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Reminder (lemma 1.9.11). Let ®(Z) be a ¥ formula of LST and let ¢(Z) be its counterpart
in .Z, then

—
)

ZF F Vu(VZ € u) |3%(Z) < o gp(w)}

Reminder (lemma 1.9.15). Let ®(Z) be a ¥y formula of LST and let ¢(Z) be its counterpart
in .Z, then

—
o

ZF - “For M a transitive set, (VZ € M) [@(f) —FEm cp(x)} K

1.11) Kripke-Platek Set Theory & Admissible sets

Definition 1. KP (Kripke-Platek set theory) is the theory given by the axioms of BS enriched
with Ag-collection:

(i) Axiom of Extensionality

(ii) Axiom of Induction

(iii) Axiom of Pairing

(iv) Axiom of Union

(v) Axiom of Infinity

(vi) Axiom of Cartesian Product

(vii) Axiom schema of Ay-Comprehension
(viii) Axiom schema of Ag-Collection

Reminder (amenable sets). A set M is amenable, if it is transitive and satisfies
(i) (Vo e M)(Vy € M)({z,y} € M)
(i) (Ve e M) (Jz e M)
(iii) we M
(iv) Ve e M)(Vy e M)(z xy € M)
(v) f RC M is 3¥¢(M), then (Vr € M)(RNx € M)

Definition 2. A set M is admissible, if M is amenable and satisfies
(vi) If a relation R C M x M is (M) and (Vx € M)(3y € M)(y R x), then for any u € M
there is a v € M such that (Vo € u)(y € v)(y R x)

Lemma 3. Let ®(z,y,p) be £, and ¥(z,p) be AKP then

KP F Vp [Vedy®(z, y, p) — Yudv(Ve € u)(Jy € v)P(z,y, p)] (31-Collection)
KP = Vp [VadyVz(z € y <> z € x A ¥(z,D))] (A1-Comprehension)

Lemma 4 (Recursion Theorem). Let G be a total (n+2)-ary XP function over V. Then there
is a total (n + 1)-ary XKP function I over V such that

KPF F(Z,y) = G(Z,y, (F(Z,z) | z €y)).



2.1) Definition of the Constructible Universe

Reminder (definition of z-definable). A subset y of = is z-definable iff there is a formula ¢ (v)
of £, such that y = {a € z | F; ¢(a)}. Define Def(z) to be the set of a-definable subsets of z.

Def(u) can be defined in LST as:
v=Def(u) ¢ (Vrev)3p) {le(g@,u) A Fr(p, {vo})
Az = {2 €ul (3)(Sub(s, ¢, v0, 2) A Sat(u, 1)) }|
A (%) | (Fnl(p, u) A Fr(p, {vo})
— (Fw e v)(z = {z € u| (F)(Sub(e, @, v0,£) A sat(u,qp))}
Definition 5. By recursion on a € On we define

Lo= 2, Lat1 = Def(Ly), Ly = | La if v is limit, L= |J L
a<y aceOn

The set L is the constructible universe. A set z is constructible iff x € L.

Lemma 6. The constructible hierarchy has the following properties:
(i) a < B implies L, C Lg.

LNa=L,NO0n=q« for all a.
Lo =V, for a <w.
(vil) |Lq| = |af for a > w.

)
)
) o< B implies o € Lg and L, € Lg. (On C L).
)
)

Definition 7. Let M be a transitive proper class and T" a theory in LST, then M is an inner
model of T if for every axiom ® of T' we have T F ®M,

Theorem 8. The class L is an inner model of ZF. In fact ZF F (AoC)% (this will be treated
next week).

2.2) Constructibility

Lemma 9. L, is amenable for each uncountable limit ordinal c.

Reminder (uniformly AM). Given a family of classes .# and a class A = {Z | ®(&)} of m-
tuples defined by LST formula ®, we say A is uniformly AM if there are is a 3,, formula ¢y (Z)

and II,, formula ¢5(Z) of £ such that for each M € .# we have AN M™ = {a‘:’ | EM i (:c) }

Remark 10. Devlin states that the class defined by Sat (that is {(u, ¢} | Sat(u,¢)}) is uni-
formly A} for amenable sets M. This is false, as Mathias gives a countermodel. It can be
fixed by defining S(x) to be the set of finite subsets of x, and letting M be an S-amenable set,
which is an amenable set such that z € M implies S(z) € M. Now the class Sat is A]l\/ls for
S-amenable sets M.

Definition 11. For an LST formula ®(Z), let (%) and (**) be the following properties:
(*) ®(7) is AKP,



%) The class {Z | ®(Z)} is uniformly ALe, for all uncountable limit ordinals a.
() Yy 24

We define the following LST formulas:

Seq(y, z) : Elf[“f is a function” Adom(f) =w A f(0) =T Ay = Uran(f)
A(Vn € w)(Vs € fn+1)(3t € f(n))(Ta € z) (s = tu {(a,n)})
A (Vn € w)(¥s € f(n))(Va € 2)(3t € f(n + 1))(t =sU {(a,n)})

|

Pow(y, z) : EIz[Seq(z,:U) Ay = {ran(u) | u € z}}

Lemma 12. Seq(y,x) satisfies (x) and (xx).
Lemma 13. Pow(y, z) satisfies (%) and ().

Lemma 14. There is an LST formula D(v,u) such that D(v,u) < v = Def(u). Moreover,
D(v,u) satisfies (x) and ().

Lemma 15. There is an LST function G(f, «) such that G is true iff f : @« +1 — L sends
B+ Lg. Moreover, G(f,«) satisfies () and (x).

Let H(z,a) be the LST formula that says “x = L,”, which is defined as H(z,a) <> 3f[G(f, o)A
(z = f(a))].

Lemma 16. H(z,«a) satisfies (%) and (xx).

Lemma 17. If M is an inner model of KP, and « an ordinal, then L, € M and (L) = L.
Hence (L) = L

Corollary 18.
(i) If M is an admissible set and A\ = sup(M N On), then for a < A\ we have (Lo)M = L.
Hence (L)M = L,.
(ii) For any a we have (L )" = L. Hence (L)" = L.
(iii) For a > w a limit ordinal and v < a we have (L)Y = L,. Hence (L)Le = L.

Lemma 19. The LST formula “x € L” (that is, x is constructible) is XKP.

Definition 20. The Axiom of Constructibility (also Hypothesis of Constructibility) is the
statement Vz(z € L). Equivalently this means V = L.

Theorem 21. ZF - (V = L)~



1 Exercises

Exercise 1. Prove that the Axiom of Cartesian Product holds in the inner model L
ZF + (VaVy3zVulu € z < (3a € 2)(3b € y)(u = (a,b))])*

without assuming I1.1.2. However, you may assume that
ZF - VaVy3zVulu € z <» (Ja € z)(Fb € y)(u = (a,b))].

Exercise 2. Let Add(s,a,b) be the LST formula that states “s = a+b” A “a,b, s are natural
numbers”.

a) Prove that Add(s,a,b) is AKP. (%)

b) Prove that the class defined by Add is uniformly Af * for v > w limit. (%)



