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Abstract

The non-equilibrium Richards equation is solved using a moving finite element method in this paper. The
governing equation is discretized spatially with a standard finite element method, and temporally with
second-order Runge-Kutta schemes. A strategy of the mesh movement is based on the work by Li et al.
[R. Li, T. Tang and P. W. Zhang, A moving mesh finite element algorithm for singular problems in two
and three space dimensions. J. Comput. Phys., 177(2002), pp. 365-393]. A Beckett and Mackenzie type
monitor function is adopted. To obtain high quality meshes around the wetting front, a smoothing method
which is based on the diffusive mechanism is used. With the moving mesh technique, high mesh quality
and high numerical accuracy are obtained successfully. The numerical convergence and the advantage of the
algorithm are demonstrated by a series of numerical experiments.

Key words: Porous medium, finger phenomenon, non-equilibrium RE, gravity driven flow, moving finite
element method

1. Introduction

In gravity-driven infiltration into initially dry, homogeneous soil, the resulting pattern often takes the
form of preferential flow paths (fingers), which have been consistently observed in laboratory and field
experiments for nearly half a century[6, 14, 16]. The experimental and mathematical study of gravity-driven
unstable flows over the past three decades has led to the conclusion that unstable flow can occur over a wide
range of field conditions[11]. Among many mathematical models used for modeling fingering phenomenon,
the Richards equation (RE) is one of the most typical models[24]. Many works have been done following the
RE model. In [22], Otto gave the non-linear stability analysis of Richards equation, and pointed out that
the RE model can not produce instability of a wetting front in homogeneous porous media. In [11], Egorov
et al extended the stability analysis of [22] to the heterogeneous porous media, and proposed a possible
modification of the Richards equation, say, the so-called non-equilibrium Richards equation (NERE) model.
Recently, in [6], another modification of the Richards equation is given by adding a non-local energy term,
which leads to excellent numerical results. In this paper, we focus on the numerical simulations of the NERE
model.

The stability analysis of the NERE model is given in [11], where a low-frequency instability criterion (LFC)
condition is proposed to describe the stability of NERE model when there is a low frequency perturbation on
the wetting front. With appropriate parameters, the NERE model will generate non-monotonic distribution
of pressure. The infiltrating flows governed by the NERE can become unstable for conditions where the flow
profiles is sufficiently non-monotonic [21].

Numerical simulation is a very important tool for investigating finger phenomenon. Many excellent works
have been done on numerical simulations of finger phenomenon, see, e.g., [6, 9, 10, 25]. According to the
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appearance of the physical solution (the finger), an ideal mesh used in the simulation should be able to
capture both the hold-back-pile-up phenomenon and each finger on the wetting front. For configurations
such as small initial saturation in the dry region, the wetting front could be very sharp, which means that the
mesh size should be sufficiently small to resolve such sharp profile successfully. Consequently, we will need
a uniformly dense mesh to take care of those interesting physical phenomenon, because the sharp wetting
front can move with the time evolution. Note that at any fixed time, a sufficiently dense mesh is only needed
around the wetting front. In the region far away from the wetting front, we actually just need a relatively
coarse mesh, because there is almost no solution variation. Based on the above observations, the usage of a
mesh redistribution technique in each time step may optimize the algorithm, say, the number of mesh points
and CPU time may be saved. In this paper, an adaptive moving mesh method is used for this goal.

The moving mesh method used in this paper is originally proposed in[19, 20], and has been widely used
in many applications, see, e.g., [27, 23, 28, 29, 30]. People can find out a summary of the theory and
applications of moving mesh method in [28]. This moving strategy is based on harmonic mappings, and
the mesh quality can partially be controlled by certain indicators relevant to the solution singularities, it is
the so-called monitor function. After moving the mesh, solutions can be updated from the old mesh to the
new mesh by solving an ODE system, which is derived from the assumption that the surface of solution is
unchanged during the mesh redistribution. The main advantages of this moving mesh method contain the
following two aspects. The first one is that the grid points on the boundary can move together with the
internal grid points in a unified way. For problems with a singularity on the boundary, such technique can
improve the numerical accuracy significantly, see, e.g, [17]. Another advantage is that the mesh redistribution
part is independent of numerical schemes for solving the governing equations. The implementation of the
moving mesh method is realized in a C++ library AFEPack[18].

The monitor function is very important for the implementation of the algorithm. Generally, a gradient-
based monitor function is used,

m =
√
ε+ | ∇S |2, (1)

where ε > 0 is a parameter which controls the adaptivity, and S denotes the saturation in this paper. It is
found that an appropriate selection of ε highly depends on the problems. For different parameters in the
governing equations, the value of ε may change dramatically. To enhance the robustness of the algorithm, a
monitor function which is similar to a Beckett and Mackenzie [12, 13] type monitor function is used, which
replaces ε with a time-dependent function M(t). We follow [3, 8] to choose the form of M(t). With this
time-dependent function, the floor on the monitor function is adjusted automatically in proportion to the
measure of the solution gradient. From the numerical simulations, we can see that such monitor function
works very well, and mesh movement is not sensitive to the variation of the parameters in the monitor
function. The Beckett and Mackenzie type monitor function is also adopted in [8], and impressive numerical
results are presented there.

To avoid a highly irregular mesh around the wetting front, a smoothing-step for the monitor function
is necessary. However, certain parameters in the simulations which have sufficient a small initial saturation
in the dry region will cause very sharp wetting fronts, and the smoothing-step proposed in [19, 20] may
not handle a good mesh quality any more. Furthermore, note that the initial saturated region is quite
small compared to the whole physical domain, we need a much more powerful smoothing method to cluster
sufficient mesh grids around this region. Fortunately, the smoothing-step proposed by Wang et al.[30] which
is based on the diffusive mechanism can help to improve the mesh redistribution. With such a smoothing-
step, the mesh points which are far away from the finger are clustered successfully around the wetting front,
and the variation of the mesh nearby the singularity becomes sufficiently smooth, which guarantees the
quality of the numerical solution. We will see these advantages in the numerical simulations.

The rest of this paper is organized as follows. In section 2, the RE model and the NERE model are
reviewed, and the stability of the NERE model is briefly outlined. In section 3, we first give the spatial and
temporal discretization of the NERE model, and then describe the moving mesh strategy. The choice of the
monitor function and the smoothing method are also described in this section. The numerical experiments
are carried out and analyzed in section 4. Conclusions are drawn in the final section.
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2. Models

2.1. The Richards equation
The conventional Richards equation for the flow of water in unsaturated porous media may be written

in dimensionless form as:

∂S

∂t
= ∇ ·K(S)∇p+

∂

∂z
K(S), (2)

p = P(S), (3)

where S is the effective saturation (0 ≤ S ≤ 1), p is the water pressure, K is the hydraulic conductivity.
The function P is the equilibrium pressure being a function of S. Equation (3) is the standard approach for
modeling the capillary pressure, and is often called static capillary pressure.

The above system can be reduced to one equation with S being a primary variable by introducing the
diffusivity function D(S) = K(S)P ′(S) (prime means the first derivative with respect to the saturation S):

∂S

∂t
= ∇ ·D(S)∇S +

∂

∂z
K(S). (4)

Since the Richards equation has been proved unconditionally stable[11], it is not suitable to be used for
simulating finger phenomenon. In [15, 11], based on the stability analysis of the Richards equation, a new
model is proposed, namely the non-equilibrium Richards equation (NERE). Egorov et al. analyzed this new
model and gave the conditional stability results. In the following two subsections, we briefly summarize the
NERE model and its stability analysis.

2.2. Non-Equilibrium Richard equation
If we keep the mass balance equation (2) and replace the equilibrium relation (3) with a kinetic equation

such as
F(S, p, Ṡ, ṗ, S̈, p̈, · · ·) = 0, (5)

where the variables Ṡ and S̈ mean the first and second order derivatives of the saturation with respect to
the time respectively, the so-called non-equilibrium Richards equation is obtained.

Note that (5) is a general form. In numerical simulations, a specific expression[15, 11] is suggested

τṠ = p− P(S), (6)

where τ is a positive constant.
Substituting (6) into (2) gives

∂S

∂t
= ∇ · (K(S)∇(τṠ + P(S)) +

∂

∂z
K(S)

= ∇ · (K(S)∇(τṠ) + ∇ · (K(S)∇P(S)) +
∂

∂z
K(S)

= ∇ · (K(S)P ′(S)∇S) +
∂

∂z
K(S) + τ∇ ·

(
K(S)∇∂S

∂t

)
.

Similar to the Richards equation, we can get NERE with saturation as the primary variable by introducing
the diffusivity function D(S) = K(S)P ′(S) (prime means the first derivative with respect to the saturation
S)

∂S

∂t
= ∇ · (D(S)∇S) +

∂

∂z
K(S) + τ∇ ·

(
K(S)∇∂S

∂t

)
. (7)

If τ = 0, (7) becomes the standard Richards equation. When τ is big enough, the hold-back-pile-up
phenomenon can be observed around the wetting front, which is a distinctive feature of fingered flows. The
hold-back-pile-up phenomenon is very important in modeling finger phenomenon, which can be shown in the
next subsection.
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2.3. The stability of NERE model
For the detailed stability analysis of the NERE model, we refer [11] and references therein. In this

subsection, we only briefly introduce the Low-Frequency instability Criterion (LFC) for the NERE model.
The LFC condition is obtained based on the comparison of following two forms of perturbed solution of

the NERE model. First, the perturbed traveling wave solutions for Eqs. (2) and (5) can be written as

S = S0(ξ) + εS(ξ)e(i(ωxx+ωyy)−kt) +O(ε2), (8)

p = p0(ξ) + εP (ξ)e(i(ωxx+ωyy)−kt) +O(ε2), (9)

where S0(ξ) and p0(ξ) are the basic traveling solutions, ε > 0 represents the size of perturbation, ξ = z − vt
the traveling wave coordinate, ω (ω2 = ω2

x + ω2
y) is the wave number with ωx and ωy are the angular

frequencies with respect to x and y respectively, and

v =
K(S+) −K(S−)

S+ − S−
(10)

the velocity of the wetting front with S+ the initial saturation behind the wetting front and S− the initial
saturation ahead of the wetting front.

Since the traveling wave solution for the NERE model is invariant with regard to arbitrary shift ε, the
form (S, p) = (S0(ξ + ε), p0(ξ + ε)) can also be viewed as one possible perturbed solution for the NERE
model. By comparing the Taylor expansion of form S0(ξ+ ε) and p0(ξ+ ε) with system (8) and (9) at k = 0,
ωx = 0 and ωy = 0, we know that the eigenfunctions corresponding to k0 = 0 are S′

0 and p′
0, and k0 can be

expanded in power series of ω2 as
k0 = 0 + bω2 + · · · . (11)

The value of b plays a very important role since it determines the stability of NERE model with low
frequency perturbation. If b is negative, from (8) and (9) we know that the perturbations will grow with the
time evolution, and that means the model may exhibit unstable features.

It is pointed out in [11] that the value of b is determined by the following equation

b =

∫ +∞

−∞
K(S0)p′

0dξ

S0(+∞) − S0(−∞)
. (12)

Note that S0(+∞) > S0(−∞) in all of our simulations. Consequently, if
∫ +∞

−∞ K(S0)p′
0dξ < 0, the traveling

wave solution of NERE model (2) and (5) is unstable. This is the so called Low-Frequency instability
criterion (LFC)[11].

We follow the suggestion in [11] to choose parameters K(S) = Sα with α > 1, and D(S) = Sβ with
β > 0. So it is always true that K(S) > 0 since S ∈ (0, 1). For the Richards equation, it is well known
that the pressure increases with the saturation S from −∞ at S = 0 to a limiting value at S = 1, which
means that p′ is always bigger than 0. Consequently, it is also always true that b > 0, which explains why
the Richards equations are unconditionally stable with infinitesimal perturbations.

For the NERE model, if the parameter τ in (7) is sufficiently large, NERE will generate a non-monotonic
distribution of the saturation nearby the wetting front. Fig. 1depicts the saturation with the following choice
for the functions and the parameters: D(S) = S2, K(S) = S2, S+ = 0.5, S− = 0.1, and different τ : τ = 0.1,
τ = 0.5 and τ = 1.0. When τ is small (τ = 0.1), the saturation varies monotonically, see Fig. 7 (solid line).
With the increment of τ , the variations become non-monotonic (dashed lines), and so does the distribution
of the pressure. This is called the hold-back-pile-up phenomenon. From Fig. 7, we can see that bigger τ
causes the intenser oscillations after the wetting front. When the flow profile is sufficiently non-monotonic,
the NERE becomes unstable. Consequently, the LFC predicts a transition from the stability to instability
of solutions with increase of τ [11].
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Figure 1: The saturation profiles obtained with parameters D(S) = S2, K(S) = S2 and different τ : τ = 0.1, τ = 0.5 and
τ = 1.0.

3. The Moving Finite Element Method for NERE Model

In this section, we will describe a numerical procedure based on moving finite element method to solve the
NERE model (7). The standard finite element methods are used to discretize the governing equation spatially,
then the second-order Runge-Kutta schemes are used for the temporal discretization. For resolving the hold-
back-pile-up phenomenon and the sharp wetting-front successfully, the moving mesh methods which is based
on the harmonic mapping are also introduced in the algorithm to redistribute the mesh points reasonably.

3.1. The spatial and temporal discretizations of NERE model
Suppose the physical domain is Ω ∈ R

2, and the triangulation of Ω is T with Ti as its elements and 
Xi

as its nodes. The piecewise linear finite element space is denoted by Vh corresponding to T . Then the finite
element approximation of unknown S in (7) can be written as

Sh =
NT∑
i=1

SiNi(T ),

where {Si}NT

i=1 is the coefficient for variable S in (7) with NT the dimension of Vh, and {Ni(T )}NT

i=1 the finite
element basis for Vh.

For convenience, S is also used to denote the coefficient. Based on the above assumptions, the discretiza-
tion formulation for (7) takes the form

MS
∂S

∂t
= −D(S)KSS + FS − τK(S)KS

∂S

∂t
, (13)

where MS and KS are matrices, whose entries are

MS(i, j) =
∫

Ω

Ni(T )Nj(T )dxdz,

KS(i, j) =
∫

Ω

∇Ni(T ) · ∇Nj(T )dxdz,
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and FS is a vector whose i-th entry is

(FS)i =
∫

Ω

∂K(S)
∂z

Ni(T )dxdz, 1 ≤ i ≤ NT .

For the time discretization, it is known that explicit schemes are efficient. However, when explicit schemes
are used, the stability and the high numerical accuracy of the algorithm are guaranteed only with sufficient
small length of time-step. In the simulations of this paper, we use a second-order Runge-Kutta method to
discretize the temporal terms, and treat the first term of the right hand side of (13) implicitly. Let Δt be
the length of time step, and suppose the solution S(n) on time level (n) is known, we use the following two
steps to calculate the solution S(n+1) on the next time level (n+ 1):

Step 1:
S(1) − S(n)

Δt/2

(
MS + τK(S(n))KS

)
+D(S(n))KSS

(1) = FS(S(n)), (14)

Step 2:
S(n+1) − S(n)

Δt

(
MS + τK(S(1))KS

)
+D(S(1))KSS

(n+1) = FS(S(1)). (15)

In the simulations, the wetting front of the fingers will be very sharp with appropriate parameters.
Consequently, very dense mesh is always needed around the wetting front to resolve these fingers successfully
during the whole simulation. However, efficiency of the algorithm will be significantly slowed down if the
global dense mesh is used, because the region of wetting front is very small compared with the whole domain.
So the adaptive techniques become necessary for optimizing the algorithm.

There are several adaptive techniques such as h-adaptive methods which locally refine and coarsen the
mesh, r-adaptive methods which redistribute the mesh points while keeping the amount of mesh points
unchanged, p-adaptive methods which enrich the degree of freedom locally. In this paper, we focus on the
r-adaptive method, and follow [19, 20] to provide moving mesh strategy.

3.2. The moving mesh strategy
Our mesh redistribution strategy is based on the harmonic mappings. The mesh mapping between

physical domain Ω with local coordinate 
x and computational domain Ωc with local coordinate 
ξ is generated
by a variation approach. Specifically, the mesh mapping is provided by the minimizer of a functional which
has the following form

E(
ξ) =
1
2

∑
k

∫
Ω

1
ω

∑
i

(
∂ξk

∂xi
)2d
x, (16)

where the positive function ω is a weighted function depending on the physical solution to be adapted,
and the so-called monitor function can be introduced as G = 1/ω. The solution of the above optimization
problem is given by the following Euler-Lagrange equation

∑
i

∂

∂xi

(
G
∂ξk

∂xi

)
= 0. (17)

The solution of (17) is taken as the mapping between the computational domain and the physical domain.
In [19], the following procedure is used to move the mesh and to redistribute the numerical solutions.

First, we get the initial mesh Tc with A as its nodes in the logical domain by solving the Poisson equation{
Δxξ = 0, 
x ∈ Ω,
ξ |∂Ω = ξb.

(18)

Now suppose we have obtained the solution Ui = 
u(Xi) on the current nodes Xi at the time step t = tn.
Then we get the new location of nodes X∗

i and the new solution U∗ on the new nodes using the following
three steps.
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1. Obtain the error of mesh points in the logical domain. First, we solve the following generalized Poisson
equation

∂

∂xi
(Gij ∂ξ

k

∂xj
) = 0 (19)

together with the same boundary condition to (18) to obtain the new logical mesh T new with Anew as
its nodes. Then the quantity

δA = A − Anew (20)

can be used to calculate the movement of nodes in the physical domain in the next step;
2. Obtain the movement of physical nodes. By solving the following system on each element Ti with
XTi,j , 0 ≤ j ≤ 2 as its nodes in the physical domain,[

Anew,1
Ti,1

−Anew,1
Ti,0

Anew,1
Ti,2

−Anew,1
Ti,0

Anew,2
Ti,1

−Anew,2
Ti,0

Anew,2
Ti,2

−Anew,2
Ti,0

] [
∂x1

∂ξ1
∂x1

∂ξ2

∂x2

∂ξ1
∂x2

∂ξ2

]
=

[
X1

Ti,1
−X1

Ti,0
X1

Ti,2
−X1

Ti,0

X2
Ti,1

−X2
Ti,0

X2
Ti,2

−X2
Ti,0

]
, (21)

we can get the ∂
x/∂ξ in the element Ti. Then the weighted average error of mesh points in the physical
domain is given by

δXj =

∑
Ti

| Ti | ∂�x
∂ξ |Ti δAj∑

Ti
| Ti | , (22)

where | Ti | is the volume of element Ti. Finally, we get the new mesh on the physical domain with
Xnew as its nodes

Xnew = X + τ̃ δX

, where τ̃ is a positive parameter and is used to avoid the intersection of new grid points. We follow
[19] to choose τ̃ = min(0.5/ || δA ||2, 0.618).

3. Update the solution on the new mesh. The method we used to update the solution is based on the
assumption that the surface of solution on each time step will be kept unchanged. For the detail of
the method, we refer to [19] and references therein.

By using the above procedure to redistribute the grid points, the singularity of the numerical solution
inside the domain can be resolved effectively. However, such procedure can not be used to handle the
singularity of the solution which appears on the boundary of the domain. To give the reasonable distribution
of grid points on the boundary, several methods have been proposed. For example, a one-dimensional
problem can be solved on the boundary to give the distribution, or the grid points on the boundary can
move according to the movement of the inner grid point which are adjacent to themselves. In this paper,
based on the properties of the problem, we also need that the grid points on the boundary move together
with points inside the domain. To achieve this aim, we adopt the strategy which is presented in [20].

The framework which is proposed in [20] is very similar to the above moving procedure. To move all
the grid points in the domain in an unified way, the initial logical mesh Tc is given by solving the following
optimization problem ⎧⎪⎨

⎪⎩
min

∑
k

∫
Ω

∑
i

(
∂ξk

∂xi

)2

d
x

s.t. ξ|∂Ω = ξb ∈ K,

(23)

where K = {ξb ∈ C0(∂Ω)|ξb : ∂Ω → ∂Ωc; ξb|Λi
is a linear segment of strictly increasing} denotes a mapping

set from ∂Ω to ∂Ωc. Note that different from ξb in (18) which is known, the ξb in above optimization problem
is unknown in the same way as the interior points. To obtain the error in (20), now the following optimization
problem is solved instead of (19) ⎧⎪⎨

⎪⎩
min

∑
k

∫
Ω

Gij ∂ξ
k

∂xi

∂ξk

∂xj
d
x

s.t. ξ|∂Ω = ξb ∈ K.
(24)
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By using the above two optimization problems instead of original problems, the grid points in the whole
domain can move in an unified way, which significantly improves the mesh quality for problems which have
singularity on the boundary of the domain. In this paper, we use such method to redistribute grid points in
each time step. In the implementation, the harmonic mapping is obtained by using a iterative method. For
details of this method, we refer [20] and references therein.

Monitor Function
The monitor function is very important in the implementation of moving mesh methods. It depends on

(gradients of) the solutions, and people generally use the standard arclength-type monitor function

m =
√
ε+ | ∇S |2, (25)

where ε is a positive constant. With a small ε, the high adaptivity is achieved. Conversely, there is almost
no adaptivity when ε is sufficiently big. The monitor function (25) has been widely used. Unfortunately,
the appropriate selection of ε highly depends on the scaling of the variables in the problem. For different
problems, even for different parameters of the same problem, dramatic change may happen on the selection
of ε, which causes the difficulties on the usage of monitor function (25).

In the simulation of this paper, we use the following monitor function

m =
√
δ̃M(t)+ | ∇S |α, (26)

where α and δ̃ are positive constant, and the time dependent function

M(t) =
1

| Ω |

∫
Ω

| ∇S |α dΩ,

where Ω is the physical domain and | Ω | is its area. Such monitor function is similar to the BM type monitor
function[12, 13, 31]. In our simulations, α = 0.5 and δ̃ ∈ (0, 1) are suggested. With these choices, the floor on
the BM monitor matrix is adjusted automatically in proportion to the measure of the (smoothed) solution
gradient[3]. Compared with monitor function (25), the monitor function (26) works very well with almost
one set of fixed parameters. As our numerical experience, α = 0.5, δ̃ = 1 can work well for almost all
numerical simulations. One can adjust the adaptivity of the algorithm by changing the value of δ̃.

Smoothing Step
To avoid a very distorted mesh around the wetting front of fingers, some smoothing steps for the monitor

function should be implemented. Many smoothing methods have been presented, [4, 5, 26]. In our simulation,
we use the smoothing method proposed by Li et al[19]. In the algorithm, each element has a monitor value,
say, a constant. First, we interpolate such monitor function from a piecewise constant to a piecewise linear
function

(πhm)| �Xi
=

∑
�Xi∈Ti

m|Ti | Ti |∑
�Xi∈Ti

| Ti | , (27)

where Ti is a element and 
Xi is its nodes. Then we project this piecewise linear function back to the piecewise
constant

m|Ti =
1

n+ 1

∑
�Xi∈Ti

(πhm)| �Xi∈Ti
, (28)

where n = 2 is the dimension of the physical domain Ω. By using the smoothing step (27) and (28) several
times, the mesh quality around the wetting front is improved.

As we mentioned before, compared with the whole physical domain Ω, the initial saturated region is very
small, see Fig. 2. For certain parameters such as small saturation value in the dry region, the wetting front of
fingers is very sharp, so a large amount of grid points is needed around the wetting front. A straightforward
method is to use very small δ̃ in (26) to cluster sufficient grid points. However, if δ̃ is too small, the mesh
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Figure 2: The computational domain and the initial configuration of a single finger. The saturation varies from 0.1 to 0.7.

quality around the wetting front becomes bad even if the smoothing steps (27) and (28) are used, see Fig.
3 (top). To fix this problem, a simple way is to use much denser mesh, then initial fingers can be resolved
successfully. But note that there is still a large amount of mesh grids in the region far away from the wetting
front. For the consideration of the efficiency of the algorithm, we want to keep the number of grid points
unchanged, and drag those grid points towards the wetting front. To achieve this aim, the strategy proposed
by Wang et al. [30] will be used. For the details of this strategy, we refer to [30] and references therein. Now
we only give its implementation for our problems.

In monitor function (26), we introduce a new variable S̃, and the new monitor function can be read as

m =
√
δ̃M(t)+ | ∇S |α +S̃. (29)

S̃ is obtained by solving the following problem

(1 − μΔ)S̃ =| ∇S |α, (30)

where μ is a positive parameter which depends on the size of Ω.
With the monitor function (29), the mesh grids which are far away from the wetting front can be moved

to the wetting front successfully. Furthermore, the variation of the mesh around the wetting front becomes
smooth, which guarantees the quality of the numerical solutions, see Fig. 3(bottom).

In fact, the usage of the monitor function (29) slows down the efficiency of the algorithm, because an
extra diffusive problem has to be solved. However, we only need a rough solution of problem (29). So with
the help of multi-grid methods, the increment of CPU time is not significant. Moreover, the monitor function
(29) allows us to use much coarser mesh than that when (26) is used to solve the NERE model. In other
words, the monitor function (29) can significantly improves the mesh quality around the singularity, with
insignificant affection on the efficiency of the algorithm.

So far, we have stated all details about the algorithm, the flow chart of the algorithm can be summarized
as the following
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Figure 3: The initial mesh for the simulation with initial condition which is shown in Fig. 2. Top: the monitor function (26) is
used, and δ = 0.08; Bottom: the monitor function (29) is used with the same parameter δ.

Algorithm 1: Moving FEM for NERE model

1. Generate initial mesh and set the initial status for S;
2. Solve (14) and (15);
3. Move the mesh using the strategy proposed in Subsection 3.2;
4. Let t = t+ Δt, if t < T , goto step 2; else stop.

4. Numerical results

In this section, plenty of numerical experiments will be presented. First, the numerical convergence of
the moving finite element method will be demonstrated. For the 1-D case, pseudo-analytical solutions of the
NERE model can be obtained, the numerical convergence can be observed easily from the the comparison
between the numerical results and the pseudo-analytical one.

Then we show a simulation with one finger occurring in the spatial domain. With certain parameters and
a small initial saturation, the edge of the finger will be very sharp. In this case, a very dense mesh is needed
around the wetting front to resolve the sharp edge, otherwise there will be numerical oscillations. As we can
see from the numerical results, our moving mesh strategy will cluster sufficient mesh points around the edge
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Figure 4: The computational region

By substituting
S(z, t) = u(z − vt) = u(ξ) (31)

into (7), we get

−v ∂u
∂ξ

=
∂

∂ξ

(
D(u)

∂u

∂ξ

)
− ∂

∂ξ
K(u) − τ

∂

∂ξ

(
K(u)v

∂2u

∂ξ2

)
. (32)

Let u(+∞) = 0.5, u(−∞) = 0.001, the velocity of traveling wave is v =
u2(+∞) − u2(−∞)
u(+∞) − u(−∞)

= 0.501.

Integrating (32) in the both sides, we get the following ODE

−u(ξ)(v − u(ξ)) = 0.4u′(ξ) − τvu2(ξ)u′′(ξ) − 0.0005 (33)

Let ψ = u′, (33) can be written as a Lienard type of system of two equations{
u′ = ψ

ψ′ =
u(0.501 − u) + 0.4ψ − 0.0005

0.501τu2

(34)

We solve the ODE system (34) using the LSODE solver, which is a ODE solver in the OCTAVE[1]
software. The Fig. 5 shows the solution of traveling wave and its representation in the phase plane.

In the numerical simulation with moving finite element method, the following function is used as the
initial condition

Sinit = 0.2495 ∗ tanh(z − 97) + 0.2505. (35)

The parameters are the same as in the earlier 1D simulation. Fig. 6 shows the differences between the
pseudo-analytical solution and numerical solutions in the phase plane. The numerical results are obtained at
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Initial mesh size CPU time(seconds)
Fixed Mesh Δh = 0.5 88.79

Moving Mesh Δh = 1.0 56.80
Moving Mesh Δh = 0.5 313.22

Table 1: Comparison of the CPU time(seconds) between the fixed mesh case and the moving mesh case.

t = 100. Computations with the moving mesh method are performed on three successively refined meshes.
As we can see from the figures, the finer the mesh, the higher the accuracy of the numerical solutions we get,
which obviously shows the numerical convergence of the moving finite element method. It is worth saying
that with the moving mesh strategy, the quality of solutions with an initial mesh size Δh = 1 is almost the
same as the one when using a fixed mesh with a mesh size Δh = 0.5. The solution with the moving mesh
strategy when Δh = 0.5 almost coincided with the pseudo-analytical solution: not only the main wetting
curve is covered by numerical solutions, but also the primary and secondary curves are also covered very
well.

Fig. 7 shows the numerical solution (top) around the wetting front, and its mesh distribution (bottom).
It is obvious that the mesh density around the wetting front is much bigger than the region far away from
it, which means that the moving mesh strategy proposed in this paper works very well.
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Figure 5: Pseudo-analytical solution of the ODE system 34. Left: the wave solution. Right: the solution in the phase plane.
K(S) = S2, D(S) = 0.4, τ = 10

For the moving mesh method, besides solving of the governing equation, we still need to implement the
mesh movement and the solution update. Consequently, more CPU time is needed compared with fixed
mesh case which has the same number of grid points in the domain. However, it must be mentioned that
the increment of CPU time is not significant because of the usage of the multigrid solver in solving (23),
(24) and (30). Note that we only need a rough solution from (30), the equation is just solved for a couple of
time steps.

The advantage of moving mesh method is that the grid points can be redistributed towards singularity of
the solution. That means to achieve the same quality of the numerical solution, less grid points are needed
for the moving mesh method. This results in a decrease of the CPU time. To demonstrate this, Table 1 gives
a comparison of CPU time between the fixed mesh case and the moving mesh case. The CPU time shown in
the table is the CPU seconds which are used to simulate the time evolution of the governing equation from
t = 15 to t = 20. As we can see, with the same initial mesh size Δh = 0.5, the moving mesh method (313.22
CPU seconds) takes more CPU seconds than the fixed mesh (88.79 CPU seconds). But the solution quality
obtained from moving mesh method is much higher than that from the fixed mesh case, see Fig. 6. As we
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Figure 6: The difference between the pseudo-analytical solution and the numerical solution. The top left one is the numerical
solution with a fixed mesh and mesh size of Δh = 0.5. The top right one, bottom left one and bottom right one are the solutions
with the moving mesh technique, the initial mesh sizes are Δh = 2, Δh = 1 and Δh = 0.5 respectively. The parameters are
selected the same as in Fig. 5.

Figure 7: The solution of the NERE model (top) and its mesh (bottom) with the moving mesh technique at t = 100. The
parameters are selected the same as in Fig. 5.
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Figure 8: Numerical results are shown at t = 10. The parameters: K(S) = S2, D(S) = S2, τ = 0.5 and δ̃ = 1 are used. The
left panel shows the view when looking at the finger in the front, where the moving mesh strategy is used. As a comparison,
the same view is given on the right hand side with a fixed mesh.

discussed for Fig. 6, the solution quality of the moving mesh method with an initial mesh size Δh = 1.0
is even better than that of the fixed mesh case with an initial mesh size Δh = 0.5. The CPU time of the
moving mesh method with an initial mesh size Δh = 1.0 is 56.80 seconds, which is smaller than that of the
fixed mesh case with an mesh size Δh = 0.5. That means that the moving finite element method is more
efficient for obtaining the same solution accuracy than with the fixed mesh method.

4.2. Simulating a single finger
In [2], 2D fingers are created through introducing water via a continuous constant point source in a dry

soil. In this subsection, we use a similar way to generate fingers numerically.
For the tests in this subsection, the physical domain is [−5, 25] × [−10, 20]. For the first test, the initial

condition is taken as

Sinit = 0.15 (tanh(2(z − 19)) tanh(2(22 − z)) + 1) (tanh(2(x− 9)) tanh(2(11 − x)) + 1) + 0.1. (36)

The physical domain and initial condition are shown in Fig. 2. For the segment x ∈ [9, 11] on the boundary
z = 20, the Dirichlet boundary condition SDir = 0.7 is used, and homogeneous Neumann boundary conditions
are used for the other boundaries. The initial mesh size is set equal to Δh = 0.5.

In this test, we use K(S) = S2, D(S) = S2, τ = 0.5, and δ̃ = 1.0. First, we give a comparison between
the results obtained with a moving mesh and a fixed mesh. Fig. 8 shows the front views of the finger at
t = 10. Obviously, spurious oscillations are observed at the bottom of the finger which is obtained with a
fixed mesh ( Fig. 8, see the right panel). That means that the current mesh size is too rough to resolve the
finger successfully. It is impossible to obtain accurate numerical solutions with these oscillations. Of course
a global refinement of the mesh may fix this problem, but this will cause an increase of both the CPU time
and memory requirement. With the moving mesh method, it is observed from figure ( Fig. 8, left one) that
those oscillations are removed effectively without changing the amount of mesh grids.

The initial saturation in the dry region is 0.1 in the above simulation. It is pointed out in [7] that a small
initial water content leads to compact infiltration fronts, and the size of the overshoot reduces drastically
as the initial saturation is increased. Such a phenomenon can also be observed in Fig. 9 where the pseudo-
analytical results for 1D case with three different initial saturation are shown. To obtain these results, the
parameters K(S) = S2, D(S) = S2, τ = 0.5 are used. From the figure, we can see that with other values of
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Figure 9: The 1D pseudo-analytical solutions of NERE model with parameters: K(S) = S2, D(S) = S2, τ = 0.5. Three
different initial saturation in the dry region are tested.

the parameters, a lower initial saturation results in a higher saturation at the tip of the finger and a sharper
wetting front.

In [21], it is concluded that fingers are observed to occur when the initial saturation is below the residual
saturation. So an efficient and accurate simulation with numerical experiments with a very small initial
saturation is very important.

Fig. 10 shows three results obtained with moving finite element method. In all three simulations, a
different initial saturation in the dry region, S0 = 0.1, 0.06, and 0.02, together with the choices K(S) = S2,
D(S) = S2, τ = 0.5, δ̃ = 1.0 is used. For S0 = 0.1, the initial function (36) is used. For S0 = 0.06 and
S0 = 0.02, the initial functions

Sinit = 0.16 (tanh(2(z − 19)) tanh(2(22 − z)) + 1) (tanh(2(x− 9)) tanh(2(11 − x)) + 1) + 0.06 (37)

and

Sinit = 0.17 (tanh(2(z − 19)) tanh(2(22 − z)) + 1) (tanh(2(x− 9)) tanh(2(11 − x)) + 1) + 0.02 (38)

are used, respectively. The oversaturation on the tip of the finger, which is the typical phenomenon in the
physical experiment, can be observed obviously from Fig. 10 (left column). With a decrease of the initial
saturation in the dry region, the wetting front becomes sharper, and the saturation on the tip of the figure
becomes bigger, which coincides with the pseudo-analytical solutions in Fig. 9. With the help of the moving
mesh method, we can see that grid points are clustered around the finger profiles successfully, and the fingers
are resolved without spurious oscillations.

In the three simulations, different initial mesh sizes are being used. For a smaller initial saturation, a much
denser mesh is used because of the sharp wetting front. In fact, we can decrease δ̃ to enhance the adaptivity
of the algorithm, then much more grid points will be moved towards the wetting front. Consequently, there
is the possibility that a relatively coarse mesh can be used to resolve the sharp fingers. However, a difficulty
will arise with the growth of the finger, because the area of the singularity also grows at the same time. So,
when the area of the singularity is sufficiently large, or the singularity is quite close to the boundary of the
physical domain, there may not be sufficiently enough grid points to resolve the finger any more. According

15



  

Figure 10: Results obtained with parameters K(S) = S2, D(S) = S2, τ = 0.5, δ̃ = 1.0, and three different initial saturation’s
in the dry region, S0 = 0.1 (top), S0 = 0.06 (middle), and S0 = 0.02 (bottom). Left: the saturation around the wetting front.
Right: the corresponding mesh.
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to our numerical experience, a high adaptivity of the mesh may cause an instability of the algorithm. To
show a successful simulation of the finger phenomenon with the moving finite element method, a reasonable
amount of grid points should be evaluated before hand. Such an evaluation depends on the area of the
physical domain, the finger width, etc., which will be investigated in a future paper. We give the references
[6, 7, 21] and references therein about how parameters effect the width of the finger.

5. Conclusion

In this paper, the non-equilibrium Richards equation is solved by using a moving finite element method.
The standard linear element and second-order Runge-Kutta method are used to discretize the governing
equations spatially and temporally. The moving mesh strategy is based on harmonic maps. Compared with
the general gradient-based monitor function where the selection of the numerical parameters strongly depends
on the underlying problem, a Beckett and Mackenzie type monitor function is used in our paper. A smoothing
method which is based on the diffusive mechanism is also used in the algorithm, which improves the mesh
quality around the wetting front significantly. With the help of moving mesh methods, a large amount of
grid points is clustered around the wetting front. So the hold-back-pile-up phenomenon is detected much
better than that when the fixed mesh is used with the same initial mesh size. The numerical convergence
of the moving finite element method has been demonstrated in experiments with three successively refined
meshes.

In the simulations of the finger phenomenon, the moving finite element method resolved the finger
successfully. If the mesh size is not sufficiently small , spurious oscillations are observed when a fixed mesh
is used. On the other hand, with the moving mesh method, it is demonstrated that the oscillations are
removed or, at least, significantly reduced with the same number of the mesh points. In the simulations,
the oversaturation on the tip of the finger, which is a typical phenomenon in the physical experiment, is
successfully observed. It is also shown in the numerical results that with a small initial saturation, the
saturation on the tip of the finger becomes big, and the wetting front becomes sharp, which coincides with
our 1D pseudo-analytical results and with the existing literature.

Compared with the finite element method on a fixed mesh, the moving finite element method is much
more powerful for resolving the finger phenomenon. However, based on our numerical experiences, difficulties
may arise when the finger is sufficiently large or the wetting front is close to the boundary. Both situations
result in the shortage of grid points, resulting in the appearance of spurious oscillations around the wetting
front, which cause inaccurate results. To fix these problems, a sufficiently small mesh size should be used
according to an investigation of the width of the finger and the area of the computational domain.

Besides r-adaptive methods, there are also h-adaptive and p-adaptive methods which can be used to
solve NERE model. Based on our preliminary results obtained with h-adaptive methods, the issue expressed
above can be well resolved. With a local refinement technique, the requirement of grid points can always
be satisfied even in the region nearby the boundary. While for the region far away from the wetting front,
the grid points can be reduced by local coarsening. Combination of r-refinement with h-refinement will be
reported in a future paper.
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