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Abstract

We will consider isolated quasi-periodic solutions and families of quasi-periodic
solutions. A remarkable aspect of the system Sprott A and a few generalisations is
the observed presence of families of quasi-periodic solutions organised on invariant
tori, a phenomenon known earlier in the context of conservative systems and the
so-called KAM-theorem. In addition we link the tori bifurcation phenomenon in
dissipative systems to time-reversal and canards. For more general isolated tori in
dissipative systems we can develop an integral iteration scheme based on contraction
and quasi-periodic secularity conditions. The technique leads to conditions for the
presence of quasi- periodic solutions and possibly invariant manifolds. The general
idea can be illustrated by for instance coupled Van der Pol-equations and other
coupled oscillators.

To study applications in mechanics and other fields, in general in dynamical systems, it
is useful to focus on basic ingredients of the systems. One considers for instance peri-
odic solutions, integral manifolds, chaos, energy exchange of oscillators and many other
phenomena. We will pay attention to quasi-periodic solutions that can be isolated or are
organised on a torus.

1 Quasi-periodicity in dissipative systems

A number of chaotic 3-dimensional systems, in fact 17 autonomous systems with linear
and quadratic terms only and one parameter (a), have been listed and studied in [10],
see also [20]; all these systems are dissipative, i.e. the 3-dimensional phase-flow is not
volume-preserving. The systems are numbered NE1, . . . , NE17 with one of them, called
Sprott A (or NE1). The study of these 17 systems is very instructive as 3- dimensional
systems generally show much more complexity in bifurcations and chaos than 2-dimensional
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ones and as the 17 systems are relatively simple, quadratic and with one parameter. The
evidence for chaos in [10] is mainly numerical but it is an important start. Strong evidence
in [16] and [17] has shown that in the Sprott A system families of tori arise. It has been
demonstrated in [8] that these families are caused by certain symmetry characteristics of
the system.

1.1 The Sprott A system

A remarkable aspect of the systems Sprott A and NE9 is the observed presence of families
of invariant tori, known in conservative systems but it is remarkable that we have here
dissipative systems with a small parameter. This aspect was studied in more detail for
Sprott A in [16] and [17] who correctly observe that we have a kind of KAM tori, see for
KAM-theory [1]; the evidence is numerical.
A novel result in [8] is that we can complete the theoretical picture both for Sprott A
and NE9 by linking the tori bifurcation phenomenon to time- reversal and canards. In
addition, for both systems we can identify a number of periodic solutions on the tori.
Lazar’s frequency condition [14] can be used to demonstrate the process of chaos between
the tori.
For the Sprott A system unbounded solutions can only be found on the z-axis. Another
novel aspect is that for system NE9 this is different; we find in [8] ‘rings’ of initial values
leading to unbounded solutions. Scaling near infinity and using again geometric singular
perturbation theory provides insight in this dynamics.

We formulate the equations for the system Sprott A:

ẋ = y, ẏ = −x− yz, ż = y2 − a, (1)

with parameter a > 0. The Sprott A system is a special case of the Nosé- Hoover oscillator.
It was shown in [8] that in this dissipative system an infinite number of tori are present
that is caused by symmetries of the system. It is discussed with other physical examples
in [18], see for the theory also [9] and [13].

1.2 An intermezzo on canards

Symmetries are an essential ingredient of understanding the dynamics of the Sprott A
system. Another interesting aspect is the presence of slow-fast systems that arise for
certain values of the parameter and for certain initial values. In the Sprott A system this
involves the presence of canards that complicate the dynamics of quasi-periodic solutions.
We give a short description of the canard phenomenon, see for an extensive discussion and
references [25]. In general canards may be present in slow-fast systems of the form

ẋ = f(x, y), εẏ = g(x, y).

The dynamics of x(t) will in general be relatively slow with respect to the dynamics of
y(t) as ẏ will b eproportional to 1/ε. However, this will not be true in a neighbourhood of
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space where g(x, y) = 0. Suppose that we can solve the equation g(x, y) = 0 that can be
an algebraic or transcendental equation or a set of such equations (as we did not specify
the dimensions of x and y).

Figure 1: Left, the canard behaviour demonstrated for eq. (2), ε = 0.01. Right, a solution
with canards of eq. (3) where the solution tends to a periodic solution.

Suppose the solution is y = y(x) that represents a curve or more general a manifold in
x, y-space. We will call this a slow manifold as the dynamics on or near this manifold
will have a time-behaviour comparable to that of the x(t) component. To understand the
canard phenomenon 2 elements are important. First, that the slow manifold may be stable
for a finite interval of time; it has been shown in [25] that in this case the solutions in a
neighbourhood of the slow manifold will become exponentially close proportionally to e−ct/ε

with c a positive constant dependent on the system. If at some point the slow manifold
changes stability, it takes some time to leave the slow manifold because of the extreme
exponential closeness. We call this delay of instability and the dynamical phenomenon a
“canard”. An illustration by a simple example is given in fig. 1 (left). The equation used
here is:

ẋ = 1, ; , εẏ = xy. (2)

We start at x(0) = −0.5, y(o) = 0.83. As we took ε = 0.01 the initial ẏ(0) will be −83 and
y(t) will move quickly to the x-axis. We can solve the problem explicitly producing:

x(t) = x(0) + t, y(t) = y(0)e
t
ε
(x(0)+t).

Starting with x(0) negative and y(0) positive the x-axis will be the approximate slow
manifold. The exponential attraction with timelike variable t/ε has as a consequence that
the solution approaches the x-axis exponentially close as long as x(0) ≤ t ≤ δ < 0 with δ a
positive constant. It was shown in [25] that this exponential closeness is a general feature
of stable slow manifolds in slow-fast systems. The solution x(t) passes zero after which the
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slow manifold becomes unstable. However, this instability is delayed because the solution
has become extremely close the slow manifold in its stable stage. This causes the canard
behaviour.
A slightly more complicated system where the solutions remain bounded and tend to a
periodic solution with a canard is the 2-dimensional system:

ẋ = sin(t), εẏ = xy −−y2. (3)

We choose again x(0) = −0.5, y(o) = 0.83. In this case we have 2 slow manifolds that
intersect: y = 0 and y = x. We have again canard behaviour when the solutions follow the
x-axis (approximate slow manifold) and passes x = 0. The slow manifold y = x becomes
stable and the solutions return following y = x. THe solutions approach the closed curve
indicated by an arrow.

1.3 Dissipative Sprott B system

Consider the system:

ẋ = y, ẏ = −x− yz, ż = Ax2 +By2 − a, (4)

with a > 0. A,B are fixed constants. It turns out that near the origin of phase-space
oneparameter, A + B, plays an essential part. We call system (4) system Sprott B, it
reduces to the Sprott A system if A = 0, B = 1. For reasons of comparison we will choose:

A+B = 1.

As for the Sprott A system we have that for arbitrary a the z-axis is an invariant manifold
with unbounded solutions x = y = 0, z(t) = z(0)− at.
An interesting discrete symmetry feature of (1) was formulated in [7]. It also holds for the
Sprott B system (4):
Discrete symmetry
If (x(t), y(t), z(t)) is a solution of system (4) then also (−x(t),−y(t), z(t)) is a solution.

This is verified by substitution. An important feature involving time reversal of (4) is:
Time-reversal of Sprott B
If (x(t), y(t), z(t)) is a solution of system (4) then by putting x̄ = x, ȳ = −y, z̄ = −z and
reversing time τ = −t then (x̄(τ), ȳ(τ), z̄(τ)) is a solution.

Such time-reversal symmetry is called R-symmetry in [13].
Note that by differentiating the equation for x we can rewrite system (4) as:

ẍ+ ẋz + x = 0, ż = Ax2 +Bẋ2 − a. (5)

In the sequel we will assume 0 < a≪ 1.
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Figure 2: Poincaré map in the plane y = 0 of the Sprott A system (1) (left, A = 0, B = 1)
and the Sprott B system (4) (right, A = 0.65, B = 0.35) near the origin of phase-space
for a = 0.01?. The behaviour near the z-axis shows canard behaviour for various initial
conditions.

1.4 A periodic solution near the origin

Considering small values of parameter a and solutions ε-close to the origin of phase-space
we transform:

x→ εx, y → εy, z → εz, a = ε2a0. (6)

with a0 > 0 and ε a small positive parameter. System (4) becomes:

ẋ = y, ẏ = −x− εyz, ż = ε(Ax2 +By2 − a0). (7)

Transforming (x, y) 7→ (r, ϕ) we use amplitude-phase coordinates x = r cos(t + ϕ), y =
−r sin(t+ ϕ) and average over time t. For the theory of averaging see [19]; we find to first
order in ε:

ṙ = −ε
2
rz, ϕ̇ = 0, ż =

ε

2
(Ar2 +Br2 − 2a0). (8)

From the second Bogoliubov theorem (see [24]) we know that a critical point of system (8)
under certain implicit function conditions corresponds with a periodic solution of system
(7) that is ε-close to the critical point. We find for the critical point:

rc =

√
2a0

A+B
=

√
2a0, z = 0. (9)

If the Jacobian of the averaged system at the critical point is structurally stable the stability
of the periodic solution follows from the eigenvalues at the critical point. However, the
eigenvalues are given by the characteristic equation:

λ(λ2 + a0) = 0.

For autonomous equations we will always find one eigenvalue zero but the other two are
purely imaginary, we have existence of a periodic solution but its stability is not clear at
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this stage. We apply second order averaging, see [19] for the procedure, but we find after
some calculations again purely imaginary eigenvalues of the critical point. We conclude to
Lyapunov stability of the periodic solution to second order in ε.

Figure 3: Behaviour of r(t), z(t) of the Sprott B system (4), A = 1, B = 0 near the periodic
solution close to the origin of phase-space; a = 0.1, ε = 0.05, z(0) = 0.5, x(0) = 0.2, y(0) =
0, z(t) alternates in sign.

Returning to the Sprott A system we have A = 0, B = 1. The averaged system (8) shows
exactly the same behaviour as the averaged system for Sprott A putting A+B = 1. With
the same scaling we have close to the periodic solution the same dynamical behaviour for
the Sprott A and Sprott B system. The periodic solution found by averaging both for the
Sprott A and Sprott B systems serve as organising centre for families of tori.
Different behaviour arises when z(t) starts outside this region and becomes small.
We demonstrate the behaviour near the periodic solution numerically for system (7) in
fig. 3. Choosing A = 0.5, B = 0.5 gives similar behaviour.

2 Canard behaviour near the z-axis

It was shown in [7] that if a is small we have a singular perturbation problem with canard
behaviour for the Sprott A system (1). We study the Sprott B system (4) as a slow-fast
system and will apply Tikhonov’s theorem [21]. Note that for system (4)

dr2

dt
= −2ẋ2z,

so, as for the Sprott A system and as long as z(t) is positive the (x, y) phase-flow is
strongly damped; if z(t) is negative, the flow is excited. We expect that when starting
with positive z(0) large enough the solution tends relatively fast to a neighbourhood of
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Figure 4: Canard behaviour of r(t), z(t) of the Sprott B system (10), A = 0.5, B = 0.5. We
have a = 0.1, ε = 0.1, z(0) = 5, x(0) = 0.1, y(0) = 0, z(t) alternates in sign. The value of
z(0) forces the x(t), y(t) behaviour to approach the z-axis in its stable part, when passing
the origin this part of the z-axis becomes unstable but the motion along the axis persists
for some time (canard behaviour).

x(t), y(t) = O(
√
ε) (near the z-axis); after this the canard behaviour near the z-axis will

start, see fig. 4.
To put the system in the formulation of Tikhonov’s theorem we rescale system (4) slightly
differently:

x = εx̄, y = εȳ, a = εa0.

Omitting the bars system (4) becomes:

ẋ = y, ẏ = −x− yz, ż = −εa0 + ε2(Ax2 +By2), A+B = 1. (10)

Rescaling time τ = εt we find the equivalent system:

ε
dx

dτ
= y, ε

dy

dτ
= −x− yz,

dz

dτ
= −a0 + ε(Ax2 +By2). (11)

According to geometric singular perturbation theory, system (11) shows fast motion of
the x, y-component in the timelike variable τ , except in an O(ε) neighbourhood of the
1-dimensional approximate slow (or critical) manifold M0 defined by:

y = 0, −x− yz = 0. (12)

The approximate slow manifold M0 corresponds with the z-axis in 3-dimensional phase-
space, it is normally hyperbolic when excluding a neighbourhood of z = 0 as we have for
the fast part of the system that the real part of the spectrum is −z/2. M0 approximates
the smooth slow manifoldMε that exists for solutions of system (11). According to section
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15.7 of [25], when excluding a neighbourhood of z = 0, M0 approximates Mε exponentially
close. To fix ideas we take initially x(0), y(0) small and z(0) > 0.
When starting outside M0 at positive z(0) = z0, z(t) of system (11) will change little. An
O(ε) approximation of the fast solutions of the system will be of the form:

X0(t) = x0e
−z0t/2 cos(

√
4− z20

t

2
). (13)

The approximation is valid on an interval O(1) in τ , O(1/ε) in t as long as we do not enter
a ε-neighbourhood of M0. From (13) we can estimate the fast time T1 needed to approach
M0:

x(0)e−z0T1/2 cos(
√

4− z20
T1
2
) = ε. (14)

Ignoring the oscillations a rough estimate is

T1 ≈ − 2

z0
ln

(
ε

x0

)
. (15)

The approximate time needed for the motion until z = 0 along M0 is T2 = z0/(εa0). Using
the R-symmetry for system (4) (subsection 1.3) we find the estimate of the return time
T ≥ 2(T1+T2) of the flow. The pulse-like behaviour for the fast motion of the flow is shown
in fig. 4. The solutions of the slow-fast system will traverse an O(

√
ε) neighbourhood of

the origin spending the same time for positive and negative values of z.

Geometric singular perturbation theory in combination with time reversal and symmetry
produces the behaviour shown in the Poincaré maps of fig. 2. Increasing ε we expect the
tori to break up, maybe with Cantor gaps as in near- integrable Hamiltonian systems.
In [7] it was shown by the SDDS NAFF algorithm of [14] that in the tori region we can
locate an accumulation of frequencies of the quasi-periodic and periodic solutions on the
tori producing loss of regularity of the frequency map. This is carried out by looking for
quasi- periodic and periodic solutions on the tori and identifying by Fourier analysis the
relevant periods of the solutions. After constructing the frequency map, this yields chaotic
motion between the tori. The analysis carries over to the Sprott B system.

3 Interaction of self-excited and parametric excita-

tion

Consider a modification of the system formulated in [7]:{
ẍ+ εκẋ+ (1 + ε cos 2t)x+ εcy = 0,

ÿ − εµ(1− y2)ẏ + y + εay3 + εcx = 0.
(16)

The system formulation is inspired by the work of A. Tondl, see [22]. We have weak
linear interaction between the 2 oscillators governed by parameter c, with parameters
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κ, µ, a. General position periodic solutions are candidates to produce tori by bifurcation.
Without interaction (c = 0), the equation for x(t) will have periodic solutions forced by
the parametric cos 2t term. The equation for y(t) without interaction will have periodic
solutions with a period branching off the harmonic solution and will be close to 2π. The
parameter a is introduced as the Van der Pol- equation has a 2π-periodic solution in an
O(ε) approximation, if a = 0 one needs higher order approximations as a change of the
period 2π arises at O(ε2).

3.1 Periodic solutions by averaging

We use the transformations x, ẋ 7→ r, ϕ and y, ẏ 7→ R,ψ:

x(t) = r(t) cos(t+ ϕ(t)), ẋ(t) = −r(t) sin(t+ ϕ(t)),

y(t) = R(t) cos(t+ ψ(t)), ẏ(t) = −R(t) sin(t+ ψ(t)).

Transforming produces slowly variational equations for the positive amplitudes r, R and
phases ϕ, ψ. We leave out the variational equations. After averaging over time we find:

ṙ = ε
2
(−κr + 1

2
r sin 2ϕ+ cR sinχ),

ϕ̇ = ε
2r
(1
2
r cos 2ϕ+ cR cosχ),

Ṙ = ε
2
(µR(1− 1

4
R2)− cr sinχ),

ψ̇ = ε3a
8
R2 − ε

2
c r
R
cosχ,

(17)

with χ = ϕ−ψ. The solutions of system (17) produce O(ε) approximations of the solutions
of system (16) valid on the timescale 1/ε. The zeros of the righthand sides of system (17)
with r, R ̸= 0 correspond with general position periodic solutions of system (16).
Eliminating cosχ and sinχ from the critical equations produces:

cos 2ϕ = −3

2
a
R4

r2
, sin 2ϕ = 2κ− 2µ

R2

r2
(1− 1

4
R2). (18)

We look for solutions with:

cos 2ϕ =
1

2
, sin 2ϕ = ±1

2

√
3. (19)

Substitution for cosϕ, sin 2ϕ in eq. (18) produces for a < 1 the amplitudes given by:

r2c = −3aR4
c , R

2
c =

2

±3a
µ

√
3− 12aκ

µ
+ 1

. (20)

Example: a = −1/3, µ = 4 gives r2c = R4
c = 2/(∓

√
3/4 + κ+ 1).
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3.2 Neimark-Sacker bifurcation by averaging

3.3 Iteration for integral equations

In section 3.1 we have obtained periodic solutions by looking for critical points (equilibria)
of the averaged system. Another, but related method is the Poincaré-Lindstedt method
where one uses iteration of a corresponding integral equation while applying periodicity
conditions. The iteration method was generalised in [26] by iteration, expansion with
respect to the small parameter and applying secularity conditions. As the expansions
produce approximations on the timescale O(1) the method does also apply to quasi-periodic
solutions and families of them.
Considering system (16) we formulate 2 equivalent integral equations using amplitude-
phase representations:

x(t) = r(t) cos(t+ ϕ(t)) + ε
∫ t

0
sin(t− s)[κr(s) sin s+ ϕ(s))−

cos 2sr(s) cos(s+ ϕ(s))− cR(s) cos(s+ ψ(s))]ds,

y(t) = R(t) cos(t+ ψ(t)) + ε
∫ t

0
sin(t− s)[−µ(1−R2(s) cos2(s+ ψ(s))

R(s) sin(s+ ψ(s))− aR3(s) cos3(s+ ψ(s))− cr(s) cos(s+ ϕ(s))]ds.

(21)

One can obtain a convergent series for the solutions of system (21) by contraction. Start
with the harmonic solutions x1 = r0 cos(t + ϕ0), y

1 = R0 cos(t + ψ0 and substitute the
expressions in the integrals. After applying secularity conditions one obtains a second order
approximation for x(t), y(t). Repeating the iteration process improves the approximations
and leads to a convergent series.
Sufficient conditions for bounded solutions
Expanding r(t) = r0 + ε . . . , ϕ(t) = ϕ0 + ε . . . , R(t) = R0 + ε . . . , ψ(t) = ψ0 + ε . . . we have
to O(ε) the secularity conditions from x(t):{

κr0 sinϕo − 1
2
r0 cosϕo − cR0 cosψ0 = 0,

κr0 cosϕo − 1
2
r0 sinϕo + cR0 sinψ0 = 0.

(22)

Considering system (22) as an algebraic system for r, R, we have nontrivial solutions if the
determinant is singular and c ̸= 0 leading to:

κ cos(ϕ0 − ψ0)−
1

2
cos(ϕ0 + ψ0) = 0. (23)

The phases ϕ0, ψ0 have to satisfy (23) with 0 ≤ κ ≤ 1
2
.

The first order secularity conditions from the equation for y(t) are:{
µ(1− 1

8
R3

0 sinψ0) +
3a
8
R3

0 cosψ0 +
c
2
r0 cosϕ0 = 0,

−µ(1− 1
8
R3

0 cosψ0) +
3a
8
R3

0 sinψ0 +
c
2
r0 sinϕ0 = 0.

(24)

Solutions r0, R0, ϕ0, ψ0 of eqs (22), (24) produce O(ε) approximations of x(t), y(t) that are
bounded.
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Necessary conditions for bounded solutions
In an amplitude-phase representation of the solutions of system (16) we can restrict our-
selves to the requirement of boundedness of the amplitudes. The variational equations
are:
ṙ = −ε sin(t+ ϕ)[κr sin(t+ ϕ)− 1

2
r cos(3t+ ϕ)− 1

2
r cos(t− ϕ)− cR cos(t+ ψ)],

Ṙ = ε sin(t+ ψ)[−µR sin(t+ ψ) + 1
2
µR3 sin(t+ ψ) + 1

4
R3 sin(3t+ 3ψ)−

1
4
µ]R3 sin(t− ψ)− 3

4
aR3 cos(t+ ψ)− 1

4
aR3 cos(3t+ 3ψ)− cr cos(t+ ϕ)].

(25)

Putting χ = ϕ0 − ψ0 we find when expanding to O(ε) the secularity conditions:{
cR0 sinχ = r0(κ− sin 2ϕ0),

cr0 sinχ = µR0(1− 1
2
R2 + 1

4
R2 cos 2ψ0).

(26)

The secularity conditions (26) lead to bounded solutions but not necessarily to periodic
or quasi-periodic solutions; that would require conditions on the phases. The nontriviality
condition (23) can be used to find suitable initial phases, for instance:

κ =
1

2
, ϕ0 = ψ0 = ±π

4
.
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