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Homogeneous linear 2nd order equations with
constant coefficients

Exercise 12.1 Find the general solution of the following differential equa-
tions, and then the solution satisfying the specified initial conditions.

(i) & — 3%+ 2z = 0 with x(0) = 2 and ©(0) = 6;

(i1) y' — 4y + 4y = 0 with y(0) =0 and y'(0) = 3;
(ii1) 2" — 42" + 132 = 0 with 2(0) = 7 and 2'(0) = 42;
(iv) 4§+ y— 6y =0 with y(0) = —1 and y(0) = §;

(v) § — 4y =0 with y(0) = 13 and y(0) = 0;
(vi) 0+ 40 = 0 with 6(0) = 0 and 6(0) = 10;

(vii) § + 29 + 10y = 0 with y(0) = 3 and §(0) = 0;
(viii) 2% 4+ 7% — 4z = 0 with z(0) = 0 and (0) = 9;
(iz) i+ 29 +y = 0 with y(0) = 0 and §(0) = —1;

(x) &+ 62 + 10z = 0 with (0) = 3 and ©(0) = 1;

(zi) 4% — 20& + 21x = 0 with x(0) = —4 and ©(0) = —12;
(zii) 4+ y — 2y = 0 with y(0) =4 and y(0) = —4;
(ziii) § — 4y = 0 with y(0) = 10 and §(0) = 0;
(ziv) y" 4+ 4y' + 4y = 0 with y(0) = 27 and y'(0)

(zv) ij + w?y = 0 with y(0) = 0 and y(0) = 1.

(i)

= —54; and

Z—3t+2x=0 with z(0)=2 and (0)=6.

Try & = e* and obtain the auxiliary equation for k,
k*—3k+2=0
with solutions k£ = 2 and k = 4. The general solution is therefore

x(t) = Ae® + Bet.
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(i)

(iii)

12 Homogeneous 2nd order linear ODEs
Since % (t) = 2A4e% + 4Be* the particular solution with
z(0)=A+B=2 and #(0) =2A+4B =6
has A= B =1 and is

z(t) = et 4 et

y' — 4y +4y=0 with y(0) =0 and %/(0)=3.
Try y(z) = e to obtain the auxiliary equation
k*—4k+4=0
which has k = 4 as a repeated root. The general solution is therefore
y(z) = Ae'™ + Bxe'l®.
Since y'(z) = 44e* + Ble® + 4xe?®] the solution with
y(0)=A+B=0 and y'(0)=4A+ B =3
has A=1and B=—1: it is

2 — 42 +132=0 with 2(0)=7 and 2/(0)=42.
Try z(x) = €*® to obtain
k* — 4k +13 =0,
with solutions k = 4 + 6i. The general solution is therefore
z(z) = e*®(Acos 6z + Bsin6z).
We have

Z(x) = e"(4Acosbx + 4B sin6x — 6Asin 6z + 6B cos 6z)
= ¢'?[(4A 4+ 6B) cos 6z + (4B — 6A) sin 6],

and so the solution with
2(00=A+B=7 and 2'(0) =44+ 6B =42
has A=0and B =7, and is

z(z) = 7€’ sin 6.
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J+y—6y=0 with y(0)=—-1 and g(0)=8.
Trying y(t) = e* gives the auxiliary equation
kK +k—6=0
with solutions k = 2 or k = —3. So the general solution is
y(t) = Ae* 4+ Be 3t
Since 7(t) = 24e*" — 3Be~3! the solution with
y(0)=A+B=-1 and  y(0)=24-3B=38

has A=1and B = —2; it is

y(t) = e* — 273

j—4y=0  with y(0)=13 and ¢(0)=0.

We try y(t) = e** then
k* — 4k =0

with solutions k = 0 or £ = 4. The general solution is
y(t) = A+ Be*.
We have (t) = 4Be*. The initial conditions
y(0)=A+B=13 and 9(0) =4B =0
imply that A = 13 and B = 0, so the solution is

y(t) = 13.

6+40=0  with  6(0)=0 and 6(0)=10.

With 0(t) = e* we have
K +4=0,

and so k = £2i. The general solution is

0(t) = Acos2t 4+ Bsin 2t.
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(vii)

(viii)

12 Homogeneous 2nd order linear ODFEs

The derivative is given by § = —2Asin 2t + 2B cos2t. In order to
satisfy

0(0)=A=0 and  6(0)=2B =10
we must have A = 0 and B = 5, and the solution is

0(t) = 5sin 2t.

y+2y+10y =0 with y(0) =3 and g(0)=0.
Try y(t) = e** and then
k> +2k+10=0

giving the complex conjugate roots & = —1 4+ 3i and the general
solution

y(t) = e *(Acos 3t + Bsin3t).
We have

y(t) = e (—Acos3t — Bsin3t — 3Asin3t + 3B cos 3t)
e '[(3B — A)cos 3t — (3A + B)sin 3t].

The solution with
y(0)=A=3 and 9(0)=3B—-A=0
has A =3 and B =1, and is

y(t) = e *(3cos 3t + sin 3t).

22472 —-42=0 with 2(0)=0 and 2(0)=9.
When we substitute z(t) = e* we obtain the equation
2k + Tk —4=0

for k. This equation has roots kK = 1/2 and k = —4, so the general
solution is

2(t) = Aet/? + Be ™.
We have #(t) = (A/2)et/? — 4Be~*, and so when
2(00=A+B=0 and 2(0) = (A/2) —4B =9
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A =2 and B = —2; the solution is

2(t) = 2(et/? — ™),

J+29+y=0 with y(0) =0 and g(0)=-1.
With y(t) = ¥ we obtain
k*+2k+1=0
and so k = —1 is a repeated root, giving the general solution
y(t) = Ae™" + Bte™".

The derivative is §(t) = —Ae '+ B(e™! —te™"), and so the solution
with

y(0)=A=0 and y(0)=—-A+B=-1
has A=0and B = —1: it is

y(t) = —te "

&+ 62+ 10x =0 with z(0)=3 and (0)=1.
We try z(t) = e** and then
k% + 6k + 10 = 0;
this implies that k = —3 £ i, and gives the general solution

z(t) = e 3 (Acost + Bsint).

i(t) = e 3(—3Acost —3Bsint — Asint + Bcost)
= e (B —3A)cost — (A+ 3B)sint].

The solution with
z(0)=A=3 and #(0)=B-3A=1
has A =3 and B = 10:

z(t) = e 3 (3cost + 10sint).
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12 Homogeneous 2nd order linear ODEs

4% — 208 4+ 21z =0 with z(0) =—4 and (0)=—12.
Substituting () = ¥ produces the auxiliary equation
4k* — 20k +21 =0
with roots k = 3/2 and k = 7/2. The general solution is
z(t) = Ae3/? 4 Be™/?.
We have ©(t) = %[3Ae3t/2 + 7Be™/?], and so for

_3A+7B
=

z(0)=A —12

+
Ss

=4 and %(0)
we need A = —1 and B = —3 and the solution is

z(t) = —e3/2 _ 372,

Jy+y—2y=0 with y(0) =4 and 9(0)=—4.

Trying y(t) = e* gives the equation for k

kB —k—-2=0
with roots k = 2 and k = —1. The general solution is

y(t) = Ae* 4+ Be™".
With ¢(t) = 24e? — Be™! we need
y(0)=A+B=4 and y(0)=2A—-B=-4

i.e. A=0and B =4, and so

y(t) = 4e™".

j—4y=0 with y(0)=10 and g(0)=0.

Try y(t) = e* and then
kK —4=0

which gives £k = —2 or k = 2 and the general solution

y(t) = Ae*" + Be 2,



(xiv)

Homogeneous 2nd order linear ODEs 87

The derivative is given by 7(t) = 24e? — 2Be~?!, and so for
y(0)=A+B=10 and 9(0) =2A—-2B =0
we need A = B =5 and the solution

y(t) = 5(e* + 2.

y' +4y +4y=0  with  y(0)=27 and %/(0) = —54.

kx and obtain

Try y(z) =e
k*+4k+4=0
with k = —2 a repeated root. The general solution is

y(z) = Ae > + Bre **.

We have ¢/(z) = —24e™2* 4+ B(e™?* — 2z¢2%), and so to match
the initial conditions we need

y(0)=A=27 and ¢'(0)=-24+ B = —54,
i.e. A =27 and B = 0. The solution is

y(x) = 27e .

j4+w’y=0 with y0)=0 and ¢(0)=1.
Try y(t) = et and the k must satisfy
k+w? =0,
so k = 4iw, and we obtain the general solution
y(t) = Acoswt + Bsinwt.
Since (t) = —Awsinwt + Bw coswt we need
y0)=A=0 and §(0)=—-Aw+ Bw=1
which gives A = 0 and B = 1/w; the solution we require is

y(t) =

sin wt

w
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Exercise 12.2 If the roots of the auxiliary equation are k1 > 0 and —ky < 0
then the solution is

z(t) = AeMt 4 Be~k2t,
For most choices of initial conditions
z(0) =20  #(0) = yo
we will have x(t) — o0 as t — co. However, there are some special initial
conditions for which x(t) — 0 as t — oo. Find the relationship between xg
and yo that ensures this.
The solution is
z(t) = AeMt 4 Be k2t
this will only tend to zero as t — oo if A = 0, and then the solution is

x(t) = Be™*2t for some B. In this case, since @(t) = —koBe *2t, we should
have

z(0)=1B and %(0) = —koB.

So the solution only tends to zero if yyg = —koxg.

Exercise 12.3 Solutions of linear equations with constant coefficients can-
not blow up in finite time: it follows that their solutions exist for all t € R.
To see this, we will consider

I+ pt+qxr=0 with x(0) = xo and z(0) = yo

fort >0 (a similar argument applies for t < 0). By setting y = &, we can
rewrite this as a coupled pair of first order equations

T =y
y = —py-—qx
Show that
ld 2 2 2
- = (1— _
2dt( +y°) = (1 — @)zy — py~,

and hence that

d
&(f +y%) < (1 + g +2lp]) (2* + ¢?).

Using the result of Exercise 9.7 deduce that fort >0

#(t) + (1) < (2(0)° + y(0)?)el Ha+AY,



Homogeneous 2nd order linear ODEs 89

showing that finite-time blowup is impossible. Hint: zy < (2> +y*). (The
same argument works, essentially unchanged, for

Z+pt)t+qt)r=0
provided that |p(t)| < p and |q(t)| < q for allt € R.)
We have
L@ +9y?) = (22 + 2yy)
T+ Yy
=y +y(—py —qx)
= (1-qzy—py*.

N[

Now it follows (using the hint) that

+ 42
— * ply?

(58 101) @2+ 42

2
X
24 (22 4 42) (1+1ql)

IA

2

or

d
&(562 +y%) < (1 + g+ 2lp]) (2* + 4.

It follows using the result of Exercise 9.7 that
2(t)” +y(1)* < (2(0)* + y(0)?)eH Tl F2IPDE

and so z(t) and #(t) remain bounded for all ¢ > 0.
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Oscillations

Exercise 13.1 A spring of natural length | and spring constant k is sus-
pended vertically from a fived point, and a weight of mass m attached. If
the system is at rest (i = & = 0) how far has the spring extended? If the
mass is pulled down slightly from this rest position and then released, show

that it then oscillates about its equilibrium position with period 27 /w, where
2
w =k/m.

Denoting by x the extension from the spring’s natural length, then the
forces on the spring are that due to the weight of the mass, mg, and the
restoring force —kx from the spring, so

mi = —kx + mg.

When the spring is at rest we have & = 0 and so x = mg/k. If we write
x =y + (mg/k) then y satisfies

my = —ky.

The solution of this can either be found by trying y(t) = e** which gives
ma? = —k and so a = +iy/k/m; or preferably you should just recognise
the equation as giving rise to simple harmonic motion. Whichever way, the
solution is

y(t) = Acos/k/mt+ Bsiny/k/mt,

and the spring oscillates about its equilibrium position with period 27 /w
with w? = k/m as claimed.

Exercise 13.2 The acceleration due to gravity in fact depends on the dis-
tance R from the centre of the earth: g = GM/R?, where M is the mass
of the earth and G Newton’s gravitational constant. Show that the period of
oscillation of a pendulum will increase as it is taken higher.

90
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The equation of motion for a pendulum is (cf. (13.5))
d26
@ = —w29 with w2 = Z

The period of oscillation is 27 /w, i.e.

| L
2wy —.
g

Since g = GM/R? decreases as R increases, it follows that the period will
increase as the pendulum moves further from the centre of the earth.

Exercise 13.3 The earth bulges at the equator: at a latitude 0, the distance
to the centre of the earth (measured in kilometres) is approximately

R(O) = \/Rg cos? 0 4+ R2sin 0,

where Re = 6378 and R, = 6357.

I decide to move from Leamington Spa, at a latitude of 52°, to Sewville,
which is lies at a latitude of 37°. My grandfather clock, which keeps perfect
time, has a pendulum of length 75 cm. How long would the pendulum need
to be to keep perfect time in Seville?

The approximate distance of Leamington from the centre of the earth
is 6365 km, while for Seville the Figure is roughly 6370 km. To keep the
period of oscillations constant I would need to keep L/g constant. Since g
is proportional to R~2, this is the same as keeping LR? constant, i.e.

2 2
LLeam RLeam = LSevRSev )

which gives
63652

Loey = 75 x 2222
Se 63702 €

m = 74.88 cm

a minimal adjustment.

Exercise 13.4 The buoyancy force on an object is equal to the weight of
water that it displaces: if an object has mass M and displaces a volume V
of water then the forces on it are Mg — Vg, in units where the density of
water is one; see Figure 15.1.

A bird of mass m is sitting on a cylindrical buoy of density p, radius R,
and height h, which is floating at rest. How much of the buoy lies below the
surface?

The bird flies away. Show that the buoy now bobs up and down, with
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Displaced volume
Y,

Fig. 13.1. The buoyancy force on an object is equal to the weight of water that it
displaces.

the amount below the surface oscillating about ph with period 2w+/ph/g and
amplitude m/mR?.

Suppose that the buoy is immersed to a depth y. While the bird is there
the forces on the buoy are a buoyancy force mR?yg and gravitational forces
due to the mass of the buoy (M = pmR?h) and the bird (m). So y obeys
the equation

(m 4 M)jj = (M +m)g — nR*yg.
At rest y is constant, and so § = 0, and so

_ M+m
YT TIR?
When the bird leaves the equation of motion becomes
Mij = Mg — nR%yg.
The new equilibrium depth of immersion is y = M/mR? = ph; the initial
condition when the bird flies away is

M+m m
0 = — = h _—
y(0) TR2 pht TR2
and ¢(0) = 0. The displacement from the equilibrium position, z = y — ph,
satisfies

M% = —(7R%g)z.
The general solution of this equation is

z(t) = Acoswt + Bsinwt,
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with w = \/7R2g/M = \/g/ph. The particular solution satisfying the initial
conditions

2(0) = m/nR? and 2(0)=0

is
m

z(t) = = cos wt.

Therefore the buoy oscillations about y = ph with amplitude m/7R? and
frequency 2m+/ph/g, as claimed.

Exercise 13.5 An open tin can, half full of water, is floating in a canal.
The can is 11cm tall, has a diameter of 7.5 ¢m, and has a mass of 50 .
Show that at rest the can is submerged a distance of approzimately 6.63 cm
below the surface of the canal. If the can is pushed down further it will
then perform oscillations about its equilibrium position. Show that the can
bobs up and down every 0.21 seconds (a little under five times per second).
The acceleration due to gravity is approzimately 9.8 m/s>=980 cm/s*; the
density of water is 1 g/em>. You can check your answers in a sink with a
baked bean can.

Denote by y the amount in excess of half the height of the can that is
submerged. The forces on the can are then 509 downwards and a buoyancy
force of (7.5/2)%yg. So, since (7.5/2)% = 14.0625,

50§ = 50g — 14.06257gy,

and the equilibrium position is

50

=— =~ 1.13,
14.06257

Ye

which means that the can is submerged a distance of roughly 6.63 cm below
the surface.
If z =y — ye then z satisfies

50Z = —14.06257gz,

and so the can oscillates with period

27 /4/14.06257g /50 ~ 0.21s.

[You need to use g in the correct units, 980 cm/s% ]
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Exercise 13.6 A right circular cone, of height h, radius p, and with base
radius R, is placed point downward in a lake. Assuming that the apex re-
mains point vertically downwards, show that if the cone is submerged to a

depth x then
P _(Efg
= g h p‘

(You need not solve this equation.) At equilibrium how far is the cone sub-
merged?

When the cone is submerged to a height x the volume submerged is

1
gﬂ'[(ﬂf/h)R]Z.%'.
Then
1 2 . 1 2 1 2
§7rR hpi = gwR hpg — §ﬂ[(x/h)R] xg,
which simplifies to give
P
h/ p
In equilibrium we must have
\3 g
g=\T ]
(h) 0
and so x = hp'/3.

Exercise 13.7 A dashpot is a device designed to add damping to a system,
consisting essentially of a plunger in a cylinder of liquid or gas, see Figure

=

Fig. 13.2. A dashpot. Hlustration © 2001 Airpot Corporation. Airpot is a regis-
tered trademark of Airpot Corporation.

It produces a resisting force proportional to the velocity, precisely the kind
of ‘damping’ that we used in our model

m + px + kx = 0, (S13.1)
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with p indicating the ‘strength’ of the dashpot. Dashpots are used in a variety
of applications, for example, cushioning the opening mechanism on a tape
recorder, or in car shock absorbers.

A mass-spring-dashpot system consists of a mass attached to a spring and
a dashpot, as shown in Figure 13.3. A weight of mass 10 kg is attached to
a spring with spring constant 5, and to a dashpot of strength p. How strong
should the dashpot be to ensure that the system is over-damped? What would
the period of oscillations be if = 147

Fig. 13.3. A mass-spring-dashpot system.

Trying z = e® in the model
ma + pt + kxr =0
yields the auxiliary equation for «,
ma?® + pa+ k=0,
with solutions

(07

_ —pEkN/p? —4mk
B 2m ’

For the system to be overdamped we require
p? —4mk > 0,

so we need p > 2v/50 = 14.14. If y = 14 then the system is under-damped:
we would have

_ —14+/196—-200 —14+2i
- 20 20

giving oscillations that decay like e=*"" and have period 27/v/0.1 ~ 19.9
seconds.

(07

Exercise 13.8 When first opened, the Millennium Bridge in London (see
Figure 13.4) wobbled from side to side as people crossed; you can see this on
video at www.arup.com/MillenniumBridge. Footfalls created small side-to-
side movements of the bridge, which were then enhanced by the tendency of



