p3) and the positive numbers d01 and
d45 we can uniquely reconstruct the other pi’s.

To see this, we first draw the complete geodesic `34 through p3 which
makes a right angle with p2p3 and denote by `+34 the part of `34 that begins
in p3 and ‘goes to the left’. Denote by ` ′5 the circular arc of points that have
distance d45 to `34, lie in the same component of H − `34 as p2p3 and lie in
the same connected component of H − `23 as `+34. Do similarly at the other
side and find `12, `+12 and ` ′0. It now suffices to show that there is a unique
complete geodesic `50 which is tangent to both ` ′5 and ` ′0 and is such that
both ` ′5 and ` ′0 lie in the same connected component of H − `50 at p2p3. For
if `50 meets ` ′5 in p5 and ` ′0 in p0, then we take for p4 the point of `+34 that
is closest to p5, and for p1 the point on `+21 that is closest to p0. This then
reproduces D.

The existence of the asserted `50 is based on elementary planar geometry:
consider the locus of points that are the center of a circle which is tangent to
` ′5 and ` ′0 and contains both these arcs in its interior. This is part of hyperbola
which meets ∂H in a unique point. So there is a circle centered on ∂H that is
tangent to both ` ′5 and ` ′0. Its intersection with H is the desired geodesic. �

Remark 3.6. The values of d01, d23, d45 can be arbitrary positive numbers.
But this proposition also holds (with essentially the same proof) if some of
them are zero, although its statement then needs to be properly interpreted.
For instance d01 = 0 must be understood as: p0 = p1 and this vertex is
improper, meaning that it lies on ∂H. The extremal case we get when d01 =
d23 = d45 = 0 is what is called an ideal triangle.

Remark 3.7. A well-known formula states that the area of a hyperbolic geo-
desic triangle (measured with the hyperbolic measure y−2dxdy), is given by
its angle excess: π minus the sum of its interior angles, regardless whether
vertices are proper or not. This implies that the area of any right-angled
hexagon is π (which is also the value that we get for an ideal triangle).

4. HYPERBOLIC SURFACES

Closed geodesics on a hyperbolic surface. Let C be a closed connected
Riemann surface of genus g and of hyperbolic type: we have obtained C
as a quotient of H by a subgroup Π ⊂ PSL(2,C) which is discrete and acts
properly and freely on H (in other words, g ≥ 2).

Let γ ⊂ C be a complete geodesic. This lifts to a oriented geodesic γ̃ in H,
joining p ∈ ∂H with q ∈ ∂H. If γ is closed, i.e., is an embedded circle, then
there must exist an element of g ∈ Π which preserves γ̃ and which is such
that γ is obtained as the quotient of γ̃ by the action of g on it. In particular,
g is a hyperbolic transformation and hence determines γ̃. If p̃ ∈ γ̃, then a
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parametrization of the arc in γ̃ from p̃ to gp̃) projects to a parametrization of
the closed geodesic γ. So g is then the covering transformation associated to
this loop. Notice that after composing with an element of PSL(2,R) we may
can arrange that γ̃ joins 0 with∞ so that γ̃(t) =

√
−1et is a parametrization

by arc length and g is given by multiplication by a scalar λ > 1. This scalar
has the property that if p̃ ∈ γ̃, then the length ` of γ must be equal to
d(γ̃(t), gγ̃(t)) =

∫λ
1 y

−1dy, and so λ = e`. For later purposes it is useful to
have a concrete parametrization of a neighborhood of γ.

Let for ε > 0, Uε(γ) denote the set of points in C of having distance < ε
to γ. For sufficiently small ε > 0, the preimage Ũε(γ) of Uε(γ) in H is the
locus of points having distance < δ to γ̃ and hence will be a sector of the
form | arg(z) − π/2| < δ for some δ ∈ (0, π/2). We then recover Uε(γ) by
taking the g-orbit space of this sector. We put r := `/2π identify this orbit
space using the holomorphic map

f : z ∈ Ũε(γ) 7→ e
√
−1/r.(log z) ∈ C.

Here we take the logarithm of z with argument in (0, π). So if we write z =
exp(ρ+

√
−1θ) with ρ ∈ R and |θ−π/2| < δ, then f(z) = exp(−θ+

√
−1ρ)/r).

We see from this expression that f induces an isomorphism of Uε(γ) onto
the annulus exp((−π/2 − δ)/r) < |w| < exp((−π/2 + δ)/r) with γ mapping
onto the circle |w| = exp(−π/2r). It sends geodesic arcs perpendicular to γ
to rays. It becomes an isometry if we endow this annulus with the metric

r2|dw|2

|w|2 sin2(r log |w|)
.

Lemma 4.1. There is an isometry of a neighborhood of the closed geodesic
γ onto an annulus exp((−π/2 − δ)/r) < |w| < exp((−π/2 + δ)/r) with γ
mapping to to the circle |w| = exp(−π/2r) (where r = `γ/2π), with the an-
nulus endowed with the metric r2

|w|2 sin2(r log |w|)
|dw|2. This isometry sends every

geodesic perpendicular to γ to an interval on a ray emanating from 0.

Geodesic shear. In the situation of this lemma we have the notion of shear
along the closed geodesic γ over an angle u = e

√
−1θ ∈ S1, with θ ∈ R.

This amounts to cutting C open along γ (in such a manner that we get a
surface with two boundary components, each of which lies over γ) and then
glueing back the two boundary components after we have displaced the
opposite component over a distance θ`γ. Let us make this more precise with
the help of the model furnished by Lemma 4.1. Denote by A− resp. A+ the
closed subset of Uγ that maps to the part of the annulus defined by |w| ≤
exp(−π/2r) resp. |w| ≥ exp(−π/2r). Then we rotate A+ over an angle u to
produce a new Riemann surface Cγ(u) with a new underlying topological
space: an open subset of Cγ(u) is given as a pair open open subsets U± ⊂
A± such that U+ ∩ γ is obtained by rotating U− ∩ γ over ν (= translating
along γ over rν). Similarly, a complex valued function on this open set will
be holomorphic for Cγ(u) it is given as a pair of homolomorphic functions
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κ± : U± → C so that κ+|U+ ∩ γ precomposed with rotation over ν yields
κ−|U− ∩ γ. Notice that from whatever side we approach γ on C, if we want
to cross γ, but want to stay in Cγ(u), then the continuation on the other
side must take place over a rotation ν further down on γ ‘on the left’. This
formulation uses the orientation of C, not a particular one of γ. So Cγ(u)
only depends on γ as a closed geodesic and not on an orientation of γ.

The surface underlying Cγ(u) is diffeomorphic to C, but we have not
specified a diffeomorphism. We cannot do this in way that it depends
continuously on u, but we can make this depend continuously on ν: if
φ : [π/2 − δ, π/2] → [0, 2π] is constant 0 near π/2 − δ and constant 2π
near π/2, then define hν : C → Cγ(u) by letting it be the identity outside
A− and on A− be given by

hνf(e
ρ+
√
−1θ) = f(eρ+

√
−1(θ−νφ(ρ))), |w| ≤ e−π/2)/r.

This is indeed a diffeomorphism and is even complex-analytic outside A−.
Other choices of parametrization may lead to another diffeomorphism, but
that diffeomorphism will always lie in the same connected component of
Diff(C,Cγ(u)), in other words, will differ from hθ by an isotopy. Notice that
h2π is a diffeomorphism of C onto C(1) = C whose isotopy class is the Dehn
twist Dγ, hence need not be (and as we shall see, never is) the identity.

So if we pull-back the complex structure on Cγ(u) to C, then we get
a new complex structure on the underlying surface S that is well defined
up to isotopy. The following proposition essentially sums up the preceding
discussion, but states the conclusion somewhat differently:

Proposition-definition 4.2 (Shearing action). Let S be a closed surface of
genus g > 1 and α ⊂ S an embedded circle given up to isotopy that is not
homotopically trivial. If J is a conformal structure on S (so that we have
defined a hyperbolic structure on S, a geodesic representative γ of α and an
element [J] ∈ T (S)), then the pull-back of the conformal structure of Cγ(u)
along hθ yields a new element of T (S) that we will denote by θα[J]. This
defines an action of the additive group (R,+) on T (S) with the property that
2π ∈ R induces the action of the Dehn twist Dα ∈ Γ(S).

Geodesic representation. Let now, conversely, be given an embedded cir-
cle α ⊂ C and suppose α is not homotopically trivial in C. Choose p ∈ α
and p̃ ∈ H over p. Then α is covered by a copy α̃ of R which passes through
p̃. With these choices the loop α defines a covering transformation g ∈ Π
which generates the group of covering transformations of the universal cov-
ering α̃ → α. If we let α vary in its isotopy class, say by a continuous one
parameter family {αt}0≤t≤1, then we can let p and p̃ follow that family and
as the corresponding family gt can only move in the discrete set Π, it will
be constant. The isotopy class will contain an embedded circle γ of minimal
length. This will be a geodesic which admits a lift γ̃ invariant under g so
that we are in the situation considered above. In particular, g ∈ PSL(2,R) is
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a hyperbolic transformation and hence determines γ̃. It follows that γ is the
unique geodesic representative of α.

Disjunction of geodesics. Let α ′ ⊂ C be an embedded circle that is not
isotopic to α. By the above discussion its associated geodesic γ ′ is then
distinct from γ. We claim that if α ′ is disjoint with α, then γ ′ is disjoint
with γ. For if that were not the case, you can argue that (using the isotopies
that makes them disjoint), then there must exist geodesic intervals γ1 on γ
and γ ′1 on γ ′ with identical end points that are path homotopic. But then
these geodesic intervals can be lifted to H such that they have the same end
points. We then end up with two distinct geodesic intervals in H with the
same end points and this is impossible.

Pair of pants. A pair of pants is a compact surface with boundary of genus
zero whose boundary has three connected components. A hyperbolic pair of
pants is a pair of pants endowed with a hyperbolic structure for which the
three boundary components are geodesics.

Notice that a pair of pants has the homotopy type of a one point union of
two circles (a figure eight) and so has Euler characteristic −1.

Lemma 4.3. A hyperbolic pair of pantsM is determined up to isometry by the
circumference of its three boundary components: if we are given another hy-
perbolic pairs of pantsM ′ and a bijection π0(∂M) ∼= π0(∂M

′) which preserves
circumference, then there is a unique orientation preserving isometry M ∼=M ′

inducing this bijection. In particular (take M ′ = −M), M has a unique invo-
lution which reverses orientation; this involution has on each boundary com-
ponent exactly two fixed points and its orbit space is a right-angled hexagon.

Proof. Let M be hyperbolic pair of pants and let {∂iM}i∈Z/3 be a cyclic
numbering of the boundary components. The shortest path from ∂iM to
∂i+1M will be realized by a geodesic arc. It goes from pi ∈ ∂iM say, to
qi+1 ∈ ∂i+1M say, and meets these boundary components there perpendic-
ularly. So if we cut M open along these three arcs we get two right-angled
hexagons. These two right-angled hexagons have three of their alternat-
ing sides in common and so by Proposition 3.5 they must be congruent,
or rather (if we take their orientation into account), must be mirror im-
ages of each other. This implies that the two arcs on ∂iM joining its two
points pi and qi must have the same length. In particular, this length is half
the circumference of ∂iM. But then another application of Proposition 3.5
shows that these circumferences completely determine the two hexagons up
to congruence and hence determine M.

The last assertion follows essentially from the above construction. �

Pants decompositions. Let S be a closed connected surface of genus g ≥ 2.
A pants decomposition of S is the isotopy class of a closed one dimensional
submanifold A ⊂ S (so every connected component of A is then an embed-
ded circle) with the property that each connected component of S − A is
diffeomorphic to a sphere with three punctures.



MODULI SPACES OF RIEMANN SURFACES AT TSINGHUA 17

Notice that the mapping class group Γ(S) acts on the collection of pants
decompositions of S. There are in general several Γ(S)-orbits of pants de-
compositions. This is best understood in terms of a graph associated to the
pair (S,A) that is defined as follows.

The Euler characteristic of S is 2 − 2g, that of a pair of pants is −1 and
that of a circle is 0, and so the additive properties of the Euler characteristic
imply that if A ⊂ S defines a pants decomposition, then S − A must have
2g − 2 connected components. If α is a connected component of A, then
for any orientation of α, there is a unique connected component of S − A
such that α with this orientation appears as the oriented boundary of that
component (with its orientation inherited from S). In this way we hit every
connected component of S−A three times and so the number of connected
components ofAmust be 3

2(2g−2) = 3g−3. The topological type of the pair
(S,A) is conveniently encoded by a connected graph G(S,A) with vertex set
X0(S,A) := π0(S − A) and edge set X1(S,A) := π0(A), with the obvious
incidence relation.

Exercise 4. Let X(S,A) be the set of boundary components of the connected
components of S − A (so we have 6g − 6 of these) and let p1 : X(S,A) →
X1(S,A) and p0 : X(S,A) → X0(S,A) be the evident forgetful maps whose
fibers have cardinality 2 resp. 3. Reconstruct G(S,A) as a quotient of the
product [−1, 1]×X(S,A) (where X(S,A) has the discrete topology) solely in
terms of the maps p0 and p1.

So we have 2g − 2 vertices, all of degree 3 (one then says that the graph
is trivalent) and has 3g−3 edges (in particular, its Euler characteristic of the
graph is half that of S, namely 1− g). Notice that if a connected component
of A happens to have the same component of S − A at both sides then it
defines a loop.

Clearly, two pants decompositions that lie in the same Γ(S)-orbit define
homeomorphic graphs. In fact, it is not difficult to see that the graph is
a complete invariant of the Γ(S)-orbit and that every connected trivalent
graph of Euler characteristic 1− g thus occurs.

Exercise 5. Draw the possible graphs for genus 2. Then try genus 3.

Exercise 6. Let G be the graph attached to a pants decomposition (S,A).
By altering just one member of A, we may get a different graph G ′ whose
vertex set may be identified with that of G. Describe the possible graphs G ′

in terms of G.

Fenchel-Nielsen coordinates. Let us fix a pants decomposition of S, de-
fined by A ⊂ S. A conformal structure J on S is subordinate to a natural
hyperbolic structure on S. With respect to that structure every connected
component α of A is uniquely represented by a closed geodesic. According
to the discussion at the beginning of this section these geodesics are disjoint.
Denote by `α(J) the length of the geodesic representing α. Since the con-
nected components of A label the vertices of G(S,A), we may view this also
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as defining a metric on G(S,A): the edge of G(S,A) labeled by α is then
given the same length as its associated geodesic. Since this only depends on
the isotopy class of the conformal structure we have thus defined a function

`α : T (S)→ R>0.

Notice that we have attached to J a decomposition into hyperbolic pants
and according to Proposition 3.5 the metric `(J) : α ∈ π0(A) 7→ `α(J) ∈ R>0
on G(S,A) completely determines each of these hyperbolic pairs of pants
up to isometry. However, this does not enable us yet to reconstruct (S, J),
for this gives us only the building blocks (namely, the hyperbolic pairs of
pants) and although the graph tells us which pairs of boundary components
should be welded onto each other, it does not determine (S, J) yet, for any
such welding requires an angular parameter. To be precise, two conformal
structures J, J ′ on S for which `(J) = `(J ′) will differ by geodesic shears along
the geodesic representatives of the connected components of A. This shows
that T (S) is as a topological space locally like R6g−6.

Theorem 4.4 (Fenchel-Nielsen parametrization). The map ` is a principal
Rπ0(A)-fibration: the action of the vector group Rπ0(A) on T (S) by geodesic
shears is free, each orbit is a fiber of ` : T (S)→ Rπ0(A)>0 and ` admits a section
so that we have a homeomorphism of (R>0×R)π0(A) onto T (S). In particular,
T (S) is contractible and the Dehn twists (Dα)α∈π0(A) commute with each other
and are independent so that they generate in Γ(S) a free abelian subgroup DA
of rank |π0(A)|.

Proof. Let us write X1 for X1(S,A) = π0(A). We begin with constructing
a section j : RX1>0 → T (S) of `. Let l ∈ RX1>0. This gives for us for every
connected component P of S − A a hyperbolic pair of pants (P̄, JP̄,l). Such
a hyperbolic pair of pants comes with a natural involution ιP̄,l. Choose on
every boundary component a fixed point of this involution (that is for every
boundary component a choice of one out of two) and then assemble these
hyperbolic pair of pants into a hyperbolic surface Cl as prescribed by (S,A),
by welding boundary component on boundary component in such a manner
that the marked fixed points get identified as well. The resulting hyperbolic
surface Cl comes with an evident decomposition Γl into hyperbolic pair of
pants. It has the the additional remarkable property that the involutions in
the parts come from a global involution (it is as if Cl were defined over R),
but this interesting feature is not so relevant here: we just wanted to give
a construction that is sufficiently rigid so that we can say that we have pro-
duced a family of hyperbolic surfaces with hyperbolic pants decompositions
that depend continuously on l. There is no obvious diffeomorphism between
two incongruent right angled hexagons, so neither between the various Cl’s,
but our construction is such that they appear as the fibers of a locally trivial
fibration C → RX1>0 of manifolds (with local trivializations also respecting the
pants decompositions). This local triviality implies that any two fibers can
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be identified by means of a diffeomorphism which preserves both orienta-
tion and decomposition. That diffeomorphism is not unique, but its isotopy
class is. So once we have chosen for some lo ∈ RX1>0 an orientation preserv-
ing diffeomorphism S → Clo such that the pull-back of Γlo is in A, then we
have a well-defined isotopy class of such diffeomorphisms S→ Cl for every
l ∈ RX1>0. If we denote the pull-back of the conformal structure on Cl to S
along this isotopy class by j(l) ∈ T (S), then we have obtained a continuous
section j : RX1>0 → T (S) of `.

The shearing actions defined by the given closed geodesics now produce
an RX1-equivariant map

J : RX1 × RX1>0 → T (S), (t, l) 7→ t(j(l)),

where on the right, t = (tα)α acts by shearing the geodesic associated to α
over tα. It is clear that its composite with ` : T (S) → RX1>0 is the obvious
projection (t, l) ∈ RX1×RX1>0 7→ l ∈ RX1>0. Notice that if J(t, l) = J(t ′, l ′), then
l = l ′ (clear), but we also have tα ∼= t ′α (mod πZ) for every α, because the
two fixed point pairs of the involution on the associated boundary compo-
nents must be in the same relative position. It follows from the preceding
that J is a homeomorphism onto its image, when restricted to I×RX1>0, where
I ⊂ RX1 is a product of open intervals of length ≤ π. In fact, J is a covering
map, for if we let I ⊂ RX1 is a product of open intervals of length ≤ π/2,
then it follows that J−1J(I×RX1>0) is a collection of copies of I×RX1>0, each of
which is obtained by a translating I×RX1>0 over a vector, which if not lying in
(2πZ)X1 , then certainly belongs to (πZ)X1 , and hence are pairwise disjoint.

A covering map going from a connected space to a simply connected space
is always a homeomorphism. So the first assertion of the theorem follows if
we show that T (S) is simply connected, i.e., that loop t ∈ [0, 1]→ ut ∈ T (S)
is null-homotopic. To see this, lift u to a path t ∈ [0, 1]→ ũt ∈ Conf(S). We
can arrange ũ to be a loop: as ũ0 and ũ1 are isotopic, there exists a path
t ∈ [0, 1] 7→ ht ∈ Diff(S) with h0 = 1 and such that h1∗ũ1 = ũ0, and then
t 7→ u ′t := ht∗ũt is a loop that lifts u. Assume now that ũ is a loop. Since
Conf(S) is contractible, ũ will be then be null-homotopic and a contraction
of ũ gives one for u.

The last clause of the theorem is now seen as follows: it is clear that
under the shearing representation, the subgroup (2πZ)X1 ⊂ RX1 maps onto
DA. Since the former acts faithfully on RX1 × RX1>0 by translations, the map
(2πZ)X1 → DA is an isomorphism. �

Hyperbolic surfaces with cusps. We here no longer assume that g ≥ 2,
but we suppose given a subset P ⊂ S of n elements, such that the Euler
characteristic of S◦ is negative. Equivalently: 2g − 2 + n > 0. In order to
deal in similar fashion with the Teichmüller space T (S, P) we make some
observations about quotients of H. We know that an element g ∈ PSL(2,R)
which has no fixed points in H is either hyperbolic or parabolic. We show
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that this dichotomy is still manifest if we pass to the orbit space Hg of H
by the subgroup of PSL(2,R) generated by g. First observe that the isomor-
phism type of Hg only depends on the conjugacy class of g in PSL(2,R): if
g ′ = hgh−1, then h : H → H induces an isomorphism Hg ∼= Hg ′ . So if g is
hyperbolic, then we may assume it is scalar multiplication by a positive real
number 6= 1, and as we have seen in Lemma 4.1, Hg is then biholomorphic
to an annulus r1 < |w| < r2 with 0 < r1 < r2. When g is parabolic, then we
may assume it is given by z → z + 1 and w := e2π

√
−1z then identifies Hg

with the punctured unit disk 0 < |w| < 1.
An annulus is not isomorphic to a punctured disk: a bounded holomor-

phic function on a punctured disk extends, by the Riemann extension theo-
rem, holomorphically to the unit disk and so has a well-defined limit in the
puncture. But for an annulus as above, the coordinate w is bounded and
holomorphic and has the property that if we approach one of the boundary
circles, it does not go to a constant value. We also notice a metric difference:
for g hyperbolic, the evident isotopy class of embedded circles on Hg has a
unique geodesic representative which minimizes length. But if g(z) = z+ 1,
then t ∈ [0, 1] 7→ t +

√
−1y defines a loop on Hg around the missing point

of length 1/y, and so this length can be made arbitrarily small in its isotopy
class.

Suppose we are given a conformal structure J on S. Since 2g− 2+n > 0,
its restriction to S◦ underlies a complete hyperbolic metric, so that we can
identify S◦ with Π\H for a subgroup Π ⊂ PSL(2,R). Let p ∈ P. Choose a
closed disk D ⊂ S having p in its interior such that D meets no other point
of P. So D− {p} is closed in S◦.

Let q ∈ ∂D and let α the loop based at q which traverses in ∂D. We
identify Π with π1(S◦, q), so that α determines an element g ∈ Π. We
begin with observing that α cannot be homotopically trivial. For then the
function w := z−

√
−1

z+
√
−1

(which maps on H isomorphically onto the unit disk
D) can be regarded as a holomorphic embedding of D− {p} in D. It extends
holomorphically to w : D→ C (by the Riemann extension theorem) and the
maximum principle forces w(p) ∈ D. But since D − {p} is closed in S◦, its
image in D must be closed as well and we get a contradiction.

In a similar fashion we can exclude that g is hyperbolic. For then D− {p}
would embed in an annulus r1 < |w| < r2. Such an embedding extends
holomorphically to D and the maximum principle then forces p taking a
value in the interior of D. But then we contradict the fact the image of
D− {p} in the annulus must be closed.

We conclude that g is parabolic so that Hg is isomorphic to the punctured
disk D − {0}. We have a holomorphic embedding D − {p} → D − {0} and
the Riemann extension theorem plus the maximum principle imply that this
must extend to a holomorphic function D → D which takes p to 0. This
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function is injective and so cannot have p as a multiple zero. This implies
that it is in fact a holomorphic embedding on D. We conclude:

Proposition-definition 4.5 (Cusps on a hyperbolic surface). The hyperbolic
structure on (S◦, J) makes of any p ∈ P a cusp, by which we mean that a
neighborhood of p is isomorphic to a neighborhood of 0 in the unit disk D
(with p mapping to 0) in such a manner that it becomes an isometry where
this makes sense. Here D− {0} has been endowed with the hyperbolic metric it
receives as the orbit space of H with respect to the group of integral translations.

Pants decomposition in the presence of cusps. We have a notion of a
pants decomposition of S◦ as before: it is given by closed compact subman-
ifold of S which does not meet P and is given up to isotopy relative to P,
and is such that each connected component of S − A − P is diffeomorphic
to the interior of a pair of pants (a thrice punctured sphere). A connected
component of the boundary of S−A− P is now a connected component of
A or a singleton in P. We can still encode this in terms of a graph G(S, P;A):
the vertex set is π0(S − A − P) as before, but edges come in two types:
those indexed by π0(A) (and called interior edges) and those indexed by P
(the exterior edges). Edges of the last kind appear as ‘loose ends’: they are
connected with just one vertex.

Exercise 7. Prove that the graph G(S, P;A) is trivalent, has 2g−2+n vertices
and 3g− 3+ n interior edges.

If we are given a conformal structure J on S, then for the hyperbolic
structure on S◦, connected components of of S−A− P are hyperbolic pairs
of pants, except that some pants have become cusps. These are obtained as
glueing a degenerate hyperbolic hexagon (an (6 − n)-gon with n improper
points, where n = 1, 2, 3) onto its mirror image. By allowing this possibility,
the arguments in the proof of Theorem 4.4 subsist and we find that this
theorem continues to hold for T (S, P) as stated:

Theorem 4.6 (Fenchel-Nielsen parametrization in the punctured case). The
action of Rπ0(A) on T (S, P) by geodesic shears makes ` : T (S, P) → Rπ0(A)>0

a principal Rπ0(A)-fibration. This bundle admits a section so that we have a
homeomorphism of (R>0 × R)π0(A) onto T (S). The Dehn twists around the
connected components of A generate a free abelian subgroup of Γ(S, P) of rank
π0(A).

Remarks 4.7. An embedded circle on S◦ which does not bound a disk that
contains at most one point of P can always be made part of a pants de-
composition. So this theorem implies the converse of what you proved in
Exercise 1: a Dehn twist defined by such an embedded circle is never the
identity.

The Fenchel-Nielsen parametrization makes T (S, P) homeomorphic to
(R>0 × R)3g−3+n. This homeomorphism gives it even the structure of a
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smooth manifold, although this a priori depends on the pants decompo-
sition. But one can show that given this decomposition, then for any other
isotopy class of embedded circles, the associated length function and shear-
ing action is differentiable in terms of our 6g−6+2n Fenchel-Nielsen param-
eters. This implies that the manifold structure is independent of the pants
decomposition. We shall see that T (S, P) has even a natural structure of a
complex manifold of dimension 3g− 3+ n.

5. QUADRATIC DIFFERENTIALS

Local normal form. Let C be a Riemann surface. A holomorphic quadratic
differential on C is a complex valued function on the total space of the tan-
gent bundle TC which is quadratic, i.e., a function η : TS → C such that for
v ∈ TC and λ ∈ C we have η(λv) = λ2η(v) and such that in terms of any
local coordinate z, η takes the form fdz2, with f holomorphic in z. (This is
the same thing as a holomorphic section of the sheaf Ω⊗2C := ΩC ⊗OC ΩC.)
We have a similar notion of a meromorphic quadratic differential (f is then
meromorphic).

Lemma 5.1. Let η be a meromorphic quadratic differential at p ∈ C and let
k ∈ Z be its order at p.

If k ≥ −1, then for some local coordinate z at p, η = (k/2+1)2zkdz2 (which
we can write, at least formally, as (d(zk/2+1))2) and this coordinate is unique
up to multiplication by a (k+ 2)th root of unity.

If k = −2, then there is a nonzero constant c ∈ C and a coordinate z at p
such that η = c(d log z)2 = cz−2(dz)2 and c is unique (and called the squared
residue of η at p, denoted Resqp η) and z is unique up to a scalar.

Proof. We may as well assume that C is open in C and p = 0. So we have
η = f(z)dz2 with f meromorphic at 0 ∈ C and of order k at 0. Suppose first
k ≥ −1. Then

√
f is zk/2 times a holomorphic function which is nonzero in

0. Since k/2 > −1, we can integrate
√
f in the sense that there exists a g

such that g ′ =
√
f with g of the form z(k+2)/2u(z), with u holomorphic and

u(0) 6= 0. So if z̃ = zu(z)2/(k+2), then η = (d(z̃k/2+1))2.
If z and w are local coordinates such that zkdz2 = wkdw2, then it follows

that (w/z)k/2w ′ = 1. If we substitute for w/z a power series in z, then we
see that its constant term c is a (k + 2)th root of unity. If we then write
w/z = c(1+ arz

r + ar+1z
r+1 + · · · ), we see that ar = 0. Hence w/z = c.

Now assume k = −2. Then we may write f(z) = z−2u(z), where u is
holomorphic with u(0) 6= 0. Let c := u(0). Any other coordinate z̃ at 0 can
be written as zeφ, with φ holomorphic in 0. Then

c
(dz̃
z̃

)2
= c(1+ zφ ′)2

(dz
z

)2
.

So we must solve the equation c(1 + zφ ′)2 = u for φ. Now u/c takes the
value 1 in 0 and so it has a square root v taking the value 1 in 0. If we write
this square root as 1 + zg with g holomorphic so that u = c(1 + zg)2, then
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we observe that the equation is solved by taking for φ an integral of g. You
may check the uniqueness assertion yourself. �

Exercise 8. The preceding lemma does not extend as such to meromorphic
quadratic differentials with a pole of even order ≥ 4: give a meromorphic
quadratic differential at 0 ∈ C which has in 0 a pole of order 4, but can not
be brought into the simple form z−4dz2. (Hint: use a notion of residue.)

Structure defined by a holomorphic quadratic differential. Let η be a
meromorphic quadratic differential on C. Suppose first it has neither poles
nor zeroes. According to Lemma 5.1 we can find at any point of C a local
coordinate z, unique up to sign and an additive constant, such that η = dz2.
This means that |η| defines on C a flat Euclidean metric. The conformal
structure defined by this metric is clearly the given one. So if S is the surface
underlying C, then the function η : TS → C allows us to reconstruct the
conformal structure.

Exercise 9. Prove that this is even true if η is meromorphic and not identically
zero on any connected component of C. (Hint: show that a conformal
structure on the unit disk which coincides with the usual one outside the
origin, must be equal to the usual conformal structure.)

But η gives us more: we find an atlas whose transition maps are of the
form w 7→ ±w + constant. In terms of a local coordinate z as above, the
foliation defined by Im(z) = constant is therefore independent of that local
coordinate and is hence globally defined. Alternatively, a tangent vector
v ∈ TpC is tangent to this foliation precisely when ηp(v) is real and ≥ 0
(we here think of ηp as a quadratic function ηp : TpC → C). Similarly,
the foliation defined by Re(z) = constant is globally defined and its tangent
vectors are those on which η is real and ≤ 0. These two foliations are
perpendicular with respect to the metric |η|. We call these the horizontal
and the vertical foliations attached to η.

Now consider the case when η has order k ≥ −2 at p ∈ C. Then the Eu-
clidean structure and the two foliations are defined on a punctured neigh-
borhood of p and we wish to understand what happens to that structure at
p. According to Lemma 5.1 we can a local coordinate as z at p such that
it acquires the standard form η = (d(zk/2+1))2. Let us first assume k = −1,
so that η = (d(z1/2))2. The root z1/2 is of course multivalued. It is best to
understand this locally as a passage to the double cover defined by w2 = z
so that the pull-back of η to this double cover becomes dw2, i.e., the case
we just analyzed. In particular, the horizontal and the vertical foliations pull
back to the obvious ones. We recover geometrically the z-plane from the w-
plane by taking the closed upper half plane in Cw defined by Im(w) ≥ 0 and
identifying opposite points on its boundary (the real axis). This helps us to
understand what happens to the two foliations. For instance, the horizontal
foliation has as a leaf the positive real axis, the origin is a singular point,
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and its other leaves go almost around this half line. Similarly, the vertical
foliation has as a leaf the negative real axis.

For general k ≥ −1 we must take k + 2 copies (Hi)i∈Z/(k+2) of the closed
upper half plane Im(w) ≥ 0 (with its two foliations and its Euclidean struc-
ture) and identify for x ≥ 0, x ∈ Hi with −x ∈ Hi−1. So the final result
consists of k + 2 sectors whose gluing rays are leaves of the horizontal fo-
liation (except that when k = 0 the two rays join to form a single leaf).
The same is true for vertical foliation (whose rays bisect the sectors). As a
Euclidean metric |η| is degenerate at such a point, but the notion of distance
survives (so that we have a metric space in the usual sense). This is because
for a > 0,

∫a
0 t
k/2dt converges and is finite for k ≥ −1.

The case k = −2 is special. It then best to use the coordinate w := log z
and to think of z as obtained from the strip 0 ≤ Im(w) ≤ 2π by identifying
its two boundary lines by means of a shift over 2π

√
−1. Since the pull

back of η is now cdw2, this helps us understand the structure near p. In
particular, we see that a punctured neighborhood of p is a metric product of
an interval (a,∞) and a circle so that a neighborhood basis of p consists of
the {(a ′,∞)× circle}a ′>a.

The case c ∈ R is of special interest. If c > 0, then in terms of the above
metric product, the horizontal foliation is radial and the vertical foliation
it circular: it has closed leaves only. For c < 0 the roles of horizontal and
vertical foliation are interchanged. Notice that in either case the length of
circular leaf is that of the circumference of the circle (measured by means
of |η|, of course), which is here 2π

√
|c|.

Quadratic differentials and the Teichmüller flow. Let S be a surface. Sup-
pose we are given a conformal structure J on S and a holomorphic quadratic
differential η for (S, J) without zeroes.

This generates a remarkable one-parameter family of pairs (Jt, ηt)t∈R,
where Jt is a conformal structure on S and ηt is a holomorphic quadratic
differential for Jt such that (J0, η0) = (J, η) and ηt defines the same horizon-
tal resp. vertical foliation as η. The definition is as follows: let σt : C → C
be the R-linear transformation defined by

σt(x+ y
√
−1) = e−t/2x+ et/2y

√
−1.

Notice that σt ′σt = σt ′+t (it is in fact a geodesic in SL(2,R)). Now (J, η)
defines an atlas of charts (U open in C, z : U → C) in which η takes the
form dz2 and the horizontal resp. vertical foliations are given as the level
sets of Im(z) resp. Re(z). For this atlas, any coordinate change is of the
form w 7→ ±w + c), where c ∈ C. If we replace (U, z) by (U, zt := σtz),
then the corresponding coordinate change will be w 7→ ±w + σt(c) and
hence will still be of this form. This shows that we have thus defined a
new conformal structure Jt as well as a holomorphic quadratic differential
ηt for (S, Jt) which in terms of the chart zt is given as (dzt)2. The definition
is canonical in the sense that if we start doing this for (Jt ′ , ηt ′) instead of
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(J, η), then after time t we get (Jt+t ′ , ηt+t ′). This has all the features of a
geodesic in a Riemannian manifold (and indeed, it can be shown that its
projection in T (S) is one relative to a Finsler metric).

The assumption that the quadratic differential be without zeroes or poles
can be eliminated: all we need is that η is not identically zero on every
connected component of S: the zeroes are then isolated. But then we must
be willing to adapt the differentiable structure of S at such points, for the
conformal structure (and the quadratic differential) need not extend for the
given differentiable structure: the glueing of the k + 2 copies of the upper
half planes after applying σt to each copy will induce in the z-coordinate
a homeomorphism that is no longer a diffeomorphism at its origin. For-
tunately, there is a path of homeomorphisms connecting this homeomor-
phism with a diffeomorphism and the isotopy class of that diffeomorphism
is unique. The details are not so hard, but tedious and so we omit them.

Exercise 10. Let σ =
(
a b
c d

)
∈ SL(2,R). Prove that for (U, z) as above, the

charts (U, σz := σz) define a pair (σJ, ση) consisting of a conformal structure
plus a quadratic differential that is holomorphic for that structure. Prove
that σJ = J if and only if σ ∈ SO(2). Bearing in mind that the stabilizer
of
√
−1 ∈ H in SL(2,R) is SO(2), conclude now that σJ only depends on

σ(
√
−1) ∈ H, so that we have a well-defined continuous map γ : H→ T (S).

Prove also that γ(et
√
−1) = Jt as defined above.

We will see that if S is a connected surface and P ⊂ S is finite such that
S◦ has negative Euler characteristic, then for any conformal structure J on
S, the cotangent space of T (S, P) at [J] can be identified with the space
of quadratic differentials on the Riemann surface (S, J) that have a pole of
order ≤ 1 at the points of P and are holomorphic elsewhere. But we first
show how certain meromorphic quadratic differentials can be used to almost
triangulate T (S, P).

6. RIBBON GRAPHS AND IDEAL TRIANGULATION OF TEICHMÜLLER SPACE

Jenkins-Strebel differentials. Let us first observe that given a foliation on
a surface, then a closed leaf of it either has a neighborhood consisting of
closed leaves or it lies in the closure of an infinite number of (necessarily
nonclosed) leaves. With this in mind we make the following definition.

Definition 6.1. A Jenkins-Strebel differential on a closed Riemann surface C
is a meromorphic quadratic differential η on C which has everywhere order
≥ −2 and is such that all but a finite number of the leaves of its horizontal
foliation are closed and encircle a point where η has order −2 with real
negative squared residue.

By the above observation, the finitely many exceptional leaves can not
be closed and will not have an accumulation point on a closed leaf. So
they will join points where η has a zero or a pole of order one and are
therefore the edges of an embedded graph G(η) ⊂ C whose vertices are the
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aforementioned points. So if η has at q ∈ C order k ∈ {−1, 1, 2, 3, . . . }, then
q is a vertex of order k+2 ∈ {1, 3, 4, 5, . . . }. Each leaf has a length that can be
measured be means of |η|: a closed leaf will encircle a point p ∈ C where η
has a pole of (exact) order 2, and then the preceding discussion shows that
its length is `p(η) := 2π

√
−Resqp η. A leaf that is an edge of the graph and

has a simple pole of η as a vertex has still finite length because
∫1
0 t

−1/2dt
exists and is finite. Thus G(η) is endowed with a metric. Notice that the
orientation of C also determines a cyclic order of the leaves emanating from
a given vertex.

Exercise 11. Verify that the quadratic differential ηo := (z2 − z)−1dz2 has
no zeroes, has a simple pole in 0 and 1, and an order two pole at ∞ with
squared residue −1. Prove that its horizontal foliation has the real interval
(0, 1) as its only nonclosed leaf and that all the other leaves must be closed,
encircle the real interval [0, 1] and fill up all of C − [0, 1]. Conclude that ηo

is a Jenkins-Strebel differential on P1.

We will now give a converse construction that starts out from a metrized
graph that for each vertex has a cyclic order on its emanating edges. This
will lead in a surprising manner to an ideal triangulation of the Teichmüller
space T (S, P).

Combinatorial description of a graph. We will only be concerned with
finite graphs. We prefer to give a graph in combinatorial terms, as we did
for pants decompositions. That is, a graph consist of a finite set X (that we
call the set of oriented edges, sometimes also called half edges), a fixed point
free involution σ1 of X and an equivalence relation ∼0 on X. We denote
by x ∈ X 7→ x1 ∈ X1 the formation of the set of orbits of σ1 (so this is a
surjective 2-to-1 map) and by x ∈ X 7→ x0 ∈ X0 the formation of the set of
equivalence classes of ∼0. We refer to X0 resp. X1 as the vertex set resp. edge
set of the graph, in view of the fact that they are the thus named items of
the geometric realization G(X; ∼0, σ1) of the graph: this is by definition the
quotient of a disjoint union of copies of [−1, 1] indexed by X:

∐
x∈X[−1, 1]x,

by the following two sets of relations: tx ∼ −tσ1x and −1x ∼ −1x ′ if x ∼0 x
′.

We see here X0 appear as the set of vertices (and realized as the image
of {±1x}x∈X) and X1 as the set of midpoints of the edges (and realized as
the image of {0x}x∈X). A half edge is the image of [−1, 0]x for some x ∈
X. These cover the graph, for then [0, 1]x = [−1, 0]σ1x). Half edges are
effectively labeled by X, with the members of an equivalence class of ∼0
yielding the half edges (or equivalently, the oriented edges) coming out of
the associated vertex. If we drop the condition that σ1 be fixed point free,
then this produces a graph ‘with loose ends’ such as one which describes a
pants decomposition in the presence of cusps.

Ribbon graphs. If we are also given a permutation σ0 of X that induces the
equivalence relation ∼0 (this means that x ∼0 x

′ if and only if x ′ = σr0x for
some r), then we call the triple (X;σ0, σ1) (often abbreviated by σ•) a set
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of ribbon data. Notice that this amounts to giving a cyclic structure on the
set of half edges emanating from a vertex: σ0 then assigns to every such
half edge a successor. We are going to show that then the above geometric
realization canonically expands to an embedding of G(σ•) = G(X;σ0, σ1) in
a closed combinatorial surface S(σ•) (oriented, as usual) in such a manner
that the cyclic structure on the half edges emanating from a vertex comes
from the orientation of S(σ•). In fact, we will combinatorially reproduce
almost everything that we attached to a Jenkins-Strebel differential.

To this end, we define another permutation σ∞ of X by the property
σ0σ1σ∞ = 1. So if e ∈ X represents an oriented edge, then σ∞e = σ−11 σ0e
represents the oriented edge that begins in the end point of e and precedes
the oppositely oriented σ1e for the cyclic ordering. We denote the formation
of its orbit set by x ∈ X 7→ x∞ ∈ X∞ and for reasons that become clear in a
moment, we sometimes call a point of X∞ a boundary cycle. Consider now
the half strip D ⊂ R2 consisting of the (t, u) ∈ R2 with |t| ≤ 1 and u ≥ 0. Its
one point compactificationD+ (whose underlying set is the disjoint union of
D and ∞ and for which a neighborhood basis of ∞ meets D in the subsets
defined by u > N) is homeomorphic to a solid triangle: for example,

(t, u) 7→ (a, b) :=
(t, u)

u+ 1
, ∞ 7→ (0, 1),

is a homeomorphism of D+ onto the solid triangle defined by |a| + b ≤ 1,
b ≥ 0. Consider the disjoint union copies of D+ indexed by X,

∐
x∈XD

+
x ,

and let S(σ•) be the quotient of that union by the set of relations (t, 0)x ∼

(−t, 0)σ1x and (1, u)x ∼ (−1, u)σ∞x. Let us write

π :
∐
x∈X

D+
x → S(σ•)

for the quotient map. The π-images of the solid triangles D+
x cover S(σ•)

and define a triangulation of G(σ•), except that in case σ1x = σ0x, the two
vertical sides get identified via (1, u)x ∼ (−1, u)σ∞x = (−1, u)x. The quo-
tient S(σ•) is a closed combinatorial surface with an orientation inherited
from the copies of D. The sets X1 = {(±1, 0)x}x∈X, X1 = {(0, 0)x}x∈X and
X∞ = {∞x}x∈X are effectively labeled by the orbit set of σ0, σ1 and σ∞ in X
respectively. We sometimes refer to elements of X∞ as cusps. Notice that in
the presence of the first relation, the last one implies (−1, 0)x ∼ (−1, 0)σ1x
and so we see G(σ•) embedded in S(σ•) as the image of ∪x∈X([−1, 1]× {0})x.

We have arranged things in such a manner that the cyclic ordering on the
emanating edges of a vertex of G(σ•) that comes from the orientation of
S(σ•) coincides with the one defined by σ0. We also note that the projection
(t, u) ∈ Dx 7→ t ∈ [−1, 1]x is a deformation retract, which descends to one
of S(σ•) − X∞ onto G(σ•). Therefore, S(σ•) − X∞ may be thought of as a
thickened version of G(σ•) which implements in a geometric (ribbonlike)
manner the ribbon structure, whence the name. The obvious horizontal and
vertical foliations on D determine (in a combinatorial sense) a horizontal
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and a vertical foliation of S(σ•) − X0 − X∞. The horizontal foliation has all
its leaves closed except the leaves that make up the edges of G(σ•).

Notice that S(σ•) is connected precisely if the group generated by σ0 and
σ1 acts transitively on X. In that case we can compute the genus g by means
of an Euler characteristic count: we have as many 2-cells as there are 1-cells
having a point of X∞ in their boundary, the remaining 1-cells are indexed
by X1 and the 0-cells are indexed by X0 t X∞. It follows that

2− 2g = |X0|− |X1|+ |X∞|.

We estimate the number of edges in terms of g:

Lemma 6.2. Put n∞ := |X∞| and denote by n1 resp. n2 the number of vertices
of degree 1 resp. 2. Then G(σ•) has at most 6g − 6 + 3n∞ + n2 + 2n1 edges
and we have equality precisely when there are no vertices of degree > 3.

Proof. If X0(r) denotes the set of vertices of degree r, then the cycle decom-
position of σ0 shows that

∑
r r|X0(r)| = |X|. It follows that 3|X0|−n2−2n1 ≤

|X| = 2|X1|. On the other hand, the formula for the Euler characteristic yields
2g−2+n∞ = |X1|− |X0|. Hence 6g−6+3n∞ = 3|X1|−3|X0| ≥ |X1|−n2−2n1,
with equality holding only if X0(r) = ∅ for r > 3. �

Exercise 12. The minimal (and degenerate) ribbon graph is defined by a sin-
gleton X = {∗} and so with σ0, σ1, σ∞ all trivial (we should think here of a
graph that consists of a single half edge). Although σ1 is no longer fixed
point free, the above construction still makes sense. Prove that So := S(1•)
can be identified with P1 in such a manner that Go := G(1•) is mapped
to [0, 1] and the three special points x0, x1, x∞ are mapped to their name-
sakes 0, 1,∞. Try also to argue that this can even be done in such a way
that this also respects the horizontal and vertical foliations associated to the
quadratic differential ηo that we encountered in Exercise 11.

Exercise 13. Now construct for any set of ribbon data (X;σ0, σ1) a natu-
ral (combinatorially defined) map π : S(σ•) → So with the property that
G(σ•) = π

−1Go and the horizontal resp. vertical foliation is the preimage of
that of So.

Remark 6.3. The map in the preceding exercise is a covering projection over the
thrice punctured sphere So − {x0, x1, x∞}. If we choose a base point on the interior
of the half line Go, then the fiber over it is effectively indexed by X in such a
manner that the monodromy around x0 resp. x1 is given by σ0 resp. σ1. This
construction leads to a realization of the Galois group of Q as a permutation group
of the collection of isomorphism types of ribbon graphs as follows: if S(σ•)→ So is
as in Exercise 13 and So has been identified with P1 as in Exercise 12, then there
is a unique conformal structure on S(σ•) for which the map S(σ•) → So ∼= P1
is holomorphic; the resulting Riemann surface C(σ•) then naturally comes as a
branched covering of P1 with branching in {0, 1,∞} only, where over 1 we only
have ramification of order 2. Such a Riemann surface is in fact an algebraic curve
that is defined over a finite field extension of Q: it can be given by homogeneous
polynomial equations with coefficients in a finite extension K of Q contained in C.
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If τ is a field automorphism of K, then applying τ to the coefficients of the equations
that define C(σ•) yields a new variety C(σ•)τ. Algebraic geometry tells us that this
variety is again a smooth Riemann surface which still comes with a holomorphic
map to P1 that is unramified over P1 − {0, 1,∞} with over 1 only ramification of
order 2. The preimage of [0, 1] in C(σ•)τ yields a ribbon graph (X, σ•)

τ and C(σ•)τ

is the Riemann surface associated to the graph. We have thus defined an action of
the Galois group Gal(Q̄/Q) of Q on the set of isomorphism types of ribbon graphs.
The group Gal(Q̄/Q) is elusive and hard to understand as a group, whereas the
set of isomorphism classes of ribbon graphs is rather concrete. Unfortunately no
general method is known that can tell us whether two given ribbon graphs lie in
the same Galois orbit.

The dual ribbon graph and the arc complex. The identity σ0σ1σ∞ = 1

implies σ−1∞ σ1σ−10 = 1 and so the triple (σ∗0 := σ
−1∞ , σ∗1 := σ1, σ∗∞ := σ−10 ) de-

fines another ribbon graph G(σ∗•) , called the dual of G(σ•). The associated
surface S(σ∗•) is homeomorphic with S(σ∗•) under an orientation reserving
homeomorphism that sends X0(σ•) to X∞(σ∗•), X∞(σ•) to X0(σ∗•) and X1(σ•)
to X1(σ∗•). In particular, it sends sends the left half of D+

x ⊂ S(σ•) with
vertices (−1, 0)x, (0, 0)x,∞x to the right half of (D∗x)

+ ⊂ S(σ∗•) with vertices∞∗x, (0, 0)∗x, (1, 0)x respectively. So under this homeomorphism, G(σ∗•) is em-
bedded in S(σ•) as the union of the symmetry axes of the D+

x which connect
(0, 0)x with∞x. We denote the latter by G∗(σ•) ⊂ S(σ•).

Definition 6.4. An arc of (S, P) is an isotopy class relative to P of an embed-
ded interval which connects two points of P. We also allow the two points to
coincide (so that we have a loop), but then require the loop not to bound a
disk in S◦. The arc complex Arc(S, P) is the simplicial complex whose vertex
set is the set of arcs of (S, P) with a finite nonempty set of arcs representing
a simplex precisely if that set can be simultaneously be represented by pair-
wise disjoint arcs. If we can do this in such a manner that their union A ⊂ S
has the property that every connected component of S−A is homeomorphic
to an open disk which meets P in at most one point, then we say that the
simplex is proper.

If a simplex has a proper face, then it is proper and so the nonproper
simplices define a subcomplex Arc∞(S, P) of Arc(S, P). The point is that a
pair (S(σ•), X∞(σ•)), where σ• defines a ribbon graph, naturally is endowed
with a proper simplex of its arc complex, namelyG∗(σ•). Indeed, hasG∗(σ•)
has vertex set X∞(σ•) and each connected component of S(σ•) − G∗(σ•) is
an open cell with center a point of X0(σ•). This observation will be helpful
in understanding the following definition:

Definition 6.5. An (S, P)-marked ribbon graph is a ribbon graph (X, σ•)
endowed with an orientation preserving piecewise-linear homeomorphism
h : S → S(σ•) which maps P to X∞ ∪ X0 with h(P) containing X∞ and all
vertices of degree ≤ 2 and that is given up to an isotopy relative to P.
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Notice that in terms of the notation of Lemma 6.2 we then have that
n := |P| ≥ n∞ + n1 + n2. So the lemma in question shows that the number
of edges |X1| is bounded by 3(2g− 2+ n).

Observe that the mapping class group Γ(S, P) acts on the class of (S, P)-
marked ribbon graphs by letting [g] ∈ Γ(S, P) send (X, σ•, [h]) to the triple
(X, σ•, [hg

−1]).
Given an (S, P)-marked ribbon graph (σ•, [h]), then h−1 maps an edge

of G∗(σ•) to an arc connecting two distinct points of P or to a loop at p
when h(p) is a vertex of degree one. We see that thus is defined a proper
simplex ∆(σ•, [h]) of Arc(S, P) which only depends on (σ•, [h]). Conversely,
if we are given a proper simplex of Arc(S, P), then a representative set of
pairwise disjoint arcs define a ribbon graph. If the dual of this ribbon graph
is defined by σ•, then it is easily seen that we have naturally defined isotopy
class of orientation reserving homeomorphisms relative to P, S ∼= S(σ∗•),
which sends P to a subset of X0(σ∗•)∪X∞(σ∗•). If we compose the latter with
the homeomorphism of S∗(σ∗•) onto S(σ•) discussed above, then we have an
(S, P)-marked ribbon graph.

Notice that we have an evident simplicial map from Arc(S, P) to the
barycentric subdivision of the simplex ∆(P) spanned by P: if an arc connects
p and p ′ (with possibly p = p ′), then we assign to that arc the barycenter
of the face spanned by p, p ′ (this is p if p ′ = p). We denote its geometric
realization by `/2 : |Arc(S, P)|→ |∆(P)| (the funny choice of notation will be
explained in a moment).

Metrized ribbon graphs. Here is a beautiful construction that starts out
with a set ribbon data (X, σ•) and a metric on G(σ•), i.e., a function e ∈
X1 7→ l(e) ∈ R>0, and leads to a Riemann surface and a Jenkins-Strebel
differential on that surface. Consider on Dx the complex coordinate zx :=
1
2 l(x1)dt +

√
−1du. This identifies Dx with the half strip in C defined by

|Re(z)| ≤ 1
2 l(x1), Im(z) ≥ 0 and the associated holomorphic quadratic dif-

ferential dz2x yields the given horizontal and vertical foliation on Dx. The
point is now that the holomorphic quadratic differentials ηx := dz2x fit to-
gether nicely to form one on S(σ•) − X0 − X∞, turning the latter into a
Riemann surface. Indeed, π(Dx) and π(Dσ∞x) are adjacent in the sense that
have in common a vertical boundary piece and in the way they are fitted to-
gether, we see that their union has a natural conformal structure for which
the differentials dzx and dzσ∞x are restrictions of a holomorphic differential
on the interior of their union (which is identified with an open half strip
of width l(x1) + l((σ∞x)1)). The interior of π(Dx ∪Dσ1x) can be identified
with the strip |Re(z)| < 1

2l(x1), at least when x and y lie not in the same
σ0-orbit (analyze that situation yourself), and we then see that zx continues
as a holomorphic function to −zσ1x. So ηx then extends by ησ1x. We thus
end up with conformal structure J(l) on S(σ•) − X0 − X∞ plus a quadratic
differential η(l) on it. Both extend across X0 ∪ X∞: at a vertex in X0 the
quadratic differential will have a zero of order equal to the degree of that
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vertex less 2 (so a pole of order one if the vertex is an end vertex and no
zero if it is of degree 2) and at any cusp p ∈ X∞, η(l) will have a pole of
order 2 with a real, negative squared residue.

We have set up things in such a manner that the following is true:

Observation 6.6. Let C be a closed connected Riemann surface endowed with
a Jenkins-Strebel differential η. Then the nonclosed leaves of its horizontal
foliation define an abstract graph and the orientation of C endows this graph
with a ribbon structure so that we have a ribbon graph G(σ•). If l is the
metric on this graph defined by |η|, then there is a natural piecewise linear
homeomorphism of S(σ•) onto C such that η(l) is the pull-back of η.

Let us return to the metrized ribbon graph (S(σ•), l) above. We assume
however that the metric is unital: the total length of the graph is 1. This
means that l is in the relative interior |∆(X1)|◦ of the simplex |∆(X1)| spanned
by the edge set of σ.

As we know, the circumference of the closed leaves near p of the hori-
zontal foliation is equal to `p := 2π

√
−Resqp η. This is also the length of a

boundary cycle:
`p =

∑
{x|x∞=p}

l(x1).

Since x 7→ x1 is a 2-to-1 map, it follows that∑
p∈X∞

`p =
∑
p∈X∞

∑
{x|x∞=p}

l(x1) =
∑
x∈X

l(x1) = 2
∑
e∈X1

l(e) = 2.

So the functions (`p/2)p∈P define a map ∆◦(X1) → ∆(P). Observe that if
we identify X1 with X∗1 and regard the latter as the vertex set of a simplex
of Arc(S, P), then this is precisely the map we earlier denoted by `/2. The
conformal structures thus defined have a common piecewise linear structure
on S(σ•) and so this defines a continuous map

Φ◦σ• : ∆
◦(X1)→ T (S(σ•), X∞))× |∆(X∞)|,

where the first map is clear and the second has barycentric coordinates
(`p/2)p∈P. In fact the construction does more: it endows each S(σ•) with
a Jenkins-Strebel differential.

Degenerating the metric on a ribbon graph. By definition the open sim-
plex ∆◦(X1) parametrizes the unital metrics on G(σ•). There is a straight-
forward way to interpret some of its relatively open faces as parametrizing
the metrics on a ribbon graph that is a quotient of the given one.

Suppose x ∈ X is not a fixed point of σ∞ and put e := π1(x). Note that
this allows e to be a loop: we then have σ∞σ1(x) = x. We can collapse
e inside G(σ•) and still get a ribbon graph with X − {x, σ1e} as its set of
oriented edges (in case e happens to be a loop, then the boundary cycle
disappears.) We call this an edge contraction and denote the resulting graph
by G(σ•)/e. So if we denote its combinatorial data by (X/e, (σ/e)•), then



32 EDUARD LOOIJENGA

G(σ•)/e = G((σ/e)•). In term of the dual graph, this simply amounts to
removal of the edge e∗ corresponding to e.

Exercise 14. If the edge e is defined by a σ1-orbit {x, y}, show that X/e :=

X− {x, y}, (σ/e)1 = σ1|X− {x, y} and that (σ/e)0 is on X− {x, y}− σ−10 {x, y}

equal to σ0 and on σ−10 {x, y} \ {x, y} equal to σ0σ1σ0. (Beware of the special
case when an end vertex of e is of degree one, i.e., when x or y is a fixed
point of σ0.) Verify that (X/e)1 = X1 − {e} and (X/e)∞ = X∞.

A metric on G(σ•)/e can be understood as a degenerate metric on G(σ•),
namely one which gives e zero length. We can also obtain the associated
surface S((σ/e)•) as a quotient of S(σ•): if {x, y} is the σ1-orbit representing
e, then in Dx resp. Dy, or rather its π-image in G(σ•), we identify points
if they have the same imaginary part. You may verify that π(D+

x ∪ D+
y )

is homeomorphic to a disk and that the quotient map S(σ•) → S((σ/e)•)
contracts this disk to an interval (distinguish the two special cases when
{x, y} is a σ0-orbit and when one of {x, y} is fixed point of σ0). Although this
is clearly not a homeomorphism, such a contraction determines a natural
isotopy class of homeomorphisms between them relative to any prescribed
closed subset that is disjoint with the disk π(D+

x ∪ D+
y ). Let us now write

P for X∞. The maps Φ◦σ• and Φ◦(σ/e)• combine to define a continuous map
defined on the union of the simplicial cell |∆(X1)|◦ and its face |∆(X1 − e)|

◦

to T (S(σ•), P).
We may iterate this construction and the order in which we do so does

not matter. Thus lower dimensional faces of [0,∞)X1 may also parametrize
metrized ribbon graphs of the same genus. A proper subset E ( X1 arises
in this manner (in the sense that successive contraction of its elements in
some order is of the above type) if and only if the subgraph of G(σ•) with
edge set E has the property that each connected component contains at most
one boundary cycle (we must avoid that two elements of X∞ have the same
image). Let us say that such a subset E is allowed. If we identify X1 with the
vertex set of simplex of Arc(S(σ•), X∞), then note that a subset E ⊂ X1 is
allowed if only if the simplex of Arc(S(σ•), X∞) defined by X1 − E is proper.

For an allowed E, we get a contraction S(σ•) → S((σ/E)•) which is in-
jective on P = X∞. Although the contraction is not a homeomorphism, it
singles out an isotopy class of piecewise-linear homeomorphisms between
S(σ•) and S((σ/E)•) that enables us to regard Φ◦(σ/E)• as a map taking its
values in T (S(σ•), P) × |∆(P)|. And if we think of its domain as a simplicial
cell of |∆(X1)|, then it yields a continuous extension of Φ◦σ• to that cell.

Ideal triangulation of thickened Teichmüller space. Let us phrase the
preceding discussion somewhat differently. We fix a closed connected sur-
face S of genus g and P ⊂ S a finite nonempty subset. We write n for |P| and
assume that 2g− 2+n > 0. We have defined the arc complex Arc(S, P) and
a closed subcomplex Arc∞(S, P). We write |Arc(S, P)| resp. |Arc∞(S, P)| for
their geometric realization so put |Arc(S, P)|◦ := |Arc∞(S, P)|− |Arc∞(S, P)|.
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If we are given a proper simplex ∆ of Arc(S, P) such that σ∗• is the as-
sociated ribbon graph, then this defines an (S, P)-marking of the ribbon
graph defined by σ• (with ∆ = ∆(X∗1) = ∆(X1)) and the allowed faces of
∆ are its proper faces. So Φ◦(σ/E)• the above define a continuous map Φ∆ :

|∆|∩ |Arc(S, P)|◦ → T (S, P). By construction this map is canonically defined
in the sense that if ∆ ′ is a proper face of ∆, thenΦ∆ ′ is the restriction ofΦ∆.
We therefore obtain a continuous mapΦ(S,P) : |Arc(S, P)|◦ → T (S, P)×∆(P).

One of the main results of the Jenkins-Strebel theory states:

Theorem 6.7. The map Φ(S,P) : |Arc(S, P)|◦ → T (S, P) × |∆(P)| constructed
above is a Γ(S, P)-equivariant homeomorphism and (hence) drops to a home-
omorphism of Γ(S, P)\|Arc(S, P)|◦ ontoMg,P × |∆(P)|.

This says essentially the following: if we are given a closed connected
Riemann surface of genus g and a nonempty finite subset P ⊂ C of n ele-
ments, then for every ` ∈ ∆(P) there is a unique Jenkins-Strebel differential
η` on C whose polar set is contained in P and with Resqp(η`) = `

2
p/π for all

p ∈ P.
We will not prove this theorem. One approach bears some formal similar-

ity to the proof of the Fenchel-Nielsen parametrization and consists in show-
ing that Φ(S,P) is a covering projection; the simple connectivity of the range
then implies that we must have a homeomorphism. Notice that the simplices
of T◦(S, P) are effectively indexed by the (S, P)-marked ribbon graphs. (It is
not so clear how to do this for the simplicial cells of |Arc∞(S, P)|.)

Example 6.8. Let us do the case (g, n) = (1, 1). Following Lemma 6.2,
a trivalent ribbon graph with just one boundary cycle that yields a genus
1 surface, has at 3 edges. The Euler characteristic of the graph will be
2 − 2g − 1 = −1 and so we have two vertices. We then easily see that this
ribbon graph is unique. We can contract one edge of this trivalent ribbon
graph and still have a ribbon graph, but we cannot contract two. So we
have 2-simplices and 1-simplices (each make up a single Γ1,1-orbit), but no
0-simplices: Arc1,1 is a simplicial complex of dimension two and (Arc∞)1,1 is
simply the set of its vertices. We identified in Corollary 2.4 the pair (Γ1,1, T1,1)
with (SL(2,Z),H). In terms of this identification, |Arc1,1 |◦ and its ideal trian-
gulation is familiar from the theory of automorphic forms: |Arc1,1 | amounts
to adding to H the set Q ∪ {∞} (or more canonically, P1(Q)) and a typical
simplex is the ideal hyperbolic triangle with vertices −1, 1,∞ ∈ P1(Q).

Lemma 6.9. The mapping class group Γ(S, P) has only a finite number of
orbits in the collection (S, P)-marked ribbon graphs. Furthermore, the star
of a proper simplex is finite: such a simplex is a face of only finitely many
simplices of |Arc(S, P)|.

Proof. Two (S, P)-marked ribbon graphs lie in the same Γ(S, P)-orbit if and
only if their underlying ribbon graphs are isomorphic. So the Γ(S, P)-orbits
in question are in bijective correspondence with isomorphism classes of sets
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of ribbon data (X, σ•) which define a surface of genus g with n boundary
cycles and have no vertices of degree ≤ 2. As we have seen, the number of
edges of such a ribbon graph is at most 3(2g − 2 + n) and so their number
of isomorphism classes is finite.

A proper simplex of Arc(S, P) is given by a (S, P)-marked ribbon graph
(X, σ•). Any simplex that contains this simplex in its as a face of codi-
mension one, is by definition represented by a (S, P)-marked ribbon graph
(X ′, σ ′•, [h

′]) and an allowable edge e ∈ X ′1 such that (X, σ•, [h]) is obtained
by contraction of e. From the perspective of (X, σ•, [h]), this amounts to the
‘inflation’ of (X, σ•, [h]) by insertion an edge. Clearly, this can be done in
only finitely many ways. Since the dimension of such a simplex is bounded
(by 6g − 7 + 3n), we see that (X, σ•, [h]) can in only finitely many ways be
obtained as the edge-contraction of an (S, P)-marked ribbon graph and so
the last assertion follows. �

This Lemma 6.9 shows that if ∆ is a proper simplex of Arc(S, P), then
the the union U(∆) of the simplicial cells of |Arc(S, P)| that have |∆| in their
closure is an open subset of |Arc(S, P)|◦. Notice that these open subsets
cover |Arc(S, P)|◦.

Corollary 6.10. The mapping class group Γ(S, P) acts properly discontinu-
ously on |Arc(S, P)|◦ ∼= T (S, P) × ∆(P) and Mg,P := Γ(S, P)\|Arc(S, P)| is
compact.

Proof. We prove the first assertion by showing that for any proper simplex
∆, the set of g ∈ Γ(S, P) with U(∆) ∩ gU(∆) 6= ∅ is finite. Any element of
Γ(S, P) sends a simplicial cell to a simplicial cell and clearly, a simplicial cell
has a finite number of symmetries. So the collection of such g ∈ Γ(S, P) is
finite.

The last assertion follows from the first clause of Lemma 6.9. �

Barycentric subdivision. Consider the barycentric subdivision bArc(S, P)
of Arc(S, P). Recall that the barycenter b∆ of a simplex ∆ is the point of |∆|
where all its barycentric coordinated are equal. The set of barycenters of
Arc(S, P) is partially ordered by incidence: b∆ ≤ b∆ ′ if and only if ∆ ⊂ ∆ ′.
The barycenters of the simplices of ∆(S, P) are the vertices of ∆(S, P) ′ and
a finite nonempty subset of such barycenters spans a simplex of Arc(S, P) ′

if and only if it is totally ordered by the partial ordering: so if ∆• = (∆0 )
∆1 ) · · · ) ∆k) is a sequence of faces of T(S, P), then b∆0 , . . . , b∆k spans a
simplex of bArc(S, P) and these are all. Let us verify that this makes sense:

Lemma 6.11. If ∆• = (∆0 ) ∆1 ) · · · ) ∆k) is a decreasing sequence of faces
of ∆, then the associated barycenters b∆0 , . . . , b∆k are linearly independent so
that they span a k-simplex |∆•|. The simplices so obtained define a simplicial
complex b∆, called the barycentric subdivision of ∆, whose geometric realiza-
tion can be identified |∆|.
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Proof. There are essentially two things to be verified: that the collection of
simplices |∆•| is closed under taking intersection and that their union is |∆|.

The last property is seen as follows. If z ∈ |∆|◦, then choose a ray starting
at b∆ and passing through z: this ray will meet |∆| − |∆|◦ in some point z1,
with z1 in a proper face |∆1|. So then z = (1− t)b∆ + tz1 for some t ∈ [0, 1].
By induction on dim∆, we may assume there exists a flag (∆1 ) · · · ) ∆k)
such that z1 =

∑r
k=1 skb∆k for some sk ≥ 0 and

∑
k sk = 1. Then z =

(1− t)b∆ +
∑r
k=1 sktb∆k ∈ |(∆,∆1, . . . , ∆k)|.

In order to see that the collection of simplices |∆•| is closed under taking
intersection, it suffices to show that for any ∆• = (∆0 ) ∆1 ) · · · ) ∆k),
|∆ ′| ∩ |∆•| is a simplex defined by a subsequence of ∆•. Let f be an affine-
linear function on the affine-linear span of ∆ with the property that f|∆ ≥ 0
and whose zero set meets ∆ in ∆ ′. So a convex linear combination

∑
i tib∆i

lies in |∆ ′| precisely when
∑
i tif(b∆i) = 0. Since f(b∆i) ≥ 0 with equality

if and only if b∆i ∈ ∆ ′ (which just means that ∆i ⊂ ∆ ′), it follows that
|∆ ′| ∩ |∆•| is indeed a simplex of our collection, namely the one defined by
the subsequence of ∆• of terms contained in ∆ ′. �

Fix a nonempty subset Q ⊂ P. This defines a face ∆(Q) ⊂ ∆(P). We
denote by b = b∆(Q) its barycenter and denote by Tb(S, P) the fiber of
|Arc(S, P)| → |∆(P)| over b. Since the projection Arc(S, P) → b∆(P) is
simplicial, we may view as Tb(S, P) as the geometric realization of a sub-
complex of Arc(S, P). We put ∂Tb(S, P) := Tb(S, P) ∩ |Arc∞(S, P)| and
Tb(S, P)◦ := Tb(S, P) ∩ |Arc(S, P)|◦.

Corollary 6.12. The map Φ(S,P) restricts to a Γ(S, P)-equivariant homeomor-
phism of Tb(S, P)◦ onto T (S, P) and (hence) drops to a homeomorphism of
Γ(S, P)\Tb(S, P)◦ ontoMg,P.

The orbit space Γ(S, P)\Tb(S, P) need not be a simplicial complex, for
passing the orbit space can cause faces of a polyhedron to get identified, or
cause a polyhedron to be divided out by a finite group of symmetries. But
apart from that, the given structure survives.

Application to the homotopy type of Mg,P. We first describe a subcom-
plex Kb(S, P) of Tb(S, P) that is contained in Tb(S, P)◦ and invariant under
Γ(S, P). It will have the property that is an Γ(S, P)-equivariant deformation
retract. This will make the image of Kb(S, P) inMg,P a deformation retract
of the latter. We denote by Kb(S, P) the full subcomplex of the Tb(S, P)
spanned by the barycenters b∆ with |∆|◦ ⊂ Tb(S, P)◦. Clearly, Kb(S, P) is
invariant under Γ(S, P) and contained in Tb(S, P)◦.

Proposition 6.13. The subspace Kb(S, P) ⊂ T◦b(S, P) is a Γ(S, P)-equivariant
deformation retract. In particular, Kb(S, P) is contractible, and the orbit space
Γ(S, P)\Kb(S, P) is a deformation retract of Γ(S, P)\Tb(S, P)◦ ∼=Mg,P.

Proof. We lighten the notation a bit and simply write T, Γ , K, . . . for Tb(S, P),
Γ(S, P), Kb(S, P), . . . .
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We must construct a map h : [0, 1]×T◦ → T◦ with ht|K the identity for all
t, h1 the identity, and h0 having image K. We define h per simplex of of the
barycentric subdivision. A simplex of T that is not contained in ∂T is of the
form |∆•| with ∆• = (∆0 ) ∆1 ) · · · ) ∆k) such that ∆0 not contained in ∂T.
Let k ′ ∈ {0, . . . , k} be the maximal for the property that ∆k ′ is not contained
in ∂T. If k ′ = k, then |∆•| ⊂ K and so we must leave |∆•| untouched: ht||∆•|
is the identity for all t. If k ′ < k, then put ∆ ′• := (∆0 ) ∆1 ) · · · ) ∆k ′) and
∆ ′′• := (∆k ′+1 ) · · · ) ∆k). Every z ∈ |∆•| can be written as sz ′ + (1 − s)z ′′

with z ′ ∈ |∆ ′•| and z ′′ ∈ |∆ ′′• |. We have z /∈ ∂T if and only if s 6= 0 and
in that case z ′ is unique. Put ht(z) := (1 − t)z ′ + tz. The continuity of
h|[0, 1] × (|∆•| − |∆•| ∩ ∂T) is clear. It is also clear that the restriction of ht
to a face of |∆•| yields the map ht attached to that face. This proves that
ht is well-defined and that h is continuous. Its uniqueness guarantees it is
Γ -equivariant. �

Corollary 6.14. For b = p ∈ P, the dimension of Kp(S, P) is bounded by
4g − 3 for n = 1 and g > 0 and by 4g − 3 + n otherwise. In particular,Mg,P

has the homotopy type of a finite CW-complex whose dimension satisfies the
same bound.

Proof. We have dimT◦ = dim T (S, P) = 6g − 6 + 2n and so any simplex of
T has dimension ≤ 6g − 6 + 2n. On the other hand, a simplex of dimT◦
is spanned by the edge set X1 of an (S, P)-marked ribbon graph (X, σ•, [h])
which has at least max{0, n − 1} vertices and one boundary cycle. So the
graph has Euler characteristic 1 − 2g. The corresponding simplex of T has
dimension |X1|− 1 and so this is at least |X0|+ 2g− 2 ≥ 2g− 1 for n = 1 and
at least |X0| + 2g − 2 ≥ 2g − 3 + n for n > 1. It follows that the a simplex
of K has dimension ≤ (6g − 6 + 2) − (2g − 1) = 4g − 3 for n = 1 resp.
≤ (6g− 6+ 2n) − (2g− 3+ n) = 4g− 3+ n for n > 1. �

Remark 6.15. This result is optimal only for n = 1 or g = 0. But the n = 1
case can be exploited to prove that we can do one unit better for g > 0,
n > 1: Mg,P has for g > 0 the homotopy type of a finite CW-complex of
dimension ≤ 4g− 4+ n.

It is a general fact that if a group of automorphisms of a simply-connected
simplicial complex has the property that it has finitely many orbits in the set
of vertices, then it is finitely presented. Applying this to Γ(S, P) acting on
Kb(S, P) yields:

Corollary 6.16. The mapping class group Γ(S, P) is finitely presented.

The moduli space of curves as a virtual classifying space. If Γ is a dis-
crete group and M an abelian group on which Γ acts by automorphisms,
then one has defined the cohomology groups Hk(Γ ;M). These can be de-
fined directly as follows: regard Z as a (trivial) Z[Γ ]-module and choose a
resolution · · · → F2 → F1 → F0 → Z → 0 by free Z[Γ ]-modules. Write F•
for the complex · · · → F2 → F1 → F0 → 0 and consider the (co)complex
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HomZ[Γ ](F•,M). Then the kth cohomology group of this complex is inde-
pendent of the resolution and is denoted Hk(Γ,M): it is the kth cohomology
group of Γ with values in M. The automorphism group Aut(Γ) of Γ acts on
each of these groups, but as interior automorphisms are easily seen to act
trivially, that is an action is via Out(Γ).

We can reproduce these groups topologically as the cohomology of a local
system: let E be a contractible space on which Γ acts properly and freely (the
space and the action must be decent, for instance, the space has admits the
structure of a CW complex which is preserved by Γ) and denote by B the
orbit space. Then the homotopy type of B only depends on Γ and B is called
a classifying space of Γ . Moreover, the constant sheaf on E defined by M
comes with a Γ -action and so determines a locally constant sheaf M on B;
it has the property that H•(B,M) = H•(Γ,M). If we drop the freeness of
the action of Γ on E, but retain its properness (so that Γ will act with finite
stabilizers), then this last assertion is still true if M is a Q-vector space. In
particular, H•(B,Q) ∼= H•(Γ,Q). This is precisely the situation that we have
here for the action of the mapping class group Γ(S, P) on the Teichmüller
space T (S, P). This action is proper and the Teichmüller space T (S, P) is
contractible and so we have:

Proposition 6.17. The rational cohomology of Mg,P can be identified with
the rational cohomology of Γg,P.

Actually one can do better and show that there is normal subgroup N ⊂
Γ(S, P) of finite index which acts freely on T (S, P). Then N\T (S, P) is a
classifying space of N and Mg,P is its G-quotient. This property makes Mg,P

what is called a virtual classifying space for Γ(S, P).

7. DOLBAULT COHOMOLOGY AND SERRE DUALITY FOR RIEMANN SURFACES
(REVIEW)

With in mind applications to deformation theory, we briefly review Dol-
bault cohomology, Riemann-Roch and Serre duality for a Riemann surface.

Dolbault cohomology of a coherent sheaf. For a manifold M we denote
by EkM the sheaf of its (C∞) k-forms and by EkM,C := C⊗REkM = EkM+

√
−1EkM

its complexification. The exterior derivative extends complex-linearly to
dC : EkM,C → Ek+1M,C.

We begin with a linear discussion. Let T be an oriented real vector space
of dimension 2. If J is a conformal structure on T (understood here as a
complex structure on T , i.e., as a transformation of T whose square is −1),
then the complexification TC := T ⊗R C decomposes according to the eigen
values of JC: the

√
−1-eigen space is T 1,0 := {v−

√
−1Jv}v∈T and the −

√
−1-

eigen space is T 0,1 := {v +
√
−1Jv}v∈T . Notice that these complex lines are

complex conjugates of each other. Likewise, the 2-dimensional complex
vector space HomR(T,C) splits into two one-dimensional complex vector
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spaces: (T∗)1,0 which consists of the maps φ that are C-linear: φ(Jv) =√
−1φ(v), and its complex conjugate (T∗)0,1, consisting of those that are

antilinear: φ(Jv) = −
√
−1φ(v).

Let C be a Riemann surface. Then E1C,C decomposes accordingly:

E1C,C = E1,0C ⊕ E0,1C

and the two summands are interchanged by complex conjugation. We write
∂ for the first component of dC : E0C,C → E1C,C = E1,0C ⊕E0,1C so that dC = ∂+ ∂̄.
If C happens to be an open subset U of C, then ∂̄f = ∂f

∂z̄dz̄ and so this is
the form that ∂̄ will take in terms of a local coordinate. We thus see that
complex valued function on C is in the kernel of ∂̄ precisely, if in terms of
any local coordinate its ∂

∂z̄ -derivative is zero, and this is just saying that f is
holomorphic.

This generalizes in a neat manner to holomorphic vector bundles over C.
A holomorphic vector bundle over a Riemann surface is a complex vector
bundle for which we are given a (maximal) atlas of charts for which the
transition functions are holomorphic. But for our purpose a better way to
introduce this notion is by singling out the class of its holomorphic local sec-
tions. If E/C be a complex vector bundle of rank r over a Riemann surface,
then we denote by EC(E) the sheaf of its smooth sections; this is a locally
free E0C,C-module of rank r. But for the vector bundle (T∗C)0,1⊗E we prefer
to write E0,1C (E) instead of EC((T∗C)0,1⊗E); if s1, . . . , sr is a basis of sections
of E over an open U ⊂ C, then a sectionω ∈ E0,1(U,E) of E0,1C (E) over U has
the formω =

∑r
i=1ωi⊗si, where eachωi is a (0, 1)-form on U (so if U hap-

pens to be the domain of a chart z, then ωi = φidz̄ for some C∞-function
φi : U→ C).

Definition 7.1. A holomorphic structure on E/C amounts to giving a C-linear
sheaf map ∂̄E : EC(E)→ E0,1C (E) satisfying the following properties:

(i) if s ∈ EC(E) and f ∈ EC,C, then ∂̄E|U(fs) = f∂̄E|U(s) + ∂̄f⊗ s and
(ii) EC(E) is generated by Ker(∂̄E).

If E/C has been equipped with such a structure, then we say that it is a holo-
morphic vector bundle. A local section s ∈ EC(E) is then called holomorphic
if ∂̄E(s) = 0.

Property (ii) says that we can cover C by open subsets U such that E|U
admits a basis of holomorphic sections. If s1, . . . , sr is such a basis, then
an arbitrary section s of E|U can be written s = f1s1 + · · · frsr and so
∂̄E|U(s) =

∑
i ∂̄fi ⊗ si. We see that s is holomorphic if and only if the func-

tions f1, . . . , fr are. So the local holomorphic sections of E form a sheaf of
OC-modules locally free of the same rank as E/C. We denote that sheaf
O(E). An integration argument (which we will not reproduce here) shows
that ∂̄E : EC(E)→ E0,1C (E) is locally surjective, so that we have in fact a short
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exact sequence of abelian sheaves on C:

0→ O(E)→ E(C, E) ∂̄E−→E0,1(C, E)→ 0.

Conversely, every sheaf of locally free OC-modules of finite constant rank
comes from a vector bundle. This discussion also shows how we can pass
from this definition to the atlas definition and vice versa.

Important examples are the holomorphic cotangent bundle of C, whose
sheaf of sections is the sheaf of holomorphic differentials ΩC, and its holo-
morphic dual, the sheaf of holomorphic vector fields θC. Notice that the
standard ways of producing out of vector bundles a new one (like ‘taking
the dual’ or ‘tensor product’) respect the category of holomorphic vector
bundles.

Given a space X, then for every abelian sheaf F over X and every k ∈
Z is defined its cohomology group Hk(X,F). This is zero for k < 0 and
H0(X,F) is the space of its sections. These groups have among other things
the property that a short exact sequence 0 → F ′ → F → F ′′ → 0 of such
sheaves gives rise to a long exact sequence

· · · → Hk(X,F ′) → Hk(X,F) → Hk(X,F ′′) → Hk+1(C,F ′) → · · ·

which is canonical (relative to morphisms of such short exact sequences).
Once one knows of a sufficiently large class of abelian sheaves that they do
not have any cohomology in nonzero degree, then one is often able to com-
pute these groups using the mentioned properties only (so without knowing
the actual definition). An example of such a class consists of the sheaves that
arise from differentiable vector bundles: the sheaf of C∞-sections of a vec-
tor bundle over a manifold has no cohomology in nonzero degree. This can
be used to show that the cohomology of the manifoldM with coefficients in
the constant sheaf RM is the same as its De Rham cohomology.

A similar reasoning shows that for a holomorphic vector bundle E/C,
Hk(C,O(E)) is the cohomology of the Dolbeault complex

0→ E(C, E) ∂̄E−→E0,1(C, E)→ 0,

meaning that

Hk(C,O(E)) =


Ker(∂̄E) = H0(C,O(E)) if k = 0,
Coker(∂̄E) if k = 1,
0 if k 6= 0, 1.

In case C is connected, but not compact, then a fundamental theorem asserts
that H1(C,O(E)) = 0.

Riemann-Roch and Serre duality for a Riemann surface. In this subsec-
tion we assume that C is compact connected of genus g. We mention with-
out proof:
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Theorem 7.2. The Dolbeault cohomology group Hk(C,O(E)) and more gen-
erally, Hk(C,F), where F is a coherent OC-module, is finite dimensional.

The somewhat elusive H1(C,O(E)) can often be understood via Serre du-
ality: denoting by E1,0(C, E∗) resp.Ω(E∗) the sheaf of C∞ resp. holomorphic
sections of the holomorphic cotangent bundle of C tensored with E, then the
duality pairing E⊗ E∗ → CC determines a natural wedge product

∧ : (α,β) ∈ E0,1(C, E)× E1,0(C, E∗)→ α∧ β ∈ E1,1(C) = E2(C)C
Notice that if α = ∂̄α ′ with α ′ ∈ E(C, E) and β is holomorphic (so β ∈
H0(C,Ω(E∗))), then α ∧ β = ∂̄(α ′ ∧ β) = d(α ′ ∧ β). By Stokes theorem
this gets killed after integration over C. Hence (α,β) 7→ ∫C α∧ β induces a
pairing

H1(C,O(E))×H0(C,Ω(E∗))→ C.
The Serre duality theorem states that this pairing is nondegenerate.

Example 7.3. Serre duality identifies the dual ofH1(C,OC) withH0(C,ΩC);
in case C is connected, their common dimension is the genus of C (this
is in fact the way to define the genus in Algebraic Geometry, where one
cannot resort to topology). We also note the duality between H1(C,ΩC)
and H0(C,OC) = C and between H1(C, θC) and H0(C,Ω⊗2C ) (which is the
space of holomorphic quadratic differentials).

For a coherent sheaf F of OC-modules, one defines its Euler characteristic
χ(C,F) by χ(C,F) := dimH0(C,F) − dimH1(C,F). If 0 → F ′ → F →
F ′′ → 0 is a short exact sequence of coherent OC-modules, then its associ-
ated long exact sequence shows that χ(C,F) := χ(C,F ′) + χ(C,F ′′). The
Riemann-Roch theorem tells us that this Euler characteristic is of a topo-
logical nature. The formalism used here makes it easy to compute it from
knowing χ(OC) only. In fact, put deg(F) := rk(F)(g− 1) + χ(F) so that

χ(F) = rk(F)(1− g) + deg(F).
We show how to compute deg(F). With that recipe, the above definition
gets mathematical content and is then called the Riemann-Roch theorem. We
first observe that since χ and rk are additive for short exact sequences, deg is
additive as well. The formula for the genus asserts that χ(OC) = 1−g and so
deg(OC) = 0. If on the other hand F has finite support, then H1(C,F) = 0

and rk(F) = 0, so that deg(F) = dimH0(C,F). Now let D =
∑k
i=1 ni(pi)

be a divisor on C, with p1, . . . , pk distinct and with ni ≥ 0. Then we have a
short exact sequence

0→ OC → OC(D)→ OC(D)/OC → 0.

Notice that OC(D)/OC has finite support and that H0(C,OC(D)/OC) ∼=
⊕ki=1z−niC{z}/C{z}. It follows that the dimension ofH0(C,OC(D)/OC) equals∑k
i=1 ni and so deg(OC(D)/OC) = dimH0(C,OC(D)/OC) =

∑k
i=1 ni. Since

deg(OC) = 0, it then follows that deg(OC(D)) =
∑k
i=1 ni.
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Exercise 15. Prove in a similar fashion that the same formula holds if more
generally ni ∈ Z.

Exercise 16. Prove that deg(ΩC) = 2g− 2.

8. DEFORMATION THEORY OF RIEMANN SURFACES

Orbifolds. Let G be a Lie group which acts smoothly a manifold M and
denote by π : M → G\M the formation of the quotient space. We assume
that G acts properly discontinuously (this means that (g, p) ∈ G ×M 7→
(gp, p) ∈ M ×M is proper) and that the G-stabilizer Gp of every p ∈ M is
finite.

Example 8.1. Let k, l ∈ Z− {0} and let the group C× act on C2 − {(0, 0)} by
assigning to λ ∈ C× the diagonal matrix with entries (λk, λl). This action
is properly continuous. The stabilizer of (z1, z2) is a group of roots of unity
of order gcd(k, l), k, l depending on whether z1z2 6= 0, z1 6= 0 = z2 or
z1 = 0 6= z2.

Exercise 17. Prove that if k and l have the same sign and d := gcd(k, l), then
(z1, z2) ∈ C2 − {(0, 0)} 7→ [z

l/d
1 : z

k/d
1 ] ∈ P1 defines the orbit space. Show that

if k and l have different sign, then the orbits of (1, 0) and (0, 1) cannot be
separated in the orbit space.

Definition 8.2. A slice to the G-action on M is a submanifold S ⊂ M such
that the evaluation map (g, q) ∈ G× S 7→ gq ∈M sends a neighborhood of
{1}× S diffeomorphically onto an open subset of M. We call it a good slice if
in addition every g ∈ G with gS ∩ S 6= ∅ stabilizes S: gS = S.

Exercise 18. Prove that for any slice S ⊂ M, π|S : S → G\M is open. Prove
that if S is a good slice and GS is the group of g ∈ G with gS = S, then π|S
factors through a homeomorphism of GS\S onto an open subset of G\M.

Lemma 8.3. Through every point p ∈ M passes a good slice S whose G-
stabilizer is the finite group Gp. If S ′ is another good slice through p, then after
shrinking both S and S ′, there is a natural Gp-equivariant diffeomorphism
S ∼= S ′ which commutes with π.

Proof. Choose a Riemannian metric on S and make itGp-invariant by replac-
ing it by the sum of itsGp-transforms. The open unit ball B in the orthogonal
complement of TpGp in TpM is clearly invariant under Gp. For ε > 0 small,
the exponential map will map εB diffeomorphically onto a submanifold Sε
of M which meets every orbit transversally. Clearly, Sε wil be Gp-invariant.

The derivative of the map (g, q) ∈ G × Sε 7→ gq ∈ M in (1, p) is a
linear isomorphism and so by the inverse function theorem there exists a
neighborhood U of 1 ∈ G and an ε > 0 such that the evaluation map U ×
Sε →M is a diffeomorphism onto an open subset of M.

Since G acts properly discontinuously on M we can take U and ε > 0
so small that gSε ∩ Sε 6= ∅ implies that g ∈ UGp. So if g ∈ G and q ∈ Sε
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are such that gq ∈ Sε, then g = g ′′g ′ with g ′ ∈ Gp and g ′′ ∈ U. But then
g ′q ∈ Sε (for Sε is Gp-invariant) and sinceU×Sε →M is injective, it follows
that g ′′ = 1. Hence S := Sε is as desired.

If S ′ is another good slice, then after shrinking S, there is for every q ∈ S
a unique g ∈ U with gq ∈ S. Then q ∈ S 7→ gq ∈ S ′ maps the good slice S
diffeomorphically onto a good slice contained in S ′. �

If S is a slice at p, then TpS is a supplement in TpM of the tangent space
Tp(Gp) of the G-orbit of p and so we may identify TpS with the normal space
TpM/Tp(Gp), or equivalently, with the cokernel of the map Lie(G) → TpM
obtained from the derivative of the G-action (where Lie(G) denotes the Lie
algebra of G).

Notice that if Gp is trivial, then a good slice maps homeomorphically onto
an open subset of G\M. This exhibits a C∞-structure on that open subset.
Lemma 8.3 shows that this structure is independent of the slice. The tangent
space of G\M at π(p) may be identified with TpM/Tp(Gp).

When the stabilizersGp are nontrivial one still feels that there some struc-
ture on G\M worth remembering (and elucidating) and whose complexity
does not go beyond that of the case when G is finite. A satisfactory way to
nail this down is by regarding the good slices, or rather, their maps to open
subsets of G\M, as charts of G\M, just as one may define a differentiable
structure on a manifold. We will here loosely refer to this structure as an
orbifold.

Remark 8.4. The actual definition of an orbifold does not assume that everything
comes from a Lie group acting on a manifold. An orbifold atlas for a Hausdorff
space X is a collection S of triples (S,GS, πS), where S is a smooth manifold, GS a
discrete group acting properly discontinuously on S and πS : S → X a continuous
open map which is constant on the GS-orbits and which induces a homeomorphism
of GS\S onto an open subset of X. In addition one assumes that there are the ana-
logues of inclusions between open subsets that turn S into a category: a morphism
(S ′, GS ′ , πS ′)→ (S,GS, πS) is given by a group monomorphism φ : GS ′ → GS and
an open GS ′ -equivariant embedding f : S ′ → S over X (i.e., such that πSf = πS ′

and fg = φ(g)f for all g ∈ GS ′) which identifies GS ′ with the G-stabilizer of f(S ′).
This is set up in such a manner that the morphisms with fixed target (S,GS, πS)
render the same service for GS\S as the whole structure is supposed to provide for
the original context (i.e., G\M): we demand that any open covering of S can be
refined as a covering by the images of S-morphisms.

An orbifold structure on X is simply an orbifold atlas that is not contained in a
strictly bigger one.

An example to keep in mind is M = Conf(TS/S) and G = Diff+(S, P). Its
sheer infinite dimensionality makes this fall outside the scope of the discus-
sion above. Yet the associated orbifold exists and is here representable by
a single triple, namely (T (S, P), Γ(S, P), T (S, P) → Mg,P). The notion of a
good slice will here only serve as a useful heuristic that helps us to justify
the notion of universal deformation that we will introduce in order to put
more structure onMg,P.
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Heuristic approach towards the tangent bundle of Teichmüller space.
Here S is a closed connected surface of genus g and P ⊂ S is an n-element
subset. Let J be a conformal structure on S, so that we have a Riemann
surface C. The stabilizer of J in Diff+(S, P) is the group of automorphisms of
C that are the identity on P. In the nonhyperbolic cases (g, n) = (0, 0), (0, 1),
(0, 2), (1, 0), this group is infinite, but otherwise it acts on C◦ as a group of
isometries and can easily be shown to be finite. We therefore assume that
2g − 2 + n > 0. Let J be a conformal structure on S, so that we have a
Riemann surface C. We want to compute the tangent space of T (S, P) at
the point defined by [J]. We take a naive approach: we first determine the
space of first order deformations of J in Conf(S) and divide out by the space
of first order deformations that come from Diffo(S, P) (of which we think as
a vector fields on S that are zero on P).

Let T be an oriented real vector space of dimension 2 as before. If J
is a conformal structure on T , then we have defined T 1,0J ⊂ TC and the
composite map T ⊂ TC → TC/T

0,1
J has the property that this yields a C-

linear isomorphism of (T, J) onto TC/T 0,1J . We see from this description that
J is completely determined by T 0,1J . Conversely, if L ⊂ TC is such that the
R-linear map T ⊂ TC → TC/L is orientation preserving (where we give TC/L
the orientation defined by its complex structure), then we can transfer the
complex structure of TC/L to T and get an element of Conf(T). We cannot
have L = T 1,0J (for T ⊂ TC → TC/T

1,0
J is orientation reversing) and so L can

be given as the graph of a C-linear map φ : T 0,1J → T 1,0J . Which φ occur this
way? If e ∈ T is nonzero, then e−

√
−1Je ∈ T 1,0J resp. e+

√
−1Je ∈ T 0,1J are

generators and so if φ(e+
√
−1Je) = λ(e−

√
−1Je), with λ ∈ C, then

e+
√
−1Je+λ(e−

√
−1Je) = (1+λ)e+

√
−1(1−λ)Je = (1+λ)

(
e+
√
−1
1− λ

1+ λ
Je
)

is a generator of L. Since L cannot be real, it follows that Re( 1−λ1+λ) 6= 0, or
equivalently, |λ| 6= 1. We need to be in the part where the complex structure
is compatible with the given orientation and this amounts to the condition
|λ| < 1. We thus find:

Lemma 8.5. The space of conformal structures on T , Conf(T), can be identified
with the open subset of the complex projective line P(TC) parametrizing the
complex lines L ⊂ TC for which T ⊂ TC → TC/L is an orientation preserving
R-linear isomorphism, hence has a natural complex structure (it is in fact a
copy of the complex unit disk). Its tangent space T[J] Conf(T) is as a complex
vector space naturally isomorphic HomC(T

0,1
J , T 1,0J ) = (T∗)0,1J ⊗C T

1,0
J .

We return to C = (S, J). Lemma 8.5 shows that the tangent space of
Conf(TS/S) at [J] is the space of sections of the complex vector bundle
Hom(T 0,1C, T 1,0C). But this is just E0,1(T 1,0C).

Suppose we have a curve t ∈ (−ε, ε) 7→ ht ∈ Diff0(S) with h0 = 1. Then
this defines a vector field d

dt |t=0ht on S. It is a real section of the complexified
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tangent bundle T 1,0C⊕T 0,1C: d
dt |t=0 = (X, X̄), with X ∈ E(C, T 1,0C). We thus

regard E(C, T 1,0C) as the Lie algebra of Diff0(S).
The tangent vector of Conf(TS/S) defined by the curve t ∈ (−ε, ε) 7→ h∗t J

is given as d
dt |t=0h

∗
t J ∈ Hom(T 0,1C, T 1,0C) and we want to understand this

as an element of E0,1(T 1,0C). If (U, z) is a coordinate chart for C, then

h∗tdz =
∂ht

∂z
dz+

∂ht

∂z̄
dz̄.

We have h∗tdz ≡ dz (mod t) (for h0 is the identity) and ∂
∂t |t=0

∂ht
∂z̄ dz̄ =

∂
∂z̄(

∂ht
∂t |t=0)dz̄ = ∂̄X. Hence the tangent vector of Conf(TS/S) is on U given

by ∂
∂z̄ 7→ ∂X

∂z̄ or equivalently, by ∂̄X. Thus the tangent space of the Diff0(S)-
orbit of [J] can be identified with ∂̄E(C, T 1,0C) ⊂ E0,1(C, T 1,0C).

This suggests that the tangent space T[J]T (S) of T (S) at [J] can be iden-
tified as the Dolbeault cohomology space H1(C, θC). In particular, that it
has a natural complex structure. So by Serre duality its complex dual (the
cotangent space T∗[J]T (S)) should be identified with the space of quadratic

differentials H0(C,Ω⊗2C ).
A similar heuristic reasoning shows that the tangent space T[J]T (S, P) of

T (S) at [J] can be identified with H1(C, θC(P)), where θC(−P) is the sheaf
of holomorphic vector fields which vanish in P.

Deformation theory. The Ehresmann fibration theorem says that a proper
submersion f :M → B between manifolds is C∞-locally trivial. So for any
o ∈ B there exist an open neighborhood U of o in B and a differentiable
retraction r :MU → Mo such that (fU, r) :MU → U ×Mo is a diffeomor-
phism. Notice that then for every b ∈ U, r restricts to a diffeomorphism
rb :Mb

∼=Mo. This diffeomorphism varies smoothly with b and since r is a
retract, ro is the identity. If U is path connected, then the isotopy class of rb
is independent of the choice of r, for if r ′ is another differentiable retraction
r : MU → Mo as above, then choose a path γ : [0, 1] → U from o to b. The
map t ∈ [0, 1] 7→ ht := r ′γ(t)r

−1
γ(t) ∈ Diff(Mo) is a path with h0 the identity

and so htro connects h0rb = rb with h1rb = r ′br
−1
b rb = r ′b. In other words,

we have a natural identification of Mb with Mo up to isotopy. The Ehres-
mann fibration theorem has also relative version: if in the situation above,
N ⊂M is a closed submanifold such that f|N is also a submersion, then we
may choose U and r in such a manner that (fU, r) maps NU onto U × No.
We find that for U path connected, we have for every b ∈ U a well-defined
isotopy class of diffeomorphisms of (Mb, Nb) onto (Mo, No). This makes
the Ehresmann fibration theorem a convenient tool for the study of complex
structures up to isotopy. In particular, it suggests:

Definition 8.6 (A family of pointed Riemann surfaces). Let B be a complex
manifold. A family of P-pointed Riemann surfaces of genus g consists a proper
holomorphic submersion of complex manifolds f : C → B endowed with a
set xP pairwise disjoint holomorphic sections (xp : B → C)p∈P such that



MODULI SPACES OF RIEMANN SURFACES AT TSINGHUA 45

every fiber Cb := f−1(b) is a connected Riemann surface of genus g. We call
the domain and range of f the total space and the base respectively.

So if U ⊂ B is a path connected open subset such that f is C∞-locally
trivial over U relative to the sections indexed by P with fiber (S, P), then we
have define a map from to the Teichmüller space T (S, P). We will also need
a local version:

Definition 8.7 (Deformation of a pointed Riemann surface). Let C be a
closed Riemann surface and P ⊂ C a finite subset. A deformation of (C, P)
consists of a holomorphic submersion of complex manifolds f : C → B, a
set xP of holomorphic sections (xp : B → C)p∈P, a point o ∈ B and an
isomorphism of complex manifolds ι : C ∼= Co such that ι(p) = xp(o) for all
p. It is here understood that for any neighborhood U of o in B, the system
(fU : CU → U, xP |U, o, ι) defines the same deformation.

A deformation is therefore given as a system D = (f, xP, ι) where f :
(C, Co) → (B, o) is a germ of a submersion, ι : C ∼= Co an isomorphism,
and xp : (B, o) → (C, Co) a germ of a section with ι(p) = xp(o). We need
not require that the sections are pairwise disjoint: since their values in o
are distinct, so will be their values in a neighborhood of o. The preceding
shows that if S is the surface underlying C, then for B connected but so
small that the sections xp are pairwise disjoint, then such a deformation
yields a continuous map B→ T (S, P). We call this the classifying map of the
deformation (although strictly speaking this is only defined as map-germ
(B, o)→ T (S, P)). Note also that f then defines a deformation of (Cb, P) for
every b ∈ B.

The deformations are the objects of a category DefC,P for which a mor-
phism D ′ → D is given by a Cartesian diagram

(C ′, C ′o)
Φ−−−−→ (C, Co)

f ′
y f

y
(B ′, o ′)

φ−−−−→ (B, o)

of holomorphic maps such that ι = Φι ′ and Φx ′p = xpφ for all p ∈ P. We
recall that the Cartesian property means that the diagram is commutative
and that the resulting map from (C ′, C ′o) to the fiber product (B ′, o ′) ×(B,o)

(C, Co) is an isomorphism, where

B ′ ×B C = {(b ′, q) ∈ B ′ × C | φ(b ′) = f(q)}.
The Cartesian property implies that Φ maps C ′b ′ isomorphically onto Cφ(b ′),
taking x ′(p) to x(p). So the mere existence of a morphism D ′ → D implies
that D is richer than D ′ in the sense that every deformed complex structure
appearing in the family D ′ appears in D.

Remark 8.8. One actually wants to allow the base germ (B, o) to be singular and
asks that f is local-analytically trivial on C: at every point x ∈ Co, f is the last
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component of an isomorphism of germs (C, x) ∼= (Co, x) × (B, o) (this is usually
phrased by asking that f be flat), but the more restrictive definition above is good
enough for our purposes.

Definition 8.9. We say that a deformation D is universal if it is a final object
of the deformation category DefC,P.

We recall that a universal object of a category must be unique up to
unique isomorphism. The notion of a universal deformation will serve as
a workable substitute for our previously defined notion of a good slice.
Let us show for instance, that if D = (f, xP, ι) is a universal deformation,
then the stabilizer of the point of T (S, P) defined by the conformal struc-
ture defined by J acts on it. To see this, note that if h ∈ Aut(C, P), then
Dh = (f, xP, ιh

−1) is also a deformation (C, P) and so there is a unique
morphism (Φh, φh) : Dh → D. This means that the triple (h,Φ,φh) de-

fines an endomorphism of the diagram C
ι−→(C, Co)

f−→(B, o) in such a way
that it commutes with the sections (xp)p∈P. If h ′ ∈ Aut(C, P) is another
automorphism, then the uniqueness property of the universal deformation
implies that ΦhΦh ′ = Φhh ′ and φhφh ′ = φhh ′ . It then follows that h 7→
(h,Φh, φh) defines an action of Aut(C, P) on the universal deformation with
(h−1, Φh−1 , φh−1) giving the two-sided inverse of (h,Φ,φh).

The Kodaira Spencer map. We define for a (not necessarily universal) de-
formation D = (f, xP, ι) a linear map ToB → H1(C, θC) that can be under-
stood as the derivative of the associated map-germ (B, o) → T (S, P). Since
f is a submersion and ι an isomorphism onto its fiber over o, we have for
every q ∈ C an exact sequence

0→ TqC
Dqι−−−−→ Tι(q)C

Dι(q)f−−−−→ ToB→ 0.

This leads to the following exact sequence of vector bundles

0→ θC → ι∗θC → OC ⊗ ToB→ 0

Let θC(log xP) ⊂ θC denote the sheaf of vector fields on C that are tan-
gent to the sections (xp)p∈P. So θC(log xP) equals θC away from ∪p∈Pxp(B).
At a point xp(b) we can describe it as follows: choose local coordinates
(w1, . . . , wk) on a neighborhood V of b ∈ B and a holomorphic function z0
on a neighborhood U of xp(b) in f−1V which is zero on xp(B) and is such
that (z0, z1 := f∗w1, . . . , zk := f∗wk) is a coordinate system on U. Then the
sheaf θC,xP |U has as a OU-module the basis z0 ∂

∂z0
, ∂
∂z1
, . . . ∂

∂zk
. It follows that

ι∗θC(log xP) is equal to ι∗θC away from P and if p ∈ P, then for a coordi-
nate system as above with b = o (so that xp(o) = ι(p)), ι∗θC |Uo has the
OUo-basis z0 ∂

∂z0
, ∂
∂z1
, . . . ∂

∂zk
, where Uo = ι−1U. We now see that the above

sequence becomes the exact sequence

0→ θC(−P)→ ι∗θC(log xP)→ OC ⊗ ToB→ 0.
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Its long exact cohomology sequence begins as

0→ H0(C, θC(−P))→ H0(C, ι∗θC(log xP))→ ToB
δ−→H1(C, θC(−P))→ . . .

and the map δ : ToB → H1(C, θC(−P)) is the one are after. It is called the
Kodaira Spencer map.

Lemma 8.10. We have H0(C, θC(−P)) = 0 if and only if we are in the hyper-
bolic case (2g−2+n > 0), and then H1(C, θC(−P)) is of dimension 3g−3+n.

Proof. Observe that H0(C, θC(−P)) is the space of holomorphic vector fields
on C that are zero in P. Any nontrivial vector field on C has as many zeroes
(counted with multiplicity) as its Euler characteristic 2 − 2g. So for g > 1,
there is no such vector field, for g = 1 it is without zeroes, and for g = 0 it
has two zeroes. These exceptions correspond to the nonhyperbolic cases.

Assuming that H0(C, θC(−P)) = 0, then the Riemann-Roch formula im-
plies that dimCH

1(C, θC(−P)) = g − 1 − deg(θC(−P)). We have deg(θC) =
−deg(ΩC) = 2 − 2g and hence deg(θC(−P)) = 2 − 2g − n. The lemma
follows. �

Here is the central result:

Theorem 8.11. Assume that we are in the hyperbolic case: S◦ has negative
Euler characteristic. Then a deformation (C, P) is universal if and only if its
Kodaira-Spencer map is an isomorphism. If these equivalent conditions are
satisfied, then the deformation can be represented by a family which defines a
universal deformation of each of its fibers and whose classifying map is home-
omorphism onto an open subset of T (S, P).

The proof, which we omit, involves a fair amount of work.
The classifying maps of universal deformations as above now provide an

atlas for T (S, P). Since a universal deformation is unique up to unique
(holomorphic) isomorphism, we conclude:

Corollary 8.12. Suppose S◦ has negative Euler characteristic. Then T (S, P)
has the structure of a complex manifold that is characterized by the property
that the classifying maps of universal deformations are local isomorphisms. In
fact, T (S, P) supports the universal Teichmüller family: it is the base of a P-
pointed family (C(S, P) → T (S, P), xP) of genus g Riemann surfaces in such a
manner that for every b ∈ T (S, P), the germ of this family at b is a universal
deformation of the fiber (Cb, P). The complex tangent space of T (S, P) at b is
naturally identified with H1(Cb, θCb(P)).

The mapping class group Γ(S, P) acts on this family as a group of biholo-
morphic transformations. The Γ(S, P)-stabilizer of any b ∈ T (S, P) is just the
group of automorphisms of Cb that leave every xp(b) fixed.

So the group Γ(S, P) acts faithfully on C(S, P). It need not be so on T (S, P)
as the two examples below will show.
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Example 8.13. The case (g, n) = (1, 1). We know that (Γ1,1, T1,1) can be
identified with (SL(2,Z),H) and so SL(2,Z) acts on H with kernel its center
{±1}. The universal family pointed family (f : C → H, x0) is then obtained
as the quotient of H × C by the lattice of translations acting by (k, l) ∈
Z2 : (τ, z) 7→ (τ, z + k + lτ) and x0 : H → C is given by τ 7→ (τ, 0). The
mapping class group action on this pointed family is then defined by letting(
a b
c d

)
∈ SL(2,Z) act on C as

(τ, z+ Z+ τZ) ∈ C 7→ (aτ+ b
cτ+ d

,
z

cτ+ d
+ Z+

aτ+ b

cτ+ d
Z
)
∈ C.

This is best seen by regarding H as the space of oriented R-bases of C up
to multiplication by a complex nonzero scalar: then every basis is uniquely
represented by one of the form (1, τ) with τ ∈ H. The group SL(2,Z) acts
by letting

(
a b
c d

)
send the basis (1, τ) to the basis (cτ+ d, aτ+ b), which is a

basis of the same lattice Z + τZ. But that basis is represented by (1, aτ+bcτ+d ).
Thus (1, τ; z + Z + τZ) ∈ C goes to (cτ + d, aτ + b; z + Z + τZ), and this is
represented by (1, aτ+bcτ+d ;

z
cτ+d + Z+ aτ+b

cτ+dZ) ∈ C.
The element −1 ∈ SL(2,Z) leaves every fiber Cτ of C → H fixed and

acts there as minus the identity: z + Z + τZ 7→ −z + Z + τZ. That action
has in Cτ as its fixed points the subgroup of elements of order ≤ 2: the
image of ( 12Z)

2/Z2 in Cτ = C/Z + τZ. The orbit space {±1}\Cτ has the
structure of a compact Riemann surface. Since −1 has 4 fixed points, we
have the following identity for the Euler characteristic 2χ({±1}\Cτ) − 4 =
2χ(Cτ) = 0, and so χ({±1}\Cτ) = 2. This implies that {±1}\Cτ ∼= P1. So
if we divide out C → H by {±1}, we find a family C := {±1}\C → H whose
fibers are isomorphic to P1. It has four pairwise disjoint sections indexed by
P := Z/2× Z/2, three of which can be used to trivialize this bundle.

In fact, we can say a bit more. Since C → H with its four sections indexed
by P = ( 12Z)

2/Z2 ∼= (Z/2)2 is a family of P-pointed genus zero curves, we
have a classifying map H = T1,1 → T0,P covered by a map C → C0,P. Both
are actually isomorphisms, for an inverse is defined as follows: given an
embedding i : P ↪→ P1, then we can make a double cover C(i) → P1 of P1
ramified in the image of P and this produces a genus one Riemann surface
for which the covering transformation acts as minus the identity relative to
one of the ramification points (recall that an automorphism of a genus one
surface can be linearized). If g ∈ PSL(2,C), then g lifts to an isomorphism
g̃ : C(i) ∼= C(gi) and g̃ is unique up to sign. This defines the inverses
T0,P → H and C0,P → C.

Thus C → H acquires the interpretation of C0,P → T0,P. Under this iden-
tification, the mapping class group Γ0,P becomes a subgroup of PSL(2,Z):
SL(2,Z) acts on Z2 hence on the three element set (Z/2)2 − {(0, ))} = P −
{(0, 0)} (which we might think of as the projective line over Z/2) and that
last action is via PSL(2,Z). The image is the full symmetric group of these
three points. The subgroup of PSL(2,Z) which leaves each of these fixed,
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i.e., the kernel of PSL(2,Z) → PSL(2,Z/2), is denoted PΓ(2) ⊂ PSL(2,Z)
and appears here as Γ0,P.

This discussion shows that T1,1 and T0,P ∼= T0,4 are isomorphic as complex
manifolds, but not as orbifolds: this only happens after we have divided out
the orbifold T1,1 by the trivially acting group {±1}; we therefore better write
this as T 1,1 ∼= T0,4.
Example 8.14. The case (g, n) = (2, 0) is similar to the preceding one. It is
known that a closed connected Riemann surface C of genus 2 is hyperellip-
tic: it has an involution ιC with the property that the orbit space ιC\C of ιC
is isomorphic to the Riemann sphere P1. This involution is unique and has
6 fixed points. Conversely, given six distinct points in P1, then the double
cover of P1 ramified in these six points is of genus two. We have Γ2 acting
on T2 with a kernel {1, ι}. The quotient Γ 2 := Γ2/{1, ι} acts on T0,6, but per-
mutes the six points and its image is in fact the full permutation group of
these points. So we get an identification of T 2 := {1, ι}\T2 with T0,6 and an
identification of Γ0,6 with the kernel of a surjection Γ 2 → S6.

At this point it is clear that if divide out the universal Teichmüller family
by Γ(S, P), then we do not get a family Cg,P →Mg,P of P-pointed Riemann
surfaces over Mg,P when orbifold type structure is ignored. For a fibre is
always the quotient of a Riemann surface by its group of automorphisms
which leave P pointwise fixed. But if we take into account the orbifold
structure, then it becomes legitimate to think of this as universal family.
The notation Cg,P →Mg,P is then understood accordingly.

Exercise 19. The elliptic curve defined by the Gauß lattice Z +
√
−1Z, i.e.,

C := C/(Z+
√
−1Z (with the image of 0 as origin) has automorphism group

of order 4. Prove this and analyze how the group acts on the universal
deformation of C. Try to determine what kind of singularities appear on the
total space if we divide out the universal deformation by this group.

The Weil-Petersson metric. Recall that if b ∈ T (S, P), then the complex
tangent space TbT (S, P) can be identified with H1(Cb, θCb(−P). Let us write
C for Cb. By Serre duality, the complex dual TbT (S, P) is then identified with
H0(C,Ω2C(P)). We also have a hyperbolic metric on CP. We show how this
leads to a Hermitian inner product on H0(C,Ω2C(P)). Such an inner product
determines one on its dual and so TbT (S, P) receives an inner product as
well. This is what is called the Weil-Petersson metric gWP on T (S, P).

Let η1, η2 be sections of Ω2C(P). In terms of a local coordinate z on C◦

they are written ηi = fidz
2 and so η1 ⊗ η̄2 then takes the form f1f2|dz|

4. If
we write the hyperbolic metric g as φ|dz|2 (with φ real valued and positive)
,then η1 ⊗ η̄2/g is given by φ−1f1f2|dz|

2. We may interpret this as a 2-form
by replacing |dz|2 = dx2 + dy2 by dx∧ dy = 1

2

√
−1dz∧ dz̄. We denote this

2-form η1 ?WP η2 and then define the Weil-Petersson inner product by

〈η1, η2〉WP :=

∫
C◦
η1 ?WP η2.
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It is however not yet clear that this integral converges, for C◦ is not com-
pact. Let us see what the situation is near a point p ∈ P. Then fi may
have a pole of order one. On the other hand, by Proposition 4.5 we have
a local coordinate z at p such that for 0 < |z| < ε such that if we write
z = exp(2π

√
−1τ), then the metric pulls back to (Im τ)−2|dτ|2. We have

z−1dz2 = −4π2 exp(2π
√
−1τ)dτ2 and so if we write τ = s +

√
−1t, and

fi = z
−1φi with φi holomorpic and bounded by Ci > 0, say, then

|f1dz
2|.|f2dz

2|/g ≤ C1C2.|z−1dz2|2/g = 16π4C1C2t
2 exp(−4πt)ds∧ dt.

and this is clearly absolutely integrable over the strip 0 ≤ t ≤ 1, s ≥ −1
2π log ε.

Hence
∫
C◦ η1 ?WP η2 converges absolutely.

The Weil-Petersson metric identifies TbT (S, P) and H0(C,Ω2C(P)) as real
vector spaces, but under this identification their complex structures are op-
posite: we really have an identification of T 0,1b T (S, P) ∼= H0(C,Ω2C(P)) as
complex vector spaces. Via this identification we may understand the Te-
ichmüller flow defined in Section 6 as one which is generated by a tangent
vector of T (S, P). It turns out that the Weil-Petersson metric is not complete.

Let T be a real vector space endowed with complex structure J. If H :
T × T → C is a Hermitian form on (T, J) then its imaginary part A := Imh :

T × T → R is antisymmetric (for ImH(v ′, v) = ImH(v, v ′) = − ImH(v, v ′))
and invariant under the complex structure in the sense that H(Jv, Jv ′) =
ImH(v, v ′). The identity H(v, v ′) = A(Jv, v ′) +

√
−1A(v, v ′) shows that H

is determined by A and J and that H is nondegenerate if and only if A is.
So a Hermitian metric h on a complex manifold M has its imaginary part
Im(h) a nondegenerate 2-form. If that 2-form is closed, we say that h is a
Kähler metric. Such then the underlying C∞-manifold endowed with the
symplectic form Im(h) is a symplectic manifold.

Ahlfors proved that the Weil-Petersson metric is a Kähler metric. Wolpert
[] found a nice relation with the shearing action that we mention without
proof:

Theorem 8.15. Let α be an isotopy class of embedded circles in S◦ which do
not bound an open disk or an open cylinder and let `α : T (S, P)→ R>0 be the
corresponding length function. Then half the associated Hamiltonian action on
T (S, P) is the shearing action defined by α on T (S, P): if ∂α is the vector field
on T (S, P) defined by the derivative of that action, then d`α = 1

2 Imh(−, ∂α).

If we let α run over the 3g − 3 + n connected components of a pants de-
composition A of S◦ , then the corresponding shearing actions commute
and since 3g − 3 + n = 1

2 dimR T (S, P), we thus get a completely inte-
grable system. This can be simpler stated in terms of the diffeomorphism
(`α, tα)α∈π0(A) : T (S, P)→ (R× R>0)π0(A) found in Theorem 4.6:

ImgWP =
∑

α∈π0(A)

1
2d`α ∧ dtα.
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The quasi-projective structure on the universal family. The construction
of the universal orbifold family Cg,P → Mg,P can also be carried out in
the context of algebraic geometry. This can be done over any algebraically
closed field and it is then constructed as a Deligne-Mumford stack, which is
the algebro-geometric analogue of an orbifold. As this requires a substantial
background in algebraic geometry, we only sketch this approach and use
freely the language of algebraic geometry. Assume 2g − 2 + n > 0 and
let K be an algebraically closed field. We construct a vector space V, a
representation W of SL(V) and SL(V)-invariant subvarieties Z ⊂ P(W) and
CZ ⊂ P(V) × Z ⊂ P(V) × P(W) with SL(V)-equivariant sections (xp : Z →
CZ)p∈P of the projection fZ : CZ → Z (all defined over K) such that the
system (fZ, (xp)p∈P) is a family of P-pointed nonsingular connected curves
of genus g on which GL(V) acts properly with finite stabilizers. It will have
the property that the associated orbifold, or rather its algebro-geometric
counterpart, is a K-model of Cg,P →Mg,P.

We proceed as follows. Let (C, P) be a P-pointed nonsingular connected
projective curve over K. The Riemann-Roch theorem implies that a line
bundle on C of degree d ≥ 2g + 1 is very ample and that its linear system
embeds C in a projective space of dimension d − g. The degree of ΩC(P) is
2g − 2 + n and so for every r ≥ 3, ΩC(P)⊗r is very ample and embeds C in
P(H0(C,ΩC(P)⊗r)∗). The image of C is then the common intersection of all
the degree d hypersurfaces passing through C, at least for d large enough
(and depending only on r, g and n). Their defining equations make up a
subspace of Symd

(
H0(C,ΩC(P)

⊗r)
)

that can be identified with the kernel
of the evident linear map

Symd
(
H0(C,ΩC(P)

⊗r)
)→ H0(C,ΩC(P)

⊗rd).

With the help of Riemann-Roch one can show that this map is also surjective.
We putNr := χ(ΩC(P)⊗r) = r(2g−2+n)−g+1 so that dimH0(C,ΩC(P)⊗r) =
Nr and the above kernel has codimension Nrd. Now let V be a fixed K-
vector space of dimension Nr, e.g., KNr . Choose an isomorphism of V∗

onto H0(C,ΩC(P)⊗r). Then the above kernel determines a linear subspace
E ⊂ Symd V∗ of codimensionNrd and if we think of this subspace as a linear
space of homogeneous polynomials of degree d on V, then the projective
variety it defines in P(V) is a copy CE of C. The subspace E ⊂ Symd V∗

of codimension Nrd corresponds to a subspace E⊥ ⊂ Symd V of dimension
Nrd. Notice that E⊥ is completely given by its determinant line ∧NrdE⊥ ⊂
∧Nrd Symd V, for it is the set of vectors u ∈ Symd V with u∧ (∧NrdE⊥) = 0.
Each p ∈ P also defines a line Lp ∈ V and so we have a line ∧NrdE⊥ ⊗⊗

p∈P Lp in the vector space W := ∧Nrd Symd V ⊗
⊗

p∈P Vp, or equivalently
a point z := [∧NrdE⊥⊗

⊗
p∈P Lp] ∈ P(W). We claim that z determines CE as

well as a P-pointing of CE, so that that (CE, P) is isomorphic to (C, P). Ob-
serve first that from z we can completely recover E and the Lp’s: any genera-
tor v of the line defined by z can be written uE⊗

⊗
p∈P vp with uE ∈ ∧NrdE⊥,
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vp ∈ Vp all nonzero and these vectors are unique up to scalar. We thus re-
cover each Lp and E⊥. Hence we recover E and CE. The point defined by Lp
lies on CE and defines a P-pointing of CE as asserted.

Notice thatW can be viewed as a representation of GL(V). Another choice
of isomorphism may determine another such line inW but always lies in the
GL(V)-orbit of L. In P(W) this amounts to a PSL(V)-orbit, or, as we prefer,
a SL(V)-orbit. So we have found a SL(V)-invariant subset Z ⊂ P(W) whose
SL(V)-orbits are in bijective correspondence with the isomorphism types of
pairs (C, P). It can be shown that this subset is in fact a (not necessarily
closed) subvariety of P(W) (the more precise statement is that this an open
subset of a Hilbert scheme of P(W)) and that the group SL(V) acts properly
onW with finite stabilizers: the map (g, z) ∈ SL(W)×Z 7→ (g(z), z) ∈ Z×Z
is a finite morphism. Since z ∈ Z determines a P-pointed curve in P(V), we
see that we have a family of P-pointed curves (fZ : CZ ⊂ P(V)× Z→ Z, xP).
It has the property that the SL(V)-orbits in Z are in bijective correspondence
with the isomorphism types of P-pointed nonsingular connected genus g
curves over K. Dividing out this family by the SL(V)-action yields the desired
K-model of Cg,P →Mg,P.

We will see that this construction also leads to projective compactification
ofMg,P via geometric invariant theory.

9. HARVEY BORDIFICATION AND DELIGNE-MUMFORD COMPACTIFICATION

In this section S is a closed connected surface of genus g and P ⊂ S a
finite subset of n elements with 2g − 2 + n > 0. We retain our convention
to abbreviate S− P by S◦.

Our goal is to describe two related compactifications ofMg,P, the Harvey
bordification M+

g,P, and the Deligne-Mumford compactification Mg,P. Both
are geometrically meaningful (they have a modular interpretation, one might
say) in the sense that the boundary parameterizes degenerate objects. In
the former case, we allow the conformal structure (or rather the hyperbolic
metric) to degenerate on a fixed surface of genus g. The boundary will then
have real codimension one andM+

g,P becomes an orbifold with corners. On
the other hand, the Deligne-Mumford compactification allows the topology
of S to degenerate so that it becomes a singular surface and this can be
carried out in the complex-analytic (even algebro-geometric) category so
that Mg,P is a complex-analytic orbifold. The boundary is then a normal
crossing divisor. The two compactifications are related through a natural
map M+

g,P → Mg,P, which can be understood as a real oriented blowup.
Both compactifications can be obtained as Γ(S, P)-quotients of extensions
T +
g,P resp. T g,P of Tg,P.

The curve complex. Consider the collection A(S◦) of isotopy classes of em-
bedded circles in S◦ that do not bound a disk in S which meets P in at most
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one point. We make this collection the vertex set of a simplicial complex,
called the curve complex, as follows: we agree that a nonempty finite subset
a ⊂ A(S◦) spans a simplex if and only if its elements can be represented
by pairwise disjointly embedded circles. So the simplex a of A(S◦) can be
thought of as an isotopy class of closed 1-dimensional submanifolds A ⊂ S◦
with the property that every connected component of S◦ − A has negative
Euler characteristic. Observe that Γ(S, P) acts on this complex.

Exercise 20. Prove that a pants decomposition of S◦ defines a maximal sim-
plex of A(S◦) and that every maximal simplex is of this form. Conclude
that the geometric realization |A(S◦)| of A(S◦) is everywhere of dimension
3g− 4+ n.

Example 9.1 (The case of a punctured torus). We illustrate the preceding with
the case (g, n) = (1, 1). Let us first observe that the curve complex of the once
pointed torus (S := (R2/Z2, P = {o}) is discrete (there are no 1-simplices), where
o is the origin. If α ⊂ S◦ is an embedded circle which does not bound a disk in S,
then cutting S open along α is diffeomorphic to a cylinder that has the image of o a
distinguished point in its interior. Any two such pointed cylinders are diffeomorphic
to each other and from this we can easily deduce that there the group Diff+(S, P)
acts transitively the set of such embedded circles. So Γ1,1 acts transitively on A(S◦).

We claim the identification of (T1,1, Γ1,1) with (H,SL(2,Z)) identifies of the Γ1,1-
set A(S◦) with the projective line P1(Q) with its evident SL(2,Z)-action. The cor-
respondence goes like this: Let q ∈ P1(Q) and represent q by a pair (a, b) ∈ Z2
with a, b relatively prime. This representation is unique up to sign. Then the map
t ∈ R 7→ (a, b) (mod Z2) is periodic modulo Z and its image is an embedded circle
in Swhich passes through p. The embedded circles parallel to this circle not passing
through o are parametrized by an open interval and lie in a single Diff0(S, P)-orbit.
If we orient any such circle by its parametrization, then it defines a homology class
in H1(S◦) and that class is under the obvious isomorphism H1(S

◦) ∼= Z2 equal to
(a, b) (the opposite orientation yields (−a,−b)). This shows that q determines an
element aq ∈ A(S, P) and that q ∈ P1(Q) 7→ A(S◦) is injective. This map is also
equivariant if we identify SL(2,Z) with Γ1,1. Since the latter is transitive on A(S◦),
it follows that the map P1(Q)→ A(S◦) is also surjective.

Let A ⊂ S◦ represent a simplex a of A(S◦), i.e., a closed one-dimensional
submanifold of S◦ such that every connected component of S◦ −A has neg-
ative Euler characteristic, with the connected components of A effectively
indexed by the finite set a. So if S ′ is such a connected component, then
it is of the same type as S◦: we may make it compact by adding a finite
set, namely S ′ ∩ P and a point for every oriented connected component of
A which appears as an oriented boundary component of S ′. If we do this
for every connected component of S◦ − A we get a (possibly disconnected
surface SA and a finite subset PA ⊂ SA with SA−PA identifiable with S◦−A.
Notice that |PA| = n+ 2|a|.

Another way of arriving at the pair (SA, PA) is by first collapsing in S each
connected component of A to a point. The resulting quotient space SA of
S is singular, for at the image pα of a connected component α of A, SA
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has two branches: a neighborhood is homeomorphic to the union two disks
having their center in common. We then obtain SA from SA as its topological
normalization: there is natural map SA → SA which simply separates the
two branches at each pα.

The smooth part of SA can be identified with S − A. Since the latter has
the same Euler characteristic (namely 2 − 2g) as S, it follows that g can be
read off from SA. Following established terminology, we may refer to g as
the arithmetic genus of SA. (The geometric genus of SA is the sum of the
genera of the connected components of its normalization SA.)

Let us point out however that we have not specified a differentiable struc-
ture on SA near the points lying over the pα’s. We can always choose one,
but it will not be unique. It will be so however up to an isotopy relative to
PA that is allowed to be nondifferentiable at the points over the pα’s.

Harvey’s bordification. Recall that the punctured disk 0 < |z| < 1 is uni-
versally covered by the upper half plane H by the map τ ∈ H 7→ z =
exp(2π

√
−1τ). Since z−1dz = 2π

√
−1dτ and |z| = exp(−2π Im τ), we find

that the corresponding hyperbolic metric (often called Poincaré metric) is
given by (−|z| log |z|)−2|dz|2. Now consider the map φ : (−1, 1) × S1 → C
defined by φ(t, u) := tu. Since both the restrictions φ

∣∣(−1, 0) × S1 and
φ
∣∣(0, 1)× S1 parametrize the punctured disk, we get a hyperbolic metric on

((−1, 1)−{0})×S1. We think of this as a degenerate metric on (−1, 1)×S1 and
will refer to it as the standard degenerate hyperbolic metric on (−1, 1)× S1.

Definition 9.2. Let A ⊂ S◦ represent a simplex a of A(S◦) or be empty. We
say that a complete hyperbolic metric on S◦ − A is permissible with respect
to the embedding S◦ − A ⊂ S if every connected component of A admits
a tubular neighborhood parametrized by the cylindrical coordinates: f :
(−r, r)× S1 → S◦ for some 0 < r < 1 (with the central circle t = 0 mapping
to A) in which the hyperbolic metric takes the standard form above. We
shall call a complete hyperbolic metric of this form (so that it is only defined
an open subset of the form S◦ −A for some A as above) a hyperbolic quasi-
metric on S◦ (since we allow A to be empty, this includes the case of a
complete hyperbolic metric on S◦).

Exercise 21. Prove that for a metric on S◦−A permissible with respect to S◦−
A ⊂ S the embedding and a connected component α ofA, a parametrization
of a tubular neighborhood of α, f : (−r, r) × S1 ↪→ S, as in the definition is
unique up a rotation in the second coordinate and the inversion (t, u) 7→
(−t, u−1)).

A hyperbolic metric on S◦ − A permissible with respect to S◦ − A ⊂ S
defines the structure of a Riemann surface on S−A or rather, we get on SA

the structure of a Riemann surface CA. Similarly, SA can be given an ana-
lytic structure CA for which its only singularities are nodes, that is, have as
their local-analytic model, the union of the two coordinate lines (z1z2 = 0)
in a neighborhood of the origin of C2. Then the evident map CA → CA is
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complex-analytic and can be understood as the normalization of CA. The
space of permissible hyperbolic metrics S◦ −A up to Diff+(S, P ∪A)-isotopy
only depends on a and so we feel justified in denoting it by T a(S, P). For
a similar reason the Teichmüller space T (SA, PA) (which is actually a prod-
uct of Teichmüller spaces, with one factor for every connected component of
SA) may also be denoted T (Sa, Pa). It is clear that this construction defines a
map from T a(S, P) to the Teichmüller space T (Sa, Pa). We also have a shear-
ing action of Ra on T a(S, P): if we are given a permissible hyperbolic metric
on S◦−A and f : (−r, r)×S1 ↪→ S parametrizes in an orientation preserving
manner a tubular neighborhood of the connected component α of A as in
the definition, then we can do the shearing in terms of this parametrization:
for every tα ∈ R we have defined the sheared surface S(tα) obtained from
the union of S−α and (−r, r)×S1 by identifying (t, u) with f(t, u) for t < 0
and with f(t, e−

√
−1tαu) for t > 0. It has the property that C(tα)A = CA.

Notice that thus is defined an action of Ra on T a(S, P) which preserves the
fibers of T a(S, P)→ T (Sa, Pa). In fact, it is not hard to see that we have:

Lemma 9.3. The shearing action of Ra on T a(S, P) turns the map T a(S, P)→
T (Sa, Pa) into a principal Ra-bundle in the differentiable category.

Corollary 9.4. The manifold T a(S, P) is diffeomorphic to an open cell of di-
mension 6g− 6+ 2n− |a|.

A hyperbolic quasi-metric arises as a limit of hyperbolic metrics on S◦ if
we let the length of the geodesics in the isotopy classes of the connected
components of A tend to zero (so that some of the Fenchel-Nielsen coordi-
nates `α, α ∈ a, assume the value zero). Let us make this explicit with the
help of Lemma 4.1. Scalar multiplication by exp(2πr) acts on H and leaves
the first and second quadrant, denoted here by H+ and H− respectively, in-
variant. The common boundary of H+ and H− in H is the positive imaginary
axis and is a geodesic. The function exp(

√
−1/r.(log z) identifies the orbit

space Cr of H by this transformation with the annulus exp(−π/r) < |w| < 1
with metric

r2|dw|2

|w|2 sin2(r log |w|)
.

The image of H± is a open half annulus C±r ⊂ Cr whose boundary is the
unique closed geodesic αr of Cr defined by |w| = exp(−π/2r). The length
of that geodesic is 2πr. This models the general situation, for according to
Lemma 4.1 a neighborhood of a closed geodesic of length 2πr on any hy-
perbolic surface is isometric to a neighborhood of αr in Cr. This justifies
that we focus on this case. We want to produce a sensible geometric limit
if this length r goes to zero. Now note that for r ↓ 0, the outer annulus
exp(−π/2r) < |w| < 1 tends to the punctured unit disk 0 < |w| < 1 with the
metric tending to the Poincaré metric (|w| log |w|)−2|dw|2. This makes the
whole inner annulus go to the origin. In order to preserve that annulus in
the limit, we invert with respect to the central geodesic: if we write w+ for
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w and define w− by w+w− = exp(−π/r), then the pair (w+, w−) maps Cr
isomorphically onto the curve in (w+, w−)-space defined by |w±| < 1 and
w+w− = exp(−π/r). If we let r ↓ 0, then the limit is the union of the two
unit disks in the coordinate axes, each endowed with the Poincaré metric.
Notice that the closed geodesic αr on Cr is given on Cr as the locus where
|w+| = |w−| and that it tends to the origin of C2 as t ↓ 0 (algebraic geometers
recognize this as a vanishing cycle of the function w+w−).

Let a be a simplex of A(S◦) that defines a pants decomposition of S◦

(according to Exercise 20 this means that a is a maximal simplex). We
then have an associated Fenchel-Nielsen parametrization of the Teichmüller
space T (S, P) of hyperbolic metrics on S◦ given up to isotopy relative to P by
the product of open half planes (R>0 × R)a. If we now allow the metrics to
be permissible with respect to S◦ −A ⊂ A, where A is a closed submanifold
which represents a, then we see that all the coordinates (`α, tα) retain their
meaning, except that the `α’s can take the value zero. The resulting map
from the space of A-permissible hyperbolic metrics to the product of closed
half planes ([0,∞)× R)a is surjective and constant on the Diff0(S, P)-orbits.
It is not hard to see that these Diff0(S, P)-orbits are just the fibres of this
map. In other words, ([0,∞) × R)a parametrizes the Diff0(S, P)-orbits of
such quasi-metrics. We then see that the Diff0(S, P)-orbit space of quasi-
metrics has the structure of a manifold with corners:

Proposition-definition 9.5. The Harvey bordification T +(S, P) of T (S, P) is
the Diff+(S, P)-orbit space of hyperbolic quasi-metrics on S◦ (with respect to
the inclusion S◦ ⊂ S). It is in a natural manner a manifold with corners with
Γ(S, P)-action. The corner strata of its boundary ∂T +(S, P) are the T a(S, P),
where a runs over the simplices of the curve complex A(S◦) and this indexing
is order reversing: T a(S, P) is in the closure of T b(S, P) if and only if a ⊃ b.

Moreover, any Fenchel-Nielsen parametrization (R>0 × R)a ∼= T (S, P) ex-
tends to a diffeomorphism of ([0,∞)× R)a onto an open subset of T +(S, P).

Example 9.6 (The case of a punctured torus continued). We take up again the case
(T1,1, Γ1,1). Recall that in Example 9.1 the triple (T1,1,A(S◦), Γ1,1) was identified
with (H,P1(Q),SL(2,Z)). The Harvey bordification corresponds under this iden-
tification to what it known as the Borel-Serre compactification HBS of H, which in
this case is a manifold with boundary (there are here no corners) whose connected
components are effectively indexed by P1(Q). In fact, the boundary component
indexed by q ∈ P1(Q) can be identified with the set of complete oriented geodesics
in H which tend to q. As such a geodesic is given by its ‘source’, a point of P1(R)
distinct from q, we see that as a topological space, this boundary component can
be identified with the real affine line Aq := P1(R)− {q}. For instance, A∞ = R. The
topology on the disjoint union of H and the Aq’s is essentially specified if require
that it be SL(2,Z)-invariant and that A∞ is glued onto H as to form in an evident
manner R× (0,∞] (so that A∞ corresponds to y =∞).

The group SL(2,Z) acts properly discontinuously on HBS, the stabilizer of Aq
being the SL(2,Z)-stabilizer of q. The latter is infinite cyclic and acts faithfully as
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a translation group in Aq. A fundamental domain of the SL(2,Z)-action on HBS is
the closure D+ of its standard fundamental domain D in H defined by |Re(τ)| ≤ 1

2
,

|τ| ≥ 1 in HBS: the set of added points is the interval in A∞ defined by |x| ≤ 1
2

. This
makes D+ compact. This helps us to understand the SL(2,Z)-orbit space Γ1,1\HBS,
for we then find it to be a quotient of D+ where any identification takes place on
the boundary. It adds to the J-line a circular boundary (namely the quotient of A∞
by its stabilizer in SL(2,Z), i.e., the group of integral translations) so that the result
is homeomorphic to a closed disk.

This example also illustrates a more general fact:

Stable pointed curves. Let C be a compact nodal curve, i.e., a complex-
analytic curve whose only singularities are nodes. The normalization Ĉ →
C is then the smooth curve (Riemann surface) obtained by separating the
branches of the nodes. Every node defines a pair in Ĉ and we can reconstruct
C from Ĉ and this collection of pairs.

We recall that its arithmetic genus g is the Euler characteristic of its
smooth part Creg: χ(Creg) = 2 − 2g. We want to deal with the pointed
situation as well. We stipulate that this means here that we are given a
finite subset P of the smooth part Creg of C. So P should not contain a node.

Definition 9.7. Let (C, P) be a compact nodal curve. We say that (C, P) is
stable (more precisely, Deligne-Mumford stable) if every connected compo-
nent of C◦reg := Creg − P has negative Euler characteristic.

As we know, this implies that the conformal structure on C◦reg comes from
a complete hyperbolic metric, that is in fact unique. We actually have en-
countered the stable pointed curves already via the converse construction:
if (S, P) is a hyperbolic pair and A ⊂ S◦ is a closed submanifold of di-
mension 1 which represents a simplex of the curve complex, then for any
A-permissible hyperbolic metric on S◦ − A we get a stable curve pointed
curve (CA, P). Thus the Harvey bordification T +(S, P) parametrizes stable
P-pointed curves of genus g.

Exercise 22. Prove that (C, P) is stable precisely when the group Aut(C, P)
of automorphisms of C which preserve P pointwise is finite.

Stable pointed curves appear to have a deformation theory which is al-
most as good as the one for smooth pointed curves. If P̂ ⊂ Ĉ denotes the
preimage of P ∪ Csg, then one way to deform (C, P) is by deforming each
connected component of the pair (Ĉ, P̂) and then identifying the point pairs
in P̂. This will produce stable pointed curves homeomorphic to (C, P).

Exercise 23. Prove that the Teichmüller space T (Ĉ, P̂) (which is a product
of Teichmüller spaces with one factor for every connected component of Ĉ)
has complex dimension 3g− 3+ n− |Csg|.

However, we also want to include deformations which make the nodes
disappear. If we look for a deformation space of the hoped for dimension
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3g−3+n, then the above exercise suggests that the smoothing of each node
needs one extra dimension.

Deformations of nodes. Let C be an abstract complex-analytic curve with
a nodal singularity at p ∈ C. This means that there exists a neighborhood
C0 of p in C and an isomorphism of (C0, p) onto the locus in U ⊂ C2 defined
by z1z2 = 0, where U is defined by |zi| < ε, i = 1, 2. Thus is defined closed
embedding ι of C0 in U. If we let f : U → C be defined by f(z1, z2) =
z1z2, then we may regard the pair (f, ι) as defining a deformation of C0 in
the sense that for small |t| (e.g., |t| < ε2), the fiber Ut := f−1(t) may be
regarded as a ‘deformed C0’. Notice that in contrast to the deformation of a
complex structure considered earlier, what is being deformed here is not just
a complex structure, but also the underlying topological space: U0 is a union
of two disks with their center in common, whereas for t 6= 0 small, Ut is a
nonsingular curve isomorphic to an annulus. On the other hand, this is very
much a local affair: we can take C0 and U as small as we like. Therefore
the notion of a deformation here is really that one of a germ: what we are
deforming is the curve germ (C, p) and the deformation is then the pair of
analytic map-germs (f : (C2, 0)→ (C, 0), ι : (C, o) ↪→ (C2, 0)).

We are here free to replace (C2, 0) and (C, 0) by complex manifold germs
(C, p) and (B, o) of dimension 2 and 1 respectively as long we can find co-
ordinates (z1, z2) at (C, p) and a coordinate w at (B, o) such that wf takes
the form z1z2. There is in this case also a Kodaira-Spencer map (or rather
its inverse) which grasps the first order content of the deformation: the de-
rivative of Dpf : TpC → ToB at p is zero (for p is a singular point), but then
the Hessian of f is intrinsically defined as a quadratic map Hpf : TpC → ToB.
If f is given in terms of coordinates as z1z2, then Hpf is just given as the
product of the linear forms dz1|0 and dz2|0. So it sends a1 ∂

∂z1
|0 + a2

∂
∂z2

|0 to
a1a2. We can also express this as follows: let C± be the two branches of C0
(these are just names: there is no natural way of ordering them). Then the
images of TpC+ and TpC− in TpC decompose the latter into two lines and the

Hessian Hpf defines a linear isomorphism TpC
+ ⊗ TpC−

∼=−→ToB. Its inverse,

ToB
∼=−→TpC+ ⊗ TpC−, is the analogue of the Kodaira-Spencer map: it goes

from ToB to a space which only involves the object to be deformed (namely
(C, p)).

A decent deformation theory should however not be restricted to bases
of dimension one, nor should it require the total space germ C to be non-
singular. For instance, if (B, o) is an arbitrary smooth manifold germ, then
the projection (C, p) × (B, o) → (B, o) is perhaps uninteresting as a defor-
mation (nothing is being deformed, after all), but should be allowed. These
considerations lead to the following definition.

Definition 9.8. Let B be a complex manifold and o ∈ B. A deformation of
the nodal curve germ (C, p) over (B, o) is a pair of analytic map-germs

(f : (C, q)→ (B, o), ι : (C, p) ↪→ (C, q)).
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We demand that f factors through an isomorphism j of (C, q) onto an ana-
lytic hypersurface germ in (C2, 0)× (B, o) whose defining equation F has the
form z1z2 = u for some holomorphic u : (B, o) → (C, 0) and require that ι
be an isomorphism of (C, q) onto the central fiber (f−1(o), q).

We call the deformation a smoothing, if the union of the singular fibers is
nowhere dense in C.

This covers the case considered at the beginning, where f : (C2, 0) →
(C, 0) is given by f(z1, z2) = z1z2, for then we may take u(t) = t so that
hypersurface in (C2, 0) × (C, 0) is the graph of f, defined by z1z2 − t = 0.
Notice that this is in fact a smoothing. As we have already seen, the general
fiber of a smoothing is homeomorphic a cylinder (−1, 1)×S1 and the central
fiber is obtained from it by collapsing its midcircle {0}× S1 to a point.

Exercise 24. Prove that if in the above definition C is nonsingular, then f is a
smoothing.

Remark 9.9. It is possible to set up a local deformation category in much the same
way as DefC,P. We shall not do that, but we observe that we have something like
a universal object: for f, ι, j, u as in the definition, let ι ′ : (C, p) ↪→ (C2, 0) be the
restriction of j (so that j(z) = (ι ′(z), b)) and let f ′ : (C2, 0) → (C, 0) be given by
f ′(z1, z2) = z1z2. Then (f ′, ι ′) defines a deformation of (C, p) and a morphism
from (f, ι) to (f ′, ι ′) is then defined by the pair (Φ,φ), where Φ : (C, q) → (C2, 0)
is the first component of j and and φ = u : (B, o) → C. The morphism (Φ,φ)
is not unique however, and this why (f ′, ι ′) is called a semi-universal deformation.
It is so in first order though, for we may still define Kodaira-Spencer map ToB →
TpC

+ ⊗ TpC− as the composite of Doφ = Dou : ToB → T0C with the inverse of
the isomorphism TpC

+ ⊗ TpC− ∼= T0C defined by the Hessian of f ′. You may check
that this definition is coordinate-independent (i.e., independent of j and u).

Deformations of nodal curves. We are going to combine the two types of
deformations.

Definition 9.10. Let B be a complex manifold. A family of stable P-pointed
curves over B consists a proper analytic map of complex-analytic varieties
f : C → B endowed with a set xP of pairwise disjoint holomorphic sections
(xp : B→ C)p∈P such that every fiber Cb := f−1(b) forms with xP(b) a stable
P-pointed curve of genus g. We require that if z ∈ C, then the germ of f at z
is either a submersion (this presupposes that C is nonsingular at z) or that z
is a node on the fiber Cf(z) and the germ of f at z defines a deformation of
this node.

We also have a version relative to a fixed stable pointed curve:

Definition 9.11. Given a stable P-pointed curve (C, P), a complex manifold
B and a point o ∈ B, then a deformation of C over (B, o) is a system of
analytic map-germs(

f : (C, Co)→ (B, o), xP = (xp : (B, o)→ (C, Co))p∈P, ι : C ↪→ C)
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with ι an isomorphism onto Co := f−1(o), xp(o) = ι(p) for all p ∈ P, and for
which some representative of (f, xP) is a family of P-pointed stable curves.

These definitions clearly extend the ones we gave for nonsingular curves
(= compact Riemann surfaces). Since the section xp : B → C of f takes its
values in the part where f is a submersion, we have defined a line bundle
Lf,p on B whose fiber in b is the cotangent space T∗xp(b)Cb. More precisely,
Lf,p is the pull-back under xp of the relative cotangent bundle of C/B.

The deformations of a stable pointed curve (C, P) are the objects of a de-
formation category DefC,P (the definition of a morphism being the obvious
one) and so we have a notion of a universal deformation. As before, it is for-
mal consequence of the universal property that the (finite) automorphism
group of (C, P) acts naturally on its universal deformation.

Remark 9.12. Let (C, P) be a connected stable curve. There is a first order de-
formation space which serves as the generalization of the one in the smooth case
(i.e., H1(C, θC)) and is for a deformation the target of a Kodaira-Spencer map.
We briefly explain. Suppose (C, P) appears as the central fiber in a deformation
(f : (C, Co) → (B, o), xP, ι : C ∼= Co) with C nonsingular. Then the derivative of f
along Co defines a map of OC-modules:

DfC,P : ι∗θC(log xP)→ OC ⊗ ToB,
where we recall that θC(log xP) stands for the sheaf of holomorphic vector fields
on C that are tangent to the sections xp, p ∈ P. We will be concerned with the
cohomology of the mapping cone of DfC,P.

We digress for a moment to discuss that notion in its proper setting. We first
mention that the notion of cohomology for sheaves extends to complexes of abelian
sheaves that are zero for sufficiently small (negative) degree in such a manner that
essentially all the fundamental properties subsist (it is then often referred to as
hypercohomology). For instance, there is a long exact sequence attached to a short
exact sequence 0 → A• → B• → C• → 0 of sheaf complexes on a space X. This
is also true if for every k the row 0 → Ak → Bk → Ck → 0 is a sheaf complex
(the composite is zero) and the sequence of cohomology sheaves 0 → Hk(A•) →
Hk(B•)→ Hk(C•)→ 0 is exact.

A particular case of interest is when we only have a homomorphism φ : F → G
of abelian sheaves, for this then enables us to put the induced homomorphisms
Hk(X,φ) : Hk(X,F) → Hk(X,G) into a long exact sequence defined as follows.
First regard φ as defining a complex C•φ by putting C•φ = 0 for k 6= −1, 0 and
C−1φ → C0φ be given by φ. This complex is called the mapping cone of φ. We then
have a short exact sequence of complexes of sheaves

0 −−−−→ G −−−−→ C•φ −−−−→ F [1] −−−−→ 0,

where G and F are now regarded as one term complexes placed in degree 0 and
−1 respectively. (The convention is that if C• is a complex, then C•[n] denotes the
complex whose term in degree k is Ck+n.) This yields the exact sequence

· · ·→ Hk(X,F) Hk(X,φ)−−−−−−→ Hk(X,G)→ Hk(X, C•φ)→ Hk+1(X,F) Hk+1(X,φ)−−−−−−−−→ · · ·
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We may however also form

0 −−−−→ Ker(φ)[1] −−−−→ C•φ −−−−→ Coker(φ) −−−−→ 0.

This is exact on the cohomology sheaves, for Hk(C•φ) equals Ker(φ) for k = −1,
Coker(φ) for k = 0, and is zero otherwise. So this gives the long exact sequence

· · ·→ Hk−1(X,Coker(φ))→ Hk+1(X,Ker(φ))→ Hk(X, C•φ)→ Hk(X,Coker(φ))→ · · ·
Returning to the case at hand, we take for φ the homomorphism DfC,P as defin-

ing a complex ofOC-modules and put T • := C•DfC,P
[−1]. Then the above discussion

gives the exact sequence

· · ·→ H0(C, ι∗θC(log xP))→ T0B
KS−→H1(C, T •C,P)→ H1(C, ι∗θC(log xP))→ . . .

We will see that the other long exact sequence helps us to understand H1(C, T •C,P)
as the space of first order deformations of the stable pointed curve (C, P) with
KS playing the role of the Kodaira-Spencer map. For this we need to work out
the kernel and cokernel of DfC,P. The kernel of DfC,P can be identified with the
sheaf of holomorphic fields tangent to C which vanish in P. At a node q this sheaf
is in terms of local coordinates the OC,q-module generated by z1 ∂

∂z1
and z2 ∂

∂z2
and so that kernel is just the direct image of θĈ,P̂ under the normalization map
π : Ĉ → C: Ker(DfC,P) ∼= π∗θĈ(−P̂). The cohomology of an abelian sheaf is the
same as its direct image under a finite map and since π is such a map, we find
that Hk(C,Ker(DfC,P)) ∼= Hk(Ĉ, θĈ(−P̂)). The cokernel is a skyscraper sheaf with
support in the nodes: the stalk at a node y is the tensor product of the tangent
spaces along the two branches TyC+

y ⊗ TyC−
y and its cohomology is concentrated

in degree zero. This yields the exact sequence

0→ H1(Ĉ, θĈ(−P̂))→ H1(C, T •C,P)→ ⊕y∈CsgTyC
+
y ⊗ TyC−

y → 0.

The subspace H1(Ĉ, θĈ(−P̂)) then corresponds to the space of first order defor-
mations which preserve the nodes, and the quotient of these yields the first order
deformations of the nodes.

The Deligne-Mumford compactification. We are now ready to state an
extension to the central Theorem 8.11 in the stable case.

Theorem 9.13. A deformation of the stable curve (C, P) is universal if and
only if its Kodaira-Spencer map is an isomorphism. If these equivalent con-
ditions are satisfied, then the deformation can be represented by a family
(f : C → B, xP) endowed with an isomorphism ι : C ∼= Co which defines a
universal deformation of each of its fibers and is such that

(i) B is contractible and admits a partial system of coordinates at o ∈ B
indexed by Csg, (tq)q∈Csg , such that tq = 0 defines the locus where
q ∈ Csg subsists as a singular point in the fiber,

(ii) the locus Bo ⊂ B where all the tq’s vanish parametrizes the fibers
homeomorphic to (C, P) and (simultaneous) normalization of these
fibers yields a universal deformation of the normalization (Ĉ, P) of
(C, P) over Bo as in Theorem 8.11,

(iii) the group Aut(C, P) of automorphisms of (C, P) extends its tautologi-
cal action on (C, P) naturally to the family (f : C → B, xP).
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Notice that this theorem implies that the locus Df parametrizing singular
fibers is the normal crossing locus defined by

∏
q tq = 0.

The theorem differs from Theorem 8.11 in that it does not involve Te-
ichmüller space. Yet we may glue these together to form a family:(

Cg,P →Mg,P, xP = (xp :Mg,P → Cg,P)p∈P)
as an orbifold object in the holomorphic category: a family (f : C → B, xP)
as in Theorem 9.13 defines a chart with Aut(C, P) as associated group. If
we ignore the orbifold structures, then we get a map of complex-analytic
spaces Cg,P → Mg,P with sections indexed by P for which the local model
onMg,P is given as by the Aut(C, P)-quotient of a family as in Theorem 9.13:
Aut(C, P)\C → Aut(C, P)\B.

The difference Dg,P :=Mg,P−Mg,P is a normal crossing divisor (again in
the orbifold sense). Such a normal crossing divisor is naturally partitioned
into strata: these are the connected components of loci where this divisor
has a fixed number of branches. We also see that the strata are effectively
indexed by Γ(S, P)-orbits of simplices of the curve complex C(S, P).

We might say that we have a holomorphic line bundle Lp overMg,P (p ∈
P) in the orbifold sense. If we ignore the orbifold structure, then Lp is still
defines a sheaf Lp on Mg,P: in terms of a chart as above, the sections of Lp
over Aut(C, P)\B ↪→Mg,P are the Aut(C, P)-invariant sections of Lp on B.

Remark 9.14 (Smooth Galois covers of Mg,P). The technicalities that usually ac-
company an abstract orbifold setting can here be avoided, because one can show
that there exist finite quotients φ : Γ(S, P) � G of the mapping class group sat-
isfying the following two properties: (i) Ker(φ) acts freely on T (S, P) so that
M[φ] := Ker(φ)\T (S, P) is a complex manifold and (ii) the natural extension of
the formation of the G-orbit variety M[φ] → Mg,P to a G-covering over Mg,P,
M[φ]→Mg,P, (in the language of algebraic geometry, this is the normalization of
the mapM[φ]→Mg,P) has nonsingular total space. SoMg,P then appears as the
G-orbit space of a nonsingular variety. The orbifold line bundle Lp is obtained as a
G-quotient of a genuine line bundle Lp[φ] onM[φ].

Exercise 25. Prove that all but one of the irreducible components of Dg,P are
effectively indexed by unordered pairs {(g ′, P ′), (g ′′, P ′′)} with g ′ + g ′′ = g,
P = P ′ t P ′′ and such that g ′ + |P ′| ≥ 2, g ′′ + |P ′′| ≥ 2.

Let a be a simplex of the curve complex. If A ⊂ S◦ represents a, then
the choice of a permissible hyperbolic metric g on S◦ − A yields a stable
pointed curve (CA, P). We thus have defined a map π̃ : T +

S,P →Mg,P. This
map is clearly constant on Γ(S, P)-orbits and so it factors through a map
π :M+

g,P →Mg,P.
Let us denote by b̃ ∈ T +

S,P the point defined by (S, P;A, g), by b ∈ M+
g,P

its image and by c ∈ Mg,P the point defined by (CA, P). Suppose we have
likewise a ′, A ′ and g ′ with the property that the resulting stable pointed
curve (CA

′
, P) is isomorphic to (CA, P). Then after some shearing, there is a
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element of Diff+(S, P) which carries (A ′, g ′) onto (A, g). In other words, the
element b̃ ′ ∈ T +

S,P defined by (A ′, g ′) lies in Γ(S, P).Ra.b̃. The intersection
Γ(S, P) ∩ Ra consists of the Dehn twists around the vertices of a and so we
see that on the fiber π−1(c) we have an principal action of the torus (S1)a

and that the image of b̃ ′ in M+
g,P is in the orbit of that torus. This shows

that π−1(c) is an orbit of (S1)a. We must be careful though, for it is possible
that some mapping classes permute the elements of a. So this action only
lives in an orbifold setting. We thus find:

Proposition 9.15. We have a natural map of orbifolds π : M+
g,P → Mg,P.

This map is proper and over the stratum ofMg,P defined by the Γ(S, P)-orbit
of the simplex a of the curve complex it has the structure of a principal bundle
of the torus (S1)Csg in the orbifold sense.

The idea behind Geometric Invariant Theory. Before we discuss the pro-
jectivity of the moduli space of stable pointed curves, we need to review
some basic facts from Geometric Invariant Theory. We assume here our base
field K is algebraically closed of characteristic zero. If G is a reductive group
(like GL(n,K) or SL(n,K)) and W is a representation of G, then the algebra
of G-invariant polynomial functions on W, K[W]G, defines the separated or-
bit space of W: it is a finitely generated algebra and is able to separate any
two orbits whose closures are disjoint. The geometric content of this state-
ment is that K[W]G defines a variety (denoted G\\W) whose closed points
are in bijection with the closed orbits in W. If we pass to the G-action on
P(W), then we need to discard in W the closed orbit defined by the origin
and hence with it also all orbits in W having the origin in their closure. The
remaining open subset of W is called the semistable locus and is denoted
Wss. The closed orbits in P(Wss) ⊂ P(W) are then in bijective correspon-
dence with the closed points of the projective variety Proj(K[W]G) for which
K[W]G is the homogeneous coordinate ring (we therefore denote this vari-
ety also by G\\P(Wss)). A point ofW is called G-stable if its G-orbit is closed
and its G-stabilizer is finite. Such a point clearly lies in Wss and defines an
open (possibly empty) subset Wst ⊂ Wss. It defines subsets of G\\W and
G\\P(Wss) that can be identified with G\Wst and G\P(Wst) respectively.

In practice one is only interested in a G-invariant subvariety Z ⊂ P(W).
If Zss := Z∩P(Wss) is closed in P(Wss), then so is its image in Proj(K[W]G),
making it a projective variety. If it so happens that Zss ⊂ P(Wst), then
we see that the G-orbit space G\Zss of Zss is realized as a closed subset in
Proj(K[W]G). So G\Zss has then the structure of a projective variety.

Projectivity of the moduli space of stable pointed curves. We now re-
turn to the discussion The quasi-projective structure on the universal family
of Section 9. We there constructed a vector space V, a representation W of
SL(V) and a SL(V)-invariant a subvariety Z ⊂ P(W) on which SL(V) acts
properly with finite stabilizers in such a manner that the orbit space is natu-
rally identified with Mg,P. What was left unsaid is that if we take in loc. cit.
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the parameters r and d large enough, then Z ∩ P(Wss) is closed in P(Wss)
and contained in P(Wst): any z ∈ Z ∩ P(Wss) defines a projective stable
P-pointed curve (Cz, P) of genus g and the image of the natural action of
the stabilizer SL(V)z on (Cz, P) yields all of Aut(Cz, P).

The above construction then leads to a projective compactification of
Mg,P which turns out to be just our Mg,P. This implies in particular that
if our base field is C, then Mg,P is compact in the Hausdorff topology. It
then follows from Proposition 9.15 that the same is true for M+

g,P.

Getting Harvey’s bordification from the D-M compactification. We first
need to discuss the notion of a real oriented blowup. If M is a C∞-manifold
andN ⊂M a closed submanifold, then the real oriented blowup ofN inM is
a C∞-manifold M̃N with boundary which comes with a differentiable map
π : MN → M with the property that π is over MN is a diffeomorphism and
is overN is a the normal sphere bundle: a point over p ∈ N is given by a ray
in the normal space TpM/TpN. This sphere bundle is also the boundary of
M̃N. The differentiable structure on MN can be given by local coordinates:
if (x ′, x ′′) = (x1, . . . , , xn, xn+1, . . . , xm) is a coordinate system on U ⊂ M

such thatN∩U is given by x ′′ = 0, then on π−1U we have a parametrization
by an open subset of Rn × [0,∞) × Sm−n−1 such that π is given over U by
(x ′, r, ξ) 7→ (x ′, rξ).

In case M is a complex manifold and N is a complex submanifold of
codimension one, then the boundary of MN is in a natural way a principal
homogeneous bundle of the circle group U(1) (for the rays in C emanating
from 0 ∈ C make up a principal homogeneous space for that group). IfN ′ ⊂
M is have another complex submanifold of codimension one which meets
N transversally (so that N ∩ N ′ is a complex submanifold of codimension
two), then the preimage of N ′ in MN can be identified with manifold with
boundary N ′N ∩N ′ and the normal bundle of N ′N∩N ′ in MN is the pull-back
of the normal bundle of N ′ ⊂ M. So if we perform another real oriented
blowup for the inclusion N ′N ⊂ MN, then the resulting space MN,N ′ is a
manifold with a boundary over N ∪ N ′ which has a corner over N ∩ N ′.
Notice that a point in MN,N ′ over p ∈ N ∩ N ′ is a pair of rays, one in
TpM/TpN

′ and another in TpM/TpN ′. In fact, the obvious mapMN,N ′ →M
is over N ∩ N ′ a principal U(1) × U(1)-bundle and the order of blowing
up is irrelevant: MN,N ′ may be identified with MN ′,N. This generalizes in
a straightforward manner to the situation of a normal crossing divisor: if
D is a normal crossing divisor in M, then we have a real oriented blowup
MD → M, which over the locus where D has precisely k local irreducible
components has locally the structure of a principal U(1)k-bundle; if p ∈
M, then a point over MD is given by a ray in TpM/TpDi for every local
irreducible component (Di, p) of (D,p).

We apply this in an orbifold setting: we take M =Mg,P and we let D be
the Deligne-Mumford boundary.
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Proposition 9.16. The Harvey compactification M+
g,P is naturally identified

with the real oriented blowup of the Deligne-Mumford boundaryDg,P inMg,P.

Proof. We construct a map from this real oriented blowup toM+
g,P. A point

c ∈ M is given by a stable P-pointed curve (C, P). The local irreducible
components of (D, c) correspond to the nodes of C and the normal space
to the irreducible component indexed by the node q is naturally identified
with TqC+

q ⊗ TqC−
q . So a point over c is specified by giving for every node

q ∈ Csg a ray in TqC+
q ⊗ TqC−

q . We use these data to construct a surface with
a permissible metric. Consider the normalization π : Ĉ → C and denote by
N ⊂ Ĉ the preimage of Csg. This comes as a finite set of pairs: for each
node q ∈ C we get an unordered pair {q+, q−} and we assume given a ray
rq in TqĈq+ ⊗ TqĈq− . Now consider the real-oriented blowup ĈN → C.
This is a surface with boundary. The boundary component defined by q±

is the space of rays in TqĈq± . We use the ray rq to identify these boundary
components: we identify the boundary point defined by the ray r+ ⊂ TqĈq+
the boundary point defined by r− ⊂ TqĈq− if r+ ⊗ r− = rq. This produces
in first instance a topological surface S over C that is with over each q an
embedded circle Aq. But if we equip C◦reg with its hyperbolic metric, then
S has a unique differentiable structure for which the hyperbolic metric is
that is given on S◦ − ∪q∈CsgAq

∼= C◦reg is permissible with respect to its
embedding in S. The resulting the resulting object defines an element of the
Harvey compactificationM+

g,P.
This defines our map. It is not hard to check that it is continuous. It is also

has a continuous two-sided inverse, which is somewhat easier to define and
whose definition is clearly suggested by the above map: if A ⊂ S◦ defines a
simplex of the curve complex, then a permissible metric on S◦−A relative to
its embedding in S defines a conformal structure on S−A giving us a nodal
curve CA. We have (according to Exercise 21) at each connected component
Aq of A a standard coordinate system that is unique up to a rotation and
inversion. So an orientation of Aq determines on Aq the structure of a
principal U(1)-space, (with opposite orientations defining opposite U(1)-
actions. This ‘opposition’ of U(1)-structures then determines a ray in the
deformation space of the node q ∈ CA. �

This implies an important compactness property for the Harvey compact-
ification.

Corollary 9.17. The mapping class group Γ(S, P) acts properly discontinu-
ously on T (S, P)+ and the orbit space M+

g,P and is a compact orbifold with
corners and with interiorMg,P.

Proof. Since the Deligne-Mumford is compact, it follows from Proposition
9.16 thatM+

g,P is compact as well.
We show how the first assertion can also be deduced from a property of

the Deligne-Mumford compactification. A point z ∈ Mg,P is represented by
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a (C, P) be a stable P-pointed curve (C, P) and an orbifold atlas at that point
is given by a universal deformation (f : C → B, xP) of that curve as in Theo-
rem 9.13, the associated (finite) group being Aut(C, P). The discriminant of
f is a normal crossing divisor D ⊂ B. The real oriented blowup BD → B of
D will have the homotopy type of its central fiber, a torus of dimension |Csg|.
Its universal cover B̃D → BD is then contractible and its covering group can
be identified with ZCsg , the generator indexed by q ∈ Csg being a Dehn twist
over that point. Then we have an exact sequence of automorphisms of B̃D:

0→ ZCsg → ˜Aut(C, P)→ Aut(C, P)→ 1.

This group clearly acts properly discontinuously on B̃D. From our assump-
tions on the universal deformation it follows that B̃D parametrizes an open
subset U ⊂ T (S, P)+ (more precisely, a Γ(S, P)-orbit of those) and that any
mapping class g ∈ Γ(S, P) with the property that gU ∩ U 6= ∅ must come

from ˜Aut(C, P). Since the open sets thus obtained cover M+
g,P, it follows

that Γ(S, P) acts properly discontinuously on T (S, P)+. �

Corollary 9.18. For every ε > 0, the locus T (S, P)ε ⊂ T (S, P) where all the
geodesic length functions are ≥ ε is a Γ(S, P)-invariant subset on which Γ(S, P)
acts with compact fundamental domain. For small enough ε, T (S, P)ε is a
Γ(S, P)-equivariant deformation retract of T (S, P)+ (and hence of T (S, P)).

Proof. Clearly, T (S, P)ε is closed in T (S, P) and Γ(S, P)-invariant. Hence its
image Mε

g,P in M+
g,P is also closed. A closed subset of a compact set is

compact and so Mε
g,P is compact. With the help of Fenchel-Nielsen charts,

we see the For ε > 0 small enough,Mε
g,P is a deformation retract ofM+

g,P.
Such a deformation retraction will lift to a Γ(S, P)-equivariant one of T +

g,P

onto T εg,P. �

10. COHOMOLOGICAL PROPERTIES OFMg,P

Harer’s stability theorem. Let (S, P) be a P-pointed connected closed sur-
face of genus g such that (g, P) is stable. Let o ∈ S−P and put S� := S− {o}.
Consider the group Diffc(S�, P) of diffeomorphisms of S that fix P and are the
identity on an unspecified neighborhood of o (the subscript stands for com-
pact support). It is a subgroup of the group Diff~o(S�, P) of diffeomorphisms
of S that fix P and ToC pointwise. It is not hard to verify that the inclusion
Diffc(S�, P) ⊂ Diff~o(S�, P) induces an isomorphism on connected compo-
nents Γc(S�, P) ∼= Γ~o(S, P) (it is in fact a weak homotopy equivalence). Let us
fix an oriented isomorphism α : ToS ∼= C. Then we have a Teichmüller space
T~o(S, P) associated to Γ~o(S, P), namely the space of conformal structures S
that extend α given up to isotopy in the identity component of Diff~o(S�, P).
If we divide out by Γ~o(S, P), then we get the moduli spaceMg,P,~o of triples
(C, P̃, v), where the first two items define a P̃-pointed curve and v ∈ ToC is a
nonzero tangent vector (the vector which under αmaps to 1). The structure
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becomes clearer if we consider the forgetful map T~o(S, P) → T (S, P̃). The
tangent space ToS defines the line bundle L−1o over T (S, P̃) and T (S, P,~o)
may be identified with the universal cover of the complement of the zero
section of this line bundle (this has the structure of an affine line bundle
over T (S, P̃)). The group of covering transformations is generated by the
class Do ∈ Γc(S�, P) of a Dehn twist along a small circle centered at o, so
that dividing out by DZ

o yields the complement of the zero section of L−1o .
We have a central extension

1→ DZ
o → Γc(S

�, P)→ Γ(S, P̃)→ 1

that can be understood as an exact sequence of orbifold fundamental groups
of the C× orbifold bundleMg,P,~o overMg,P̃ defined by L−1o .

Suppose we are given an embedding i : S� → S ′ of S� in a connected
surface S ′ (necessarily of genus ≥ g; it could be S ′ = S with i the inclusion,
but it is also possible for i(S�) to appear as the connected component of S ′

minus an embedded circle). Then ‘extension by the identity’ defines an em-
bedding Diffc(S�, P) ↪→ Diff+c (S

′, P). This induces a group homomorphism
Γc(S

�, P)→ Γc(S
′, P). The stability theorem reads as follows.

Theorem 10.1 (Harer). The homomorphism Γc(S
�, P)→ Γc(S

′, P) induces an
isomorphism on group (co)homology in degrees < 2

3g.

So if we take S ′ = S, then we see that Γc(S�, P)→ Γc(S, P) = Γ(S, P) ∼= Γg,P
has this property and if we take S ′ to be closed of genus g + 1, then we see
that Γc(S�, P) → Γc(S

′, P) = Γ(S ′, P) ∼= Γg+1,P has that property, too. The
maps Γg,P ∼= Γ(S, P)← Γc(S

�, P)→ Γ(S ′, P) ∼= Γg+1,P involve choices. But the
ambiguity is always a conjugacy in the target group and since interior auto-
morphisms act trivially on the cohomology of a group, the induced maps on
cohomology are independent of these choices. So for a fixed k, Hk(Γg,P) is
independent of g if g is large enough. This so-called stable cohomology is in
fact the cohomology of the group Γ∞,P := Γc(S∞, P) where S∞ is connected
and of infinite genus.

Corollary 10.2. For g > 3
2k, Hk(Mg,P ;Q) = Hk(Γ∞,P ;Q).

Hopf algebra structure on stable cohomology. Let Si be a closed con-
nected surface of genus gi and let oi ∈ Si, i = 1, 2, . . . and let S be another
closed connected surface of genus g and o ∈ S. Suppose that for i = 1, 2,
we are given an embedding ji : S�i → S� whose images are disjoint. This
induces a homomorphism of groups

Γc(S
�
1)× Γc(S�2)→ Γc(S

�).

If Di is a small open disk on Si centered at oi, then Si − Di is a compact
surface with boundary ∂Di and then the complement of the images of S1 −
D1 and S2 −D2 in S� is a punctured surface of genus g − g1 − g2 with two
boundary components. Such a surface is unique up to diffeomorphism. This
is easily seen to imply that all embeddings of (S1 −D1) t (S2 −D2) in S� lie
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in a single Diffc(S�)-orbit. So the choice of another pair (j1, j2) may alter the
homomorphism Γc(S

�
1) × Γc(S�2) → Γc(S

�) by conjugation with an element
of Γ(S�) only. Since an inner automorphism of a group acts trivially on its
cohomology, the induced ring homomorphism

∆1,2 : H
•(Γc(S

�))→ H•(Γc(S
�
1)× Γc(S�2))→ H•(Γc(S

�
1))⊗H•(Γc(S�2))

is independent of choices. The inclusion of the trivial group {1} in Γc(S�2)
induces the co-augmentation ε2 : H•(Γc(S

�
2)) → H•({1}) = Z and so if we

compose ∆1,2 with 1⊗ ε2, then the resulting map H•(Γ(S�)) → H•(Γ(S�1)) is
just the map that we used to state the stability theorem.

If it so happens that (S1, D1, o1) = (S2, D2, o2), then precomposing the
embedding of (S1 − D1) t (S2 − D2) in S� with the exchange map alters
the embedding by an element of Diffc(S�). This implies that ∆1,2 does not
change if we compose it with the exchange map (the graded involution
which is on Hk(Γ∞)⊗Hl(Γ∞) is given by u⊗ v 7→ (−1)klv⊗ u).

A similar argument shows that if we are given pairwise disjoint embed-
dings ji : S�i → S� for i = 1, 2, 3, such that j1 and j2 factor through an
embedding S�12 → S� and j2 and j3 factor through an embedding S�23 → S�,
then the diagram below commutes.

H•(Γc(S
�))

∆12,3−−−−→ H•(Γc(S
�
12))⊗H•(Γc(S�3))y∆1,23 y∆1,2⊗1

H•(Γc(S
�
1))⊗H•(Γc(S�23))

1⊗∆2,3−−−−→ H•(Γc(S
�
1))⊗H•(Γc(S�2))⊗H•(Γc(S�3)).

So if we invoke Harer’s stability theorem, then we find a graded ring
homomorphism ∆ : H•(Γ∞) → H•(Γ∞) ⊗ H•(Γ∞) with the property that if
ε : H•(Γ∞)→ Z denotes the co-augmentation map, then

co-unit: (ε⊗ 1)∆ and (1⊗ ε)∆ are the identity,
co-associativity: (∆⊗ 1)⊗ ∆ = (1⊗ ∆)⊗ ∆.
cocommutativity: ∆ = T∆, where T is the graded involution which

on Hk(Γ∞)⊗Hl(Γ∞) is given by u⊗ v 7→ (−1)klv⊗ u,

the last assertion being rather trivial. In other words, this makes H•(Γ∞) a
Hopf algebra that is both graded-commutative and graded-cocommutative.
If we tensor with Q, so that we are dealing with H•(Γ∞;Q), then according
to a theorem of Milnor-Moore [] such an algebra has a very simple structure.
Let us abbreviate H•(Γ∞;Q) by H•. The primitive part H•pr is defined as the
space of u ∈ H• with ∆(u) = u ⊗ 1 + 1 ⊗ u. This is a graded subspace and
the inclusion of H•pr in H• extends of course to a Q-algebra homomorphism

Sym•(Heven
pr )⊗Q ∧•(Hodd

pr )→ H•.

The theorem in question asserts that this is in fact an isomorphism. Since ∆
is a ring homomorphism, this description also determines the comultiplica-
tion on the left hand side. We may think of Sym•(Heven

pr ) as the coordinate
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ring of the the dual Hpr
even of Heven

pr (the stable primitive homology). The
coproduct on Sym•(Heven

pr ) simply describes the additive structure on Hpr
even.

11. TAUTOLOGICAL ALGEBRAS

Duality on orbifolds. Suppose X is a space and G is a finite group acting
on X. Then the quotient map X→ G\X maps the singular cochain complex
of G\X to the G-invariant part of the cochain complex of X and under mild
conditions (e.g., X admits the structure of a G-invariant CW complex) this
identifies H•(G\X;Q) with H•(X;Q)G.

This is used to see that the space underlying an orbifold M of dimension
m is a rational homology manifold of that same dimension. By the latter is
meant that for every p ∈M,H•(M,M−{p};Q) is isomorphic toH•(Rm,Rm−
{0};Q) (in other words is of dimension one and concentrated in degree m).
It is said to be oriented if for every p ∈ M we have specified a generator
µp for Hm(M,M − {p};Q) which depends ‘continuously’ on p: if U ⊂ M
is the interior of an embedded disk, then for p, q ∈ U the isomorphism
Hm(M,M − {p};Q)

∼=→Hm(M,M − U;Q)
∼=←Hm(M,M − {q};Q) takes µp to

µq. In that case M satisfies Q-Poincaré duality in dimension m: we have
a natural isomorphism Hk(M;Q) ∼= Hlfm−k(M;Q), where Hlf• stands for the
homology of the complex of possibly infinite, but locally finite chains (if
M is open in a compact set K, such that M − K is not too wild, e.g., a
compact manifold with boundary having M as its interior, then Hlf• (M) ∼=
H•(K,M− K)). Note that a cochain with compact support can be evaluated
on a locally finite chain.

The preceding applies to the space underlying a complex-analytic orb-
ifolds such asMg,P andMg,P and so they satisfy Q-Poincaré duality.

Review of the Gysin map. Let f : N → M be a proper map between man-
ifolds of dimension n and m respectively which are endowed with orienta-
tions µM and µN. Then we can use duality on both N and M to define the
Gysin map: if d := m− n denotes the formal codimension of f, then put

f! : H
k(N)

µN
∼=Hlfn−k(N)

f∗−→Hlfn−k(M)
µM
∼=Hd+k(M).

The ring homomorphism f∗ : H•(M) → H•(N) turns H•(N) into a H•(M)-
module and with respect to that structure f! is a homorphism of H•(M)-
modules: f!(f∗y ∪ x) = y ∪ f!(x). We further note that if g : M → P is
another proper map with P an oriented manifold, then gf is proper and
(gf)! = g!f!.

The following two cases are of special interest.
If f is a proper embedding of codimension d, then f! : H•(N)→ Hd+•(M)

can be obtained as the composite of the Thom isomorphism

H•(N) ∼= Hd+•(U,U−N)) ∼= Hd+•(M,M−N)
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(whereU is a tubular neighborhood ofN) and the natural mapHd+•(M,M−
N)→ Hd+•(M) so that it fits in an exact sequence:

· · ·→ Hk−1(M−N)→ Hk−d(N)
f!−→Hk(M)→ Hk(M−N)→ · · ·

The element f!(1) ∈ Hd(M) can be understood as assigning to a d-cycle on
M its intersection number withN; we often refer to this as the (cohomology)
class defined by N. Its image f∗f!(1) ∈ Hd(N) is the Euler class of the normal
bundle of f.

If f is a proper submersion (so with with fiber dimension −d ≥ 0), then
the Gysin map f! : H•−d(N)→ H•(M) is ‘integration along the fibers’. There
is then a base change property: if g :M ′ →M is a smooth map of manifolds,
then we have pull-back diagram

N ′
g ′−−−−→ N

f ′
y yf
M ′

g−−−−→ M

with f ′ a proper submersion of manifolds and g∗f! = f ′! (g
′)∗.

Remark 11.1. The Gysin map can be defined without requiring that f be
proper, but then we need to restrict ourselves on N to cohomology with
proper f-support, H•f(N): we only allow cochains such that the restriction of
f to their support is proper. The aforementioned properties still hold and we
then see that the general case is a combination of these two special spaces:
if we factor f as the embedding if : N ⊂ N×M by its graph followed by the
projection πM : N ×M → M: then if! takes its values in H•πM(M ×N) and
we have f! = πM!if!.

If we are willing to take cohomology with Q-coefficients, then the preced-
ing is still true for rational homology manifolds. A rational homology man-
ifold of dimension m is a Hausdorff space M that is locally the cone over a
compact space and has the property that for every p ∈M, H•(M,M−{p};Q)
is isomorphic to H•(Rm,Rm − {0};Q) (in other words is of dimension one
and concentrated in degree m). It is said be oriented if we have speci-
fied a generator µp ∈ Hm(M,M − {p};Q) which depends ‘continuously’ on
p in the sense that if U is an open ball in M containing p, then the iso-
morphism Hm(M,M − {p};Q) ∼= Hm(M,M − U;Q) ∼= Hm(M,M − {q};Q)
maps µp to µq. In that case the orientation defines a duality isomorphism
µ : Hk(M;Q) ∼= Hlfm−k(M;Q).

This applies for example to the space underlying a complex-analytic orb-
ifold. This also shows that if E → M is an oriented vector bundle of rank r
in the orbifold sense, then its rational Euler class e(E/M) ∈ Hr(M;Q) can
be defined as o!(1), where o :M→ E is the zero section.

The moduli space of stable pointed curves as a category. Among moduli
spacesMg,P and products of those there many interesting maps.
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First, there is a rather trivial kind of map: if we have a bijection Q ∼= P
of finite sets, then we have an evident identification Mg,Q

∼= Mg,P. This
already implies that the symmetric group Aut(P) acts on Mg,P. More gen-
erally, every injection P → Q determines a morphism of orbifoldsMg,Q →
Mg,P. Let us first see why this is so for the inclusion of P in a set that has
one element more than P: P̃ = P t {o} (with part of the argument relegated
to two exercises). If (C̃, P̃) is a stable pointed curve, then by forgetting o,
the resulting (C̃, P) need not be a stable, but nevertheless does give rise to a
stable P-pointed genus g curve (we keep on assuming that 2g− 2+ |P| > 0,
of course). The following two exercises make this precise.

Exercise 26. Show that (C̃, P) is stable unless o lies on an irreducible com-
ponent C̃o isomorphic to P1 which has exactly two points that are nodes or
belong to P. Prove that in the last case, contraction of C̃o in C̃ yields a stable
P-pointed curve (C, P).

Exercise 27. Next show a converse: let (C, P) be a stable pointed genus g
curve. Prove that for every q ∈ C there is naturally defined a stable P̃-
pointed genus g curve (C̃q, P̃) together with a surjective morphism C̃q → C
for which forgetting o yields the above contraction map. Show that the
pair (C̃q, P̃) is unique up to unique isomorphism and that the automorphism
group of (C̃q, P̃) can be identified with the group of automorphisms of (C, P)
which fix q.

Exercise 27 can also be carried out ‘with parameters’: if (C → B, xP) is
a family of stable P-pointed genus g curves, then C serves as a base for a
naturally defined family of stable P̃-pointed genus g curves. This construc-
tion therefore defines a morphism of orbifolds Cg,P → Mg,P̃. Exercise 26
provides an inverse and so we conclude:

Proposition 11.2. We have a natural isomorphism Cg,P ∼=Mg,P̃ of orbifolds.
In particular, we have a morphism fP̃,P : Mg,P̃ → Mg,P and every p ∈ P
defines a section xP,P̃ of it.

Iteration then implies our assertion above that any inclusion P ↪→ Q of
finite sets determines a surjective morphism Mg,Q → Mg,P (the order of
contraction is indeed immaterial).

These moduli spaces can be connected for different genera as follows.
First assume we are given a stable pair (g−1,Q) (by which we simply mean
that 2(g − 1) − 2 + |Q| > 0) and a 2-element subset D ⊂ Q. Out of any
stable pointed curve (C̃,Q) of genus g we construct a stable pointed curve
(C̃,Q)/D of genus g by simply identifying the two points of D so that this
becomes a node. There is no difficulty in doing this in families and we thus
get a finite morphism

iD :Mg−1,Q →Mg,P,
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where P := Q − D. The image is in fact an irreducible component of the
Deligne-Mumford boundary ofMg,P (that is often denoted by ∆0).

Similarly, suppose we are given stable pairs (g ′, Q ′) and (g ′′, Q ′′) and
elements q ∈ Q ′ and q ′′ ∈ Q ′′. Put g := g ′ + g ′′, D := {q ′, q ′′} and P :=
Q ′ tQ ′′ −D. If (C ′, Q ′) and (C ′′, Q ′′) are stable pointed curve of genus g ′

and g ′′ respectively, then joining these curves by identifying the members of
D creates a P-pointed stable curve of genus g which at least one node. This
defines a finite morphism

iD :Mg ′,Q ′ ×Mg ′′,Q ′′ →Mg,P.

The image is an irreducible component of the Deligne-Mumford boundary
(and the normal bundle of iD may be identified with LD as before. This
irreducible component is sometimes denoted ∆(g ′,P ′) (= ∆(g ′′,P ′′)).

Exercise 28. A special case of interest is when g ′′ = 0 and Q ′′ is a 3-element
set {q ′′, q0, o}. ThenMg ′′,Q ′′ is a singleton, g ′ = g and P is obtained fromQ ′

by replacing q ′ by the 2-element set {q0, o}, so that Mg,P can be identified
with Cg,Q ′ . Show that the resulting map iD : Mg,Q ′ → Mg,P can then be
understood as the section xq ′ , at least if we rename q0 as q ′.

Exercise 29. We may iterate these two preceding constructions: let be given
a finite collection {(gi, Qi)}i∈Xo of stable pairs, put Q := tiQi and let {Dα ⊂
tiQi}α∈X1 be a collection of pairwise disjoint 2-element subsets. We may
then define in an evident manner a graph G whose vertex set is Xo and
whose edge set is X1. Put P := tiQi − ∪αDα and g := b1(G) +

∑
i gi.

Prove that then is defined a finite map
∏
i∈XoMgi,Qi →Mg,P. (In fact, the

image of
∏
i∈XoMgi,Qi is a stratum of Mg,P and every stratum of Mg,P is

so obtained.)

Remark 11.3. The system of maps defined above generate a categorical structure
which contains what Getzler and Kapranov call a modular operad. This centers
around the notion of a stable weighted graph which describes the complete isomor-
phism type of a simplex a of the curve complex of a pair (S, P) (with S allowed to
be disconnected, but nonempty): if A ⊂ S◦ is a representative closed 1-manifold,
then a vertex corresponds to a connected component of S−A and we attach to that
vertex the genus of this component, an internal edge corresponds to connected
component of A and an loose end to an element of P. Formally, a stable weighted
graph G is given by a quadruple (X, ∼, σ1, g) (where σ1 is an involution which need
not be fixed point free and π0 : X → (X/ ∼) =: X0 resp. π1 : X → X/〈σ〉 =: X1
is the formation of the vertices resp. edges) and g : X0 → {0, 1, 2, . . . } is such that
for every v ∈ X0, the pair (g(v), π−11 (v)) is stable. However, we want to allow that
X1 = ∅, in which case G is discrete.

More specifically, if P ⊂ X denotes the fixed point set of σ and g(G) := b1(G) +∑
v∈X1

g(v), then we call G a stable P-pointed weighted graph of genus g(G). To
such a graph G we associate the orbifold M(G) :=

∏
v∈X0

Mg(v),π−1
1

(v). This
parametrizes the stable curves that are homeomorphic to (SA, P) relative to P. Note
that for the stable P-pointed graph Gg,P which has single vertex of weight g we get
M(Gg,P) =Mg,P.
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The stable weighted graphs are the objects of a category Gst whose morphisms
are suggested by the operations we encountered and are such that a morphism
r : G→ G ′ gives rise to a morphismM(r) :M(G)→M(G ′). There are four types:

(i) r collapses an internal edge, in other words, we remove from X a regular
σ1-orbit (in which case the new vertex has its weight prescribed accordingly). This
corresponds to erasing a connected component of A. The associated morphism
M(G) →M(G ′) takes a two element subset D of X1 and applies iD to the associ-
ated factor(s) in

∏
v∈X0

Mg(v),π−1
1

(v).
(ii) r collapses a loose end, in other words, we remove from X a fixed point of

σ1 (since the result G ′ must be stable, this is not allowed if the vertex it is attached
to has genus zero and has valency 3). If the loose end is indexed by p ∈ P, then this
corresponds on S to replace P by P−{p}. The associated morphismM(G)→M(G ′)
is given on a factor by a projection of the type fP,P−{p}.

(iii) r erases a vertex of G, in other words, we remove from X an equivalence
class of ∼. This amounts to the removal of a connected component of S−A. The as-
sociated morphismM(G)→M(G ′) is a projection along one of its factors. In case
the vertex is of genus zero and has valency 3, then this morphism is an isomorphism
and we then declare r to be an isomorphism as well.

(iv) r takes two loose ends of G and joins them up to produce an internal edge
or does the inverse of cutting an internal edge thus producing two loose ends. In
other words, we alter the definition of σ1 on a σ1-invariant 2-element subset of X.
Either one determines an isomorphism M(G) ∼=M(G ′), but the genera of G and
G ′ may differ.

We define a morphism of Gst as being a composite of such maps. We have
set things up in such a manner that G 7→ M(G) defines a covariant functor M
from Gst to the category of projective orbifolds. The connected P-pointed graphs
resp. the P-pointed graphs of genus g define a subcategory Gst

P resp. Gst
g,P. The

isomorphism classes of the latter are in bijective correspondence with the boundary
strata closures ofMg,P.

Exercise 30. Show that a section xp :Mg,P →Mg,P̃ is up to an isomorphism
in the image of the functorM.

The notion of a tautological algebra. We begin our discussion with a def-
inition.

Definition 11.4. A tautological algebra functor T • assigns to every moduli
spaceMg,P a graded Q-subalgebra T •(Mg,P) ⊂ H•(Mg,P ;Q) such that if for
any stable weighted graph G we put

T •(G) := ⊗v∈X0T
•(Mg(v),π−10 (v);Q) ⊂

⊗v∈X0 H
•(Mg(v),π−10 (v);Q) = H•(M(G);Q),

then for every morphism r : G→ G ′ in Gst, the mapM(r) :M(G)→M(G ′)
has the property thatM(r)∗ takes T •(G ′) to T •(G) andM(r)! takes T •(G)
to T •(G ′) (equivalently, it must be stable under the maps on cohomology,
ordinary and of Gysin type, induced by each of the morphisms (i)-(ii) listed
in Remark 11.3).

We denote the image of T •(Mg,P) in H•(Mg,P ;Q) by T •(Mg,P).
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Note that since an automorphism of P defines an automorphism of the
graph Gg,P, T •(Mg,P) will be invariant under the permutation group.

The obvious maximal choice for T • is to let it be all of H•(M(G);Q).
Another is Heven(M(G);Q), but more interesting is the minimal one: an in-
tersection of tautological functors is also one and so that there is a smallest
such functor R with R(G) = ∩T T •(G), where T • runs over all possible tau-
tological algebra functors. We call R(G) the tautological algebra of M(G).
As R will have only even degrees, it will be commutative. We grade accord-
ingly: Rk(G) ⊂ H2k(M(G);Q).

Let us make this more concrete. If (C → B, xP) is a family of stable P-
pointed genus g curves, then for every p ∈ P we have defined the line
bundle Lp on B: this is the pull-back along the section xp of the cotangent
bundle along the fibers. It has a first Chern class in H2(B) whose image in
H2(B;Q) we denote by Ψp(f). We can do this universally and find a line
bundle on Mg,P in an orbifold sense that we shall also denote by Lp and
whose rational first Chern class we denote by Ψp(Mg,P) ∈ H2(Mg,P ;Q).

From the definition it is immediate that under a map iD as defined before,
i∗DLp can be identified with its namesake onMg−1,Q (assuming p ∈ P = Q−

D) or its pull-back viaMg ′,Q ′×Mg ′′,Q ′′ →Mg ′,Q ′ (assuming p ∈ Q ′−{q ′})
and so a similar property holds for Ψp: i∗DΨp(Mg,P) is equal to Ψp(Mg−1,Q)

resp. Ψp(Mg ′,Q ′)⊗ 1.

Lemma 11.5. Write P ′ for P − {p} so that in case Mg,P ′ is defined, we have
the sections (x ′q :Mg,P ′ →Mg,P)q∈P ′ . If xp :Mg,P →Mg,P̃, then we have

Ψp(Mg,P) = −x∗pxp!(1) +
∑
q∈P ′

x ′q!(1).

In particular, c1(Lp) ∈ R•(Mg,P) and the images of c1(Lp) and −x∗pxp!(1) in
R•(Mg,P) are equal.

Proof. The expression x∗pxp!(1) is the Euler class of the normal bundle νp of
xp. Let b ∈ Mg,P and let (C, P) a representative of b. Then the fiber L|p is
T∗pC by definition. The fiber of the normal bundle of xp at b is TpC, unless p
lies on an irreducible component Co which destabilizes after removal of p,
i.e., Co is a smooth genus zero curve which meets P ′ in precisely one point
q and meets the rest C ′ of C in a single node p ′, in other words, if b lies in
the image of x ′q for some q ∈ P ′. There is in fact a natural section of L⊗ νp
(the pairing) whose zero divisor is the sum of the images of the x ′q’s. The
lemma follows from this. �

We now consider the universal family f : Cg,P = Mg,P̃ → Mg,P. The
preceding lemma (or rather its proof) shows that the line bundle Lo on
Mg,P̃ is away from the images of the sections xp like the cotangent bundle
along the fibers. We define for r = 0, 1, 2, . . . ,

κr(Mg,P) := f!(Ψo(Mg,P)
r+1) ∈ H2r(Mg,P ;Q).
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Its restriction to Mg,P is denoted by κr ∈ H2r(Mg,P ;Q) and is known as
the rth Miller-Morita-Mumford class; geometrically this class is represented
by the cycle defined by the locus where r generic topological perturbations
x
(1)
o , . . . .x

(r)
o :Mg,P →Mg,P̃ of xo take the same value as xo. If there is a risk

of ambiguity, we denote this class by κr(Mg,P), but the simpler notation κr
is justified by the fact that if P ⊂ Q, then the forgetful morphismMg,Q →
Mg,P has the property that it takes κr(Mg,P) to κr(Mg,Q) (this is in general
not true on the Deligne-Mumford compactifications).

It follows from Lemma 11.5 that these classes all lie in R•(Mg,P) resp.
R•(Mg,P). The following proposition shows that these kappa classes behave
nicely with respect to the morphisms considered above.

Proposition 11.6. For iD :Mg−1,Q →Mg,P resp. iD :Mg ′,Q ′ ×Mg ′′,Q ′′ →
Mg,P, we have that i∗Dκr(Mg,P) equals κr(Mg−1,Q) resp. κr(Mg ′,Q ′)⊗1+1⊗
κr(Mg ′′,Q ′′).

Proof. We need to go through the definitions. In the first case we have the
commutative diagram of universal families

Mg−1,Q̃

ĩD−−−−→ Mg,P̃

f ′
y yf

Mg−1,Q
iD−−−−→ Mg,P,

where P̃ = P t {o} and Q̃ = Q t {o}. This is in fact a pull-back diagram.
Moreover, the pull-back of Lp under ı̃D is its namesake onMg−1,Q̃ and so ı̃∗D
takes Ψo(Mg,P̃) to Ψo(Mg−1,Q̃). By the base change property, i∗D then maps
κr(Mg,P) = f!(Ψo(Mg,P̃)

r+1) to f!(Ψo(Mg−1,P̃)
r+1) = κr(Mg−1,Q).

The second case is somewhat more complicated. We have the universal
families Mg ′,Q̃ ′ → Mg ′,Q ′ and Mg ′′,Q̃ ′′ → Mg ′′,Q ′′ . Each of these can be
pulled back over the productMg ′,Q ′ ×Mg ′′,Q ′′ and then we can form their
disjoint union Ĉ → Mg ′,Q ′ × Mg ′′,Q ′′ . But we can also take their union
in the productMg ′,Q̃ ′ ×Mg ′′,Q̃ ′′ and then the two total spaces meet along
the natural section of each of the factors. In fact, we thus obtain the pull-
back along iD of the universal family overMg,P. So we have a commutative
diagram

(π ′′)∗Mg ′,Q̃ ′ t (π ′)∗Mg ′′,Q̃ ′′
ĩD−−−−→ Mg,P̃

(f ′×1)t(1×f ′′)
y yf

Mg ′,Q ′ ×Mg ′′,Q ′′
iD−−−−→ Mg,P,

which is almost Cartesian. The pull-back of Ψo(Mg,P̃)
r+1 is on one compo-

nent equal to Ψo(Mg ′,Q̃ ′)
r+1 ⊗ 1 and 1⊗ Ψo(Mg ′′,Q̃ ′′)

r+1 on the other. This
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implies that

f ′! ĩ
∗
DΨo(Mg,P̃)

r+1 = κr(Mg ′,Q ′)⊗ 1+ 1⊗ κr(Mg ′′,Q ′′).

Hence it remains to show that the left hand side can be identified with
i∗Df!Ψo(Mg,P̃)

r+1, in other words, that we can pretend that base change ap-
plies here. This can be justified by the fact Lo is canonically trivial along
the common section of the two components so that its Chern class has its
support away from that locus. We then need to invoke Remark 11.1. �

Remark 11.7. We may restate this proposition as follows. Define for every
stable weighted graph G, κr(G) ∈ H•(M(G);Q) by

κr(G) :=
∑

v∈Xo(G)

π∗vκr(Mg(v),π−10 v),

where πv : M(G) → Mg(v),π−10 v is the projection. Then for any morphism

r : G→ G ′ in Gst
g,P, we haveM(r)∗(κr(G

′)) = κr(G).

Proposition 11.8. The tautological algebraR•(Mg,P) is as a Q-algebra gener-
ated by the classes {κr(Mg,P)}r≥1, {Ψp(Mg,P)}p∈P, and the classes of the bound-
ary strata closures (i.e., the images of the element of 1 under their Gysin maps).
In particular, R•(Mg,P) is as a Q-algebra generated by the kappa classes and
the psi classes.

Proof. Denote by R•o(Mg,P) ⊂ H•(Mg,P ;Q) the Q-algebra generated by the
classes κ̄r(Mg,P). It is clear that R•o(G) ⊂ R•(G) and so it suffices to show
that G 7→ R•o(G) is a tautological algebra functor. In this case that comes
down to checking invariance under the operations (i) and (ii). That is rela-
tively straightforward. �

The tautological algebra R•0,P is quite nice. First notice that the boundary
divisors of M0,P are indexed by the splittings of P into two sets with least
two elements (so this assumes |P| ≥ 4): for every such splitting S = {S ′|S ′′}
we have an embedding iS :M0,S̃ ′×M0,S̃ ′′ ↪→M0,P whose image is a bound-
ary divisor. The following lemma gives in R•0,P multiplicative relations in
degree 4 and linear relations in degree 2.

Lemma 11.9. Assume that |P| ≥ 4 so thatM0,P is defined.
(mult) If S and T are splittings of P into two sets with least two elements with

no common member, then iS!(1).iT !(1) = 0.
(add) Let p ∈ P, Q ⊂ P a 2-element subset and denote by S(p|Q) the col-

lection of splittings of P into two sets with at least two elements which
separate p from Q. Then Ψp =

∑
S∈S(p|Q) iS!(1).

Proof. The first identity follows from the geometry: if the codimension one
strata parametrized by iS and iT meet, then they do so along a codimension
two stratum. But a codimension two stratum defines a partition of P into
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three parts which refines both S and T . This implies that S and T have a
common member.

The proof of the second identity is more subtle and it is only sketched.
We define a section s of Lp with the help of Q as follows. Denote the two
elements of Q by q0 and q∞. If c ∈ M0,P, then represent it by a stable
P-pointed curve (C, P) of genus zero. You may verify that there is a unique
morphism fc : C→ P1 with fc(p) = 1, fc(q0) = 0, fc(q∞) =∞. We may then
view s(c) := f∗c(

dz
z )|T

∗
pC as an element of the fiber of Lp over c. It turns out

that the naturality of this construction leads to the conclusion that s indeed
defines a section of Lp. So its zero divisor defines the class Ψp. But s(c) = 0
if and only if p lies on a component of C that is contracted by fc and this
happens precisely when c lies on the image of an iS which separates p from
q, r. The multiplicity of vanishing is 1 and so the the identity follows. �

Remark 11.10. Keel has shown that R•(M0,P) = H•(M0,P ;Q) and that as
an algebra, it is generated by the classes of the boundary divisors iS!(1) and
the Ψp’s subject to the relations above (in particular, we may eleminate the
psi classes).

It is not known whether it is true in general (g > 0) thatR•(Mg,P) makes
up a nondegenerate subspace ofH•(Mg,P ;Q) with respect to the intersection
pairing.

The lambda classes. Many of the classes that are naturally defined on a
moduli space of (stable) pointed curves turn out to be tautological. Here is
an example.

If C is a projective nodal curve of genus g, then its dualizing sheaf ωC is
on the smooth part of C of the sheaf of of differentials and at a node it is
a differential on each branch with at most a simple pole at that node such
that the two residues add up to 0. Notice that ωC is locally free on C

Lemma 11.11. Let π : Ĉ → C be a partial normalization of C (with the
branches at some nodes being separated), and denote by G the graph attached
to π (the points in Ĉ lying over a node define oriented edges, connected com-
ponents of Ĉ define vertices, normalized nodes define edges). Then we have a
natural exact sequence

0→ H0(Ĉ,ωĈ)→ H0(C,ωC)→ H1(G;C)→ 0,

so that in particular, dimH0(C,ωC) = g.

Proof. We first do the case when π is the full normalization so that Ĉ is
smooth. An element of H0(C,ωC) defines a meromorphic differential on Ĉ.
Its residues on every connected component sum up to zero and so do the
two residues that over a node any given node. So if we think of the set X(G)
of oriented edges of G as a set of simplicial 1-chains, then these residue data
define an element of H1(G;C) ⊂ CX(G). On the other hand, on a closed
connected Riemann surface we can arbitrarily prescribe the polar parts of a
meromorphic differential as along as the sum of their residues is zero. This
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means that every element of H1(G;C) is so obtained. The genus g of C is
indeed the sum of the genera of the connected components of Ĉ and the
first Betti number of G.

The general case (of a partial blowup) is proven in the same way. �

The formation of ωC behaves well in families: if we have a family of
projective nodal curves f : C → B of genus g, then we have a relatively
dualizing sheaf ωC/B and its direct image on B, f∗ωC/B, is a rank g vector
bundle on M. The kth rational Chern class of this vector bundle is denoted
by λk(f) ∈ H2k(B;Q). We have of course that λk(f) = 0 for k > g. If the
family admits a partial normalization π : Ĉ → C with constant graph G, and
we put f̂ := fπ, then we have an exact sequence

0→ f̂∗ωĈ/B → f∗ωC/B → OB ⊗C H
1(G;C)→ 0.

Since the quotient is trivial, we see that λk(f̂) = λk(f). So then λk(f) = 0 for
k > g− b1(G).

If we do this universally for stable nodal curves of genus g ≥ 2, then we
have thus defined λk(Mg,P) ∈ H2k(Mg,P ;Q) with λk = 0 for k > g. Since
the pull-back of λk(Mg,P) over a projectionMg,Q →Mg,P is λk(Mg,Q), we
will usually simply write λk instead. Mumford has shown that in fact λk ∈
R•(Mg). The following proposition follows in a straightforward manner
from Lemma 11.11.

Proposition 11.12. For iD :Mg−1,Q →Mg,P we have that i∗Dλr = λr and for
iD :Mg ′,Q ′ ×Mg ′′,Q ′′ →Mg,P we have i∗Dλr =

∑
k+l=r λk ⊗ λl.

Corollary 11.13. The restriction of λgλg−1 ∈ H4g−2(Mg;Q) to every bound-
ary divisor of Mg is zero and so is the restriction of λg ∈ H2g(Mg;Q) to the
boundary divisor parametrized byMg−1,2.

Proof. This is indeed immediate from the previous proposition. �

So if we writeMc
g ⊂Mg for the complement of the divisor parametrized

by Mg−1,2, then the first part of Corollary 11.13 implies that that λg is in
the image of H2gc (Mc

g;Q). By means of a degeneration argument using
Hodge theory, Faber [] shows that similarly λgλg−1 restricted to the Deligne-
Mumford boundary is zero and hence lies in the image of H2(2g−1)c (Mg;Q).
This implies that the multiplication by λgλg−1 in R•(Mg) factors through a
map R•(Mg) → R2g−1+•(Mg). That observation plays an important role
in a set of conjectures that he stated on the structure of R•(Mg) (which is
generated by the kappa classes).

Faber’s conjectures. Rather than recall these conjectures in their original
form, let us first state what is essentially the proven part. The hyperelliptic
locus Hg is the locus in Mg parameterizing the isomorphism classes of hy-
perelliptic curves of genus g. Since a hyperelliptic curve of genus g is given
up to isomorphism as a double cover of P1 ramified in 2g+2 points, we have
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an identification ofHg with the 2g−1-dimensional varietyM0,2g+2 (though
not as orbifolds, because of the hyperelliptic involution). The hyperelliptic
locus is closed and of codimension g− 2 inMg.

(i) (Morita) The Q-algebra R•(Mg) is generated by the κr, with r ≤
b 13gc.

(ii) (Looijenga) The Q-algebra R•(Mg) is zero in degree > g − 2 and
Rg−2(Mg) is spanned by class of the hyperelliptic locus Hg.

(iii) (Faber) Multiplication by λgλg−1 yields isomorphisms Rg−2(Mg) ∼=
R3g−3(Mg) ∼= Q.

Still open is:

Conjecture 11.14 (Faber). The Q-algebra R•(Mg) is Gorenstein with socle
Rg−2(Mg). Equivalently, the pairing

(r, r ′) ∈ Rk(Mg)×Rg−2−k(Mg) 7→ λgλg−1rr
′ ∈ R3g−3(Mg) ∼= Q

is perfect.

Furthermore, Faber has a candidate formula for λgλg−1κ
r1
1 κ

r2
2 · · · ∈ Q

(where
∑
i iκi = g− 2).

There are a number of variants of this conjecture, one of which involves
R•(Mc

g) (supposedly to be Gorenstein with socle in degree 2g − 3, the role
of λgλg−1 taken by λg).

Primitivity of the kappa classes. The maps appearing in the Harer sta-
bility theorem and in the above discussion can be made rather concrete in
terms of the Harvey bordification. Recall that M+

g,P is a compact manifold
with corners whose interior is M+

g,P. So Mg,P ⊂ Mg,P induces an isomor-
phism on cohomology. For g ′ > 0 we have the boundary stratum ofMg+k,P

parameterized byMg,P̃ ×Mg ′,{o} →Mg+g ′,P. The preimage of this param-
eterization overM+

g+g ′,P is given by a map

Mg,P,~o ×Mg ′,~o →M+
g+g ′,P

(which actually factors through the orbit space ofMg,P,~o×Mg ′,~o for the C×-
action defined by λ ∈ C× : (w,w ′) 7→ (λw, λ−1w ′)). Then the Q-stability
theorem amounts to the assertion that the projection map Mg,P,~o → Mg,P

and the maps Mg,P,~o × {w ′} → M+
g+g ′,P, with w ′ ∈ Mg ′,~o, induce isomor-

phisms on rational cohomology in degree < 2
3g. With the help of Proposi-

tion 11.6 we observe that each of these maps respects the kappa class κr
and so κr defines in fact a stable cohomology class H2r(Γ∞). For P = ∅,
the map Mg,~o × Mg ′,~o → M+

g+g ′ yields in the stable range the coprod-
uct for the Hopf algebra structure and again Proposition 11.6 shows that
∆(κr) = κr ⊗ 1 + 1 ⊗ κr. We conclude that κr gives rise to a primitive ele-
ment of H2r(Γ∞,Q): for g > 3

2r, the class κr ∈ H2r(Mg;Q) ∼= H2r(Γg;Q) ∼=

H2r(Γ∞;Q) is independent of g and is primitive.
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Proposition 11.15 (E.Y. Miller). Every κr is nonzero and so the natural map
of graded algebras Q[K1, K2, . . . ] → H•(Γ∞;Q) which sends Kr to κr (so that
degKr = 2r) is an embedding.

We will not prove this. Mumford made in [] the conjecture that this is in
fact an isomorphism. This has been proved by Madsen and Weiss [] , who
in fact obtained a considerably stronger statement in terms of homotopy
theory. From the preceding it is not hard to deduce that for a finite set
P, the psi classes stabilize to (ψp ∈ H2(Γ∞,P))p∈P (ψp is in fact the Euler
class of the infinite central extension of Γ∞,P defined by connected group
of the compactly supported diffeomorphisms that fix P pointwise and fix a
nonzero tangent vector at p) and that H•(Γ∞,P ;Q) is the free polynomial
algebra generated by the kappa classes and the psi classes.


