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Abstract

Let A and B be two sets of n resp. m (m > n) disjoint unit disks in the plane. We consider the problem of
finding a rigid motion of A that maximizes the total area of its overlap with B. The function describing the area
of overlap is quite complex, even for combinatorially equivalent translations, and hence, we turn our attention to
approximation algorithms. We give deterministic (1—¢)-approximation algorithms for the maximum area of overlap
under translation and rigid motion that run in O((nm/e*)log(m/e)) and O((n*m?/e*)logm)) time respectively.
For the later, if A is the diameter of set A, we get an (1 — €)-approximation in O( m2"4/3A1£3 lognlogm) time which is
improvement when A = o(n?). Under the condition that the maximum is at least a constant fraction of the area of
B, we give a probabilistic (1 — €)-approximation algorithm for rigid motions that runs in O((n*/¢*)log(n/¢) log® n)
time and succeeds with high probability.
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1. Introduction

Shape matching is a fundamental problem in
computer vision: given two shapes A and B and a
distance measure, one wants to determine a trans-
formation of A - a translation, for instance, or a
rigid motion - that minimizes its distance to B.
Typical problems include: matching point sets with
respect to the Hausdorff distance and matching
polygons with respect to the Hausdorff or Fréchet
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distance between their boundaries; see Alt et al. [1]
for a survey. The area of overlap (or the area the
symmetric difference) of two polygons is less sen-
sitive to noise and therefore more appropriate for
certain applications. The function of the area of
overlap of two translated simple polygons was first
studied by Mount et al. [5]. They showed that this
function is a continuous, O((nm)?) piecewise poly-
nomial surface of at most degree two with a repre-
sentation that can be computed in O((nm)?) time
for two polygons with n and m vertices; efficient
algorithms for determining the optimal translation
for the case of conver polygons and constant-factor
approximation of the minimum area of symmetric
difference of two convex shapes under translation
can be also found in the survey by Alt et al. [1].
Recently, de Berg et al. [3] examined the prob-
lem of matching unions of convex homothets or
unions of fat objects and gave a nearly quadratic
deterministic (1 — €)-approximation algorithm for
the maximum area of overlap under translations;
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we mention part of these results in this abstract as
well. Their motivation comes from applications in
matching shapes that are ‘expressed’ as unions of
convex objects and weighted point set matching.
Cheong et al. [2] gave a nearly linear time prob-
abilistic approximation algorithm for the same
problem.

Let A={A4,...,A,}and B={By,...,Bn},
(n < m) be two sets of disjoint unit disks in the
plane. We consider B to be fixed, while A can be
translated and rotated relative to B. Let Z be the
infinite set of all possible isometries in the plane;
we call Z the configuration space. We denote by
Ry a rotation about the origin by some angle
6 € [0,27) and by Ty a translation by some t € R2.
Rotated only versions of A are denoted by A(f) =
{A;(0),...,A,(0)}; translated only versions of
A are denoted by A(%) {A;(D),..., A, (D)}
Any isometry I € 7 can be uniquely defined as
I =1y = RpoTyor I = Iy, = Ty o Ry,
for some 6,6’ € [0,27) and t,t_’ € R?; trans-
formed versions of A are denoted by A(t,6) =
{Ai(£,0),... , An(t,0)} for some I € T. Let r;(f)
be the distance of A;(f,6)’s center to the origin.

Let V(C) be the area of compact set C € R?
and Vy;(f,0) := V(A;(t,6) NB; ;). The area of over-
lap of A(f,0) and B, as t,0 vary, is a function
YV : I — R with V(t,&) = V(A 6) N B) =
oaeanep V(A (t,6) N B;). We investigate the
followmg problem: For two sets A, B, defined as
above, compute the optimal isometry I»Dphevpt that
mazimizes V(t,0).

One can prove that, the maximum number of
combinatorially distinct translations of A with re-
spect to B can be as high as ©(n?m) and the func-
tion describing the area of overlap is quite complex,
even for combinatorially equivalent translations. If
rotations are allowed as well the complexity of the
configuration space can be as high as ©(m?n?).

Our major contributions are the following: (i) a
lower bound on the area of overlap which is vital for
almost all our algorithms, (ii) a nearly quadratic
deterministic algorithm for translations, (iii) de-
terministic and nearly quadratic probabilistic algo-
rithms for rigid motions. The algorithms are based
on a simple two step framework in which an ap-
proximation of the best translation if followed by
an approximation of the best rotation, whenever
the latter applies. This way we first achieve an ab-
solute error on V(¢ opt,ﬁopt) which we then turn

into a relative one using the lower bound theorem.
In the deterministic one we employ a clever sam-
pling of configuration space directed by some spe-
cial properties of the function V;;. The probabilis-
tic one is a combination of sampling of translation
space, random sampling of both input sets and the
technique by Cheong et al. [2].

2. The translational case

First, we present a lower bound on the maximum
area of overlap under translation.
Theorem 1 Let A = {4,,...,A,} and B =
{Bi1,...,Bn}, be two sets of disjoint unit disks
in the plane. Let L?opt be the translation that maxi-
mizes the area of overlap V(f) of A(f) and B over
all possible translations t of set A. If kopt s the
number of overlapping pairs A;(t opt) and Bj, then
V(t 0pt) is ©(kopt)-
We proceed with the (1 — €)-approximation algo-
rithm. The algorithm is based on sampling of trans-
formation space by using a uniform grid. This is
possible due to the following lemma that states
that V(#) is a sum of functions with some Lipschitz
behaviour.
Lemma 2 Let k,p: be the number of overlapping
pairs A; (topt) and Bj. For any given § > 0 and
anyt € R for whzch |topt — 1] = O(8), we have
V(tﬂpt 75—) O 0pt6)
Figure 1 shows algorithm TRANSLATION(A, B, ¢).

TRANSLATION(A, B, €):

(i) Initialize an empty binary search tree S with entries
of the form (i, V(i) where £ is the key.
(ii) For each pair of disks A; € A and B; € B do:
(a) Impose a uniform grid of spacing ©(e) on
Tij = Bj O A;. .
(b) For each grid point t, € T;; do:
— If #y is in S, then V(iy) = V(fy) +
Vij ( (ty) otherwise, insert iy in S with
V(E,) = Vij (Fy).
(ili) Report the grid point tap, that maximizes V(iy),
and V(fapz)-

Fig. 1. Algorithm TRANSLATION(A, B, ¢).

Theorem 3 Let A = {A;,...,A,} and B =
{Bi,...,Bn} be two sets of disjoint unit disks
in the plane. Let fopt be the translation that
maximizes V(f) Then, for any given ¢ > 0,
TRANSLATION(A, B,¢) computes a translation
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tape, for which V(twe) > (1 — €)V(top), in
O((mn/€*)log(m/e)) time.

All these results hold for sets of convex homothets
where the ratio of the areas of any two objects is
bounded and any object intersects only a constant
number of other objects in its set [3].

3. The rotational case

We consider the following restricted scenario: set
B is fixed, and set A can be rotated around the
origin. This problem has a one-dimensional con-
figuration space: the angle of rotation. Consider
the function V : [0,27) — R defined by V(6) :=
V(A(A)NB). We start with a result that states that
the term V;;(#) has some Lipschitz behaviour.
Lemma 4 Let A;, Bj be any fized pair of disks. For
any given § > 0 and any 01,62 for which |6, — 6| <
d/(2r;), we have |V;;(61) — Vij(62)] < 26.

For a pair A;, Bj, we define the rotational inter-
val R;j = {0 € [0,2n) : A;(8) N B; # 0}. Note that
R;; is connected under the considered topology;
we denote its length by | R;;|. Instead of computing
Vij(6) at each 0 € R;;, we would like to sample it at
regular intervals whose length is at most §/(2r;).
At first, it looks as if we would have to take an
infinite number of sample points as r; — co. How-
ever, as the following lemma shows, the number of
samples we need to consider is bounded.

Lemma 5 For any A;, B; with r; > 0, and any
gwen given 6 > 0, we have |R;j|/(d/(2r;)) =
0(1/9).

Algorithm ROTATION(A, B, §), see Figure 2, max-
imizes V() up to an absolute error. By comput-
ing a value V(0) that approximates V(8), we save
a linear factor in the running time.

Lemma 6 Let8,,: be the rotation that mazimizes
V(8) and let kop; be the number of overlapping pairs
Ai(Oopt) and Bj. For any given § > 0, the rota-
tion Oqpy Teported by ROTATION(A, B,d) satisfies
V(Bopt) —V(Oapz) = O(koptd), and can be computed
in O((mn/d)logm) time.

4. A (1 — e)-approximation algorithm for
rigid motions

A simple algorihtm RIGIDMOTION(A, B, €)
which gives a (1 — €)-approximation of the opti-
mum is described in Figure 3. It uses the fact that
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ROTATION(A, B, §):

(i) For each pair of disks A; € A and B; € B, choose
points ©;; := {Qilj s 0;;’} with an uniform spac-
ing of §/(2r;) and such that R;; C [0}, 9;”] Make
sure that the midpoint of R;; is in ©;;.

(i) Sort the values © := Ui,j ©i; = {05;}, keeping
repetitions and solving ties arbitrarily, if applicable.
Let qo,ﬂl, ... be theprdering of ©.

(iii) Let V:© — R with V(6) := V(6o).
(iv) For each 0, = 07, in increasing order of [ do:
- If V;; is decreasing at ij, or 01.31. is the mid-
point of Ryj, then V(0;) := V(0;—1) —Vij (05 1) +
Vij (gfjﬂ)
— If'Vij is increasing at 07, then V() :=V(0_1)—
Vi (0571) + Vi (65)
(v) Report the 0upr € © that maximizes V().

Fig. 2. Algorithm ROTATION(A, B, ).

any isometry can be expressed as a translation
followed by a rotation around the origin.

RIGIDMOTION(A, B, €):

(i) For each pair of disks A; € A and B; € B do:
(a) Set the center of rotation, i.e the origin, to be
Bj’s center by translating B appropriately.
Impose a uniform grid of spacing O(€) on
Tij = Bj O A;.
(b) For each grid point iy € Tj; do:
— run RoOTATION(A(fy), B, ce), where c
is an appropriate constant; let 0,,
be the rotation returned. Compute
V(g 09p).
(ii) Report the pair (ftapz,0Oape) that maximizes
V(Fga ggpz): and v({alwr 9ap:c)~

Fig. 3. Algorithm RiGIDMOTION(A, B, ¢).

Theorem 7 Let A = {A,...,A,} and B =
{Bi,...,Bn} be two sets of disjoint unit disks
in the plane. Let Igﬁphowt be the isometry that

maximizes V(t_; 0). Then, for any given ¢ >
0, RIGIDMOTION(A, B,€) computes an isom-
etry It—*apmom, for which V(L?apx, Oopz) > (1 —
OV (Eopt, Oopt), in O((n*m?/e®) logm) time.

We can modify the algorithm such that its running
time depends on the diameter A of the set A. The
main idea is to convert our algorithm into one that
is sensitive to the number of pairs of disks in A
and B that have approximately the same distance,
and then use the combinatorial bounds by Gavrilov
et al. [4, Theorem 4.1]. In many applications it
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is reasonable to assume bounds of the type A =
O(n) [4], and therefore the result below is relevant.
Theorem 8 Let A = {4,,...,A,} and B =
{Bi1,...,Bn} be two sets of disjoint unit disks
in the plane. Let A be the diameter of A, and let
7 .0, be the isomeiry thal mazimizes V(i,0).
Tlfen,pfor any giwen € > 0, an isometry Iy

apz P apa

such that V(fam,ﬁam) > (1- e)V(fopt,Hopt) can

) 2 4/3,1/3 )
be found in O(m—5 631°g”1°gm) time.

5. A Monte Carlo Algorithm

In this section we present a nearly quadratic
Monte Carlo randomized algorithm that computes
a (1 — e)-approximation of the maximum area
of overlap with high probability. The algorithm
works under the assumption that V(f;pt,Gopt) >
aV(B) = amm, for some constant 0 < «a < 1,
which implies that n = ©(m) and kopr = O(n).
As noted by Cheong et al. [2], this is a reason-
able assumption to make in many shape matching
applications.

The first step is a combination of random sam-
pling of set A and the sampling of the space of
translations. This is based on the observation that
the deterministic algorithm of Section 4 will com-
pute a (1—e€)-approximation k,p; times. Intuitively,
the larger the K,p¢, the less the neccessary number
of pairs that have to be tried out in this step. The
second step is based on a direct application of a
technique by Cheong et al. [2]. The technique al-
lows us to maximize, up to an absolute error, the
area of overlap under rotation in linear time, by
computing a point of maximum depth in a one di-
mensional arrangement. We sumarize it below.

We choose a uniform random sample S of points

in B, and for a rotation # we compute the esti-
mate eg(f) = &;ms‘. For a point s € S we define
W(s) = {f|s € A(8)}. Let ©4(S) be the arrange-
ment of all regions W (s); it is a one-dimensional
arragement of rotational intervals.
Lemma 9 Let8,,: be the rotation that mazimizes
V(8). For any given 6 > 0, let S be a uniform
random sample of points in B with |S| > ¢ 1°5g3”
where c; is an appropriate constant. The vertez 0,p,
of ©4(S) that mazimizes es(0) satisfies V(Oopt) —
V(Baps) < 6V (B) with probability at least 1 —1/nS.
Algorithm RANDOMRIGIDMOTION(A, B, a, €) is
given in Figure 4.

RANDOMRIGIDMOTION(A, B, a, €):

(i) Choose a uniform random sample R4 C A, with
|[Ra| = Q(logn/a), and a uniform random sample
S of points in B, with |S| = Q(log |A|/€?).
(ii) For each pair of disks A; € R4 and B; € B do:
(a) Impose a uniform grid of spacing ©(e) on
Ti]‘ = B]‘ O A;.
(b) For each grid point g € T;; do:
— Compute a vertex 6%,, of maximum
depth in © 4z 1(S), and V(tg, 09ps)-
(ili) Report the pair (faps,fapz) that maximizes
V(t_;h agpz)v and V(fapEv 034“)'

Fig. 4. Algorithm RANDOMRIGIDMOTION(A, B, a,€).

Theorem 10 Let A = {A,..., Ay} and
B = {By,...,Bny}, be two sets of disjoint unit
disks in the plane. Let Iz be the isom-

topts0opt
etry that mazximizes V(t_:ﬂ) with the assump-
tion that V(fopt,0opt) > oV (B), for some con-
stant 0 < «a < 1. Then, for any given € > 0,
RANDOMRIGIDMOTION(A, B, a,€) computes an
isometry Iy o . for which V(taparOapz) >

(1 — )V(Eopt, Oopt), in O((n?/e)log(n/e)log® n)
time. The algorithm succeeds with probability at
least 1 —2/n®.
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