Utrecht, May 1995

Maintaining the convergence properties of BiCGstab methods in finite precision arithmetic by Gerard L.G. Sleijpen

sleijpen@math.ruu.nl

joint work with

Henk A. van der Vorst

Department of Mathematics University Utrecht Utrecht, The Netherlands uxx + uyy + uzz + 1000 ux = f. f is defined by the solution u(x, y, z) = exp(xyz) sin(πx) sin(πy) sin(πz).

Discretized using (10 × 10 × 10) volumes.

No preconditioning was used.

uxx + uyy + uzz + 1000 ux = f. f is defined by the solution u(x, y, z) = exp(xyz) sin(πx) sin(πy) sin(πz).

Discretized using (10 × 10 × 10) volumes.

No preconditioning was used.

Bi-CG for Ax = b

Bi-CG { uk = r_k − β_ku_{k−1} rk+1 = rk − αkAuk, xk+1 = xk + αkuk.

rk, uk ∈ Kk+1(A; r0) ≡ span (r0, Ar0, . . . , Akr0) Auk, r_k ⊥ K_k(A^T ; ~r_0)

βk = θk_−1 θk ρk σk_−1, αk = ρk σk

with ρk ≡ (rk, ψk(AT ) ~r0) σk ≡ (Auk, ψk(AT ) ~r0) & ψk pol. degree k ψk(t) = θ_k t^k + . . .

Transpose-free Bi-CG

ρk = (r_k, ψ_k(A^T ) ~r_0) = (ψ_k(A)r_k, ~r_0), σk = (Au_k, ψ_k(A^T ) ~r_0) = (Aψ_k(A)u_k, ~r_0)

Ψ_k ≡ ψ_k(A)

(Bi-CG) { ρk, Ψ_ku_k = Ψ_kr_k − β_kΨ_ku_{k−1}, σk, Ψ_kr_{k+1} = Ψ_kr_k − α_kAΨ_ku_k, ^x = x_k + α_kΨ_ku_k

(Pol) Compute ψ_{k+1} of degree k + 1 such that ψ_{k+1}(0) = 1.

Compute

u_k ≡ Ψ_{k+1}u_k, r_{k+1} ≡ Ψ_{k+1}r_{k+1}, x_{k+1}

Hybrid Bi-CG

r_{k+1} = Ψ_{k+1}r_{k+1} = ψ_{k+1}(A)ϕ_{k+1}(A)r_0 rk+1 = ϕk+1(A)r0: ϕk+1 is the “Bi-CG polynomial”

of degree k + 1.

CGS (Conjugate Gradients squared):

ψk = ϕ_k, r_k = ϕ_k(A) ϕ_k(A) r_0 Exploit recurrence relations for Bi-CG leading to a very efficient algorithm.

Bi-CGSTAB (Bi–CG stabilized): ψk+1(t) = (1 − ωkt) ψk(t)

Ψ_{k+1}r_{k+1} = (1 − ω_kA)Ψ_kr_{k+1}, x_{k+1} = x + ω_kΨ_kr_{k+1} Ψ_{k+1}u_k = (1 − ω_kA)Ψ_ku_k where

ωk minimizes ‖(1 − ωA) Ψ_kr_{k+1} ^r ‖

ωk = (^^r , A^^r )

(A^^r , A^^r ) and θk_−1 θk = 1−ω_{k−1}

Breakdown of the minimization

Exact arithmetic, ω_k = 0: — No reduction of the residual by

Ψ_{k+1}r_{k+1} = (I − ω_kA)Ψ_kr_{k+1}.

— ψ_{k+1} is of degree k;

Bi-CG scalars cannot be computed: breakdown of the incorporated Bi-CG.

Finite precision arithmetic, ω_k ≈ 0: — Poor reduction of the residual by Ψ_{k+1}r_{k+1} = (I − ω_kA)Ψ_kr_{k+1}.

— Bi-CG scalars affected by rounding errors:

drop of speed of convergence.

ωk ≈ 0 to be expected if

A has eigenvalues with relatively large imaginary part ωk is real!

ωk = (^^r , A^^r ) (A^^r , A^^r )

ωk = (^^r , A^^r ) ‖ ^r ‖ ‖A ^r ‖ ‖ ^r ‖ ‖A ^r ‖ = ^ω_k ‖ ^r ‖ ‖A ^r ‖

uxx + uyy + uzz + 1000 ux = f.

ρk = (r_k, ~r_0), ρ^⋆_k = ρ_k(1 + ϵ) |ϵ| ≤ n ξ ‖r_k‖ ‖~r_0‖ |(r_k, ~r_0)| = n ξ_^ρ_k where ^ρ_k ≡

|(r_k, ~r_0)| ‖r_k‖ ‖~r_0‖^,

uxx + uyy + uzz + 1000 ux = f.

Near breakdowns

and inaccurate Bi-CG coefficients

• Is there a polynomial ψ_k for which ρk : |(ψ_k(A) r_k, ~r_0)| ‖ ψk(A) rk‖ ‖~r0‖ is not very small,

σk : |(Aψ_k(A) u_k, ~r_0)| ‖ ψk(A) uk‖ ‖~r0‖ is not very small?

• If so, do we have these properties for the specific polynomial ψ_k used in the iterative method?

• If not, can the method efficiently be modified such that the resulting polynomial ψ_k has these properties?

For minimal rounding errors:

minimize ‖ ψk(A) rk‖ ‖~r0‖ |(ψ_k(A) r_k, ~r_0)| = ‖ ψk(A) rk‖ |θk| · ‖~r0‖ |(r_k, (A^T )^k ~r_0)|

(ψ_k(A) r_k, ~r_0) = (r_k, ψ_k(A^T ) ~r_0) = (r_k, θ_k (A^T )^k ~r_0) rk ⊥ Kk(AT ; ~r0)

Solution ψk(A) r_k ⊥ K_k(A; r_k) ψk(0) = 1 } ψk is the FOM polynomial

For minimal rounding errors using degree one factors:

minimize

‖ r_{k+1}‖ ‖ ~r_0 ‖ |(r_{k+1}, ~r_0)| = ‖ r_{k+1}‖ | ω | ‖ ~r0 ‖ |(A^^r , ~r_0)|

where r_{k+1} = (I − ω A)^^r ,^^r ≡ Ψ_kr_{k+1}

minimize

‖ r_{k+1} ‖ | ω | = ‖(I − ω A)^^r ‖ | ω |

Here we used the fact that (r_{k+1}, ~r_0) = (r_{k+1}, (I − ω A^T ) ψ_k(A^T ) ~r_0) = −ω (A^^r , ~r_0) r_{k+1} =^^r − ω A^^r , r_{k+1ω} = 1ω^^r − A^^r

� � � � � � � � � � � �

6 1 1/^ω^{MR} r^{OR} QQs

r^{OR} = ^r − 1 ^ω^{MR} ^s CC CW

r^{MR} = ^r − ^ω^{MR} ^s

QQ QQ QQ QQ QQ QQ QQ QQ QQ QQ QQk 1 ^ω^{MR} r^{MR} � �Œ

^s ≡ ‖ ^r ‖ ‖ A^r ‖ A^r ^ω^{MR} ≡ ( ^r, A^r ) ‖ ^r ‖ ‖ A^r ‖

- ^r � � � � � � � �Œ ^s

QQ QQ QQ QQ QQ QQs

?

Updating by pols. of dg. ℓ ˘ 2

Consider k = mℓ. ψmℓ+ℓ = pmψmℓ = pm · pm_−1 · . . . · p0, where pm of exact degree ℓ, pm(0) = 1 and, where, for minimal residuals, pm minimizes ‖pm(A)^^r ‖;^^r ≡ Ψ_{mℓ}r_{mℓ+ℓ}.

BiCGstab(ℓ) [S,F,V] ℓ ≥ 2. With respect to the γ_i, minimize

‖pm(A)^^r ‖ = ‖^^r −^{ℓ∑}_{j=1} γ_jA^{j ^}r ‖,

where pm(t) = 1 −^{ℓ∑}_{j=1} γ_jt^j

For minimal rounding errors using degree ℓ factors:

maximize ^ρ_{k+ℓ} ≡ |(r_{k+ℓ}, ~r_0)| ‖r_{k+ℓ}‖ ‖~r_0‖^, where r_{mℓ+ℓ} = pm(A)^^r ,^^r ≡ Ψ_kr_{mℓ+ℓ}

or, equivalently,

minimize r_{k+ℓ} ≡ ‖ r_{k+ℓ} ‖ | γℓ | = ‖pm(A)^^r ‖ |γℓ|

Theorem ^r_1, . . . , ^r_{ℓ−1} orthonormal basis K_{ℓ−1}(A; A ^r ). Define

~r_0 ≡^^r −^{ℓ−1∑}_{j=1}(^^r ,^^r_j)^^r_j,

~r_ℓ ≡ A^{ℓ ^}r −^{ℓ−1∑}_{j=1}(A^{ℓ ^}r ,^^r_j)^^r_j, ^ω ≡ ^ω^{MR} ≡ (^~r_ℓ,^~r_0) ‖ ~r_ℓ‖ ‖ ~r_0‖^. Then r^{MR} =^~r_0− ^ω^{‖ ~}r^{0‖}_{‖ ~}r_{ℓ‖}^~r_ℓ & r^{OR} =^~r_0−1_{^ω}^{‖ ~}r^{0‖}_{‖ ~}r_{ℓ‖}^~r_ℓ,

‖ r^{MR}‖ =^√1 − ^ω^2 ‖^~r_0‖ & ‖ r^{OR}‖ = √ 1 − ^ω^2 | ^ω | ‖ ~r_0‖, r^{MR} = √ 1 − ^ω^2 | ^ω | ‖ ~r_ℓ‖ & r^{OR} =^√1 − ^ω^2 ‖^~r_ℓ‖.

Computational details

^r_0, ^r_1, . . . , ^r_ℓ basis K_{ℓ+1}(A; ^r ) R ≡ [^^r_0 | . . . |^^r_ℓ ], ~r_0 = R ⃗η_0,^~r_ℓ = R ⃗η_ℓ for some ⃗η_0, ⃗η_ℓ ∈ R^{ℓ+1}. With V ≡ R^T R, define < ⃗η, ⃗μ >≡ ⃗μ T V⃗η and | ⃗η | ≡ √ < ⃗η, ⃗η >. Then

r_{k+ℓ} = R ( ⃗η0 − ^γk | ⃗η0| | ⃗ηℓ| ⃗ηℓ )

with ^γ_k ≡^^ω | ^ω| max(| ^ω|, Ω), ^ω = < ⃗ηℓ , ⃗η0 > | ⃗ηℓ| | ⃗η0|

Global effects ψk+ℓ = ψmℓ+ℓ = pm · ψmℓ = pm · pm_−1 · . . . · p0

ψk+ℓ(A)rk+ℓ ϕ^{OR}k+ℓ(A)rk+ℓ = 1ϱ_m

p^{OR}m (A) ^r ϕ^{OR}k+ℓ(A)rk+ℓ ≥ 1 ϱm

where ϱm ≡

p^{OR}m (A) ^r pm(A)^^r .

ψk(A) r_k ϕ^{OR}k (A) rk ’^∏_{j<m}^1_{ϱj}

Why using pol. fact. of dg.˘ 2?

1 sweep BiCGstab(ℓ) versus ℓ steps Bi-CGSTAB:

• GMRES(ℓ) will reduce residuals

better than ℓ× GMRES(1)

• GMRES(ℓ) contributes

only once to an increase of ^ρ_k

Why not?

∘ Efficiency:

2ℓ +10 AXPY/4 MV, ℓ +7 DOT/4 MV Memory: 2ℓ + 5 vector arrays

∘ Loss of accuracy: | |‖r_k‖ − ‖b − Ax_k‖^| ≤ ξ k n_A^‖ |A|^‖^‖ A^{−1‖} max‖ r‖ max. taken over all intermediate residuals r uxx+uyy+uzz+1000 ux = f, (10×10×10) vol.

−uxx − uyy + γ(xux + yuy) + βu = f γ = 100 & β = −200, (63 × 63) vol.

−uxx − uyy + γ(xux + yuy) + βu = f on the unit-square, Dirichlet boudary conditions, with discretized solution x = (1, 1, . . . , 1)^T , γ = 1000 and β = 10.

Discretized using (66 × 66) volumes.

No preconditioning was used.

−uxx − uyy + γ(xux + yuy) + βu = f γ = 1000 & β = 10, (66 × 66) vol.