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Exercise 12.2 If th e roots of th e auxiliary equation are k1 > 0 and −k2 < 0

th en th e solution is

x(t) = Aek1t + Be−k2t.

F or most ch oices of initial conditions

x(0) = x0 ẋ(0) = y0

w e w ill h ave x(t) → ± ∞ as t → ∞ . How ever, th ere are some special initial

conditions for w h ich x(t) → 0 as t → ∞ . F ind th e relationsh ip betw een x0

and y0 th at ensures th is.

T h e so lu tio n is

x(t) = Aek1t + Be−k2t;

th is w ill o n ly ten d to zero a s t → ∞ if A = 0, a n d th en th e so lu tio n is

x(t) = Be−k2t fo r so m e B. In th is c a se, sin ce ẋ(t) = −k2Be−k2t, w e sh o u ld

h a v e

x(0) = B a n d ẋ(0) = −k2B.

S o th e so lu tio n o n ly ten ds to zero if y0 = −k2x0.

Exercise 12.3 S olutions of linear equations w ith constant coeffi cients can-

not b low up in fi nite time: it follow s th at th eir solutions ex ist for all t ∈ R.

T o see th is, w e w ill consider

ẍ + pẋ + qx = 0 w ith x(0) = x0 a n d ẋ(0) = y0

for t ≥ 0 (a similar argument ap p lies for t ≤ 0). B y setting y = ẋ, w e can

rew rite th is as a coup led pair of fi rst order equations

ẋ = y

ẏ = −py − qx.

S h ow th at
1

2

d

dt
(x2 + y2) = (1 − q)xy − py2,

and h ence th at

d

dt
(x2 + y2) ≤ (1 + |q| + 2|p|)(x2 + y2).

U sing th e result of Exercise 9 .7 deduce th at for t ≥ 0

x(t)2 + y(t)2 ≤ (x(0)2 + y(0)2)e(1+ |q|+ 2|p|)t,
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sh ow ing th at fi nite-time blow up is impossib le. Hint: xy ≤ 1
2(x2 + y2). (T h e

same argument w orks, essentially unch anged, for

ẍ + p(t)ẋ + q(t)x = 0

p rovided th at |p(t)| ≤ p and |q(t)| ≤ q for all t ∈ R.)

W e h a v e

1
2

d
dt

(x2 + y2) = 1
2(2xẋ + 2yẏ)

= xẋ + yẏ

= xy + y(−py − qx)

= (1 − q)xy − py2.

N o w it fo llo w s (u sin g th e h in t) th a t

1
2

d
dt

(x2 + y2) ≤ (1 + |q|)
x2 + y2

2
+ |p|y2

≤

(

1 + |q|

2
+ |p|

)

(x2 + y2),

o r
d

dt
(x2 + y2) ≤ (1 + |q| + 2|p|)(x2 + y2).

It fo llo w s u sin g th e re su lt o f E x e rc ise 9.7 th a t

x(t)2 + y(t)2 ≤ (x(0 )2 + y(0 )2)e (1+ |q|+ 2|p|)t,

a n d so x(t) a n d ẋ(t) re m a in b o u n ded fo r a ll t ≥ 0 .


