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Abstract

To study the dynamics of quasi-periodic bifurcations, we consider a
system of two nonlinearly coupled oscillators using averaging, con-
tinuation and numerical bifurcation techniques. This relatively sim-
ple system displays considerable complexity. Assuming the inter-
nal resonance to be 1 : 2, we find a 2π-periodic solution which un-
dergoes a supercritical Neimark-Sacker bifurcation, yielding a stable
torus. Choosing a route in parameter space, we show by numerical
bifurcation techniques how the torus gets destroyed by dynamical
and topological changes in the involved manifolds [16]. The 1 : 6-
resonance turns out to be prominent in parameter space and we de-
tected a cascade of period doublings within the corresponding reso-
nance tongue yielding a strange attractor. The phenomena agree with
the Ruelle-Takens scenario [22] leading to strange attractors. Other
periodic regimes are present in this system and there is interesting
evidence that two different regimes interact with each other, yield-
ing yet another type of strange attractor. In this context certain π-
periodic solutions emerge that are studied by continuation following
the Poincaré-Lindstedt method using Mathieu-functions; when the
implicit function theorem breaks down, the analysis is supplemented
by numerical bifurcation techniques.

1 Introduction

The classical analysis of dissipative dynamics focuses on finding equilib-
ria and periodic solutions and their stability. The theory of self-excited
oscillations represents a well-known example. Considering systems with
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more than one degree of freedom, such as interacting nonlinear oscillators,
this analysis must be supplemented by a study of quasi-periodic solutions
and their bifurcations. Geometrically, quasi-periodic solutions correspond
with tori, for instance two-frequency oscillations describe motion on a two-
torus. What do we gain from geometric insight? It turns out that geometric
pictures improve our understanding of the basic dynamics and in particu-
lar, bifurcational changes of the dynamics will correspond with changes in
the geometry and vice versa. The purpose of this paper is to demonstrate
this for a relatively simple model of two interacting oscillators. The sur-
prise is that this model already contains a striking amount of complexity.
The results agree with a visionary paper by Ruelle and Takens [22], see also
[23], where the relation is suggested between turbulence in fluids and the
bifurcation scenario in which equilibrium produces periodic solution, sub-
sequently by bifurcation leading to a torus which in the next bifurcation
produces a strange attractor.

Important insight in the dynamics of quasi-periodic bifurcations - tori
bifurcation - were obtained for mappings in the early papers [1], [28] and
[3]. Important new extensions of the theory can be found in [6], [32], [21]
and [4]. The paper [4] is remarkable as it gives an extensive and early anal-
ysis of the wealth of phenomena encountered when three oscillators are
interacting; these systems are more complex than the mechanical problem
we will investigate.

Coninuation of tori is a delicate matter studied in [25]; [26] is related
to our paper as it also exploits averaging and relative equilibria together
with Fourier-Galerkin methods. The computation of Arnold tongues and
the corresponding geometry is discussed in [27] and [8]. Extensive bibli-
ographies can be found in [4], [7] and the other papers cited above.

In the case of system (1), the flow is four-dimensional and can be de-
scribed by a three-dimensional map. The phenomena encountered in the
dynamics of maps correspond with phenomena of differential equations
but it is not so easy to validate identifications in actual examples. System
(1) will provide an explicit example to illustrate the theory. As always, the
set of Arnold tongues is very complex but it is dominated by one tongue
corresponding with the 1 : 6-resonance. Other interesting aspects are the
presence of more than one attractor in the dynamical system and the use of
Mathieu functions to perform continuation of a periodic solution.

The model

To illustrate torus bifurcations and show its relevance for engineering and
physics we will consider the case of two interacting nonlinear oscillators,
described by the eqations of motion:
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{
ẍ + δx2ẋ + x + γx3 + axy = 0,
ÿ + κẏ + 4y + bx2 = 0.

(1)

This is a system of two coupled oscillators which, near the origin of
phase-space, is in 1 : 2 resonance; the nonlinear coupling is simple but
contains the essential terms for this resonance case (essential in the sense
of normal form theory). If ab = 0, there is no or one-sided coupling only;
we will assume therefore ab 6= 0. By applying the linear transformation:
x̃ = x, ỹ = ay, we can assume without loss of generality that the parameter
a = 1. When computing averaging normal forms in the next section, we
will put a = 1 which means that 4 parameters are involved.

The term x + γx3 represents the restoring force of the x-oscillator. As
the bifurcation phenomena, discussed in what follows, take place for small
values of γ, we do not expect much different behaviour for other restoring
forces. The parameter γ however, is crucial as it causes the uncoupled,
undamped x-oscillator (δ = a = 0) to be asynchronous; we assume γ > 0.
The parameter γ enables us to tune into the resonance (Arnold) tongues
and to find interesting bifurcational behaviour; see again [6], [32] and [7]
for references.

For the damping coefficients we assume δ, , κ > 0. Adding linear
damping to the first oscillator will not affect qualitatively the bifurcation
scenario described below, it is omitted. Linear damping however would
affect the stability of the origin and trigger an extra (unstable) periodic so-
lution. For more details on the stability of the trivial equilibrium as well as
the mechanical origin and applications of this system, we refer to [5]. An
extension of the system with parametric exitation can be found in [19].

Note that system (1) possesses a Z2 (mirror) symmetry i.e. it is invariant
with respect to the transformation:

T :
(

x
y

)
7→

( −x
y

)
.

Outline of the analysis

After briefly considering the less interesting case b > 0 in the next sec-
tion, we will assume b < 0. Near the origin of phase-space, we expect the
1 : 2 internal resonance to dominate the phase-flow, further away from the
origin other resonances will appear. As discussed in [32] and [8], quasi-
periodic solutions give rise to a dense occurrence of resonances and may
even produce a “Cantorization” of the bifurcation sets. Note however that
the immense complexity of this dynamics may simplify somewhat by the
specific choice of relevant terms in the mechanical model and by the restric-
tion to a location of phase-space of interest. We will demonstrate for our
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model (1) that the dynamics of quasi-periodic bifurcations is indeed very
complex, but can still be handled by analytic and numerical tools.

We proceed as follows. After performing scaling of the variables and
the parameters, we start with averaging of the system to locate a relative
equilibrium corresponding with a periodic orbit of which the stability can
be determined. Varying the parameters of the system, in particular γ, the
periodic solution undergoes a Neimark-Sacker bifurcation. We will study
the dynamics after the Neimark-Sacker bifurcation has occurred, focusing
on the dynamics within the 1 : 6 resonance tongue. There exist an infinite
number of other resonance tongues, but our numerical explorations in this
part of phase space show that this tongue is the most prominent one.

The Neimark-Sacker bifurcation, which produces an attracting torus, is
not captured by the averaging method as it occurs further away from the
origin. The bifurcation diagram in Fig. 4 shows the presence of a 1 : 6
resonant tongue in the parameter region of our interest. The Poincaré sec-
tion of the flow, which is three-dimensional, is examined by projection on a
plane. A numerical study using the software packages AUTO [12] and CON-
TENT [18], see also [9], [10] and [11], shows how within the 1 : 6 resonance
tongue, through a route in parameter space, the emerging torus becomes
nonsmooth before it breaks down, leading to a strange attractor. This loss
of smoothness occurs before the phase-locked periodic solution has lost
normal hyperbolicity and has undergone a period doubling. Hereafter, a
cascade of period doublings in the 1 : 6 resonant tongue in the direction
orthogonal to the unstable manifolds of the saddles follows, after which a
nontrivial limit set emerges and a strange attractor is born. This is one of
the known routes to chaos. Other scenarios of torus breakdown are also
possible, such as for example the loss of normal hyperbolicity or the occur-
rence of heteroclinic tangencies followed by homoclinic tangencies leading
to Smale horseshoe dynamics and chaos. In our case, we show explicitly
how the torus is destroyed by following the changes in the involved mani-
folds.

But this is not the only phenomenon of interest. Other periodic regimes,
symmetrically coupled π-periodic solutions, are present in the system, some-
what further from the origin; they are analysed, their emergence is ex-
plained and a bifurcation diagram is given. This analysis starts with an-
other rescaling and using the Poincaré-Linstedt method based on Mathieu
functions. In itself an unusual application, it helps to analyse the bifur-
cation phenomena of system (1). Of course, this study can be extended to
other (minor) resonance tongues and transitions in the spirit of [32] and [8].

There are two cases which should be distinguished, namely the case
ab > 0 and the case ab < 0. The dampings are positive, δ, κ > 0. We
shall often use system (1) in the form of a first-order system; with a = 1 it
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becomes: 



ẋ1 = x2,
ẋ2 = −x1 − δx2

1x2 − γx3
1 − x1y1,

ẏ1 = y2,
ẏ2 = −4y1 − κy2 − bx2

1.

(2)

2 The flow near equilibria if b > 0

If b > 4γ, there are three critical points:

(0, 0, 0, 0), and (±2/
√

b− 4γ, 0,−b/(b− 4γ), 0),

so nontrivial equilibria exist if b > 4γ.

2.1 The equilibrium at (0, 0, 0, 0)

The origin has the following eigenvalues:

λ1,2 = ±i, λ3,4 =
− κ ±√κ2 − 16

2
.

The stability is not determined by linear analysis so we reduce the flow to
the two-dimensional centre manifold and normalise it in the usual way, see
[17], chapter 5. We omit the technical details.

Using polar variables ρ, φ in the two-dimensional centre manifold, we
find for the normal form:

ρ̇ = sgn(l1(0))ρ3 + O(ρ4), φ̇ = 1 (3)

with l1(0) the first Lyapunov coefficient:

l1(0) = − δ

2
− b

4κ
. (4)

Clearly we have l1(0) < 0 in the case b > 0, the origin is stable.

2.2 Global attraction if 0 < b < 4γ

In this case, the origin is the only equilibrium. It is nontrivial that system
(2) can be transformed to a Hamiltonian system if κ = δ = 0. We use the
following transformation of coordinates

(x̃1, x̃2, ỹ1, ỹ2) = (x1, bx2, y1,
y2

2
). (5)
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Omitting the tildes, the Hamiltonian has the following form

H(x1, x2, y1, y2) =
b
2

(
x2

1 +
( x2

b

)2
)

+
(
y2

1 + y2
2
)
+

γb
4

x4
1 +

b
2

x2
1y1.

To show that the origin is a global attractor, we can directly use the Hamil-
tonian or a Lyapunov function of the form:

V(x1, x2, y1, y2) = 2x2
1 + 2x2

2 +
4
b

y2
1 +

1
b

y2
2 + 2x2

1y1 + γx4
1. (6)

Computing the orbital derivative of this Lyapunov function yields:

dV
dt

= −4δx2
1x2

2 −
2κ

b
y2

2

Clearly the orbital derivative is negative if x1, x2 and y2 do not vanish. The
Lyapunov function can also be written as

V(x1, x2, y1, y2) = 2x2
1 + 2x2

2 +
1
b

y2
2 +

(√
b

2
x2

1 + 2

√
1
b

y1

)2

+
(

γ− b
4

)
x4

1,

(7)
which is positive definite. It is easy to see that the phaseflow is transversal
to the manifold x1 = y2 = 0 and the manifold x2 = y2 = 0. We conclude:

Proposition 1 If 0 < b < 4γ the equilibrium at the origin is a global attractor.

2.3 The nontrivial equilibria if b > 4γ > 0

We shall argue that the symmetrical equilibria have a saddle character and
that no bifurcation will involve these equilibria, in particular no Hopf bi-
furcation.

Proposition 2 If b > 4γ the two nontrivial symmetrical fixed points exist and
have at least one negative eigenvalue (λ−) and exactly one positive (λ+). Fur-
thermore the eigenvalues never become zero or cross the imaginary axis and we
have the following asymptotic estimate:

λ+ = O(∆), (∆ → 0).

Where ∆ = b− 4γ.

Sketch of a proof
Consider the equilibrium (2/

√
b− 4γ, 0,−b/(b− 4γ), 0), the reasoning for

the other equilibrium is analogous following the Z2 symmetry. Linearising
system (2) near this equilibrium yields a matrix with characteristic polyno-
mial:

P(λ) = λ

(
4δ

∆
+ λ

)
[λ(λ + κ) + 4] +

8γλ

∆
(λ + κ)− 8.
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We easily see that P(0) = −8, limλ→±∞ P(λ) = +∞. There are at least two
real roots of this quartic polynomial. Elementary analysis of the polyno-
mial gives the desired result. In particular, to show that the eigenvalues
never become purely imaginary we compute P(iω) with ω ∈ R+. Putting
P(iω) = 0 produces equations without real solutions for ω. Another result
of this analysis is:

Proposition 3 The two nontrivial symmetrical equilibria have a one-dimensional
unstable manifold and a three-dimensional stable manifold.

3 The flow near the equilibria if b < 0

The scale transformation (5) clarifies the part played by the sign of param-
eter b. It produces in the x-oscillator a damping term of the form δbx2

1x2
which for δb < 0 may produce self-excited oscillations.

In this section, we will localize near equilibria to find a periodic solu-
tion that can be continued in parameter space. We put again a = 1; if
b < −2κδ < 0, the origin is in this case unstable as the first Lyapunov
coefficient l1(0) is positive, see equation (4), so the local dynamics will be
more interesting. We shall use averaging-normalisation which enables us
to locate periodic solutions for which existence and precise error estimates
are known.

3.1 Scaling and first order averaging

Consider system (1) in the vicinity of the origin; with ε a small, positive
parameter, we introduce the following scaling (for more details about this
choice see [5]):

x =
√

εx̄, y = εȳ, b = εb̄, κ = εκ̄. (8)

Another scaling will produce a different localisation and other phenomena,
see section 5. The parameters δ and γ are assumed not to be dependent on
ε. Introducing scaling (8) into system (1) and omitting the bars yields:

{
ẍ + x + εxy + ε(δx2 ẋ + γx3) = 0,
ÿ + 4y + εκẏ + εbx2 = 0.

(9)

The next steps are the usual ones in averaging approximations; see for in-
stance [30], chapter 11. We introduce the following amplitude-phase trans-
formation:

{
x(t) = R1(t) cos(t + φ(t)) ẋ(t) = −R1(t) sin(t + φ(t))
y(t) = R2(t) cos(2t + ψ(t)) ẏ(t) = −2R2(t) sin(2t + ψ(t))
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Averaging the resulting slowly varying system yields:




Ṙ1 = εR1{ 1
4 R2 sin(2φ− ψ)− δ

8 R2
1}

φ̇ = ε{ 1
4 R2 cos(2φ− ψ) + 3

8 γR2
1}

Ṙ2 = ε
2 R2{−bR2

1/(4R2) sin(2φ− ψ)− κ}
ψ̇ = ε

2{bR2
1/(4R2) cos(2φ− ψ)}

(10)

As usual, the dimension of this system can be reduced by introducing the
phase variable θ = 2φ− ψ. The system becomes





Ṙ1 = εR1{ 1
4 R2 sin θ − δ

8 R2
1}

Ṙ2 = ε
2 R2{−bR2

1/(4R2) sin θ − κ}
θ̇ = ε{ 1

2 R2 cos θ + 3
4 γR2

1 − bR2
1/(8R2) cos θ}

(11)

Nontrivial critical points (equilibria) of system (11) will correspond with
2π-periodic, phase-locked solutions of the original system (9), see [24]; we
call them relative equilibria. First, we remark that putting the righthand-
sides of the first two equations to zero and looking for nontrivial solutions
produces the following system:

A
(

R2
1

R2

)
=

(
0
0

)

with the matrix

A =
( −δ/8 1/4 sin θ
−b/4 sin θ −κ

)
.

If the matrix A is invertible then it is clear that the trivial solution is the
only solution. We therefore require that det(A) = 0. A necessary condition
for the existence of nontrivial solutions to the reduced system (11) reduces
then to

sin θ = ±
√
− 2κδ

b
.

Note that system (11) can have nontrivial equilibrium solutions only if
b < −2κδ < 0. Solving the equations for equilibrium yields:





R2 = − b
4κ

R2
1 sin θ

R1 =

√
− 8κ2 cot θ

12κγ− b sin 2θ

(12)

provided that the damping coefficients κ, δ are positive. It follows from the
first equation of system (12) that sin θ ≥ 0. If κ = 0, and δ 6= 0 then system
(11) has a continuous family of nontrivial critical points and therefore we
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cannot deduce the existence of periodic solutions. However one can easily
see from the original equations of motion (1) that a family of semitrivial
solutions exists. The x−oscillator is at rest while the y−oscillator is a sim-
ple harmonic oscillator. On the other hand, if δ = 0, and κ 6= 0 then there
is a family of semitrivial solutions where the y−oscillator is at rest while
the x−oscillator oscillates. The period is in this case dependent on the ini-
tial condition. We will see in section 5.1 that this semi-trivial solution is
unstable if κ = 0, bifurcations arise as κ grows.

Conclusion

The original system (9) has an isolated 2π−periodic solution provided γ is
large enough, κ, δ > 0, b < −2κδ and θ ∈ (π/2, π). We have from system
(12) the requirement

12κγ > b sin 2θ.

3.2 Stability of the 2π−periodic solution

Linearising the reduced averaged system (11) around the nontrivial criti-
cal point and analysing the corresponding Routh-Hurwitz system of equa-
tions, see [14], yields that the nontrivial relative equilibrium is asymptoti-
cally stable no matter what the parameters are; see appendix 1 for the sta-
bility analysis. This is quite surprising. It implies that the corresponding
periodic solution of system (9) is also asymptotically stable provided its
amplitude is O(1) with respect to ε. However, using γ as a control param-
eter, one can numerically find that the amplitudes of the periodic solution
R1 and R2 can become fairly large, cf. system (12), and consequently grow
beyond the domain of validity of the averaging method. In that case the
stability of the periodic solution can be destroyed by bifurcations which
are not detected by the normal form. We shall therefore return in what fol-
lows to the original system (2) and study numerically the flow and the bi-
furcations involved. This study reveals very rich dynamics including torus
break-down, and chaotic behaviour .

4 Numerical continuation of the (symmetric) periodic
solution

In this section we will perform numerical continuation and compute Poincaré
sections based on the original system (1).

4.1 The Neimark-Sacker bifurcation

The following representative parameters, with respect to the original sys-
tem (2), have been used in our numerical analysis: a = 0.5, b = −0.5, δ =
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0.4, κ = 0.1. We use the software package CONTENT [18] to continue the pe-
riodic solution, detected by the normal form system (11) as a relative equi-
librium, with respect to the parameter γ. Numerical experiments show that
interesting phenomena occur for certain positive values of the parameter γ;
we therefore start at γ = 0.2 and decrease continuously this parameter.

A supercritical Neimark-Sacker bifurcation has been detected at the crit-
ical value γNS ≈ 0.096. In the computations via periodic normalisation of
MATCONT [20] or [17], this is determined by a so-called ‘normal form coeffi-
cient’; in this case the coefficient is small but negative CNS = −7.225× 10−7,
see Fig. 1 below. Below but near this critical value of γ a stable smooth torus
is present. See the numerically computed projected Poincaré section in Fig.
2. Continuing the unstable cycle after the Neimark-Sacker bifurcation with
respect to the parameter γ does not yield any other bifurcations until, at
the parameter value γ = 0.0892, the torus is destroyed and a strange at-
tractor emerges; see Fig. 3. In order to better understand the mechanism
behind the birth of this strange attractor, we will go into more details of the
analysis of the bifurcation diagram in the involved parameter region.

6.05

6.1

6.15

6.2

6.25

6.3

0.08 0.1 0.12 0.14 0.16 0.18 0.2
γ

LPC

LPC

NS

P
e
r
io

d

Figure 1: Figure generated by CONTENT. Plot of the period which is not
far from 2π against the parameter γ. The periodic solution is continued
with respect to the parameter γ starting at the value 0.2. LPC stands for
Limit Point Cycle (fold) bifurcation and NS stands for the Neimark-Sacker
bifurcation happening near γ = 0.096.
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Y
2

Y1

Figure 2: Poincaré section, using Σ = {(0, x2, y1, y2)T, x2, y1, y2 ∈ R} as
cross section, projected onto the y1y2 plane with γ = 0.092. The smooth
closed curve corresponds with the stable and smooth T2 torus.

4.2 Resonance tongues and cascade of period doublings

In the parameter region where the smooth torus exists, between γ = 0.096
and 0.089, there are regions where phase locking occurs, the so called Arnold
tongues. This has strong dynamical consequences. Here the torus, in the
case it still exists, becomes resonant, yielding simultaneously stable and un-
stable periodic motion. This happens for example at the parameter value
γ = 0.09185 yielding a stable and an unstable 1 : 6 periodic solution on
the torus. The two periodic solutions collide and disappear through a fold
(saddle-node) bifurcation along the boundaries of the tongue. Using the
software package AUTO [12] for the shape of the tongues and CONTENT

[10] for the multipliers, and taking the coupling parameter b as a second
control parameter, we were able to compute the bifurcation diagram Fig.
4 presented below. First the Neimark-Sacker curve is computed by con-
tinuation, then the locus of the folds involving the 1 : 6 periodic orbits is
computed yielding the boundaries F of the 1 : 6 resonance tongue. Fig. 4
shows a part of the bifurcation diagram. The left and right boundaries of
the 1 : 6 resonance tongue correspond to fold curves F. There, the saddle
(unstable periodic motion) and the node (stable periodic motion) collide
and disappear. The lower boundary of the tongue corresponds to the first
period doubling bifurcation of the node. The stable cycle of period 6 then
becomes unstable and a stable period 12 cycle emerges. Because of the Z2
symmetry there are two of these cycles. Note that for Chenciner bifurca-
tion , indicated by Ch, one also uses ‘degenerate Hopf bifurcation’; it is a
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−14

−12

−10
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−2

0

2

Y
1

Y
2

Figure 3: Poincaré section, using Σ = {(0, x2, y1, y2)T, x2, y1, y2 ∈ R} as
cross section, projected onto the y1y2 plane with γ = 0.0892. The closed
curve, corresponding with a torus, no longer exists. A strange attractor
emerges instead. Its Kaplan-Yorke dimension dKY ≈ 2.32.

codimension two bifurcation with two purely imaginary eigenvalues and
one zero.

Keeping the parameter b = −0.5 constant and letting the parameter γ
decrease, we “hit” the 1 : 6 resonance tongue three times: at γ = 0.091902,
γ = 0.09173, and γ = 0.09035. At the parameter value γ = 0.09184, further
away from the period doubling curve, the projected Poincaré section shows
a smooth closed curve, see Fig. 5. As γ decreases, we leave the tongue and
enter a parameter region where complex dynamics occurs alternated with
periodic motion. Leaving the tongue but remaining in the neighborhood,
the torus is no longer resonant but still smooth. The projected Poincaré sec-
tion shows a closed curve with no saddles or nodes on it. Before reentering
the 1 : 6 resonance tongue again, the torus gets destroyed more often and
according to different scenarios; strange attractors sometimes emerge from
these destructions. Although the dynamics in this region is rich it does not
yet explain the origin of the strange attractor in Fig. 3. We shall therefore
focus in what follows on the 1 : 6 resonance tongue as the strange attrac-
tor emerges within it. Entering the tongue for the second time, but now
closer to the period doubling curve, at γ = 0.09 the Poincaré section shows
a closed curve which seems to have lost its smoothness; see Fig. 6. How-
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Figure 4: Bifurcation diagram in the case ab < 0 in the vicinity of the
1 : 6 resonance tongue based on AUTO, the bifurcations are analysed by
MATCONT. The tongue is quite narrow and is bounded from below by the
period-doubling (PD) curve. The left and right boundaries of the tongue
correspond to fold curves (F). Here the period 6 saddle and node solutions
collide and disappear. (NS) stands for Neimark-Sacker bifurcation, (Ch)
stands for Chenciner bifurcation (also called ‘degenerate Hopf bifurcation)
and (C) corresponds to a cusp bifurcation.

ever, considering the Lyapunov exponents, the dynamics is not strange.
Decreasing the parameter γ further we hit the period doubling curve at ap-
proximately the parameter value γ = 0.0897934. At γ = 0.0897 i.e. after the
first period doubling, the numerically computed Poincaré section shows a
closed curve but with complicated geometry. See Fig. 7. When γ drops be-
low this critical value, a cascade of period doublings follows respectively
at γ = 0.08954709, γ = 0.08954241, γ = 0.08954129 etc. yielding ultimately
the strange attractor mentioned above, see Fig. 3.

Remark

Note that if a = γ = 0, we have a synchronous oscillator which is a very
degenerate case. Introducing positive values of the parameters γ and a,
we couple to an asynchronous oscillator and trigger resonance phenomena
which yield the invariant sets we encountered. One may look at the pa-
rameter γ as a source of chaos phenomena. Indeed, when the parameter γ
equals zero, the system is either chaotic or its orbits are unbounded.
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Figure 5: Numerically computed projection of Poincaré section in the 1 : 6
resonance tongue: γ = 0.09184 showing a smooth closed curve corre-
sponding to a torus. The closed curve is obtained by numerically comput-
ing the unstable manifolds of the saddles. Because of the 1 : 2-resonance,
the Poincaré-map in the y1, y2-plane produces for the stable (indicated by
+) and the unstable (indicated by ×) periodic solutions 12 fixed points
each.

4.3 Birth of the strange attractor

We will examine how the birth of a strange attractor happens as a conse-
quence of a cascade of period doublings. Before the period doubling takes
place, closer to the boundary of the 1 : 6 resonance tongue at γ = 0.0903,
the unstable manifold of the saddle wraps around the node, showing that
a heteroclinic crossing has already occurred. This means that the unstable
manifold of the saddle has crossed the nonleading stable manifold of the
node, see Fig. 8.

The phenomenon of heteroclinic crossings within the tongues has been
studied in detail in the literature for maps, but not often for differential
equations where the mechanisms are more hidden. At this stage the closure
of the invariant set consisting of the union of the unstable manifolds of the
saddles is no longer homeomorphic to the circle. In other words, the torus
has already been destroyed. Denoting the multipliers of the nodes by µi
with µ0 = 1 ≥ |µ1| ≥ |µ2| ≥ |µ3|, we found at γ = 0.0903 that µ1 > |µ2|,
µ2 < 0 and µ3 = O(10−17) < 0. This means that the Poincaré map is
contracting following the direction of two eigenvectors. Hence this map
can be well approximated by a two dimensional map. An extensive study
of this kind of planar maps can be found in [6], [32] and [8]. In order to

14



-12

-10

-8

-6

-4

-2

 0

 20  21  22  23  24  25  26  27  28
Y1

Y
2

Figure 6: Numerically computed projection of Poincaré section in the 1 : 6
resonance tongue, closer to the period-doubling curve: γ = 0.09 showing
loss of smoothness. For a remark on the fixed points see the caption of Fig.
5.
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Figure 7: Numerically computed projection of Poincaré section in the 1 : 6
resonance tongue, after the period-doubling has occurred: γ = 0.0897. For
a remark on the fixed points see the caption of Fig. 5.

better understand how the unstable manifold in Fig. 8 wraps around the
node, a sketch is given Fig. 9 below.
As the parameter γ decreases further, loss of normal hyperbolicity (NH)
occurs at approximately the value γ = 0.09022. Here we have µ1 = |µ2|. At
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Figure 8: Numerically computed unstable manifold of the saddle wrapping
around the node in the 1 : 6 resonance tongue γ = 0.0903, b = −0.5.

w
u

N

W
s

Figure 9: Sketch of how the unstable manifold of the saddle (wu) wraps
around the node (N) as it crosses the nonleading stable manifold (Ws) of the
node corresponding to the negative multiplier µ2. Because of the negative
sign of µ2 the unstable manifold wu , when it crosses Ws, it must cross it in
this manner.

the parameter value γ = 0.0897934 the nonleading multiplier of the node
becomes equal to -1 yielding a period doubling of the period 6 stable cycle
in the direction of Ws. See Fig. 10 below. In other words, The cascade of
period doublings that occurs here happens in the direction of Ws. After this
cascade of period doublings a strange attractor emerges.
This is followed by an interesting phenomenon: an inverse cascade of strange
attractors. At each step n of the cascade we have a strange attractor con-
sisting of 2n × 6 parts. Following the inverse cascade in parameter-space,
at each step the 2n × 6 parts strange attractor merges to form a 2n−1 × 6
parts strange attractor until we end up with a strange attractor consisting
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Figure 10: Plot of the modulus of the multipliers (left) and of the real part
(right) against the parameter γ. We see that as γ tends to 0.09035, µ1 tends
to 1 (fold bifurcation) corresponding to the boundary of the tongue. When
γ tends to 0.08979, µ2 tends to −1 yielding a period doubling of the node
in the direction of Ws. NH (where the multipliers are equal) stands for loss
of normal hyperbolicity.

of six parts. Ultimately a ‘large’ strange attractor consisting of one part
only emerges, see Fig. 11 below. This ‘large’ attractor ultimately evolves
towards the one observed in Fig. 3. See again the references in the context
of maps.

5 Dynamics away from the origin

We shall now proceed, again for b < 0, with a brief study of the dynamics of
the system much further from the origin, showing co-existing but different
dynamics; also, these regimes show complicated interaction with the ones
already studied.
System (1) has for instance periodic regimes coexisting with the one studied
previously. There is a pair of symmetrically coupled π−periodic solutions,
see Fig. 12.
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Figure 11: Inverse cascade of strange attractors ending with a one piece
large strange attractor corresponding to the parameter values γ = 0.08954
(upper left), γ = 0.08952 (upper right) and γ = 0.08951 (projection on
(y1, y2)-plane).
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Figure 12: Two stable, symmetrically coupled π-periodic orbits, γ = 0.25
(projection on (x2, y1)-plane).
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5.1 The emergence of the two stable symmetrically coupled π-
periodic solutions

In order to understand the emergence of the π-periodic solutions, we con-
tinue them with respect to the damping parameter κ. A forward contin-
uation yields a fold bifurcation at κ = 0.11086, then as the parameter κ
tends to zero, the unstable orbit tends to a degenerate situation in the sense
that the amplitude of the x-oscillator tends to zero whereas that of the y-
oscillator tends to a specific value c. We found

c = lim
κ→0

[y] = 12.866. (13)

Here the brackets are used to refer to the amplitude. It turns out that this
value is such that the Mathieu-sine function MathieuS(1,−[y]/2, t) is π-
periodic. Note that in this case the Mathieu equation is hidden in the x-
oscillator, see system (1) with a = 1. This is quite remarkable as the ampli-
tude of the y-oscillator seems arbitrary. The question now is why does the
amplitude of the y-oscillator in the normal mode plane x = ẋ = 0 tends to
this specific value as the damping parameter κ tends to zero? Somehow, the
x−oscillator is still involved. This suggests an explanation by the presence
of a hidden scaling in the x−oscillator. To check this hypothesis, we intro-
duce the following scaling into system (1), with a = 1, x =

√
εx̂, κ = εκ̂.

Omitting the hats for notational simplicity we find:
{

ẍ + (1 + y)x + εδx2ẋ + εγx3 = 0,
ÿ + εκẏ + 4y + εbx2 = 0.

(14)

Taking the parameters ε = 0.1, κ = 1 and keeping the other parameters
unchanged, we perform a continuation of the π-periodic solution with re-
spect to the parameter ε. First, as expected, a fold bifurcation is detected,
then as ε tends to zero, the amplitude of the x−oscillator seems to tend to
infinity, whereas that of the y−oscillator tend to the limit c of equation (13).
We note that a plot of the amplitude [x] against ε(−1/4) yields a straight line
with slope equal to 7.07, see Fig. 13. This means a scaling of magnitude
O(ε1/4) is more appropriate to use in this case.
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Figure 13: Plot of the numerically obtained amplitude of the (scaled)
x−oscillator against ε(−1/4) yielding a straight line with slope approxi-
mately equal to 7.07. This suggests an O(ε1/4) scaling in the original system
(1) with a = 1.

5.2 The Poincaré-Lindstedt method

We shall use the Poincaré-Lindstedt method (PL-method), which is in essence
continuation based on the implicit function theorem, to add to our under-
standing of the origin of the π−periodic solutions. For more details about
the method, we refer to [15] or [30], Chapter 10. Some technical aspects
of the Mathieu-functions that we will use are summarised in appendix 2.
In [13] tori are studied for Mathieu type perturbations in dynamics, but
in our case it is the Mathieu dynamics that is to be perturbed. Note also
that averaging-normalisation is confronted by the problem that one solu-
tion branch of the Mathieu dynamics contains periodic functions while the
other branch contains unbounded solutions. For the Poincaré-Lindstedt
method we restrict the expansion to the periodic branch.
Introduce the following scaling into system (1) with a = 1,

x = ε
1
4 x̂, κ = εκ̂.

Omitting the hats for notational simplicity we have:
{

ẍ + (1 + y)x +
√

εδx2ẋ +
√

εγx3 = 0,
ÿ + 4y +

√
εbx2 + εκẏ = 0.

(15)

If ε = 0, the y−oscillator is just the harmonic oscillator. As system (15) is au-
tonomous, we can assume without loss of generality that ẏ(0) = 0. This as-
sumption leads to the conclusion that the unperturbed (ε = 0) x−oscillator
is then governed by the Mathieu equation. Expand x(t) and y(t) as follows:

{
x(t) = x0(t) +

√
εx1(t) + εx2(t) + O(ε3/2),

y(t) = y0(t) +
√

εy1(t) + εy2(t) + O(ε3/2),
(16)
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and, after corresponding expansion, solve the system (15) for x0(t) and
y0(t). Inspired by the numerical analysis above we put

y0(t) = c cos 2t, (17)

where c is as in equation (13). Putting this into the equation of the x−oscillator
and requiring x0 to be π−periodic yields

x0(t) = x00MathieuS(1,−c/2, t), (18)

with x00 still unknown and MathieuS(1,−c/2, t) defined as the solution of
the following initial value problem:

{
ẍ + (1 + c cos 2t)x = 0,
x(0) = 0, ẋ(0) = 1.

Note that x0(t) is odd. This property will be used later when imposing the
periodicity condition.
The unperturbed solution is in this case π−periodic. For ε 6= 0 we expect
the period to change slightly. Introduce therefore the following time vari-
able

θ =ωt, with ω−2 = 1−√εη, (19)

where

η =η0 +
√

εη1 + O(ε). (20)

System (15) then becomes:
{

x′′ + (1 + y)x +
√

ε
[
(1−√εη)1/2δx2x′ + γ(1−√εη)x3 − η(1 + y)x

]
= 0,

y′′ + 4y +
√

ε
[
b(1−√εη)x2 − 4ηy +

√
εκ(1−√εη)1/2y′

]
= 0,

(21)
where the accent denotes differentiation with respect the variable θ. Evi-
dently, we have

{
x0(θ) = x00MathieuS(1,−c/2, θ),
y0(θ) = c cos 2θ.

(22)

Note that the zero order solution is π−periodic in the variable θ. Solving
the differential equation for y1(θ) yields:

y1(θ) =y10 cos 2θ +
1
2

cos 2θ
∫ θ

0
sin 2τ

[
bx0(τ)2 − 4η0y0(τ)

]
dτ−

1
2

sin 2θ
∫ θ

0
cos 2τ

[
bx0(τ)2 − 4η0y0(τ)

]
dτ. (23)
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Requiring y1(θ) to be π−periodic yields the following equations:




∫ π
2
− π

2
sin 2τ

[
bx0(τ)2 − 4η0y0(τ)

]
dτ = 0

∫ π
2
− π

2
cos 2τ

[
bx0(τ)2 − 4η0y0(τ)

]
dτ = 0

(24)

The first periodicity condition is automatically satisfied because x0(t) is
odd and y0(t) is even. Using the software package Maple, we find that
the second periodicity condition becomes:

0.0400bx2
00 − 80.8404η0 = 0. (25)

Collecting O(
√

ε) terms from the first equation of system (21) yields the
following differential equation for x1(θ).

{
x′′1 + (1 + y0)x1 +

[
x0y1 + δx2

0x′0 + γx3
0 − η0(1 + y0)x0

]
= 0,

x1(0) = xx10, x′1(0) = x10.
(26)

This initial value problem has the following solution

x1(θ) =xx10MathieuC(1,−c/2, θ) + x10MathieuS(1,−c/2, θ)−

MathieuS(1,−c/2, θ)
∫ θ

0
MathieuC(1,−c/2, τ)g(τ)dτ+

MathieuC(1,−c/2, θ)
∫ θ

0
MathieuS(1,−c/2, τ)g(τ)dτ, (27)

where

g(t) :=
[
x0(t)y1(t) + δx2

0(t)x′0(t) + γx3
0(t)− η0(1 + y0(t))x0(t)

]
,

and MathieuC(1,−c/2, t) is defined as the solution of the following initial
value problem: {

ẍ + (1 + c cos 2t)x = 0,
x(0) = 1, ẋ(0) = 0.

(28)

Note that MathieuC(1,−c/2, t) is even and not periodic.
Imposing the periodicity condition on x1 yields, after some simplifications:





x00
[
0.0400y10 + 0.0056γx2

00 − 0.0005bx2
00

]
= 0,

x00
[
0.02411δx2

00 − 1.0403γx2
00 + 0.1014bx2

00 − 7.4005y10
]

=
xx10MathieuC’(1,−c/2, π).

(29)

Combining equations (25) and (29), we can express all the unknowns in
terms of x00. We find:





η0 = 4.9444× 10−3bx2
00,

y10 = (0.0137b− 0.1406γ)x2
00,

xx10 = (6.5096× 10−5δ− 7.7861× 10−6γ)x3
00,

(30)
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with x00 still free to choose. One must go one order higher to determine
x00. Repeating the same procedure by collecting O(ε) terms, solving the
differential equations and imposing the periodicity condition yields four
algebraic equations. One of them involves x00 only. We find

x00 = 4

√
κπc

2b [−5.3712× 10−4δ + 1.9710× 10−6γ]
. (31)

Substituting the parameter values used in the numerical continuation, we
find:

x00 = 24.7813, η0 = −0.076, y10 = −23.6849, and xx10 = 0.3666.
(32)

This yields the following approximation of the π−periodic solutions:

x(θ) =24.7813MathieuS(1,−c/2, θ) + O(
√

ε), (33)

y(θ) =c cos 2θ − 23.6849
√

ε

[
cos 2θ+

1
2

cos 2θ
∫ θ

0
sin 2τ

[
bx0(τ)2 − 4η0y0(τ)

]
dτ−

1
2

sin 2θ
∫ θ

0
cos 2τ

[
bx0(τ)2 − 4η0y0(τ)

]
dτ

]
+ O(ε) (34)

From equation (33), one easily computes the amplitude of the x−oscillator
numerically. We find [x] = 7.065. This is in complete agreement with Fig.
13. To get the asymptotic expansion for the original system (1), one should
multiply equation (33) by ε1/4 to obtain

x(θ) =24.7813MathieuS(1,−c/2, θ)ε1/4 + O(ε3/4), (35)

y(θ) =c cos 2θ − 23.6849
√

ε

[
cos 2θ+

1
2

cos 2θ
∫ θ

0
sin 2τ

[
bx0(τ)2 − 4η0y0(τ)

]
dτ−

1
2

sin 2θ
∫ θ

0
cos 2τ

[
bx0(τ)2 − 4η0y0(τ)

]
dτ

]
+ O(ε) (36)

T =π
(
1 + 0.038

√
ε + O(ε)

)
, (37)

where T denotes the period of the solution of the original system (1).

Conclusion

Using a combination of numerical and analytical continuation, we were
able to understand the origin and nature of the π−periodic solutions found
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numerically, see Fig. 12. The scaling used to pinpoint the periodic solutions
is in this case not trivial. It turns out the amplitude of the x−oscillator is
O(ε−1/4).

5.3 Bifurcation analysis of the π-cycle

A backward continuation of the π-cycle yields a fold bifurcation at γ =
0.23935 and at γ = 0.25518, as we hit the left and the right side of the
fold curve (Fold2) respectively. The stable cycle emerging after the sec-
ond hit undergoes a Neimark-Sacker bifurcation at γ = 0.23189 yielding a
torus. When we perform a forward continuation of the π-periodic solution
with respect to the parameter γ, the cycle undergoes a fold bifurcation at
γ = 0.29282. Here, we hit the curve (Fold1). The unstable cycle emerg-
ing after this fold bifurcation undergoes a period-doubling bifurcation at
γ = 0.11946. As before, we use the parameter b as a second control param-
eter to generate the full bifurcation diagram. See Fig. 14 below.
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Figure 14: Bifurcation diagram of the π-periodic cycle.

A frequence sweep, keeping b = −0.5 and varying the parameter γ
yields many phase-lockings while crossing a number of Arnold tongues.
Consider for example a period 10 solution and a period 32 solution in Fig.
15.
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Figure 15: Projection of Poincaré map on the y1y2 plane of period 10 and a
period 32 solutions at respectively γ = 0.2239 and γ = 0.2272. To indicate
the dynamics, the transition points of the maps have been connected by
straight lines.

The torus emerging after the Neimark-Sacker bifurcation also becomes
resonant and gets destroyed according to a scenario similar to the one de-
scribed in the preceding section. Two symmetrically coupled strange at-
tractors are born. If we continue decreasing the parameter γ, the two at-
tractors begin to interact yielding the strange attractor shown in Fig. 16
below. One identifies the remains of the two symmetrical tori. The orbits
in the strange attractor oscillate randomly between these two objects. This
is geometrically reminiscent of the Lorenz attractor.
The 2π unstable cycle emerging from the period doubling bifurcation be-
comes a neutral saddle at γ = 0.08679. It is suggested by a number of nu-
merical integrations, that this 2π-cycle interacts somehow with the strange
attractor in Fig. 3 yielding a large strange attractor, see Fig. 17. But, further
study is clearly necessary to better understand how the strange attractor
evolves and what kind of interactions are involved in this evolution.

6 Discussion and conclusions

1. The phenomena, described here for dynamical system (1), are within
reach of the various analytic and numerical techniques used in this
paper. Averaging-normalisation helps as it produces relative equilib-
ria corresponding with periodic solutions. Equilibria and their bifur-
cations to periodic solutions which should be called ‘relative periodic
solutions’ as they correspond with tori, are easier to analyse by nu-
merical bifurcation techniques than the tori of the original system.

2. We can not expect to have a complete description of all qualitatively
different phenomena of system (1). We have described a prominent
one, the 1 : 6 resonance tongue and its associated scenarios, but other
phenomena can be found, for instance at a larger distance from the
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Figure 16: Projection of Poincaré section, using Σ =
{(0, x2, y1, y2)T, x2, y1, y2 ∈ R} as cross section, projected onto the
y1y2 plane with γ = 0.22. The closed curve no longer exists. A strange
attractor emerges instead. Kaplan-Yorke dimension dKY ≈ 2.90.
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Figure 17: Poincaré section, using Σ = {(0, x2, y1, y2)T, x2, y1, y2 ∈ R} as
cross section, projected onto the y1y2 plane with γ = 0.089. The strange
attractor in Fig. 3 interacts with other regimes. Kaplan-Yorke dimension
dKY ≈ 2.37.

origin. In particular the problem of possible interaction of attractors
as shown in Fig. 17 poses an interesting open problem.
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3. The genericity of the phenomena discussed here, should be more ex-
plored. In any case, putting the damping coefficients δ, κ zero, will
produce non-generic phenomena.

4. This paper can be seen as an illustration of the Ruelle-Takens scenario
[22], [23], where it is argued that an equilibrium can produce a peri-
odic solution by Hopf bifurcation, followed in subsequent bifurcation
by a torus. As stated in [22] (section 9): “a quasi-periodic flow on a
torus gives flows with strange attractors and more generally, flows
which are not Morse-Smale.”

5. At the end of appendix 2, we conjecture that countably many lπ-
periodic solutions exist. The analytic and numerical evidence for this
is strongly suggestive but not conclusive.

7 Acknowledgments

The mechanics model studied in this paper was designed by A. Tondl (Prague,
Czech Republic). Discussions with Yu.A. Kuznetsov and J.J. Duistermaat
are gratefully acknowledged. H.W. Broer supplied us with valuable com-
ments on an earlier version of the paper.

Appendix 1 on the stability of the periodic solution

Proposition 4 The nontrivial critical point of system (11) is asymptotically stable
in parameter space κ, δ > 0, b < −2δκ.

Proof. We use the Routh-Hurwitz criterion, see [14], to establish the pa-
rameter range within which asymptotic stability holds. A necessary and
sufficient condition for asymptotic stability reduces in our case to the fol-
lowing:





∆1 = κ +
δR2

1a
2

> 0;

∆2 = − b
4κ

+
κ

16
(b + 8δκ)R2

1a +
δ2κ

16
R4

1a −
bδ2

64κ
R6

1a > 0;

∆3 = b3∆2 > 0.

(38)

Where,

b3 =
b sin 2θR4

1a
256κ

(12κγ− b sin 2θ).

One can easily establish that b3 > 0. This follows from system (12) and
the fact that θ ∈ (π/2, π). The first equation is, in our case, automatically
satisfied. This way the stability condition reduces to ∆2 > 0. We will in our
proof distinguish between two complementary cases.
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The case b + 8δκ ≥ 0

From (38) we have that the second equation is satisfied as all the coefficients
of R2i

1a, i = 0, · · · , 3 are positive.

The case b + 8δκ < 0

We consider here ∆2 as a function of the parameter γ which is hidden in
R1a only and estimate its minimum value with respect to the parameter γ.
First we write ∆2 as follows:

∆2 = A− BR1(γ)2 + CR1(γ)4 + DR1(γ)6.

Where A, B, C, and D > 0 and independent of γ. Taking the derivative
with respect to the parameter γ gives:

∆̇2 = 2R1Ṙ1(−B + 2CR2
1 + 3DR4

1).

From equation (12) we see that Ṙ1 < 0. As Ṙ1 < 0 and R1 > 0 for all values
of γ, we can easily show by analysing the sign of ∆̇2 that ∆2, as a function
of γ, has one extremum which is a global minimum. We find, after some
simplifications, the following expression for the minimum:

∆min =
− κ2(b + 2δκ)

72b2δ

(
9b2 + 2b(Q− 18δκ) + 12δκ(Q− 6δκ)

)
,

where

Q =
√

3(b + 4δκ)2 − 12δ2κ2.

Notice that the quantity −κ2(b + 2δκ)/(72b2δ) is positive in the case b +
8δκ < 0. It is also easy to show that

6δκ < Q < −
√

3(b + 4δκ)

This follows essentially from the fact that b + 8δκ < 0. With these estimates
we can give a lower bound for ∆min. We find

∆min >
− κ2(b + 2δκ)

72b2δ

(
(9− 2

√
3)b2 − 2(18 + 4

√
3)κδb

)
> 0

This concludes the proof.
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Appendix 2 on Mathieu-functions and the PL-method

To obtain the equations of the PL-method in section 5.2, we used some re-
sults regarding Mathieu functions; we mention briefly:

Proposition 5 Suppose that for some value of the parameter c the function
MathieuS(1, c, t) is π−periodic. Then the following holds

1. MathieuC(1, c, t) is not periodic.

2. MathieuC(1, c, kπ) = 1, for all k ∈ Z.

3. MathieuC(1, c, t + kπ) = MathieuC(1, c, t) +
kMathieuC’(1, c, π) MathieuS(1, c, t), for all k ∈ Z.

4. MathieuC’(1, c, π) 6= 0.

The second item is a direct consequence of the Wronski-determinant of the
Mathieu equation being time-independent. The third item is a consequence
of the second item and the fact that MathieuC(1, c, t + kπ) is a solution of
the Mathieu equation as well. The fourth item is a direct consequence of
the first and third item. The first item is a consequence of Floquet’s the-
orem. When applied to the Mathieu equation, we have the usual Floquet
decomposition φ(t) = P(t)exp.(tB), characteristic multipliers and character-
istic exponents (eigenvalues of B). When the characteristic exponents are an
integer multiple of i, one can show that the matrix B is not diagonalisable
leading to one periodic solution and the other being a polynomial times a
periodic solution. In the case studied with the PL-method, we have that a
characteristic exponent equals 2i. This explains why the MathieuC(1, c, t)
cannot be periodic when MathieuS(1, c, t) is π−periodic. According to Flo-
quet theory, the unperturbed system (15) with ε = 0 does have, for each
integer k, countably many periodic solutions with period equal to kπ. One
can try to continue each of those periodic solutions using the PL-method.
If the algebraic system obtained by this method is non-trivially solvable,
then the periodic solution can be continued with respect to the parameter
ε and consequently the original system (1) with a = 1 will have a periodic
solution as well.

We find that the numerical bifurcation analysis and the PL-continuation
method are in agreement. We formulate a conjecture as follows:

Conjecture 1 For any integer l, system (1) with a = 1, b < −2κδ < 0 has
countably many lπ−periodic solutions with x(t) = O(κ1/4) and y(t) = O(1)
when κ tends to zero.
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