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Abstract This paper summarizes the present state of integrability of Hamiltonian normal
forms and it aims at characterizing non-integrable behaviour in higher-dimensional systems.
Non-generic behaviour in Hamiltonian systems can be a sign of integrability, but it is not a
conclusive indication. We will discuss a few degenerations and briefly review the integra-
bility of Hamiltonian normal forms in two and three degrees of freedom. In addition we
discuss two integrable normal form Hamiltonian chains, FPU and 1 : 2 : 2 : 2 : 2 : 2, and
three non-integrable normal form chains, with emphasis on the 1 : 2 : 3 : 3 : 3 : 3 resonance.
To distinguish between various forms of non-integrability is a major issue; time-series and
projections based on the presence of a universal quadratic integral of the normal forms can
be a useful predictor.

Keywords Hamiltonian systems · Normal forms · Non-integrability · Hamiltonian chains ·
Time-series

1 Introduction

In the ‘Méthodes Nouvelles de la Mécanique Célèste’, vol. 1, [14] where Poincaré describes
characteristic exponents and expansion of exponents in the presence of a small parame-
ter, there is an intriguing discussion of characteristic exponents when first integrals exist.
This volume of [14] also contains the famous proof that in general for time-independent
Hamiltonian systems without additional assumptions, for instance regarding symmetry, no
other first integrals exist besides the energy. Although integrability of a dynamical system
is a non-generic feature, simplifying assumptions in the construction of models of mathe-
matical physics quite often produce integrability. For more details and references regarding
Poincaré’s view see [23]. For references on results for Hamiltonian systems until 2007, in
particular normal forms, see Chap. 10 of [17]. Although most Hamiltonian systems are non-
integrable, remarkably enough a classification of non-integrable systems is lacking com-
pletely. It is a little bit like a situation where a biologist would distinguish all living creatures
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in for example birds and non-birds. In fact, it is even stronger than that as the set of non-birds
is large but finite.

Normal forms turn out to present a useful approach for studying dynamical systems. We
will review the present state of results for Hamiltonian normal forms and we will make
a start with the analysis of the meaning of non-integrability. Note however, that even for
integrable Hamiltonian systems of three or more degrees of freedom, general insight in the
topology of phase-space is still very poor.

To study the stability of solutions of general dynamical systems of the form ẋ = f (x),
Poincaré came up with a more general concept than eigenvalues. These are the characteris-
tic exponents introduced in chapter four of [14]. Assume that we know a particular solution
x = φ(t), a non-trivial periodic solution, of the dynamical system. When studying neigh-
bouring solutions of φ(t) to establish stability questions we put

x = φ(t) + ξ.

The variational equations of φ(t) are obtained by substituting x = φ(t) + ξ into the differ-
ential equation and linearising for small ξ to obtain:

ξ̇ = ∂f

∂x

∣
∣
∣
∣
x=φ(t)

ξ. (1)

If φ(t) is periodic, the variational equations are linear equations with time-periodic coef-
ficients (Floquet equations). The characteristic eigenvalue equation produces the charac-
teristic exponents which are in the case of periodic φ(t), Floquet exponents. As dφ(t)/dt

satisfies Eq. (1), in the case of perturbing around a periodic solution, one of the Floquet
exponents will be zero.

From now on, we consider Hamiltonian systems derived from a time-independent, suf-
ficiently differentiable function H(p,q). We will have p ∈ R

n, q ∈ R
n or alternatively

p ∈R
n, q ∈ T

n. The equations of motion are:

q̇ = ∂H

∂p
, ṗ = −∂H

∂q
. (2)

It can be more transparent to use another set of canonical variables: actions τi and angles φi .
Near stable equilibrium (p, q) = (0,0), they are defined by:

pi = √

2τi cosφi, qi = √

2τi sinφi, i = 1,2, . . . , n. (3)

According to [14], the characteristic exponents of a particular solution of Eq. (2) are
pairwise equal in size and have opposite sign. With φ(t) periodic and as dφ(t)/dt is a
periodic solution of the variational equations, there will be at least two Floquet exponents
zero. Poincaré proved in [14], vol. 1, that each additional time-independent integral besides
the energy, yields two additional characteristic exponents zero for a periodic solution except
in singular cases. A continuous family of periodic solutions on an energy manifold may
indicate the existence of an extra integral, but on the other hand, an integrable Hamiltonian
may still have isolated iso-energetic periodic solutions.

There is no conclusive relation between non-generic phenomena in Hamiltonian systems
like a system at a specific bifurcation value and integrability. However, non-genericity can
be an indication, a smoking gun, for integrability. One of the features we will look at, is
degeneration of the variational equations, also continuous families of periodic solutions on
an energy manifold and the presence of symmetries that show up in the normal form but not
in the original system.
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Integrability and Non-integrability of Hamiltonian Normal Forms

In Sect. 2, we summarize and discuss known results for two degrees of freedom systems
while adding some remarks on neglected topics. In Sect. 3 we summarize results for three
degrees of freedom systems including a description of techniques to study integrability. In
Sect. 4 we present new results. We will consider chains of oscillators with integrable and
non-integrable normal forms. The time series H2(t) will be one of the tools to characterize
the dynamics. We show this for systems where the question of integrability has been settled,
but we expect that this tool can also be used in experimental mathematics.

Interestingly, various degenerations and symmetries may also lead to superintegrable
systems, but this will not be a topic in this paper.

2 Two Degrees of Freedom

This is a well-researched topic but with some basic questions left. We consider briefly a few
classical examples.

2.1 Braun’s Parameter Family

An extensively studied Hamiltonian with a discrete symmetric potential is:

H(p,q) = 1

2

(

p2
1 + p2

2 + q2
1 + ω2q2

2

) − a1

3
q3

1 − a2q1q
2
2 . (4)

This problem has been analyzed by many authors with regards to integrability and exis-
tence of periodic solutions. The original Hénon–Heiles problem, one of the interest-arousing
papers of dynamical systems theory, corresponds with the case ω = 1, a1 = 1, a2 = −1,
[12] and [3]. The polynomial Hamiltonian case (4) is often referred to as Braun’s parameter
family; see also [1] and [21].

The equations of motion can be rewritten as:

q̈1 + q1 = a1q
2
1 + a2q

2
2 , q̈2 + ω2q2 = 2a2q1q2. (5)

If a2 = 0, the system becomes trivially decoupled and is integrable. The bifurcation corre-
sponding with a2 passing through zero has been analyzed in [11]. The integrability at a2 = 0
corresponds with a bifurcation of a degenerate nature.

From now on we assume a2 �= 0. As we shall see, one can reduce the system to one-
parameter dependence by introducing as in [1]:

λ = a1

3a2
.

If a1 = a2 = a,ω = 1, a second independent integral exists; we can write this integral I as:

I (p, q) = 1

2
(p1 + p2)

2 + 1

2
(q1 + q2)

2 − a

3
(q1 + q2)

3. (6)

The Normal Mode Symmetries of the form f (x, y) = f (−x, y) are called discrete sym-
metry in x, also reflection symmetry or mirror symmetry. The discrete symmetry in
Braun’s parameter family produces immediately one periodic solution: the normal mode
q2 = q̇2 = 0. In a neighbourhood of the origin of 4-dimensional phase-space, the energy
manifold, parametrized by putting H(p,q) = E0 and so putting E0 sufficiently small, is
topologically the 3-sphere. The normal mode corresponds with an elliptic function φ(t)

described by the equation:

q̈1 + q1 = a1q
2
1 ,
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which is periodic for 0 < E0 < 1/(6a2
1). For this range of the energy, we have a continuous

family of periodic solutions. If a1 = 0, the elliptic functions become harmonic and they are
periodic and synchronous for all values of the energy. At the value E0 = 1/(6a2

1), a1 �= 0,
the energy manifold bifurcates and becomes non-compact.

Putting q1 = φ(t) + ξ(t), q2(t) = η(t) as above, we obtain the variational equations:

ξ̈ + ξ = 2a1φ(t)ξ, η̈ + ω2η = 2a2φ(t)η. (7)

As we have seen before, if a1 = 0, φ(t) is harmonic, the variational equation for η is
a Mathieu-equation. It is well-known that in this case there exist open sets in a1, a2,ω

parameter-space where the solutions of the variational solutions are either stable or unstable;
see also [3] and [4].

Periodic Solutions if ω = 1 If a1 = a2,ω = 1, an integrable case, the variational equations
(7) for ξ and η become identical which can be seen as a degeneration.

Following [21], we introduce q1 = μq2 into the equations of motion; we find easily two
periodic solutions if the righthand side of

μ2 = a2

2a2 − a1
= 1

2 − 3λ

is positive. So we have to assume λ < 2
3 . The equations for q1, q2 are:

q̈2 + q2 = 2a2μq2
2 , q1 = μq2.

The equations produce periodic elliptic functions if the energy E0 is not too large. Note that
for a fixed value of the energy, we find not more than two isolated solutions, even in the
integrable case a1 = a2 = a. The variational equations become:

η̈ + η = 4a2μφ(t)η, ξ(t) = μη(t). (8)

In the integrable case a1 = a2 = a, we have μ = ±1; if μ = +1, the variational equations
for ξ and η become identical as above for the normal mode. Again, as in [2], monodromy
arguments apply, leading to integrability.

2.2 Hamiltonian Normal Forms for the 1 : 1-Resonance

The normal forms of two degrees-of-freedom, time-independent Hamiltonian systems near
equilibrium are always integrable, so these cases are in this respect less interesting but they
present testcases. It may give insight when degeneracies are encountered. In studying normal
forms, the existence of periodic orbits can be deduced from the existence of non-degenerate
critical points of an averaged (normal form) Hamiltonian on a reduced space. The normal-
ization yields a reduction as the angles emerge in the normal form as combination angles.
This reduction corresponds with the existence of an integral of the normal form which en-
ables us to project periodic orbits on relative equilibria of the reduced Hamiltonian. For the
general theory see [17] and [4], for the specific problems considered here [21] and [3]; note
that there are many other studies of these examples.

Consider Braun’s parameter family for the 1 : 1-resonance (ω = 1). According to [21],
the normal form to quartic terms has two, four or six periodic solutions for each value of the
(small) energy with the exception of the cases:

λ = a1

3a2
= ±1

3
.
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Integrability and Non-integrability of Hamiltonian Normal Forms

For λ = −1/3 which corresponds with the Hénon–Heiles problem, we have for the normal
form up to quartic terms four isolated periodic solutions on the energy manifold and two
continuous families of periodic solutions. The degeneracy is resolved by normalizing to the
Hamiltonian terms of degree six: the two families split into four isolated periodic solutions,
see [9].

λ = 1/3 corresponds with the integrable case discussed above. The degeneracy corre-
sponds with integrability but the correspondence is weak as the full system, before normal-
ization, has isolated periodic solutions only. A small perturbation of the continuous families
or normalization to higher order will destroy the continuous families and/or produce isolated
periodic solutions.

2.3 Discussion

Although we have extensive knowledge about two degrees of freedom systems, this knowl-
edge is mainly restricted to normal form results that are by definition local, i.e. near equilib-
ria or known periodic solutions, and to incidental cases of integrability. Near stable equilibria
and near stable periodic solutions, KAM tori exist. A basic question is whether open sets of
KAM tori with positive measure exist in phase-space away from the known stable solutions.

A second, more general question concerns the global picture of phase-space. Consider
for instance Braun’s parameter family of Hamiltonians. Near stable equilibrium, the en-
ergy manifold is compact; increasing the energy, the manifold bifurcates at the saddle equi-
libria. Some of the families of periodic solutions connect stable and unstable equilibrium,
whereas other families emerge from stable equilibrium but vanish when increasing the en-
ergy. A global picture of bifurcations involving the changes of topology of the phase-flow,
for instance for Braun’s parameter family, would be very instructive.

3 Three Degrees of Freedom

Consider the Hamiltonian with three degrees of freedom expanded in a neighbourhood of
stable equilibrium:

H(p,q) = H2 + H3 + H4 + · · · (9)

with

H2 = 1

2

(

p2
1 + q2

1

) + (

p2
2 + q2

2

) + n

2

(

p2
3 + q2

3

)

.

In action variables:

H2 = τ1 + 2τ2 + nτ3.

The Hi, i = 3,4, . . . are homogeneous polynomials of p and q , the index gives the degree.
The general cubic part H3 has 56 terms, the quartic part H4 126 terms, etc. The normal form
is indicated by a bar. We will consider the first order resonances n = 1,2,3,4 [17] or:

1 : 2 : 1, 1 : 2 : 2, 1 : 2 : 3, 1 : 2 : 4.

As we shall see, first order normalization of the Hamiltonian (9) (normalization to cubic
terms) produces a drastic reduction of 56 parameters to four or six. We will indicate the
Hamiltonian normal form by H̄ ; normalization will take place to a certain degree, cubic
terms, quartic terms etc. The normalization to a certain degree will be the final normal form
if the qualitative results obtained from this normal form are persistent with respect to higher
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Fig. 1 Left, the energy simplex for the normal form (10) of the 1 : 2 : 1 resonance; there are seven families
of periodic solutions. Right, the case a3 = 0 which involves discrete symmetry in the first or the third degree
of freedom; the families of periodic solutions have moved to the normal mode hyperplanes

order normalization or if the required quantitative precision is sufficient. We will indicate
symmetries leading to integrability as summarized in [17], Chap. 10. Spherical or axial
symmetries are not considered as these lead directly to the existence of integrals. We will
consider discrete (or reflection) symmetries that are natural in physical models; think of the
vertical plane in the mathematical pendulum model or the motion of stars with respect to the
galactic plane of a rotating galaxy.

As we will see, the use of a so-called energy simplex with the three actions on the axes
can be helpful. Periodic solutions are indicated by dots, their stability is characterized by
the letters O (two zero eigenvalues), H (two real eigenvalues), E (two purely imaginary
eigenvalues) and C (four complex eigenvalues); see for instance Fig. 1.

Integrability of Normal Forms In the case of two degrees of freedom, the Hamiltonian
normal forms are all integrable with integrals H2 and H̄ = H2 + H̄3 + H̄4 + · · · . This holds
for any algebraic Hamiltonian normal form from which the wide-spread notion derives that
non-integrability effects like chaotic dynamics for two degrees of freedom near stable equi-
librium has exponentially small measure; see for instance [17] or [22].

In the case of three degrees of freedom and first order resonance, the normal form
H2 + H̄3 near stable equilibrium is in general not integrable, the 1 : 2 : 2 resonance is an
exception. The methods used to establish non-integrability are varying quite a lot and also
the normal form dynamics is different for the various first order resonances. We will give a
discussion for each of these four resonances. The following methods have been used:

– Ingenious inspection of the normal form or obvious signs of integrability, see [20].
– Extension into the complex domain and analysis of singularities, see for instance [6].
– Applying Shilnikov–Devaney theory to establish the existence of a transverse homoclinic

orbit on the energy manifold, see [13]. This method does not only prove non-integrability
but also demonstrates and localizes chaotic behaviour.

– Using Ziglin–Morales–Ramis theory where the idea is to study the monodromy group of
a particular nontrivial solution; in a number of cases this study leads to non-integrability.
This involves the variational equation and the characteristic exponents in the spirit of
Poincaré’s chapter four in [14]. In an extension one introduces the differential Galois
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Integrability and Non-integrability of Hamiltonian Normal Forms

group which has to be Abelian if the Hamiltonian system has as many meromorphic inde-
pendent integrals as degrees of freedom. If on the other hand, the Galois group associated
with a particular solution is non-commutative, the system is non-integrable. See for refer-
ences [2].

Note that Shilnikov–Devaney theory is the only method discussed here, that can be used to
prove non-integrability while at the same time giving explicit results on the dynamics.

3.1 The 1 : 2 : 1-Resonance

Calculating the normal form (see [19] or [17]) to cubic terms, we find:

H̄ (τ,φ) = τ1 + 2τ2 + τ3 + 2
√

2τ2

[

a1τ1 cos(2φ1 − φ2 − a2)

+ a3
√

τ1τ3 cos(φ1 − φ2 + φ3 − a4) + a5τ3 cos(2φ3 − φ2 − a6)
]

, (10)

where ai , i = 1 . . .6 are real constants. The energy simplex of the normal form H2 + H̄3 is
displayed in Fig. 1 where the three actions are shown, the angles are ignored in this picture.
There are seven families of periodic solutions on the energy manifold. The normal form
(10) has two independent first integrals, H2 and H̄ . In [6], non-integrability of the normal
form is shown by extending into the complex domain and showing that a certain sub-class of
periodic solutions involves infinite branching of the manifolds. This excludes the presence
of a third analytic first integral of (10). The existence of non-analytic first integrals remains
an open question that got little or no attention in the literature.

Indications of Integrability Discrete symmetry in the first or third degree of freedom af-
fects the positions of the periodic solutions but the system (10) remains non-integrable, the
same reasoning as above applies. Discrete symmetry in the second degree of freedom pro-
duces a huge degeneration: H̄ = H2, the normal form H̄3 vanishes. To cubic degree, the
normal form is integrable (see also [17]). The spherical-spring pendulum with spring fre-
quency two and swing frequencies one is a mechanical example with discrete symmetry
in the first and third mode. As the force field is also identical for these modes, it is not
surprising that in this case the normal form is integrable; see [7].

Hamiltonian (14), to be discussed later, does not possess these symmetries.
In [2] the general 1 : 2 : 1 resonance has been considered again. A particular solution is

selected with corresponding variational equation. It turns out that the monodromy group is
not Abelian from which can be concluded that this resonance is not integrable by meromor-
phic integrals.

3.2 The 1 : 2 : 2-Resonance

For the normal form to cubic terms, we find:

H̄ (τ,φ) = τ1 + 2τ2 + 2τ3 + 2τ1

[

a1

√

2τ2 cos(2φ1 − φ2 − a2)

+ a3

√

2τ3 cos(2φ1 − φ3 − a4)
]

, (11)

where ai , i = 1 . . .4 are real constants. Surprisingly enough the normal form (11) is inte-
grable with independent integrals H2, H̄ and an additional quadratic integral (see [20]). The
energy simplex is shown in Fig. 2.

A strong indication for integrability is that the solutions in the (τ2, τ3) hyperplane de-
scribed by τ1 = 0 are forming a continuous set of periodic solutions which are harmonic
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Fig. 2 Left, the energy simplex for the normal form (11) of the 1 : 2 : 2 resonance; there are two families of
periodic solutions and one continuous set on the submanifold p1 = q1 = 0 embedded in the energy manifold.
Right, the energy simplex for the Hamiltonian normalized to H4 (expression not displayed in the text); the
continuous family has splitted into six periodic solutions

functions. The iso-energetic periodic solutions in the (τ2, τ3) hyperplane are characterized
by two extra zero eigenvalues (or characteristic exponents zero). So we have, following
Poincaré [14], a candidate for the existence of a second integral besides the energy. Analyz-
ing the normal form equations, see [19] or [20], we find a reduction in the equations for the
actions which produces the second integral.

In [20], a typical H4 perturbation is added to the Hamiltonian to test for persistence.
The continuous family in the hyperplane τ1 = 0 breaks up into six families of periodic
solutions. The non-integrability of the normal form to H4 is still an open question, numerical
calculations suggest non-integrability.

An integrable normal form can often be used to apply the KAM theorem by considering
the original system (before normalization) as a perturbation of the normal form. The Hamil-
tonian normal form has to satisfy certain non-degeneracy requirements. The degeneracy of
the (p1, q1) = (0,0) submanifold is in itself not an obstruction but the fact that all the peri-
odic solutions are harmonic is one. If the normal form H2 + H̄3 + H̄4 might be integrable,
the application of the KAM theorem would be feasible.

Remarkably enough, the integrability to cubic terms also holds for an arbitrary number
of degrees of freedom in 1 : 2 : . . . : 2 resonance [20]; see Sect. 4.

3.3 The 1 : 2 : 3-Resonance

The normal form (see [19] or [17]) to cubic terms is:

H̄ (τ,φ) = τ1 + 2τ2 + 3τ3 + 2
√

2τ1τ2

[

a1
√

τ3 cos(φ1 + φ2 − φ3 − a2)

+ a3
√

τ1 cos(2φ1 − φ2 − a4)
]

, (12)

where ai , i = 1 . . .4 are real constants. The energy simplex of the normal form H2 + H̄3 is
displayed in Fig. 3. There are seven families of periodic solutions on the energy manifold and
there are no obvious degeneracies. Chaotic behaviour has been demonstrated in the 1 : 2 : 3
Hamiltonian normal form in [13] in the case of the presence of a periodic solution with
complex eigenvalues. In this case, one has to include the calculation of H̄4 as the dynamics
induced by H2 +H̄3 contains a continuous family of homoclinic solutions. The family breaks
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Integrability and Non-integrability of Hamiltonian Normal Forms

Fig. 3 The energy simplex for
the normal form (12) of the
1 : 2 : 3 resonance; there are
seven families of periodic
solutions. The normal mode for
τ2(p2, q2) has either two positive
and two negative eigenvalues
(HH as indicated in the figure) or
complex eigenvalues (C),
dependent on the parameters of
the normal form H̄3

up to a transverse homoclinic solution when adding H̄4 leading to Shilnikov–Devaney bi-
furcation, chaos and non-integrability. At that stage, the integrability of the normal form
H2 + H̄3 was still an open question.

Interestingly, it is shown in [13] that an invariant manifold N exists for the normal form
H2 + H̄3, defined by H2 = E0, H̄3 = 0 with E0 a positive constant. A two-dimensional el-
lipsoid is embedded in N , another embedded manifold contains homoclinic and heteroclinic
solutions.

In [2], Ziglin–Morales–Ramis theory was used to study the normal form H2 + H̄3 of this
resonance again. After selecting a particular solution and deriving the variational equation
one finds that the monodromy group generates the Galois group which is not Abelian ex-
cept in some special cases of the parameters: a1 = 0, a3 = 0 and a1 = a3. So apart from
these cases we have non-integrability. The case a1 = a3 is technically more complicated but
it is shown in [2] that also in this case for the normal form H2 + H̄3 not more than two
meromorphic integrals exist.

Indications of Integrability Discrete symmetry in the first or third degree of freedom
(or both) produces integrability of the normal form. Discrete symmetry in the second de-
gree of freedom leads to integrability of both the normal forms H2 + H̄3 and H2 + H̄3 + H̄4.

3.4 The 1 : 2 : 4-Resonance

The normal form (see [19] or [17]) to cubic terms is:

H̄ (τ,φ) = τ1 + 2τ2 + 4τ3 + 2
[

a1τ1

√

2τ2 cos(2φ1 − φ2 − a2)

+ a3τ2

√

2τ3 cos(2φ2 − φ3 − a4)
]

, (13)

where ai , i = 1 . . .4 are real constants.
As in other first resonances, a particular solution can be selected in the p1 = q1 subman-

ifold. It is shown in [2] that the corresponding monodromy group is not Abelian apart from
special parameter choices. The conclusion is again that a third meromorphic integral does
in general not exist.

Indications of Integrability Discrete symmetry in (p1, q1) does not make the normal form
integrable, but discrete symmetry in (p2, q2) or (p3, q3) does. If we have discrete symmetry
in both the second and third degree of freedom, the normal form degenerates to H̄3 = 0, we
have to compute higher order normal forms.
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4 Chains of Oscillators

There are not so many results on normal forms of non-integrable chains of Hamiltonian
oscillators. We will discuss a few cases. We mention here the thesis [5] that handles coupled
pendula in 1 : 1 resonance. The emphasis in this work is not on integrability questions but on
universal unfoldings of the 1 : 1 : . . . : 1 resonance and on the calculation of the generators
of normal forms.

4.1 The H2(t) Time Series as a Predictor

Showing that a Hamiltonian system or its normal form is non-integrable is important but
only in low-dimensional cases, the dynamics is clear and can easily be visualized. Well-
known are the Poincaré maps of two degrees of systems that were started off by the famous
paper [12]. In the case of dissipative systems we have the possibility of exploring time
series to find strange attractors and possibly apply reconstruction theory, see for instance the
survey [18].

What to do in the case of a time series associated with a symplectic map or a time se-
ries directly derived from a Hamiltonian system? The case of an explicit description of the
dynamics of the 1 : 2 : 3 resonance (Sect. 3) is unfortunately rare.

Here we propose to exploit the fact that near stable equilibrium, the quadratic part of the
Hamiltonian, H2(p, q), is always an integral of the normal form and is an O(ε) approxima-
tion of the flow induced by the original Hamiltonian system (before normalization) valid for
all time. The small parameter ε arises from the scaling p → εp, q → εq in a neighbourhood
of equilibrium. For the Hamiltonian, this results in

H(p,q) = H2(p, q) + εH3(p, q) + ε2 . . .

Consider the time series H2(t) of the Hamiltonian H(p,q). We have that H2 is an integral
of H̄ with the estimate

H2(t) = H2(0) + O(ε)

which is valid for all time. We can supplement this time series with the behaviour of H2 with
respect to one of the actions (or angles). We omit the exceptional case that H2 is not only
an integral of the normal form H̄ but also of H . In the sequel we will meet the following
cases:

1. H(p,q) is integrable, the solutions near stable equilibrium will generally show quasi-
periodic motion on tori and other manifolds. This results in a regular pattern for the time
series H2(t) around H2(0). Also a H2, τi diagram (with τi a specific, suitable action) will
show a smooth projection of the Hamiltonian flow.

2. H(p,q) is non-integrable, its normal form H̄ is integrable. Chaotic motion is restricted
to a narrow range measured in ε around the integrals of the normal form (for details
see [17]). The time series H2(t) is accordingly expected to show a regular pattern within
the given error estimates. For the H2, τi diagram the result may look different. Some
regions in phase-space show more chaos than other ones. Initial conditions near an un-
stable periodic solution will generally generate more chaos. If we have chaotic motion of
a certain restricted measure, the chaotic jumping will result in a less smooth diagram. In
the corresponding MATLAB plot, points will be connected by straight or nearly straight
lines. In regions of phase-space where chaos is not effective, the H2, τi diagram will look
smooth. We will meet both cases for the 1 : 2 : 2 : 2 : 2 : 2 resonance.
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Integrability and Non-integrability of Hamiltonian Normal Forms

3. In general, both H(p,q) and its normal form are non-integrable. We expect an irregular
time series H2(t) with jumpy (non-smooth) H2, τi diagrams.

Note, that also in the chaotic case, the orbits are smooth, but their jumpy character
is reflected in the projections. Doubling the precision of integration, the apparent non-
smoothness is replaced by sharp turnings and direction changes of the orbits.

4.2 The Periodic Fermi–Pasta–Ulam Chain

A famous example is the FPU chain, reported in [8]. It is a model for point masses moving
on a circle with nearest-neighbour interaction. In the 1950s, numerical integrations for this
model were surprising as the model showed recurrence phenomena instead of so-called
‘thermalization’. In the case of recurrence, energy is continually exchanged by the individual
modes; in the case of thermalization, the energy spreads out equally over the modes.

For not too large values of the energy, the explanation lies in the application of the KAM
theorem, but for this application the system has to be near-integrable and non-degenerate in
the sense of KAM. This is highly non-trivial as the chain has many different resonances. In
[15] it was shown that in a number of prominent cases, the corresponding normal form of
the FPU chain is integrable which explains the recurrence phenomena.

A version of the periodic FPU chain with 6 particles, [16], contains already typical phe-
nomena. In this case, there are two 1 : 1 resonances appearing in H̄4, and the 1 : 2 : 1 reso-
nance which acts on H3. However, this three degrees of freedom resonance is degenerate for
the FPU chain, i.e. H̄3 = 0. The resulting normal form H2 + H̄4 has 6 independent integrals
which Poisson commute. This normal form serves as the integrable system that is used to
apply the KAM theorem.

4.3 The 1 : 2 : 2 : . . . : 2 Resonance

It has been proved in [20] that the normal form H2 + H̄3 of this n degrees of freedom
system is integrable. The implication is that for not too large values of the energy, we may
encounter recurrence phenomena as found for the FPU chain. We will demonstrate this for
Hamiltonian (14). The phenomena will be most striking when choosing initial values near
an unstable periodic solution. The (p2, q2) normal mode is such a solution. In Fig. 4 we
present a numerical calculation of the second action, τ2, in the cases of 3,4,5 and 6 degrees
of freedom (modes) during 100 periods. The Hamiltonian to be used for ω = 2 is:

H(p,q) = 1

2

(

p2
1 + q2

1

) + (

p2
2 + q2

2

) + ω

2

6
∑

i=3

(

p2
i + q2

i

) − εq2
1

6
∑

i=2

aiqi

− εq2
2

(

c1q1 +
6

∑

i=3

ciqi

)

− εq1q2

6
∑

i=3

biqi . (14)

For ω = 1,3,4, Hamiltonian (14) has not a discrete symmetry that leads to integrability
of the normal form H2 + H̄3, see Sect. 3; the terms with bi coefficients are breaking the
symmetry.

Figure 4 shows that when adding degrees of freedom (modes), the energy decrease of the
unstable (p2, q2) normal mode becomes less; the coefficients ai, bi, ci were chosen identical
to avoid deviations caused by them. The phenomenon of energy fluctuations with increas-
ing number of modes is tied in with the integrability of the normal form of this resonance.
According to [20], we have that, apart from H2 and H2 + H̄3 in the case of n degrees of
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Fig. 4 The actions of the
(p2, q2) normal mode with time
during 100 periods in the case of
the 1 : 2 : 2 : . . . : 2 resonance of
Hamiltonian (14). The cases of
3,4,5 and 6 degrees of freedom
(modes) are indicated;
a2 = · · · = a6 = 1,
b3 = · · · = b6 = 0.5,
c3 = · · · = c6 = 0.5 = c1,
q1(0) = 0.1, q2(0) = 1,
q3(0) = · · · = q6(0) = 0.01,
pi(0) = 0 (i = 1, . . . ,6)

Fig. 5 The different actions of
the 1 : 2 : 2 : 2 : 2 : 2 resonance of
Hamiltonian (14) starting near
the (p2, q2) normal mode; time
runs during 100 periods. We have
a2 = a3 = 1, a4 = 0.6, a5 = 0.9,
a6 = 1.1, b3 = 0.5, b4 = −0.5,
b5 = −0.6, b6 = −0.7,
c1 = c3 = 0.5, c4 = 0.6,
c5 = 0.7, c6 = 0.8,
q1(0) = 0.1, q2(0) = 1,
q3(0) = · · · = q6(0) = 0.01,
pi(0) = 0 (i = 1, . . . ,6)

freedom in 1 : 2 : 2 : . . . : 2 resonance, (n − 2) independent quadratic integrals exist describ-
ing (n − 2) 2-tori, linking two by two the modes with frequency 2. The implication is that
the Hamiltonian (14) in this resonance case is near-integrable in asymptotic sense (for es-
timates see [17]). Adding more modes, the energy of the unstable (p2, q2) mode is spread
out over the tori with a recurrence that decreases with the number of modes. This is clear
from the picture if the coefficients of the Hamiltonian are well-balanced (of the same or-
der of magnitude for the different degrees of freedom) as corresponds with our choice in
Fig. 4. If the coefficients of the Hamiltonian are not well-balanced, certain interactions may
be suppressed.

Figure 5 shows the actions with time in the case of six modes. Here the coefficients ai ,
bi , ci have been chosen differently to be able to identify the modes with frequency 2. On
this interval of time, the modes 3, 4, 5 and 6 are not much excited. This might be caused by
the fact that only two of the characteristic exponents of the unstable (p2, q2) normal mode
are generated by H̄3, for the other two exponents one needs H̄4 (see Fig. 2).
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Fig. 6 H2 for the 1 : 2 : 2 : 2 : 2 : 2 resonance of Hamiltonian (14) starting near the unstable (p2, q2) normal
mode, H2(0) = 1.005; time runs during 100 periods. We have a2 = a3 = 1, a4 = 0.6, a5 = 0.9, a6 = 1.1,
b3 = 0.5, b4 = −0.5, b5 = −0.6, b6 = −0.7, c1 = c3 = 0.5, c4 = 0.6, c5 = 0.7, c6 = 0.8, q1(0) = 0.1,
q2(0) = 1, q3(0) = · · · = q6(0) = 0.01, pi(0) = 0 (i = 1, . . . ,6). There is some energy pumping into the
higher order modes but still O(ε), ε = 0.1. Right, the projection H2, τ3 that shows chaotic jumps

Fig. 7 H2 for the 1 : 2 : 2 : 2 : 2 : 2 resonance of Hamiltonian (14), H2(0) = 1.375; time runs during 100
periods. We have ai = bi = 1, ci = 0, i = 1, qi (0) = 0.5, pi(0) = 0, i = 1, . . . ,6. There is more energy
pumping into the higher order modes than in Fig. 6 but still O(ε), ε = 0.1. Right is the projection H2, τ3 that
looks rather smooth

As H2 is an integral of the normal form, it is conserved to O(ε) for the original Hamil-
tonian (14). In Fig. 6 we show the behaviour of this approximate integral for the data corre-
sponding with Fig. 5. This choice means that we expect energy pumping into the modes 1
and 3, . . . ,6 as the normal mode (p2, q2) is unstable. The H2, τ3 diagram shows the small
scale chaos.

It is interesting to compare the behaviour of H2 in the case of a more balanced distribution
of initial values, further away from the unstable normal mode. The result is depicted in
Fig. 7, the deviation of the normal form integral H2 are larger but still O(ε). Both in Figs. 6
and 7, the fluctuations around H2(0) are quite regular. This is according to expectation as,
although the numerical integration is for the full non-integrable system, its normal form is
integrable.

Consider now a projection of the dynamics instead of the time series for H2. We have
chosen H2 as a function of τ3. In this resonance case, chaotic jumps take place indicated by
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Fig. 8 The periodic Toda lattice with six particles, constants m = a = 1, v = 2. Initial values: qi (0) = 0.3,
i = 1, . . . ,6, p1(0) = p2(0) = 0.5, p5(0) = p6(0) = −0.5, p3(0) = 0.1, p4(0) = −0.1; H2 starts at
H2(0) = 1 and displays regular behaviour, comparable with the behaviour of H2(t) in the case of the
1 : 2 : 2 : 2 : 2 : 2 resonance. However (on the right), the H2, τ3 projection is smooth, suggesting the pro-
jection of a quadric which agrees with the integrability of the Toda chain

straight lines; these lines arise as MATLAB connects subsequent points of the time series,
see again Fig. 6. This shows that the time series of H2 gives a good indication of the near-
integrability of this resonant chain, while the H2 − τ3 projection reveals the underlying
non-integrability. For the initial values chosen in Fig. 7, the chaotic motion is clearly less
effective.

4.4 Comparison with the Toda Lattice

It is instructive to compare the analysis of the near-integrable 1 : 2 : 2 : 2 : 2 : 2 resonance
with the dynamics of the periodic Toda lattice which is integrable. The Hamiltonian de-
scribes a lattice with nearest-neighbour interaction and is of the form:

H(p,q) = 1

2m

n
∑

1

p2
i + v

(n)
∑

1

(

e
qi−qi+1

a − 1
)

,

m,v and a are constants; we omit the ε-scaling. We identify qi+1 = q1, see for instance [10].
The Hamiltonian is completely integrable with momentum integral

∑
p2

i . Without restric-
tion of generality we choose zero for this momentum integral. The normal form of the Toda
lattice has again H2 as an integral; for 6 particles we produce the H2 time series in Fig. 8.
On the right we present the H2, τ3 projection that is smooth as expected.

4.5 The 1 : 2 : 3 : . . . : 3 Resonance

It is interesting to compare the energy fluctuations of the unstable (p2, q2) normal mode of
Hamiltonian (14) for the 1 : 2 : 2 : . . . : 2 resonance with one of the non-integrable cases. We
will consider in some detail ω = 3, the case in which we have a fairly complete picture of the
non-integrable dynamics in [13]. The action τ2 is displayed in Fig. 9 for the cases of 3,4,5
and 6 modes with frequency 3, but for these parameter values the (p2, q2) normal mode is
unstable with real eigenvalues (HH). The variation of the action of the (p2, q2) normal mode
does not follow the same pattern as in the case ω = 2. Recurrence phenomena however, are
present as before.
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Fig. 9 The action of the (p2, q2)

normal mode with time during
100 periods in the case of the
1 : 2 : 3 : . . . : 3 resonance of
Hamiltonian (14). The periodic
normal mode solution (p2, q2) is
unstable and has real eigenvalues
(HH); ε = 0.1. The cases of
3,4,5 and 6 modes are indicated;
a2 = · · · = a6 = 1,
b3 = · · · = b6 = 0.5,
c3 = · · · = c6 = 0.5 = c1,
q1(0) = 0.1, q2(0) = 1,
q3(0) = · · · = q6(0) = 0.01,
pi(0) = 0 (i = 1, . . . ,6)

Fig. 10 The different actions of
the 1 : 2 : 3 : 3 : 3 : 3 resonance of
Hamiltonian (14) starting near
the (p2, q2) normal mode; time
runs during 100 periods. The
periodic normal mode solution
(p2, q2) is unstable and has real
eigenvalues (HH); ε = 0.1. We
have a2 = a3 = 1, a4 = 0.6,
a5 = 0.9, a6 = 1.1, b3 = 0.5,
b4 = −0.5, b5 = −0.6,
b6 = −0.7, c1 = c3 = 0.5,
c4 = 0.6, c5 = 0.7, c6 = 0.8,
q1(0) = 0.1, q2(0) = 1,
q3(0) = · · · = q6(0) = 0.01,
pi(0) = 0 (i = 1, . . . ,6)

The equations of motion corresponding with the normalized Hamiltonian H2 + H̄3 of
(14) will contain only the parameters a2 and bi , i = 3, . . . ,6; compare also the normal form
in [13]. The parameters a3, . . . , a6, and ci play no part at this level of approximation.

Analogous to the 1 : 2 : 3 resonance, we find five normal modes of the normal form. The
(p1, q1) normal mode does not exist, except in degenerate cases. The normal mode (p2, q2)

is unstable (HH or C). The homoclinic and ellipsoidal manifolds discovered in [13] will be
higher-dimensional and will act as an organizing center for the chaotic orbits.

The analysis of [13] is focused on the case where the second normal mode is complex
unstable. This produces a horseshoe map in the dynamics with strong consequences. First
we consider the case of the unstable second normal mode with real eigenvalues (HH).

Figure 10 shows the actions with time in the case of six modes. As above, the coef-
ficients ai , bi , ci have been chosen differently to be able to identify the modes with equal
frequency 3, but for this choice there are no complex unstable periodic solutions. The modes
3, . . . ,6 do not show much excitation on this interval of time. This agrees with the normal
form calculation which shows that for these modes the interaction runs mainly through the
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Fig. 11 H2 for the 1 : 2 : 3 : 3 : 3 : 3 resonance of Hamiltonian (14) starting near the unstable (p2, q2) normal
mode (HH), H2(0) = 1.005; time runs during 100 periods. We have the same data as in Fig. 10. There is some
energy pumping into the higher order modes but still O(ε), ε = 0.1. On the right the H2, τ3 projection

combination angles φ1 + φ2 − φi , i = 3, . . . ,6. This relative quiet behaviour is reflected in
the deviations of the normal form integral H2 in Fig. 11. However, the H2, τ3 projection on
the right displays the presence of chaos as predicted in [2].

The Case of Complex Instability of the Second Normal Mode The analysis in [13] is for
the 1 : 2 : 3 resonance, but it can easily be extended to our case of six modes. Of interest is
the invariant submanifold N imbedded in the energy manifold. N is obtained from the nor-
mal form H2 + H̄3 by putting H2 = E0 (E0 a positive constant) and H̄3 = 0. Note that H2

and H̄3 are integrals of the normal form. According to [13], the invariant manifold N con-
tains periodic orbits like the second normal mode, homoclinic and heteroclinic sorbits and
other interesting phenomena. Imbedded again in N is an ellipsoid, which contains a large
part of the interesting flow. The integrals H2 = E0 and H̄3 = 0 represent approximations of
the original Hamiltonian flow that is valid for all time, so the corresponding manifolds do
shadow part of the flow of the original Hamiltonian.

We start with a picture of the actions outside N (H̄3 �= 0) in Fig. 12, left. Both the actions
τ1 and τ2 display violent exchanges. The actions τ3, . . . , τ6 act at a relatively low level (τ6 is
typical), but they have mutual exchanges that are again significant, see Fig. 12, right.

We compare these results with the case of the same value of H2 = 3.615 but H̄3 = 0,
so the initial values are located on the invariant manifold N of the normal form. The mode
corresponding with τ1 dominates for a large part, see Fig. 13 (left), but at a lower energy level
the exchanges between the four modes with frequency 3 are relatively strong; see Fig. 13
(right).

It is interesting to compare the deviations of the normal form integral H2 in the case of
complex instability of the normal mode (p2, q2) in Fig. 14 with the results of HH instability
(Figs. 11 and 14). In the submanifold H3 = 0, the deviations become larger after 1/ε periods,
in the case H3 �= 0, the growth of deviations starts earlier. One expects the accuracy to
improve when adding the H4 normal form to describe the dynamics. The H2, τ3 projection
on the right displays the presence of chaos suggested by the irregularity of the time series.

In Fig. 15 we show the H2(t) time series in the case that we start near to the invariant
manifold N . The deviations from H2(0) are slightly smaller.
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Fig. 12 Left, the actions τ1, τ2, τ6 of the 1 : 2 : 3 : 3 : 3 : 3 resonance of Hamiltonian (14); time runs during
100 periods; ε = 0.1. The periodic normal mode solution (p2, q2) is unstable and has complex eigenval-
ues (C). Right, the actions τ5, τ6. We have ai = 0.5, bi = 3, ci = 0, i = 1, . . . ,6; initial values: q1(0) = 0.1,
q2(0) = 1, q3(0) = 0.5, q4(0) = 0.6, q5(0) = 0.7, q6(0) = 0.8, pi(0) = 0 (i = 1, . . . ,6); H2 = 3.615,
H̄3 = −0.798ε

Fig. 13 Left, the actions τ1, τ2, τ6 of the 1 : 2 : 3 : 3 : 3 : 3 resonance of Hamiltonian (14) starting on the sub-
manifold N , H2 = 3.615, H̄3 = 0; ε = 0.1. The periodic normal mode solution (p2, q2) is unstable and has
complex eigenvalues (C). We have ai = 0.5, bi = 3, ci = 0, i = 1, . . . ,6; initial values: q1(0) = −1.372914,
q2(0) = 0.2509, q3(0) = 0.5, q4(0) = 0.6, q5(0) = 0.7, q6(0) = 0.8, pi(0) = 0 (i = 1, . . . ,6). Right, the
actions τ3, τ6

Fig. 14 The behaviour of H2 in the case of the 1 : 2 : 3 : 3 : 3 : 3 resonance, ε = 0.1 when starting on the
submanifold N , H2 = 3.615, H̄3 = 0 with data of Fig. 13. The periodic normal mode solution (p2, q2) is
unstable and has complex eigenvalues (C). Right the H2, τ3 projection

Author's personal copy



F. Verhulst

Fig. 15 The behaviour of H2 for the 1 : 2 : 3 : 3 : 3 : 3 resonance, ε = 0.1, when starting near the submani-
fold N , H2 = 3.615, H̄3 = −0.798ε corresponding with Fig. 12. The periodic normal mode solution (p2, q2)

is unstable and has complex eigenvalues (C). Right, the H2, τ3 projection

Fig. 16 Left, the different actions of the 1 : 2 : 1 : . . . : 1 resonance of Hamiltonian (14), right the actions of
the 1 : 2 : 4 : . . . : 4 resonance. In both cases we started near the (p2, q2) normal mode; time runs during 100
periods; ε = 0.1. There is strong interaction between the first and second mode. The three higher modes have
(on this interval of time) less energy than the third one. For both resonances we took a2 = a3 = 1, a4 = 0.6,
a5 = 0.9, a6 = 1.1, b3 = 0.5, b4 = −0.5, b5 = −0.6, b6 = −0.7, c1 = c3 = 0.5, c4 = 0.6, c5 = 0.7, c6 = 0.8,
q1(0) = 0.1, q2(0) = 1, q3(0) = · · · = q6(0) = 0.01, pi(0) = 0 (i = 1, . . . ,6)

4.6 The 1 : 2 : 1 : . . . : 1 and 1 : 2 : 4 : . . . : 4 Resonances

We know little about the dynamics of the other two chains except that their normal forms
are not integrable. For the sake of completeness and as an inspiration for future research,
we produce the actions with time for the 1 : 2 : 1 : . . . : 1 and 1 : 2 : 4 : . . . : 4 resonances in
Fig. 16. For these initial conditions, most of the energy remains in the first two modes. Both
cases show lively recurrent behaviour, they merit further analysis.

In Fig. 17 we present the H2(t) time series for the 1 : 2 : 1 : 1 : 1 : 1 resonance with the
corresponding H2, τ3 projection that shows chaotic jumps. The analogous pictures for the
1 : 2 : 4 : 4 : 4 : 4 resonance are presented in Fig. 18.

5 Discussion

– We did not discuss in extenso the approximate character of normal forms with respect to
the original systems. A normalized Hamiltonian approximates the original Hamiltonian
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Fig. 17 Left, we present the time series H2(t) for the 1 : 2 : 1 : 1 : 1 : 1 resonance of Hamiltonian (14) with
parameter values as in Fig. 16, H2(0) = 1.005. Although the system is non-integrable, the time series looks
fairly regular. Right, the H2, τ3 projection that shows chaotic jumps

Fig. 18 Left, we present the time series H2(t) for the 1 : 2 : 4 : 4 : 4 : 4 resonance of Hamiltonian (14) with
parameter values as in Fig. 16, H2(0) = 1.005. Right, the H2, τ3 projection that shows chaotic jumps

in a clear-defined sense, but this does not imply that the dynamics of the normal form
approximates the dynamics of the original system in all respects. There are many delicate
questions and interesting answers for this, it is one of the main topics of [17].

– In our numerical examples we chose ‘well-balanced’ Hamiltonians, i.e. monomials with
not too different coefficients. More special choices might change the dynamics.

– In the case of the 1 : 2 : 2 resonance, the integrability of the normal form H2 + H̄3 + H̄4

is still an open question. Preliminary calculations suggest non-integrability.
– We have indicated, as in [21], that the introduction of discrete symmetries merits special

attention. In some cases, these symmetries produce integrability of the normal form to a
certain order, but certainly not always.

– Unfortunately, there is not a ‘simple smoking gun’ for (non-)integrability, in each res-
onance case we need different techniques. Qualitative methods, like analysis of singu-
larities as in [6] or the use of the Abelian character of certain groups as in [2], are very
important. They should be a starting point for additional dynamical characterization of the
dynamics. The H2(t) time series near stable equilibrium seems to be a useful predictor.
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– The chains of oscillators discussed in Sect. 4 merit further study as we have here cases of
an integrable normal form and three non-integrable normal form chains. A more detailed
comparison of the dynamics will improve our insight. In particular, we expect strong
influence of the resonances produced by equal frequencies. Such an analysis requires
normalization to H4.

Acknowledgements Figures 1, 2, 3 originate (sometimes slightly modified) from [13, 17, 19, 20, 23]. The
numerics that we used for illustrations was carried out by CONTENT under MATLAB.
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