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Proof Theory, 18-5-2011

Exercise 1 Show that IΣ1 proves that there are infinitely many prime num-
bers; i.e. the sentence

∀x∃y (y > x ∧ Prime(y))

Solution: by Σ1-induction one proves that for all x,

(1) ∃y∀i ≤ x(i > 0 ⊃ i|y)

and either x is prime or there is, by ∆0-minimization, a least y such that
y > 1 and y|x, which least y must be prime; hence

(2) ∃w(Prime(w) ∧ w|x)

Now given x, take y as in (1); and then take w as in (2) for y + 1. Then w

is a prime number > x.

Exercise 2 Let G : N → N be primitive recursive. Show that the function
H , defined by

H(n) = G(· · · (G
︸ ︷︷ ︸

G(n) times

(n) · · · )

is primitive recursive too.

Solution: Let K(n, y) be defined by

K(n, y) = G(· · · (G
︸ ︷︷ ︸

y times

(n) · · · )

Then K(n, y) is primitive recursive, since K(n, 0) = n and K(n, y + 1) =
G(K(n, y)). Now H(n) = K(n, G(n)) so by composition, H is primitive
recursive.


