1 Natural deduction and Kripke Semantics

1.1 Relation between IQC and CQC.

There are several logic systems:
e CQC Classical predicate logic
e IQC Intuitionistic predicate logic. This is CQC without L.
e MQC Minimal predicat logic. This is IQC without L.

We are going to look for a class F such that for all formulas A in this class
CQCHA<sIQCH A.

Definition A formula A is negative (not a negation) if every prime P that
occurs in A only occur negated and A does not contain V or 3.

Lemma 1. MQCF A < ——A if A negative.

Definition Let A be a formula of a predicate logic system. The (Godel Gentzen)
negative translation 9 is defined inductively by:

o 19:= 1
R
[ ]

ANB)Y:= A9 N BY
A— B)Y:= A9 — BY

(
(
(VzA)9 = Yz AI
(AV B)9 := ~(~A9 A —BY)
(

o (FzA)9 := —Vx—AY
Theorem 2. For all A:
o . A+ A9
e ' A <= T9}F,, A9
With T9 = {B9: B €T}
Corollary 3. For all negative A, CQC F A iff IQC + A.



1.2 Kripke Semantics

We discuss Kripke Semantics for Pure Predicate Logic:

Definition A Kripke Model for IQC is a quadruple M = (K, <, D, IF), such
that

e (K, <) is an inhabited poset.
e D is a monotone function assigning inhabited sets to the elements of K.

e |- is a relation from K to the prime formulas of the extended language
LU (U{D(k) | k € K}), such that

kIF R (dy,...,d,) = d; € D(k), foralli <n
k- R"(dy,....,dp) Nk <K = kI R"(dy,...,dy,).
We extend the definition of IF to all sentences A as follows:
e kIFAANB <= kI Aand k- B,
e kIFAVB <= kl-Aorkl B,
e kIFA— B < V& >k, if ¥ IF A then k' I B,

e not kIFL.

klFVzA(z) <= VK > kVd € D(K')(K' IF A(d))
o kF3zA(x) < 3d € D(k)(k I+ A(d))
Theorem 4. (Soundness for pure IQC). T+HA = T IF A.

Definition Let C be a set of constants. A set of sentences I' in the language L
is called C-seturated iff:

e T is consistent, i.e. there is no finite 'y C T" such that F —(ATy).
eI'FA — A€T,

eTFAVB — I'+AorTF B,

o I'3zA(x) = forsome ce C, A(c) € T.

Lemma 5. (saturation lemma). Suppose 't/ A, T', A in a language L. Let
C = {co, c1,...} be a countable set of constants not in L, and let L(C) be L
extended with C. Then there is a C-saturated T D T, such that T* t A.

Theorem 6. (strong completeness for IQC). 'l A = T'F A.



