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SPECIAL GEOMETRY

N=2, d=4 vector supermultiplets: (rigid or local supersymmetry)

E/M duality (symplectic equivalence) (Wilsonian effective action)
Lagrangian encoded in a holomorphic homogeneous function F'(X)

: 1
period vector X*, Iy = O0;F dW. Van Proeyen, 1984
I=0,1,...,n Cecotti, Ferrara, Girardello, 1989

Calabi-Yau moduli spaces

homology cycles (symplectic equivalence)

holomorphic three-form {2 with periods

Xf:/Q FI:/Q
Al B

Strominger, 1990
[:O,l,...,bgl
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Deformations and all that

Supergravity effective action
Higher-derivative couplings: mainly chiral (‘F-terms’)
Non-holomorphic corrections: from integrating out massless modes

Dixon, Kaplunovsky, Louis, 1991
Topological string

Genus-g partition functions of a twisted non-linear sigma model
with a CY target space

Holomorphic anomaly: pinched cycles of the Riemann surface
Bershadsky, Cecotti, Ooguri, Vafa, 1994

The two are related through string theory:
The partition functions capture certain string amplitudes, which
are also describable by an effective (supergravity) action.

Antoniadis, Gava, Narain, Taylor, 1993

How to explore/understand this relation ?
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Lessons learned from BPS black holes

vector multiplets contain scalars X !
projectively defined: X'—— Y!
Lagrangian encoded in a holomorphic homogeneous function

FOAY) =X F(Y)
No need to work in terms of the (complicated) effective actions!

Attractor equations (horizon behaviour)

Y —v! =ip! magnetic charges

F J — F ] = iq I electric char'ges Ferrara, Kallosh, Strominger, 1996
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homogeneity: entropy and area are proportional to ()-

Rhor
ls

~ gs Q) large () —> macroscopic black hole

“large black hole”
Satisfy Bekenstein-Hawking area law

Possible (subleading) corrections?

> other invariant (higher-derivative) couplings
> non-holomorphic corrections (non-Wilsonian)
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Special class of subleading corrections: (‘F-terms’)

extend with one ‘extra’ (composite) complex 2%
field, originating from pure supergravity
F(Y)— F(Y,T) Cardoso, d, Mohaupt, 1998

Wey| multiplet background

homogeneity: | F(AY, \*T) = A2 F(Y,T)

T-dependence leads to terms o< (R,,,,,7 ) in effective action

attractor equations remain valid with | T = —64

I _vy! = ij magnetic charges \(sub/ead/ng correct/ons/)

F J — F J — iq T electric charges Cardoso, dW, Kéappeli, Mohaupt, 2000
. ol
covariant under dualities! oniains T)

This will modify the Bekenstein-Hawking area law !
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Conveniently described by a variational principle

(extending previous work). Behrnadlt, Cardoso, dW, Kallosh, Liist, Mohaupt, 1996
BPS entropy function:

Z(YavaaT) — f(Y7Y7T7T) o QI(YI _I_YI) _|_pI(FI _|_FI)

Y4+ Y! and F; + F7 play the role of electro- and magnetostatic
potentials at the horizon

F(Y,Y,Y,Y) ‘free energy’

0. = 0 & attractor equations (and T = —64)
T L Smacro (pv Q)

Similar to, but different from, Sen’s entropy function Sen, 2005

V¥ invariant under the relevant dualities!

V¥ the free energy follows from the requirement that the variation
of the entropy function yields the attractor equations

¥ non-holomorphic corrections (non-Wilsonian) can be incorporated
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Early example : N=4 supersymmetry with S-duality
Cardoso, dW, Mohaupt, 1999

yt : Cardoso, dW. Képpeli, Mohaupt, 2004
F= ——Y"n.Y
Y0
[T log n'2(S) + T logn'2(S) + 1(Y + 1) log(S + 5)°
| ogn “(5) + T logn=(S) + 3(T + 1) log(5 + 5)
200 T T T
G — Y_l harmonic non-holomorphic
Yo required by S-duality
- related to threshold correction
More general decomposition: Harvey, Moore, 1996
y1 i consistent with 1/4 BPS degeneracy
F =— WYanabe + QIQ\ Dijkgraaf. Verlinde, Verlinde, 1997
real, homogeneous
YI pl
2 transforms as under duality rotations (monodromies)
I ar

This determines the transformation of )
The function ' is not invariant!

N -
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Comments

The entropy function and the incorporation of nhon-holomorphic terms,
although well-motivated and seemingly without alternative, are not
entirely based on first principles (i.e. a complete action).

Their validity is in agreement with microscopic derivations
(semiclassically), which also confirm the existence of a variational
principle, and the presence of the non-holomorphic corrections.

Dijkgraaf, Verlinde, Verlinde, 1997
Cardoso, dW, Kéappeli, Mohaupt, 2004,2006

Shih, Strominger, Yin, 2005
Jatkar, Sen, 2005
David, Sen, 2006

Important conceptual implication: Apart from the existence of a
free energy function, it indicates the consistency of a possible

non-holomorphic deformation of special geometry.
Cardoso, dW, Mahapatra, 2008

As it turns out this can be understood in de context of the
following general theorem. Cardoso, dW, Mahapatra, to appear
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Theorem | (canonical perspective)

Consider a Lagrangian L(q, ¢) depending on n coordinates qi
and n velocities ¢’ with a corresponding Hamiltonian

H(q,p) = ¢" pi — L(q,4q)

Then there exists a description in terms of a complex function F(x,Z)
with ' = (¢" + i¢"), such that:

2Rex” = q R
QReFi(QZ,f) = D; YT 9t

The function F'(x, ) is decomposable into a holomorphic and a
purely imaginary non-harmonic function:

F(z,z) = FO(z) + 2iQ(x, &)

T

usually the contains non-Wilsonian
‘classical’ part contributions (and more?)

this decomposition is not unigque
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Then the Lagrangian and Hamiltonian take the following form:
L =4ImF — Q)]

H=—i(z' F; — 2 F,) —4Im[F© — 127 F9 —2(2Q — 27, — ')

symplectic invariant vanishes owing proportional to
to homogeneity deformation parameters

The 2n-vector (xi, F3;) transforms under canonical (symplectic)
reparametrizations as:

Tzt T U* i 4 v )
FZ(CE,CE) Fz(.’i‘,,’f) Wz’j ‘[ij Fj(il?,il_?)
non-holomorphic period vector

H=—4[ImF — Q] + 2Im 2" p;

The existence of an Hamiltonian and corresponding canonical transformations is crucial!
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Confirmation !! Cardoso, dW. Kdppeli, Mohaupt, 2004, 2006

Non-holomorphic extensions are incorpgrated_ by:
F— FOY)+2QY,Y,T,7T)

T~ Non-holomorphic and homogeneous

and are compatible with special geometry.
In particular this preserves the form of the attractor equations.

The BPS free energy equals:
FY,Y,Y,T)=—-i(Y'F —Y'Fr) —2i (YFy — TFy)

The free energy equals the Hesse potential, H (¢, x, T, T
precisely as indicated by the general theorem, expressed in
canonical (covariant) variables, the analogue of the Hamiltonian.
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The Hesse potential, H (¢, x, T, T)

includes non-holomorphic corrections (!) and follows from a Legendre
transformation

A(ImF — Q) —2x; Im Y = H(¢, x)

Dualities are represented by canonical transformations!

electro- and magnetostatic potentials:
=Y +Y! X' =Fr+F

in the spirit of ~ Real special geometry 7% 7255
Alekseevsky, Cortes, Devchand, 2002

attractor equations:

oR _ oH _ i
a¢[_QI axl_ p

‘Hamiltonian form’ of the free energy

Tuesday 17 May 2011



Smacro (pa Q)
7T

H(p,x) —qrd’ +p'x1 =% =

Wald entropy

(o, XD, q) > BPS entropy function

Is there a relation to the topological string?

The approximate relation H + p'x; ~4Im F + - - -
suggested at the time a direct relation with the topological string

ZBH (D, §) & et & | Ztop (D5 ¢)|2

Qoguri, Strominger, Vafa, 2004

> The connection with the topological string is not clear, both because of
the non-holomorphic corrections and because the effective action and the
topological string are functions of different conjugate variables.

> PM: in addition to the ‘F-term’ invariants, there are non-holomorphic terms related
to non-local terms in the 1P/ effective action and/or to possible ‘D-term’ invariants.
(non-renormalization theorem for BPS)
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Central question | does there exist a single function that
encodes both the effective action and the topological string?

FY.T) = FOY) + 3 (Y0)*20719 F) (1)

g=1

tA _ YA/YO

072 (0 genus-g partition function of a
(Y ) F( )(t) twisted non-linear sigma
model with CY target space

Yoloop-counting parameter: YV = gt_0113

To answer this question consider the characteristic features of the
above expansion when interpreted either as the function that encodes
the effective action, or as the topological string partition function.
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The key feature to concentrate on is the behaviour under duality
Cardoso, dW, Mahapatra, 2008

-
the F(g) are NOT invariant

effective action the periods transform correctly under monodromies

\_

the duality transformations are Y-dependent

topological string  |the periods refer to F(Y

\_

-
the F(g)are COVARIANT sections

the duality transformations are Y-independent

Nevertheless both must be related to certain string amplitudes!

p
Lagrangian £ <——> Hamiltonian H

! !

Im[F(Y,T)] <«—> Hesse potential H
\_ A A )

~

_J

Legendre transform

In the spirit of the Theorem !

Free energy F
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First test: the FHSV Mode/ Cardoso, dW, Mahapatra, 2008

expand () in T and start from:

(S, 8T T) = oo [AX 4 (28) B(T)] + 4T Iy (285) @(7)

(T +T)I[(S + (T + 1) na(T + T)")

This expression is S- and T-duality invariant! \ (for real Y)

Note: non-holomorphic!

ITERATE: determine the corrections to the transformation

rules of the moduli and integrate. This yields:
0@ __G2(29) 900 900 1 9le(T) 99 9o
(Y02 9Te 9T, 4Y92 9T, I9Te 0SS

which is not invariant and determined up to an invariant function.

The corresponding free energy is then shown to be
S- and T-duality invariant !!
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Perform the Legendre transform (by iteration) :

. . I I
new covariant coordinates: Y~ — )

Solve the equations:
2ReY! = ¢! =2Re)!
2Re F;(Y,Y,Y,T) = x; = 2Re F\” ()

This will involves an infinite series!
The original holomorphic structure is not respected!

Can one identify the topological string partition function?

Is the topological string contained in {2 ?
Note: F'©) enters only in the definition of the duality covariant moduli

Tuesday 17 May 2011



For instance, the expansion of the old variables into the new
ones takes the form:

Y ~ Yyl —2(0f —0f)

+2i(F + F)'"5(Q; - Q7)(Qk — Q) +8Re(Q — Q) (2, — Q)

—%i (F — FYIEL § 3i(p 4+ PYIIM(p 4 F)MKL]
X (2 — Q7)(Qx — Qg )(Qr — Qp)

—8i [2(F + F)Y cRe(@KL — QKT 4 Re(Q/K — QIF)(F + F) 7%
< (2 — Q) (2 — Q)

—32Re(2 — QIJ) Re(Qrkx — Q) (QF — QK)

—Silm(QE — 20K L QIEYQ; — Q) (Qk — Q)+

where in each of the terms the old variables have been
replaced into the new ones.

[here: F = FO ()]
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Construct the Hesse potential (in terms of covariant moduli)
for the FSHV-Model:

H(Y,Y,T,T) = —[Y°?(S+S5)(T+T)*+4QY(S,5,T,T)

| 4G5(25,25) 901 90

(Y02 9T, OTe
1 Olog [®(T) (T +T)%*] 90 o0

(Y°)? 0T, oT* dS

. A(T+T)(T+T)° Qaml) o0t 90 sOl)
YO2(S+ /)T +T)2 \~ aTe ar° '™ a1, oT°
8 (S.5) o0l o0t

YO)R(T+R2 9SS S

+ + cC.cC.

_|_

S- and T-duality invariant!

holomorphic dependence on
the topological string coupling

} [nén; holomorphic dependence]
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The topological string is indeed contained in the Hesse potential
and is characterized by its holomorphic dependance on the
topological string coupling constant.

Grimm, Klemm, Marino, Weiss, 2007

However, there are other invariant terms, which do not depend
holomorphically on the topological string coupling constant. At
present their meaning is not clear, but they do in principle

contribute to the BPS black hole entropy at the sub-subleading

level.

Let us therefore continue by studying the more generic aspects,
irrespective of a particular model.
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Upon substitution, the expression for the Hesse potential in
terms of the new variables ))' will take the form:

H = Hla—o+4Q - 4N (QrQ; +Q:Q7) +8N/Q;Q5
+16Re(Qry — Q) NIENTL(QpQp + Q07 - 29x07)
—W(F 4 F) e NEENTMNEN Tm(Qp Q0 On ~ 3090 Q5)
+0(OQ4)

where H(y,)_/)| =iV F1(Y) — V' Fr(Y)]

=0

and Nr;=2ImFE;;(V,Y), QDY)
F = F(O) (y) Cnon—holomorphic square)

From the fact that the Hesse potential transforms as a function under
symplectic transformations, one arrives at the following result.
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The quantity 2()),)) does not transform as a function
under symplectic transformations !

Rather it transforms non-linearly (proven by iteration!):

~S

Q= Q-i(zl’ 9 - 27 0:0;5)
+%(FIJKZ({LQLZOJMQMZ§<NQN+h,c,)
_Z(QIJZgKQKZgLQL+h.C.)—|—4QIJZ({KQKZ(‘)]_EQE
+0(OQ*)

8)}1 ZKJ

where all variations are encoded in Zé e

0K

This suggests a systematic pattern!
(we have verified this including terms of fourth order)
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DECOMPOSITION OF THE HESSE POTENTIAL
H="Ho+8H1 — %i(Hz—ﬂg)—l-lGHg—l—Hzl—l—“'

where Ho =H o + 404+ O(07)

and Hq, Ho, H3 + - - - are symplectic functions,
which are not harmonic, not even when €2 is harmonic.

In the following, let us assume that (2 is harmonic.
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The duality transformations preserve the possible
harmonicity of (2!

QO = Q+[—iZ@”QIQJ
+2F1 Kk 20700 Z3M O 20N Qn
—2Q75 235O0 240,
——F”KL(ZO )" (209)7(2092)" (202)"
+2 Qrrr (Z20Q) (20Q2)7 (Z200)"
+i Fryr 28 Forr (201 (Z200)7 (2o (2,Q)*
—4i Fry Z3 Qpo (Z200)1(200Q)7 (2,0Q)¥
+4i 217 Qpo 297 Qpi (Z00)K + h.c.}

Familiar structure. In the context of the topological string,
z!7is known as a ‘propagator’: Z!7 o« A!Y

In that case the partition function is treated as a wave function in a Hilbert space

based on quantizing H;s(X)
Aganagic, Bouchard, Klemm, 2008
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The symplectic function Hy is ‘almost’ harmonic in this
case: it is the real part of a function that consists of only
purely holomorphic derivatives of /' and () contracted
with the non-holomorphic tensor N!“/

H, — H| +40)
=0

+4[ — N Q0

+20;; N EQEeNEQ,

+3iFx (NQ)T (NQ)7 (NQ)®

—3 (Frykp + 3iFryr N'™ Fsgr) (NQ)'(NQ)T (NQ)™ (NQ)”
—5 Qrr(NQ)' (NQ)' (NQ)™

4 Fr o N* " Qpg (NQ)(NQ)? (NQ)?

~AN'P Qpg N Qpic (NQ)X + hec|
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Conclusions:

Non-holomorphic deformations of special geometry are
consistent in the proposed framework.

The Hesse potential, which is a proper symplectic function,
decomposes into several symplectic functions. One of them
has a structure that resembles that of the topological string
partition function.

On the other hand, certain aspects are perhaps generic,
and further details have to be worked out.

More work is needed!

Cardos, dW, Mahapatra, to be published
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