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In both exercises: Let K be a totally real number field of degree n over Q. Let σ1, ..., σn
be all embeddings of K into R. Let a ∈ OK be such that σ1(a) ≥ 22n and σi(a) ≤ 1

2
for

i = 2, 3, ..., n.

Recall the following definitions:
We defined the sequences xm(a), ym(a) ∈ OK , m ∈ N, by:

xm(a) + ym(a)
√
a2 − 1 = (a+

√
a2 − 1)m

We defined ε = σ1(a) +
√
σ1(a)2 − 1.

Exercise 1 Prove the following facts:
(1) εm

4σ1(a)
< σ1(ym(a)) < εm

σ1(a)

(2) |σi(ym(a))| < 2 for i = 2, 3, ..., n
(3) εm/2 < σ1(xm(a)) < εm

(4) |σi(xm(a))| < 1 for i = 2, 3, ..., n

Exercise 2
Let |σi(a)| ≤ 1

8
for all i 6= 1 and m ∈ N>0. Prove that there exists s ∈ N such that

b = xm(a)2s + a(1− xm(a)2) satisfies the following three properties:
(i) b ≡ 1 mod ym(a)
(ii) b ≡ a mod xm(a)
(iii) σ1(b) ≥ 22n and σi(b) ≤ 1

2
for i = 2, 3, ..., n.
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