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EXERCISE I — Frege Proofs

EXERCISE 1.A — Implicational Fragment

(i) p D p, call this Id

)
(ii) ¢ D p D p, call this K*
(iii) gD (pDgDr)DpDT
)

(ivy pD(pDq) Dy

Proof of (i):

L (po>p2p)2(@>(@>p)Dp)D(POpP) s

2. pDODpDp K

3. (pD>(>p) Dp)D(p2p) modus ponens on 1 and 2

4. pO>(pDp) Dp K

5. pDOp modus ponens on 3 and 4
Proof of (ii)

1. (pD>p)DgDpDp K

2. pDp Id

3. ¢gOpDOp modus ponens on 1 and 2
Proof of (iii)

L. (gop2¢)D>(@>(P29)>(pPD¢Dr)DpDr)DdgD(pDgDr)dpDr s

2. ¢gDOpDygq K

3. (qD(p2g)D(pDgDr)DPpDTr)DgD(PDgDT)DdDPDT modus ponens on 1 and 2

4. (P29 >P>2¢2q9)DpDr)2¢>D(PDq)D(PDgDgDpDOr K

5 ®29)D>(P>¢Ddq¢)DpDr s

6. ¢O(pD>q)D(PDg¢DgDpDr modus ponens on 4 and 5

7. ¢gD>(pDgDr)DpDr modus ponens on 3 and 6
Proof of (iv)

L (p2>2(@>292p292>(@>((r29DdpD29)D(PD9) D9 DpD(pDg Dg §

2. pD(pDgDpDyq K*

3. o>((p2g9>dpD2q9)D>(PDgDgDdDpD(pDg) Dy modus ponens on 1 and 2

4. po>((P29>p>2¢9>(P>29D¢q proof (iii)

5. pD(pDq) Dy modus ponens on 4 and 5




EXERCISE I.B — Some Laws
i) (roa)D>2(r>b)D>r>(and)
(i) (pD>a)D>(gDb)D(pAg) D(aAd)

(iii) (pAgVrD(pVr)A(gVT);

Proof of (iii):
1. pAgDp
2. pDpVr
3. (pAgDp)D(pDpVr)DpAgDpPVr
4. (pDpVr)DpAgDpVr
5. pAgDpVr
6. pAgDq
7. gqDqVr
8. (pAgDq)D(gDgVr)DpAgDgVr
9. (¢gDqgVr)DdDpAgDqVr
10. pAgDqVr
1. (p2>pVr)D(@>dqVvr)Dd(Ag) DVr)A(gVr)
12. (gDqVr)D(pAg)D(pVr)A(gVr)
13. (pAg)D(pVr)A(gVr)
4. (ropvr)
15. (roqVvr)
16. (ropVvr)D(ro>gVvr)DrD>(mVr)A(qgVr)
17. (r>qVvr)D>rD>(pVr)A(qgVr)
18. rDO>(pVr)A(gVvr)
19. ((pAg) D (eVr)A(gVr)D(rD(Vr)AlgVr) DA VrD(Vr)AgVr)
20 (ro(Vvr)A@Vr)D@AQVTrD(PVr)A(gVvT)
21. (pAQVrD>(mVr)A(gVr)

Pl

i

C

modus ponens on 3 and 1
modus ponens on 4 and 2
Pr

i

C

modus ponens on 8 and 6
modus ponens on 9 and 7
proof (ii)

modus ponenson 11 and 6
modus ponens on 12 and 10
Ir

Ir

proof (i)

modus ponens on 16 and 14
modus ponens on 17 and 15
I

modus ponens on 19 and 13
modus ponens on 20 and 18
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