
CALCULUS
Viktor Blåsjö

§ 0. Review of differentiation and integration

§ 0.1. Lecture

The derivative y ′(x) = dy
dx =

d
dx y of a function y(x) can be char-

acterised in various ways.

• Verbally, dy
dx is the rate of change of y.

• Geometrically, dy
dx is the slope of the graph of y.

dx

dy

• Physically, the derivative of distance is velocity; the deriva-
tive of velocity is acceleration.

• Algebraically,

dy

dx
=

y(x + dx)− y(x)

dx
= lim
∆x→0

y(x +∆x)− y(x)

∆x
.

Spelled out more concretely, the last point says this: To find the
derivative of y(x) we should:

• let x increase by an infinitesimal amount, which we shall
denote dx (“d” for “difference”);

• calculate the corresponding change in y, which we shall
denote dy;

• divide the two to obtain the rate of change dy
dx .

In the case of y(x) = x this goes as follows. Suppose x increases
by dx. What is dy, the corresponding change in y? It is dy =
y(x+dx)−y(x) = x+dx−x = dx so the derivative is dy

dx =
dx
dx = 1.

The derivative of y = x2 is found in the same way. Suppose
x increases by dx. What is the corresponding dy? It is dy =
(x + dx)2 − x2 = 2x dx + (dx)2 so dy

dx =
2x dx+(dx)2

dx = 2x + dx.
Since dx is so small we can throw it away. Thus the derivative is
dy
dx = 2x. Note that the calculations correspond to this picture:

dx

dxx

x

0.1. Find the derivative of x3 and draw the corresponding pic-
ture.

0.2. (a) What is the formula for the volume of a sphere? (Just
state it for now. We shall prove it in problem 0.18.)

(b) Take its derivative with respect to the radius. What is
the geometrical meaning of the result?

(c) Draw the corresponding picture and compare with
the previous exercise.

(d) Can you do the same thing with a circle?

0.3. Prove the product rule ( f g )′ = f ′ g + g ′ f and draw the
corresponding picture.

The integral
∫ b

a y dx means the sum (hence the
∫

, which is a
kind of “s”) of infinitesimal rectangles with height y and base
dx:

0

y

xa b

The fundamental theorem of calculus says that derivatives and
integrals are each other’s inverses in the following ways:

d

dt

∫ t

a
y(x)dx= y(t ) (FTC1)

∫ b

a
y ′(x)dx= y(b )− y(a) (FTC2)

To prove FTC1 we proceed as with any derivative. In this case
the variable is t and the function is

∫ t
a y(x)dx.

∫ t
a y(x)dx= area under y(x) from a to t =

a t

so if t increases by dt then
∫ t

a y(x)dx increases by

area under y(x) from t to t + dt=

  dtt

= y(t )dt,

so
d
∫ t

a y(x)dx

dt
=

y(t )dt

dt
= y(t ),

which proves FTC1.
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0.4. What happens if we take the derivative with respect to the
lower bound instead?

FTC2 is even easier to prove:
∫ b

a
y ′ dx=

∫ b

a

dy

dx
dx=

∫ b

a
dy

= sum of little changes in y from a to b
= net change in y from a to b
= y(b )− y(a)

Another way of saying this is that in order to integrate some
function f (x) one has only to find an antiderivative F (x), i.e., a
function such that F ′ = f , because then

∫ b

a
f (x)d x = F (b )− F (a).

The various characterisations of derivatives above have in-
verse counterparts for integrals.

• Verbally, integrals often represent some kind of net change
or net effect in the manner of FTC2, though this viewpoint
is not always applicable.

• Geometrically, the integral
∫ b

a y dx is the area under the
graph of y(x) from x = a to x = b . (Technically the
“signed area”: area below the x-axis is negative since the
height of the rectangle, y, is a negative number.)

• Physically, the integral of velocity is distance; the integral
of acceleration is velocity.

• Algebraically, the integral is a sum of terms y∆x as∆x→ 0,
where each∆x is a small piece of the x-axis.

0.5. Definition and derivative of logarithms and e x . The purpose
of this problem is to “rediscover” logarithms. Therefore
you should not use any previous knowledge you may have
about logarithms and exponential functions.

Logarithms were first developed in the early 17th century
as a means of simplifying long calculations. Long calcula-
tions were involved for example in navigation which was
of increasing importance in this era. Indeed, the first ship
of slaves from Africa to America set sail only four years
after the publication of the first book on logarithms.

Logarithms simplify calculations by turning multiplica-
tion into addition: log(ab ) = log(a)+ log(b ). This saves an
incredible amount of time if you have to do calculations
by hand, since it is so much easier to add than to multi-
ply. Not long ago, before the advent of pocket calculators,
people still learned logarithms for this purpose in school.
Indeed, whenever you go to a used bookstore and look at
the mathematics section you almost always find many ta-
bles of logarithms published some fifty or sixty years ago.

The inventor of logarithms, the Scotsman Napier, started
by looking at tables of powers of some integer, such as this:

1 2 3 4 5 6 · · ·
2 4 8 16 32 64 · · ·

In order to multiply, say, 4 by 8, we simply find 4 and 8 in
the bottom row, read off the corresponding entries in the
top row, add these together, find the result, and then read
off the corresponding entry in the bottom row, which is
the desired result. Thus we find that 4× 8 = 32 without
actually performing any multiplication, only the addition
2+ 3= 5.

But of course we need our function to have a value for any
positive number, not just a handful integers. We can get
the idea for how to do this by plotting the values of the
table in a coordinate system:

How can we characterise the function that runs through
these points? Surely the simplest guess is that its derivative
is 1/x.

(a) Explain why the function f (x) =
∫ x

c
1
t dt, where c is

any constant, has this derivative.

(b) For the formula f (ab ) = f (a) + f (b ) to hold for
all positive numbers a and b , it is necessary that
f (p) = 0 for a certain number p. Explain why.
(Hint: Consider simple values for a and b .) What
is p?

(c) Therefore, what is c?

Now to check our guess. Does this function turn multipli-
cation into addition?

(d) How is the derivative of f (ax) related to the deriva-
tive of f (x)?

(e) What does this imply about how f (ax) is related to
f (x)? Use the value that you found in (b) to further
specify this relation.

(f) Show that this implies f (ab ) = f (a) + f (b ), as de-
sired.

Now you know why the derivative of the logarithm is 1/x.

(g) ? Deduce from this that the inverse of the
logarithm—i.e., the function we call e x—is its own
derivative.

§ 0.2. Think about it

0.6. What does the mathematical meaning of “integration” have
to do with the everyday sense of the word? (E.g., “we need
to integrate immigrants into society.”)

0.7. What happens if, in FTC1, we use a slanted line instead of
a perpendicular one? In other words, what is dA

dx , with A(x)
defined like this:
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A(x)
45˚

x

0.8. Argue that FTC1 can be obtained by differentiating FTC2.

0.9. Finite analog of the fundamental theorem of calculus. Write
down a list of eight arbitrary numbers, leaving generous
spaces around them. Above the gap between each pair of
numbers, write down the sum of all numbers up to this
point. Below the gap between each pair of numbers, write
down the difference between those two numbers. Above
and below the new lists, write down the sums of the differ-
ence list, and the differences of the sum list. Explain how
this is related to the fundamental theorem of calculus.

0.10. Prove the differentiation rule (
p

x)′ = 1/2
p

x geometri-
cally by considering a square of area x and computing how
much the side grows if the area grows by dx.

(You can visualise dx as a lump of so much clay, which is
to be distributed in an even layer along two sides of the
square, showing that it is literally being “divided out” over
a distance of 2

p
x.)

0.11. Imagine a string wrapped around the earth’s equator. How
much longer would the string need to be for it to be able to
be raised one meter above the earth’s surface at all points?
What if you used a beach ball in place of the earth? How is
this related to derivatives?

0.12. (a) Explain why the following analogy holds: F : f : f ′

:: bank balance : salary : raise.
(b) Explain the meaning of FTC1 and FTC2 in the con-

text of this example.

§ 0.3. Problems

0.13. (a) Explain why investigating the derivatives of sine and
cosine leads to the figure below, and why the things
marked as equal really are equal. Explain also why it
is important that the angle is measured in radians.

cos θ
θ

dθ

dθ

1
1

sin
 θ

-d cos θ

d s
in

 θ

(b) Find the derivatives of sine and cosine using similar
triangles in this figure.

0.14. Above we proved the differentiation rule (xn)′ = nxn−1 in
the first few cases (n = 1,2,3). But how do we know that
it extends also to exponents such as −1 and 1/2? Johann
Bernoulli addresses this question as follows in his 1691 lec-
tures on the calculus.

(a) Find the derivative of 1/x by putting 1
x+dx and 1

x on
a common denominator. (Using the definition of the
derivative.)

(b) Find the derivative of 1/x by letting z = 1/x and dif-
ferentiating x z. (Using the product rule.)

(c) Find the derivative of z =
p

ax + x2 by first squaring
both sides and then differentiating.

(d) Come up with a similar proof for 1/
p

x.

0.15. In pre-revolutionary France, Georges Louis Leclerc,
Comte de Buffon, spent his bourgeois leisure time tossing
needles on the floor.

I suppose that in a room in which the parquet
floor is simply divided by parallel joints, one
throws a stick in the air and one of the players
bets that the stick will not cross any of the paral-
lels of the parquet floor, and that the other bets
on the contrary that the stick will cross some
of these parallels; the chances of these two play-
ers are asked for. [Buffon, Essai d’arithmétique
morale, 1777]

Let’s say that we toss a 1-inch needle on a floor with 2-
inch floor boards going east-west. The position of the nee-
dle is determined by two parameters: the distance y from
the southern end of the needle to the joint to the north of
it, and the angle θ the needle makes with the floorboards.
Thus the possible values of y are 0≤ y < 2 and the possible
values of θ are 0≤ θ <π. Call this the “possibility space.”

(a) Draw a coordinate system with θ and y as the x and y
coordinates respectively, and indicate the possibility
space in this picture. Fill in the blanks: Each point in
this region corresponds to ; for exam-
ple, (π/2,1) corresponds to .

(b) Fill in the blank: The needle will cross a joint if and
only if y < . (Use trigonometry.)

(c) Shade the subset of points of the possibility space sat-
isfying this condition. Find the area of this shaded
region.

(d) The probability of the needle hitting a joint is the area
of this shaded region divided by the total area of the
possibility space. Find the probability.
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0.16. 1
b−a

∫ b
a f (x)dx represents the average value of f (x) on the

interval [a, b].

0 x

y

a c b

y=ƒ

f(c)=fave

(a) Explain why.

The number of hours, H , of daylight in Madrid as a func-
tion of date is approximated by the formula

H = 12+ 2.4 sin(0.0172(t − 80)),

where t is the number of days since the start of the year.

(b) Why is it not surprising that the formula has a sine
function in it? Explain how you can roughly estimate
the period of this function without using a calculator
and see that it is about right.

(c) Find the average number of hours of daylight in Jan-
uary and in the whole year.

0.17. The population P (t ) of a country is growing continuously
at a rate of (1+ t )% per year, where t is the number of
years from today.

(a) Express this fact in terms of P ′(t )/P (t ).

(b) Find
∫ b

a
P ′(t )
P (t ) dt in terms of P (a) and P (b ). Hint: The

integrand is a “logarithmic derivative.”

(c) How many percent bigger will the population be in
ten years compared to today? Hint: Find P (10)/P (0)
using (b).

0.18. Volume of sphere. As the area under y(x) is made up of
rectangles with hight y and base dx, so is the volume of a
sphere made up of cylindrical slices (with thickness dx) as
shown in the figure.

x

y

0 x r

r

_r

y

(a) Find a formula for the volume of such a slice (i.e., base
area times height expressed in terms of r and x).

(b) Sum up the pieces (i.e., integrate your expression) to
find the famous formula for the volume of a sphere.

0.19. Volume of pyramid. In a manner similar to problem 0.18,
the integral

∫

x2 dx can be interpreted as the volume of a
pyramid. Explain how, by interpreting each x2 as an ac-
tual geometrical square. Also show how the well-known
formula for the volume of a pyramid agrees with a well-
known integration rule.

0.20. Social science: index of inequality. Whether a resource is
distributed evenly among members of a population is of-
ten an important political and economical question. How
can we measure this? Suppose F (x) represents the fraction
of the resources owned by the poorest fraction x of the
population. Thus F (0.4) = 0.1 means that the poorest 40%
of the population owns 10% of the resource.

(a) What is F (0) and F (1)? What can you say about
F ′(x)? What would F (x) be if the resources were dis-
tributed evenly?

(b) Sketch what the graph of F (x) might look like for
two countries with very different resource distribu-
tion, such as Sweden and the United States.

Gini’s index of inequality is one way to measure how
evenly the resource is distributed. It is defined as the in-
tegral

2
∫ 1

0
x − F (x)dx.

(c) Show graphically what this integral represents in
terms of the graph of F (x).

(d) What is the maximum possible value of Gini’s index
of inequality? What is the minimum possible value?
Sketch graphs in each case. What is the distribution
of resources in each case?

0.21. Arc length. The formula
∫ b

a

q

1+
�

y ′(x)
�2 dx expresses the

arc length of the curve y(x) from x = a to x = b . This
is really nothing but Pythagoras’ theorem applied to in-
finitesimal triangles:

10.3 Arc Length and Surface Area 477 

10.3 Arc Length and 
Surface Area 
Integration can be used to find the length of graphs in the plane and the area of 
surfaces of revolution. 

In Sections 4.6, 9.1, and 9.2, we developed formulas for areas under and 
between graphs and for volumes of solids of revolution. In this section we 
continue applying integration to geometry and obtain formulas for lengths 
and areas. 

The length of a piece of curve in the plane is sometimes called the arc 
length of the curve. As we did with areas and volumes, we assume that the 
length exists and will try to express it as an integral. For now, we confine our 
attention to curves which are graphs of functions; general curves are consid- 
ered in the next section. 

We shall begin with an argument involving infinitesimals to derive the 
formula for arc length. Following this, a different derivation will be given 
using step functions. The second method is the "honest" one, but it is also 
more technical. 

We consider a curve that is a graph y = f ( x )  from x = a to x = b, as in 
Fig. 10.3.1. The curve may be thought of as being composed of infinitely 

Figure 10.3.1. An 
"infinitesimal segment" of 
the graph off. 

many infinitesimally short segments. By the theorem of Pythagoras, the length 
ds of each segment is equal to ddx2 + dy2 .  But dy/dx = f ( x ) ,  so dy = 

f ( x ) ~ x  and ds = J dx2 + f ( x ) ] ~ ~ x ~  = 7 1 + [ y ( X I ]  dx. TO get the total 

length, we add up all the infinitesimal lengths: 

Suppose that the function f is continuous on [a,  b],  and that the deriva- 
tive f ' exists and is continuous (except possibly at finitely many points) 
on [a,  b]. Then the length of the graph off on [a, b] is: 

Let us check that formula (1) gives the right result for the length of an arc of a 
circle. 

Copyright 1985 Springer-Verlag.  All rights reserved.

(a) Show how the arc length formula follows from this
idea. Hint: Factor out dx.

(b) Show the graph of the semi-cubical parabola y2 = x3

and find its arc length from (0,0) to (1,1).

§ 1. Introduction to differential equations

§ 1.1. Lecture

In many real-world scenarios we want to know the value of a
certain function but we know, initially, only its derivative. If I
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put some money in the bank I may want to know how much
I will have some years from now, for example when I retire.
But this is not what the bank tells me. Instead they tell me
the interest rate; that is to say, the rate at which the money is
growing, or the derivative. In physics it’s even worse. We may
want to know for example the position of a satellite. But, like
the bank, nature doesn’t tell us. We have to start with Newton’s
law

Force = mass × acceleration,

and figure out the position from there. So nature tells us the
second derivative (acceleration) of what we really want to know
(position).

What we are given in these kinds of situations is a differential
equation, i.e., not the function itself but some condition that
its derivatives must fulfil. Differential equations are equations
involving derivatives, such as y ′ = y. In words, this equation
says: the rate of growth is equal to the current amount. So
the more you have the faster it grows. Things that have this
property include money and rabbits.

A solution to a differential equation is a function that satisfies
it. In our example e x is a solution, since if y = e x then y ′ = e x =
y. But there are also other solutions. You can multiply e x by
any constant and it will still solve the equation: if y = c e x then
y ′ = c e x = y.

1.1. What is the real-world meaning of the constant c in the
case of money? In general, constants that occur in solu-
tions to differential equations are determined by plugging
in known initial conditions.

1.2. Match each differential equation with the real-world sce-
nario it models, and explain the meaning of the variables
and constants involved.

A. Growth of population with unlimited resources.

B. Growth of population with limited resources.

C. Motion of pendulum.

D. Body in free fall.

E. Predator-prey system (foxes/rabbits, shark/fish, etc.).

F. Predator-prey system with harvesting (hunting, fish-
ing, etc.).

G. Growth of population with limited resources and
harvesting.

H. Conventional two-army warfare.

I. Conventional army versus guerrilla.

i. y ′′ =−ky

ii. y ′ = ky

iii. y ′′ =−k

iv. y ′ = ky(a− y)− b

v. y ′ = ky(a− y)

vi.
n x ′ =−b y

y ′ =−ax

vii.
n x ′ = ax − b xy − e x

y ′ =−cy + d xy − e y

viii.
n x ′ =−b y

y ′ =−axy

ix.
n x ′ = ax − b xy

y ′ =−cy + d xy

The case of pendulum motion is more important than it might
seem. We shall come back to it later (§4), but for now we can
use it to introduce an important distinction between two types
of equilibria.

1.3. What are the two positions in which a pendulum (with a
rigid rod) can be in equilibrium? What is the qualitative
difference between them?

A useful tool for understanding a differential equation is its di-
rection field. You construct it as follows: pick a point (x, y),
plug these values for x and y into the differential equation, solve
for y ′, and draw a little line segment with this slope at the point
in question. Then you repeat this for many points until you
see the pattern. Let us take the population growth with un-
limited resources as an example. This is the direction field for
y ′ = 0.01y:

100 200 300 400

100

200

300

For example, the slope at the point (0,100) is 1, since plugging
x = 0 and y = 100 into y ′ = 0.01y gives y ′ = 1.

A solution to the differential equation must follow the di-
rection field lines at every point. Thus once we have drawn
the direction field we can easily see what the solutions of the
equation will look like. Here I have drawn the solution curves
corresponding to initial populations of 2, 10, and 50:

100 200 300 400

100

200

300

We see that the “biblical” case is slow to get off the ground.

1.4. If we ignore air resistance the only force acting on a
falling object is the constant gravitational acceleration (g ≈
9.8 m/sec2 ≈ 10), which gives the differential equation
v ′ =−10.
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(a) Sketch the direction field for this differential equation
(with time on the x-axis and velocity on the y-axis).

(b) Draw two different solution curves and explain what
they represent in real-world terms.

Suppose you fire a gun straight up into the air. The initial
velocity of the bullet is 1000 meters/second.

(c) Solve the differential equation for v as a function of t
with the given initial condition.

(d) Find the height of the bullet as a function of time.

(e) With what velocity does the bullet strike the ground
when it lands?

Of course this is unrealistic. The resistance of the air is
considerable. Experience shows that it is roughly propor-
tional to the square of the velocity. Then the differential
equation is something like v ′ =−10− 0.004v |v |.

(f ) Why did I write v |v | instead of v2? Hint: Consider
the difference between going up and coming down.

(g) With what velocity does the bullet strike the ground
according to this model? Instead of solving the dif-
ferential equation to find this out, use the reasonable
assumption that the descending bullet will reach ter-
minal velocity (i.e., a velocity at which it is no longer
accelerating) before hitting the ground.

§ 1.2. Think about it

1.5. It makes sense that Newton’s law F = ma has acceleration
in it, because to stand still and to move with constant ve-
locity is physically equivalent. That is, no physical experi-
ment can tell one state from the other. This was known to
Galileo, who explained it as follows in his Dialogue Con-
cerning the Two Chief World Systems.

Shut yourself up with some friend in the main cabin below
decks on some large ship, and have with you there some
flies, butterflies, and other small flying animals. Have a large
bowl of water with some fish in it; hang up a bottle that
empties drop by drop into a wide vessel beneath it. With the
ship standing still, observe carefully how the little animals
fly with equal speed to all sides of the cabin. The fish swim
indifferently in all directions; the drops fall into the vessel
beneath; and, in throwing something to your friend, you
need throw it no more strongly in one direction than an-
other, the distances being equal; jumping with your feet to-
gether, you pass equal spaces in every direction. When you
have observed all these things carefully (though doubtless
when the ship is standing still everything must happen in
this way), have the ship proceed with any speed you like, so
long as the motion is uniform and not fluctuating this way
and that. You will discover not the least change in all the
effects named, nor could you tell from any of them whether
the ship was moving or standing still. In jumping, you will
pass on the floor the same spaces as before, nor will you
make larger jumps toward the stern than toward the prow
even though the ship is moving quite rapidly, despite the fact
that during the time that you are in the air the floor under
you will be going in a direction opposite to your jump. In
throwing something to your companion, you will need no
more force to get it to him whether he is in the direction of
the bow or the stern, with yourself situated opposite. The

droplets will fall as before into the vessel beneath without
dropping toward the stern, although while the drops are in
the air the ship runs many spans. The fish in their water
will swim toward the front of their bowl with no more ef-
fort than toward the back, and will go with equal ease to bait
placed anywhere around the edges of the bowl. Finally the
butterflies and flies will continue their flights indifferently
toward every side, nor will it ever happen that they are con-
centrated toward the stern, as if tired out from keeping up
with the course of the ship, from which they will have been
separated during long intervals by keeping themselves in the
air. And if smoke is made by burning some incense, it will
be seen going up in the form of a little cloud, remaining still
and moving no more toward one side than the other.

This means that physical laws cannot speak directly about
velocity. An observer on the shore thinks the guy in the
ship is moving; but the guy in the ship could claim that he
is in fact standing still and that it is the guy on the shore
that is moving. As we just saw, no physical experiment can
settle their dispute, so they must both be considered to be
equally right so far as physics is concerned. Nature does
not distinguish between them, so her laws must be equally
true for both of them.

To illustrate this more formally, let the person on the shore
be the origin of a coordinate system, and let the ship be
traveling in the positive x-direction with constant velocity
v. Now imagine releasing a butterfly inside the ship, in the
manner described by Galileo. Suppose the butterfly moves
in the x-direction only, and let X (t ) be its position in the
coordinate system of an observer on the ship (i.e., taking a
point inside the ship as the origin).

(a) Find the general formula for the position of the but-
terfly in the coordinate system of the observer on the
shore.

(b) Express the position, velocity, and acceleration of the
butterfly in terms of both coordinate systems.

(c) What is the conclusion?

1.6. A disease spreads in proportion to the number of encoun-
ters between infected and healthy individuals. Therefore
its differential equation is p ′ = k p(n − p), where p is the
infected and n the total population.

(a) By rewriting the equation in the form of the popu-
lation growth model in problem 1.2, show that “the
growth of a population is the spread of the disease of
life,” so to speak. Differential equations often reveal
analogies like this.

(b) Elaborate on this analogy by explaining the corre-
spondence between the meanings of the variables,
constants and underlying mechanisms in these two
cases.

§ 1.3. Problems

1.7. (a) One of the differential equations in problem 1.2 de-
scribes the growth of a population with limited re-
sources and harvesting, such as the population of fish
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in a lake that is being fished by humans. Which one?
Explain briefly the real-world meaning of the terms
in the equation.

(b) Consider the case where k = 0.01, a = 1000, b =
900. Find the equilibrium values of y. What do they
represent in real-world terms?

(c) Sketch a direction field for this differential equation
(either by hand or by computer).

(d) There is a qualitative difference between the two
equilibria—what is it? Hint: What happens if you
increase harvesting temporarily for one week?

(e) ? One of the equilibrium values is lower than b . Ex-
plain why this might at first seem paradoxical in view
of the real-world meaning of these values. Neverthe-
less the model makes sense even with these values for
the constants. How can this be?

(f) Other constants remaining as above, what is the high-
est harvesting rate that can be maintained without
eventually depleting the fish population (assuming
that the initial population is large enough)?

(g) Draw the direction fields for this rate of fishing, and
for a higher rate of fishing. Explain what these pic-
tures show.

1.8. This problem is based on the differential equations for war-
fare in problem 1.2.

(a) In these equations, the derivatives are taken with re-
spect to time. So y ′ means dy

dt . But by dividing one
equation by the other we can obtain a new equation
involving only dy

dx and no t . Do this.

(b) Draw the corresponding direction field and explain
how the course of a battle is reflected in this picture.
Treat both the case where the armies have equal fight-
ing efficiency and a case where one army is stronger.

(c) Use direction fields to illustrate what happens if one
army receives troop reinforcements mid-battle.

(d) What if they receive better weaponry mid-battle in-
stead, increasing their killing efficiency? Discuss
what happens in terms of direction fields.

(e) Repeat the same analysis for conventional-versus-
guerilla warfare.

§ 2. Separation of variables, partial fractions

§ 2.1. Lecture

The simplest strategy for solving differential equations is separa-
tion of variables: move all x’s to one side and all y’s to the other,
then integrate both sides. Thus if we have the equation dy

dx = x2y
we rewrite it as dy/y = x2dx and then integrate both sides to get
log|y|= x3/3+C , or y =±e x3/3+C .

This example alerts us to some technical points that often
come up in this context. First of all you may be upset that I

included the constant of integration only on the right hand side
of the equation, even though I integrated both sides. But this
comes to the same thing, for if I had included constants on both
sides, say C1 on the left and C2 on the right, then I could just
move them to the same side to get C2−C1 on the right, which
we might as well denote by a single letter C since a constant mi-
nus a constant is just another constant. Also, we dislike having
constants in the exponents; it’s impractical. Therefore the stan-
dard trick in these kinds of situations is to rewrite the solution
as y = e x3/3+C = e x3/3eC = Ae x3/3. Again, eC is just another
constant so there is no point in writing it this way. It is neater
to just give it its own letter, A.

2.1. Solve the differential equation for population growth with
unlimited resources (from problem 1.2). Note that our
manner of rewriting constants makes the final constant
easy to interpret in real-world terms.

2.2. Find the equations for warfare in problem 1.2. For the
conventional warfare case, we shall now prove the famous
military-strategic maxim “never divide your forces,” or, if
you prefer, “divide and conquer” (divide the enemy, that
is).

(a) In these equations, the derivatives are taken with re-
spect to time. So y ′ means dy

dt . But by dividing one
equation by the other we can obtain a new equation
involving only dy

dx and no t . Do this.
(b) Solve this differential equation.
(c) What is the real-world meaning of the constant of in-

tegration? Hint: Consider the cases where one army
has been depleted.

Suppose you and the enemy have equal fighting efficiency,
a = b = 1. You have 5000 soldiers and the enemy has 7000.

(d) If you took the enemy head on, how many of their
soldiers would survive the battle and march on to-
ward your capital?

(e) Suppose you managed to split the enemy into two
groups of 4000 and 3000 soldiers, for example by
blowing up a bridge. If you take them on one at a
time, how many enemies will survive to march on
your capital in this case?

(f) Solve the equations for guerrilla warfare. Does the
same maxim apply in this case?

If you look back at the differential equation for population
growth with limited resources and try to solve it by separation
of variables you will find that it leads to an integral that we can-
not yet evaluate. You need to integrate a function with several
factors in the denominator, namely something like

∫ 1

x(1− x)
dx.

The trick here is to split the integrand into partial fractions:

1

x(1− x)
=

A

x
+

B

1− x
.
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So I gave each factor of the denominator its own fraction, leav-
ing the numerators as unknown constants. I say that we can
in fact find numbers A and B that make this equation true. To
find these numbers, multiply both sides by x(1− x) to clear the
denominators. This gives us 1 = A(1− x) + B x. Now, for the
partial fraction decomposition to be valid this equation must be
true for any value of x. So in particular it must be true if we
plug in x = 1, for instance. I chose this value of x because it
simplifies the equation so nicely; in fact, the equation now says
1 = B , so we have figured out one of our constants. Another
clever choice of x will be the other root, x = 0, which gives
1=A. So actually both constants are 1. Therefore
∫ 1

x(1− x)
dx=

∫ 1

x
+

1

1− x
dx= log|x| − log|1− x|+C .

2.3. Find
∫ 3+x

x2−4
dx.

§ 2.2. Think about it

2.4. Geometrical interpretation of separation of variables. Ex-
plain how solving y ′ = y by separation of variables cor-
responds to the figure below. Areas in the same shade are
equal. The point generalises to any separable differential
equation.

2.5. Consider a differential equation with separated variables,
f (x)dx = g (y)dy, to be solved for the initial condition
y(x0) = y0. Instead of taking the indefinite integral of both
sides and including a constant of integration we can take
the definite integrals

∫ x
x0

f (x)dx =
∫ y

y0
g (y)dy which gives

us the solution directly, bypassing the need for the con-
stant of integration. Use problem 2.4 to explain why this
works.

2.6. When solving differential equations it is often important
to write log|x| rather than log x for the antiderivative of
1/x. This may seem like a hassle. Of course, when the
logarithm is defined as in problem 0.5 it only exists for
positive numbers, but what’s stopping us from simply ex-
tending the definition to include negative numbers as well,
so that log x = log|x|, which would spare us the trouble of
writing the absolute value bars all the time? Hint: What
are some other important properties that we want the log-
arithm function to have?

§ 2.3. Problems

2.7. Forensic medicine. Newton’s law of cooling says that the
temperature, H , of a hot object decreases at a rate propor-
tional to the difference between its temperature and that of
its surroundings, S:

dH

dt
=−k(H − S)

(a) ? If you stir your coffee, does it cool faster or slower?
How is this reflected in Newton’s law?

The body of a murder victim is found at noon in a room
with a constant temperature of 20◦C. At noon the temper-
ature of the body is 35◦C; two hours later the temperature
of the body is 33◦C.

(b) Find the temperature of the body as a function of t ,
the time in hours since it was found.

(c) Explain how you can check your work by consider-
ing the cases t = 0 and t →∞.

(d) When did the murder occur? Assume that the victim
had the normal body temperature 37◦C at the time
of the murder. Provide the answer in both exact and
decimal form.

2.8. Above we noted that many second-order differential equa-
tions arise from Newton’s law: force=mass×acceleration.
However, the actual Newton’s law is not F = ma but
F = d

dt (mv).

(a) Explain in terms of rules of differentiation why these
two forms of the law are often equivalent in practice.

The saying that something relatively easy is “not rocket
science” was perhaps coined by someone familiar with this
distinction, because in rocket science it is in fact necessary
to use the more complicated form F = d

dt (mv). Consider
a rocket in outer space with no external forces acting on it.
Then mv is constant since d

dt (mv) = F = 0. But the rocket
can still move forward by throwing out parts of its mass in
the form of exhaust products, say with velocity−b relative
to the ship. Thus for any infinitesimal time period dt we
have the following “before” and “after” scenarios:

Now Newton’s law says:

(ship’s mv at time t ) = (ship’s mv at time t + dt)
+ (exhaust product’s mv at time t + dt)

(b) Show that this leads to the differential equation

dv

dm
=−

b

m
.
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(The term dm dv can be discarded since it is doubly
infinitesimal and thus negligibly small.)

(c) Solve the differential equation. (Find v as a function
of m, i.e., your answer should have the form v = · · · )

You have a choice between two space ships. Ship A has a
mass of m = 1 and an exhaust velocity of b = 1. Ship B
also has a mass of m = 1 but has an exhaust velocity of
b = 2. Ship A is cheaper so if you buy it you can afford
more fuel: a mass of 2 instead of just a mass of 1 if you
buy Ship B. Thus when you start your journey (from rest,
v = 0) the masses of the ships would be m = 3 and m = 2
respectively for Ship A and Ship B.

(d) Use these initial conditions to determine the value of
the constant in your expression for v for each ship.

(e) Which ship has a higher terminal velocity (i.e., ve-
locity when fuel is exhausted, i.e., when m =
ship’s mass = 1)?

(f) Draw the direction field for the differential equation
for dv/dm and explain what it shows.

2.9. Since atmospheric pressure decreases when you climb a
mountain, it ought to be possible to determine one’s al-
titude simply by measuring the atmospheric pressure. In-
deed, in this problem we shall derive a formula which does
precisely this.

For this purpose we need Boyle’s law of gases, which states
that pressure p is proportional to density σ , i.e., p = aσ ,
for some constant a. Boyle discovered this law in 1662 us-
ing “a long glass-tube, which, by a dexterous hand and the
help of a lamp, was in such a manner crooked at the bot-
tom, that the part turned up was almost parallel to the rest
of the tube.” The pressure exerted on the enclosed air is
the combined effect of the atmospheric pressure p0 and the
weight of the excess mercury (measured by h). The den-
sity of the enclosed air is of course readily measured by v.
Thus, by pouring in more mercury, we can test the effect
of an increase in pressure on density, which reveals Boyle’s
law: every unit increase in pressure causes an increase in
density of a units.

p0

air

m
er
cu
ryv

h

The atmospheric pressure p(h) at any given altitude h is
determined by the weight of the “column of air” weighing

down upon it, i.e.,

p(h) =
∫ ∞

h
σ(λ)dλ,

where σ(λ) is the density of the air at height λ. (We know
that this weight is considerable because trees are made out
of air.) In terms of the pressure p0 at the earth’s surface,
this can be rewritten as

p(h) = p0− .

(a) Fill in the blank in this equation with an appropriate
integral.

(b) Use Boyle’s law to eliminate density from this equa-
tion (and replace it with pressure).

The resulting formula relates pressure to altitude, which is
what we wanted. However, the formula is quite useless as a
means of determining altitude since evaluating the integral
experimentally would require measuring pressure at many
different intervals of height.

(c) Remarkably, this problem can be alleviated by differ-
entiating both sides. Do so!

(d) Solve the resulting differential equation for p as a
function of h.

(e) Explain how you can check your work by consider-
ing the physical meaning of p(∞).

(f ) Determine the constant of integration by considering
the special case p(0).

(g) Solve for h as a function of p.

This formula gives an easy way of finding the altitude from
the pressure, as sought. Note that the constants in the fi-
nal formula are easily determined once and for all, so that
pressure is indeed the only input that needs to be measured
in the field.

(h) ? Does the formula also work below sea level?

The “column of air” part of the argument may have both-
ered you. Robert Hooke (Micrographia, 1665) explains it as
follows: “I say Cylinder, not a piece of a cone, because, as
I may elsewhere shew in the Explication of Gravity, that
triplicate proportion of the shels of a Sphere, to their re-
spective diameters, I suppose to be removed by the decrease
of the power of Gravity.” In other words, while the base
area of a cone with its vertex at the surface of the earth is as
the height squared, gravity is as the inverse height squared,
meaning that the weight is equivalent to that of a cylinder
with constant gravity.

2.10. Radiocarbon dating. Carbon is an essential atom in plants
and animals. Plants absorb it through carbon dioxide in
the atmosphere and animals absorb it through their food.
A small portion of this carbon is in the form of the iso-
tope 14C (“carbon-14”). This isotope is radioactive, mean-
ing that it is in an unstable state and will eventually re-
vert into another form without external influence. This
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unnatural state is created by cosmic radiation, which con-
verts nitrogen into 14C. Left to its own devises, the 14C will
eventually decay back to nitrogen. However, this may not
happen until many years later. 14C decays in proportion to
the amount present at such a rate that in 5730 years only
half of the isotopes originally present have decayed back
into nitrogen.

(a) Use this information to express and solve a differen-
tial equation for the amount y of 14C as a function of
time t measured in years.

Living organisms continually replace their carbon, so their
14C levels are kept at a constant level. However, when a
plant or animal dies, it stops replacing its carbon and the
amount of 14C begins to decrease through radioactive de-
cay. Thus any dead organic material can be dated on the
basis of its 14C content.

(b) In antiquity precious treatises were written on parch-
ment (dried animal skin). A parchment has 80% as
much 14C as living material. Estimate the age of the
parchment.

Unfortunately, during the dark ages parchment itself came
to be considered more valuable than the treatises written
upon it, whence the old texts were washed off and replaced
with new ones. A very important treatise by Archimedes
was almost lost in this way. It was miraculously rediscov-
ered only in 1906 in a Contatinople library. The washed-
out text by Archimedes was barely legible underneath the
run-of-the-mill religious text written across it.

2.11. (a) In problem 1.2, find the equation that represents pop-
ulation growth with limited resources and explain
briefly the meaning of the terms.

(b) For the case of the human species inhabiting the
earth, make a rough estimate as to the values of the
constants in the equation. Explain your reasoning.

(c) Write down the solution to the differential equation,
either by solving it yourself or by using a computer

(d) Use the “biblical” case of an initial population of 2
to determine the constant of integration and sketch
(possibly with computer assistance) the graph for this
case.

(e) Mark the present-day population on the graph. How
many years after t = 0 is it?

(f) At what population size does the inflection point
occur? Inflection point means the point where
the graph switches from concave up (turning up-
wards/counterclockwise) to concave down (turning
downwards/clockwise). Compute the answer exactly
(i.e., do not estimate from the graph). Hint: Use the
differential equation instead of the formula for the
population.

(g) Complete the sentence: “When population growth
stops accelerating, the population has reached

.”

2.12. Problems about balls rolling frictionlessly down curved
ramps are reduced to differential equations by the fact that
the speed acquired is equal to the speed of an object in
free fall having covered the same vertical distance. This
is a simple consequence of energy conservation: no mat-
ter how the ball descends, the speed it acquires must be
precisely sufficient to take it back up to its starting point,
whether by the same or any other path. The speed of
an object falling under constant gravitational acceleration
is of course proportional to time, but to characterise the
curve geometrically we do not want time to figure in our
equations. Therefore we note that, since distance fallen is
proportional to time squared, time is proportional to the
square root of the distance fallen.

(a) Prove this by integrating the equation acceleration =
g twice (using the initial conditions corresponding to
an object dropped from rest).

Thus we have speed in geometrical terms as proportional
to the square root of the vertical distance covered. Stated
as a differential equation, this becomes

Æ

dx2+ dy2

dt
= a
p

y.

The appearance of time in this equation is an obstacle to
finding a solution in purely geometrical terms as an equa-
tion in x and y. However, consider the special problem
of finding a curve along which a ball descends at uniform
vertical speed, so that dt= dy.

(b) Sketch a rough guess of what the solution curve will
look like based on your physical intuition.

(c) Find an equation for the solution curve by solving the
differential equation. Graph it and check your guess.

2.13. Chemistry: rate of reaction. Consider a chemical reaction
in which one molecule of reagent A combines with one
molecule of reagent B to produce one molecule of a com-
pound X. The rate at which molecules of X are produced
is proportional to the concentration of the reagents:

dx

dt
= k(a− x)(b − x),

where x is the concentration of X, a, b are the initial con-
centrations of each reagent, in mols per unit volume, and
k is a constant. Let us assume that a < b .

(a) Solve the differential equation to find t as a function
of x. Determine the constant of integration using the
fact that no molecules of the compound X are present
at the beginning of the reaction.

(b) Using a computer or calculator, plot the solution
curve for a = 1, b = 2, k = 1. (Note that the same
graph, when rotated, can be read as a graph of x as a
function of t .)
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(c) Usually one can speed up chemical reactions by in-
creasing the temperature. Suppose this increases k to
2, but reduces each of the concentrations a and b by
10% due to heat expansion of the solution. Plot this
new situation. Is the reaction faster than before?

2.14. In this problem we shall find the shape of a suspension
bridge cable.

We assume that the weight of the roadway and cars is uni-
formly distributed with density w, so that a segment of the
bridge with length x has weight w x. This weight translates
into tension in the cable. In the figure we have indicated
the tension forces T0 and T . If the cable was cut at the
point A or P , then T0 or T indicates the force we would
need to apply at that point to keep the shape of the cable
intact.

Thus there are three forces acting on the cable segment AP :
the tensions T0 and T , and the weight w x. Since the cable
is in equilibrium these forces must cancel out. Therefore
the horizontal component of T must equal T0, and the ver-
tical component of T much equal w x.

(a) Put this into equations by using sin(θ) and cos(θ) to
decompose T into components.

(b) Divide the two equations by each other to obtain an
equation involving tan(θ).

(c) Explain why tan(θ) = y ′, and make this change in the
equation.

(d) Solve the differential equation that arises.

2.15. We shall consider a model for the spread of a disease in
an isolated population, such as the students at a boarding
school like the UCU. There are three variables: S = the
number of susceptibles, the people who are not yet sick
but who could become sick; I = the number of infecteds,

the people who are currently sick; R = the number of re-
covered, or removed, the people who have been sick and
can no longer infect others or be reinfected.

(a) Explain why the following differential equations are
a reasonable model for the spread of the disease:

dS

dt
=−aSI

dI

dt
= aSI − b I

dR

dt
= b I

The UCU has 677 students. Let’s say that one student de-
velops the flu, and that one day later two more students are
infected.

(b) Use the first equation above to estimate a on the basis
of this information.

(c) Let’s say that b = 0.5. What is the real-world mean-
ing of this?

(d) Sketch the direction field (phase plane) for this system
with S on the x-axis and I on the y-axis.
(We really only care about S and I since these are the
variables that determine the course of the epidemic.
Once people fall into R they might as well not exist
as far as the spread of the disease is concerned, so we
do not need R in our analysis.)

(e) Find the equation for I as a function of S and draw its
graph for the case of one initial sick student and the
others all susceptible.

(f) How many students remain uninfected at the end of
the epidemic?

(g) Suppose half the students were vaccinated against the
flu (and thus not part of the susceptible population).
With a and b as above, and I = 1 at t = 0, how many
students remain uninfected in this case? Indicate how
this relates to your direction field.

§ 3. Substitution, integration by parts

§ 3.1. Lecture

What is the integral of 2x cos(x2)? By “guess and check” you can
find the answer sin(x2), which can be verified using the chain
rule. But it is not always so easy to do this kind of “backwards
chain rule” problem in your head. A systematic technique for
such integrals and more is substitution, or change of variables.
To find

∫

2x cos(x2)dx we could introduce the new variable
u = x2. Then du

dx = 2x, so du = 2x dx. So the integral rewrit-
ten in terms of u becomes

∫

2x cos(x2)dx =
∫

cos(x2)(2x dx) =
∫

cos(u)du. This is easy to integrate: it’s sin(u)+C , or, putting
the answer back in terms of x, sin(x2)+C .

This technique always works when we need to integrate
something where a function is “trapped” inside another func-
tion, and the derivative of the trapped function appears on the
outside (give or take a constant). In such a situation we should
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choose the trapped function as our new variable u. For exam-
ple:

∫

x2e x3
dx u = x3

∫

5x
p

1− x2 dx u = 1− x2

∫

cos(8x + 1)dx u = 8x + 1
∫

(cos x)7 sin x dx u = cos x

3.1. Solve the second example. If we drop the 5x the integral
becomes much harder but also much more interesting—
why? See problem 3.3.

Let’s solve another example:
∫π/2

0 sin3 x cos3 x dx. Here it is not
so clear which function is the “trapped” one. It was easier when
we had all sines and one cosine, or the other way around, as in
the last example in the table. But this can easily be arranged, for
the identity sin2 x+cos2 x = 1 enable us to essentially “trade two
cosines for two sines,” or conversely. If we “trade in” two of the
cosines in our integral we get

∫π/2
0 sin3 x(1− sin2 x)cos x dx =

∫π/2
0 sin3 x cos x dx−

∫π/2
0 sin5 x cos x dx. In each of these inte-

grals it is clear that the substitution should be u = sin x. As
always when we make a substitution we immediately take its
derivative, because we are going to need it to replace the dx in
the original integral. In this case du

dx = cos x, so du = cos x dx.
We must also remember the bounds of integration. These are
of course x-values, so when we rewrite the integral in terms of u
we must replace them with the corresponding u-values. For this
we use the basic relation between u and x, namely u = sin x, to
find that the lower bound is u = sin0= 0, and the upper bound
is u = sinπ/2= 1. Altogether we get
∫ π/2

0
sin3 x cos3 x dx=

∫ π/2

0
sin3 x cos x dx−

∫ π/2

0
sin5 x cos x dx

=
∫ 1

0
u3 du−

∫ 1

0
u5 du

=
�

u4

4

�1

0

−
�

u6

6

�1

0

=
1

4
−

1

6
=

1
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3.2. For
∫

sin2 x dx and
∫

cos2 x dx our trading trick doesn’t
work. Instead we need trigonometric double-angle formu-
las.

(a) Find such a formula by expressing the dashed length
in the figure below in two different ways (by Pythago-
ras’ theorem in the left figure and in terms of sines in
the right one).

(b) Use your formula to find
∫

sin2 x dx and
∫

cos2 x dx.

3.3. The area of a circle is equal to that of a triangle with its
radius as height and circumference as base.

(a) Explain how this follows from the figure below.

=

=

(b) Explain why this is equivalent to the school formula
A=πr 2.

(c) What is the geometrical meaning of
∫ 1

0

p

1− x2 dx?

(d) Evaluate this integral by making the substitution x =
sin(u).

(e) Explain how A=πr 2 follows from this.

Like the chain rule, the product rule also has an integral coun-
terpart:

∫

f g ′ = f g −
∫

f ′ g

3.4. Show that this follows immediately from the product rule.
(So there is no need to memorise it as a separate formula.)

This is called integration by parts. Basically it allows us to trade
one integral for another, namely

∫

f g ′ for
∫

f ′ g . For this to
be a profitable trade the integral we bought should be simpler
than the one we sold, i.e., the integral should simplify if we
take the derivative of one factor ( f ) and the antiderivative of
the other (g ′). So good choices for f would be polynomials and
logarithms, because they become simpler when differentiating,
and good choices for g ′ would be sines, cosines, and exponential
functions, because they do not become worse when integrating.
For example:

∫

e x/2x dx f = x g ′ = e x/2

∫

x3 sin x dx f = x3 g ′ = sin x
∫

x2 log x dx f = log x g ′ = x2

In the second case we have to integrate by parts three times to
“run down” the polynomial. In the last case we are forced to
anti-differentiate x2, which in itself makes the integral worse.
But this is a small price to pay for getting a clear shot at the
logarithm, which becomes vastly simpler when differentiating.
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The rest is simple fill-in-the-blanks. The first example above
for instance goes like this:

∫

x
︸︷︷︸

f

e x/2
︸︷︷︸

g ′

dx= x
︸︷︷︸

f

2e x/2
︸ ︷︷ ︸

g

−
∫

1
︸︷︷︸

f ′

2e x/2
︸ ︷︷ ︸

g

dx

= 2xe x/2− 4e x/2+C

3.5. Work out the last example in the table above.

3.6. A less obvious application of integration by parts is to
∫

log x dx. Enable integration by parts by imagining an “in-
visible 1” sitting in front of the logarithm, and then evalu-
ate this integral.

Another special case is integrals such as
∫

sin(x)e x dx. If you try
to solve this by integration by parts you will feel that you are
going in circles: when you have done integration by parts twice
you are back to the same integral that you started with. You
will have something like for example

∫

sin(x)e x dx= sin(x)e x − cos(x)e x −
∫

sin(x)e x dx.

But this is not as pointless as it might look. Just denote the
integral you are looking for by I , so that

I = sin(x)e x − cos(x)e x − I .

Then you can solve for I to get

I =
sin(x)e x − cos(x)e x

2
,

plus a constant of course.

§ 3.2. Think about it

3.7. Geometrical interpretation of integration by parts.

(a) Sketch a schematic representation of the parametric
curve ( f (t ), g (t )). Assume that it is always heading
upwards and to the right.

(b) Pick two points a, b on the horizontal axis and ex-
press the area under the curve between these two
points as an integral.

(c) Draw and express the areas of the axis-parallel rect-
angles with lower-left point at the origin and upper-
right point at ( f (a), g (a)) and ( f (b ), g (b )) respec-
tively.

(d) Explain how the integration by parts formula is geo-
metrically evident from your figure.

3.8. Above we saw how to find the area of a circle in two ways:
by considering it as made up of either “pizza slices” or rect-
angles (y dx). Explain how the same result can also be ob-
tained in a third way by considering the area as made up of
infinitesimally thin concentric rings.

3.9. Integrate 1/2x in two ways: by factoring out 1/2, and by
substituting u = 2x. You will obtain two “different” an-
swers, which are however both correct. Explain.

§ 3.3. Problems

3.10. The tractrix is the curve traced by a weight dragged along
a horizontal surface by a string whose other end moves
along a straight line:

In the physique de salon of 17th century Paris, a pocket
watch on a chain was the preferred way for gentlemen to
trace this curve.

(a) Let’s say that the length of the string is 1. Con-
sider it as the hypothenuse of a triangle with its other
sides parallel to the axes. Draw a figure of this tri-
angle and write in the lengths of its sides (1 for the
hypothenuse, y for the height, and the last side by
Pythagoras’s theorem).

(b) Find a differential equation for the tractrix by equat-
ing two different expressions for its slope: first the
usual dy/dx and then the slope expressed in terms of
the triangle you just drew.

(c) Have a computer solve the differential equation for
x as a function of y, and choose the constant of inte-
gration so that the asymptote (along which the free
end of the string is pulled) is the x-axis and the point
(0,1) corresponds to the vertical position.

The great 17th century Dutch mathematician Christiaan
Huygens was fascinated by the connection between loga-
rithms and the tractrix. It implies, in principle, that many
complicated problems involving logarithms can be solved
by “a little cart or boat,” as he put it. He made extensive
practical experiments as to the most exact way of tracing
the tractrix and concluded that dragging a small floating
object through syrup gave the most reliable results.

3.11. Rashevsky (Looking At History Through Mathematics,
M.I.T. Press, 1968) proposed the following model of the
increase of agnosticism on a historical timescale.

Assume that most people are receptive to common faiths
while a small fraction pN of the total population N is nat-
urally agnostic. Let’s say that the birth rate is b and the
death rate is d , so that N ′ = (b − d )N . The agnostic pop-
ulation N will grow because the agnostics bring up their
children to be agnostic, while a fraction p of other births
are naturally agnostic.

(a) Express this in terms of N
′
.

The agnostics constitute a growing fraction y(t ) of the
population, so that N = yN .
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(b) Take the derivative of both sides in this equation with
respect to time t (note that both N and y are func-
tions of t ).

(c) Show that y ′ = p b (1− y).
(d) Solve this differential equation.

According to Rashevsky, “If we roughly assume that for
religious beliefs . . . only about one person in a thousand
in early antiquity was a ‘natural’ agnostic” (i.e., y(0) = p =
1/1000) and that “the order of magnitude of b is about 10−2

individuals/year,” then “in about the last 10,000 years, the
time that has elapsed since the emergence of mankind from
a primitive state, we find an increase of y from 1/1000 to
only about 1/100,” and indeed “we actually find that all
the major religions . . . still share between them practically
all of humanity.” As for the future, “in 100,000 years the
fraction y . . . will have increased to only about 2/3.”

(e) Find the exact value for the fraction that Rashevsky
has rounded to 2/3.

3.12. The catenary is the equilibrium shape assumed by a chain
suspended from two points:

One speaks of a chain rather than, say, a string since a
chain with very small links is fully flexible and unstretch-
able, as the idealised physical model assumes. It is also
called the sail line, as a sail bowed by the wind is mathe-
matically equivalent to a chain weighed down by gravity.
Galileo mistakenly believed that the catenary is a parabola.
The correct solution, found in the 1690s, was an important
early application of the calculus.

The simplest form of a differential equation for the cate-
nary is

dy

dx
= s

where s is the arc-length of the catenary measured from its
lowest point.

(a) We shall not go into the physics behind this equation
here, but explain how the equation seems plausible
from the figure.

Ultimately, we seek an expression for the catenary in terms
of x and y only, but the differential equation involves also
the variable s . Work around this problem as follows.

(b) Use the basic property of arc lengths ds2 = dx2+ dy2

(this is Pythagoras’s theorem applied to an infinitesi-
mal triangle—see problem 0.21) to eliminate dx in the
differential equation.

(c) Separate the variables in the resulting expression.

(d) Solve the resulting differential equation. Take the
constant of integration to be zero (this corresponds
to a convenient choice of coordinate system).

(e) Solve for s in the resulting expression.

(f) Substitute this expression for s into the original dif-
ferential equation for the catenary.

(g) Verify by differentiation that y = (e x + e−x )/2 is a
solution of the resulting differential equation.

(h) Sketch the graphs of e x , e−x , and the catenary, as well
as the coordinate system axes in the same figure.

The link between the catenary and logarithms led Leibniz
to suggest that measurements on an actual hanging chain
could be used in place of logarithm tables for calculations.
For your amusement I have included below the figure from
Leibniz’s 1692 paper on the “linea catenaria,” as he calls
it. Having solved the problem, you can easily understand
what Leibniz means by “linea logarithmica.”

94 19. SOLUTIO ILLUSTRIS PROBLEMATIS DE FIGURA CHORDAE

accedit horizonti ad leges motus planetarum harmonicas, ad resis-

tentias solidorum, & liquidorum aestimandas) ita posset adhiberi

ad problema Catenarium Galilaei. Id vero vti expetebatur ita mox

factum est. Nam Leibnitius rem eius aggressus, statim successum

habuit, & vt alijs quoque suarum Methodorum exercendarum oc-

casionem daret publice pariter, & literis extra intraque Germaniam

Eruditos inuitauit annuo spatio praestituto. Sed nemo sibi succes-

sisse inquisitionem signiÖcauit praeter Celleberrrimum [H]ugenium,

& ipsius Clari Bernoulli Fratrem, accutissimi, vt vel hinc apparet,

ingenij Iuuenem. Eo tamen discrimine quod Leibnitiana Methodo

(qua & Bernoullus vterque vsus est, & collato studio ad alia porro

cognata problemata egregie progressus) problema fuerit reductum270

ad verum suum genus, scilicet simplicissimum quod haberi poterat,

nempe ad quadraturam Hyperbolae. [H]ugeniana autem solutio etsi

verissima, supponit tamen quadraturam magis compositam, cuius

naturam & reductionem non dabat, vt proinde ex ea de problematis

natura, & gradu non constet. De caetero egregius vbique apparuit

consensus, etsi nulla intercessisset communicatio, non mediocri veri-

tatis indicio apud eos valituro, qui talia per se commode examinare

non possunt. Leibnitij autem constructio maxime Geometrica est,

nec alia melioris generis dari potest, nam certa quadam proportio-

ne semel in vniuersum assumpta, de caetero inueniuntur innumera,

seu quot lubet, puncta lineae quaesitae vera per geometriam
1
ordi-

na[ria]m sine suppositione quadraturarum, quod in Algebram tran-

scendentibus summum est. Hanc igitur placet paucis subbjiccere.

1
geometriam ordinationem E

§ 4. Second-order differential equations

§ 4.1. Lecture

I promised long ago (§1) that pendulum motion is an important
phenomenon. Part of this has to do with its versatility: the
many variants of the pendulum motion problem exhaust the
better part of the theory of second-order differential equations,
as we shall see in this section and next. But our first order of
business is to derive the equation for pendulum motion in its
very simplest case.
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We wish to find s(t ), the elevation of the pendulum measured
along its arc. As always we must start with Newton’s law F =
ma. The force involved is the component of gravity that pulls in
the direction of the tangent; this is −gm sinθ (negative because
it acts to decrease s ), so F = ma says ms′′ =−gm sinθ. Since we
are looking for a differential equation for s(t ) we want s and t
to be the only variables. But θ is also variable, so we must get rid
of it. We could make it sinθ = x/L, which doesn’t seem much
better since x is also variable. But here is the trick: horizontal
displacement is almost equal to displacement along the arc, i.e.,
x ≈ s , at least for small θ. With this approximation we can
get rid of all unwanted variables and obtain ms ′′ = − gm

L s . In
other words, s(t ) is a function such that when you differentiate
it twice you get back the function itself times −g/L. Which
functions behave like this? Well, sin(

p

g/Lt ) does, and you
could also put a constant A in front and it would still work.
And B cos(

p

g/Lt ) does too. So s(t )must have the form

s(t ) =Asin(
Æ

g/Lt )+B cos(
Æ

g/Lt )

for some constants A and B .

4.1. How do we know that we have the complete solution, i.e.,
that there are not even more function satisfying this differ-
ential equation? Argue that it makes sense that a solution
to a differential equation whose highest derivative is of or-
der two (s ′′) has two undetermined constants in it (A and
B) and no more.

4.2. Explain how you can measure the gravitational constant g
using a pendulum. This is how g was measured in New-
ton’s day. Why is this better than timing falling objects?

4.3. Pendulum motion is the archetype of periodic or oscil-
latory phenomena resulting from a “delayed feedback”
mechanism. Explain how a thermostat trying to keep the
temperature of a room at a fixed level can easily lead to a
problem of this type. In particular, why would it involve
second derivatives?

To repeat the above equation schematically, Newton’s law F =
ma in the case of pendulum motion is of the form

−c x = x ′′

Now we wish introduce air resistance. This is another force, so
it will go on the left (F ) side of the equation. Like gravity, it
too is working against the motion of the pendulum, so it has a
minus sign on front of it. But unlike gravity it does not depend

on position but on velocity: the faster you go the more the air
“pushes back.” So the new schematic equation is

−c x − b x ′ = x ′′

Four qualitatively different scenarios are possible:

• The “undamped” (b = 0) pendulum keeps on swinging for-
ever. This is the idealised case where there is no air resis-
tance. It has solutions such as x = cos t .

• The “damped” (b small) pendulum gradually swings
shorter and shorter arcs. This is the realistic case of an or-
dinary pendulum with air resistance. It has solutions such
as x = e−t cosαt .

• The “overdamped” (b big) pendulum goes slowly to its
lowest point without oscillating. This could be for exam-
ple a pendulum submerged in thick syrup. It has solutions
such as x = e−t .

• The “critically damped” pendulum is right on the bound-
ary between damped and overdamped. It has solutions
such as x = e−t + t e−t .

Here are graphs of these four cases:

As you can see, the critically damped case
(dashed) gives a quick yet soft return to equi-
librium. Therefore it is often desirable for ap-
plications such as shock-absorbing suspensions
or the hydraulic arm of a door. These exam-
ples are based on springs rather than pendu-
lums. One could make the case that the spring
rather than the pendulum should be the real
archetype for the theory of second-order differ-
ential equations. In fact, the differential equa-
tion we derived above holds exactly for springs,
whereas it holds only approximately for pendu-
lums (because of our approximation horizontal displacement≈
arc).

4.4. Derive the differential equation for a spring from Hooke’s
law “ut tensio, sic vis” (“as the extension, so the force,”
i.e., force is proportional to the displacement of the weight
from its equilibrium position).

Nevertheless I prefer the pendulum as my archetype. Its ben-
efits include: the physics behind it is of much greater gener-
ality (F = ma and gravity versus Hooke’s law); it exemplifies
both stable and unstable equilibria in their purest forms; we
have greater intuition about it and encounter it more frequently
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in everyday life. This last point makes a difference especially
when “forcing” is introduced, i.e., when the pendulum is being
pushed by an external force, like a child on a swing being pushed
by a parent. Our schematic equation for a pendulum left to its
own devices can be rewritten as

x ′′+ b x ′+ c x = 0

With forcing this becomes

x ′′+ b x ′+ c x = f (t )

So the forcing term “doesn’t care about x”; it imposes itself fol-
lowing its own formula regardless of what the pendulum is do-
ing at that time. It is in fact often true for differential equa-
tions more generally that the terms involving the function and
its derivatives represent the internal dynamics of the situation
while other terms represent external forces artificially imposed
upon it from without.

4.5. Go back to problem 1.2 and see if you can find some other
such examples.

There is a systematic way of solving all second-oder differential
equations with constant coefficients. For the “homogenous”
(i.e., non-forced) case x ′′ + b x ′ + c x = 0, the strategy is to
first solve a related quadratic equation, the “characteristic equa-
tion” m2 + b m + c = 0. So the power of m in this quadratic
equation equals the order of the derivative in the differential
equation. If this equation has two distinct real roots m1, m2,
then the solution is x(t ) = Ae m1 t + Be m2 t . If the characteris-
tic equation has a double root m1 = m2 then the solution is
x(t ) =Ae m1 t+B t e m1 t . These are the overdamped and critically
damped cases. The oscillating cases will come from characteris-
tic equations that have no real roots at all, such as x2 + 1 = 0.
Such cases will be treated in the next section.

We know that we have found all solutions in this way since
a general solution for a second-order problem should have two
constants in it (as in problem 4.1). It doesn’t really matter how
we found the solutions because once we have them we can ver-
ify them by simply plugging them into the differential equation.
Nevertheless one may wonder where the idea of the character-
istic equation came from. The heuristic behind it is that one
guesses that there will be a solution of the form e mt and then
plugs this in, giving

(e mt )′′+ b (e mt )′+ c e mt = (m2+ b m+ c)e mt = 0

Since e mt is always positive, m2 + b m + c must be zero, and
thus we are led to the characteristic equation.

So much for the homogenous case. When a forcing term is
present one must split the problem into two parts. First throw
away the forcing term and solve the corresponding homogenous
case as above. Call the solution xh . Then find a particular so-
lution to the forced equation, call it xp . Adding these two solu-
tions together solves the general equation since

(xh + xp )
′′+ b (xh + xp )

′+ c(xh + xp )

=
�

x ′′h + b x ′h + c xh

�

+
�

x ′′p + b x ′p + c xp

�

= f (t )

Fine, but how do we find the particular solution? By educated
guess-and-check.

If f (t ) has this form: Try this as xp :

C eat Aeat

C sinat Asinat +B cosat

C cosat Asinat +B cosat

C0+C1 t +C2 t 2+ · · ·+Cn t n A0+A1 t +A2 t 2+ · · ·+An t n

combination of the above combination of the above

So basically we just mimic the form of the forcing term but
stick undetermined constants in front of every term. Then we
plug this guess into the equation to determine the constants.

4.6. Solve x ′′+ x ′− 2x = 4t .

A special case not covered by this form of educated guessing
is the equation x ′′ + c2x = Acos ct , which has the particular
solution x(t ) = A

2c t sin ct . Similarly x ′′+ c2x = Asin ct has the
particular solution x(t ) =− A

2c t cos ct .

4.7. Interpret these special cases in terms of a child on a swing.

§ 5. Complex numbers and differential equations

§ 5.1. Lecture

In the last section we learned how to solve second-order differ-
ential equations using the characteristic equation. However, we
did not know what to do when the characteristic equation had
no real roots, such as x2 + 1 = 0. We shall now see that these
cases can be handled in much the same way as above once we in-
troduce complex numbers, an expanded universe of numbers in
which any polynomial equation has as many roots as its degree.

Complex numbers are a generalisation of ordinary real num-
bers into one more dimension. So in this universe numbers are
arrows such as these:

2 Geometry and Complex Arithmetic 

The root cause of all this trouble seems to have been a psychological or philo- 
sophical block. How could one investigate these matters with enthusiasm or confi- 
dence when nobody felt they knew the answer to the question, "What is a complex 
number?" 

A satisfactory answer to this question was only found at the end of the eigh- 
teenth century2. Independently, and in rapid succession, Wessel, Argand, and 
Gauss all recognized that complex numbers could be given a simple, concrete, 
geometric interpretation as points (or vectors) in the plane: The mystical quantity 
a + i b  should be viewed simply as the point in the xy-plane having Cartesian 
coordinates (a ,  b ) ,  or equivalently as the vector connecting the origin to that point. 
See [I]. When thought of in this way, the plane is denoted C and is called the 
complex plane3. 

Figure [I] 
The operations of adding or multiplying two complex numbers could now be 

given equally definite meanings as geometric operations on the two corresponding 
points (or vectors) in the plane. The rule for addition is illustrated in [2a]: 

The sum A+ B of two complex numbers is given by the parallelogram 
rule of ordinary vector addition. (1 

Note that this is consistent with [I], in the sense that 4 + 3i (for example) is indeed 
the sum of 4 and 3i. 

Figure [2b] illustrates the much less obvious rule for multiplication: 

The length of A B is the product of the lengths of A and B, and the 
angle of A B is the sum of the angles of A and B. (2) 

This rule is not forced on us in any obvious way by [I], but note that it is at least 
consistent with it, in the sense that 3i (for example) is indeed the product of 3 and 

2 ~ a l l i s  almost hit on the answer in 1673; see Stillwell [1989, p. 1911 for an account of this 
interesting near miss. 

3 ~ l s o  known as the "Gauss plane" or the "Argand plane". 

Now we ask ourselves: how does one add and multiply such
numbers? The goal of generalisation is to retain old things but
to think of them in new ways that give them wider applicability.

5.1. Give a recipe for addition and multiplication that agrees
with ordinary arithmetic whenever the arrows are on the
real line, but which is equally applicable to any two arrows
in the plane.
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You will find that there is only one sensible answer, namely the
one illustrated here: Introduction 3 

Figure [2] 
i. Check this for yourself. As a more exciting example, consider the product of i 
with itself. Since i has unit length and angle (n/2), i2 has unit length and angle 
7 t . ~ h u s i ~  = -1. 

The publication of the geometric interpretation by Wessel and by Argand went 
all but unnoticed, but the reputation of Gauss (as great then as it is now) ensured 
wide dissemination and acceptance of complex numbers as points in the plane. 
Perhaps less important than the details of this new interpretation (at least initially) 
was the mere fact that there now existed some way of making sense of these 
numbers-that they were now legitimate objects of investigation. In any event, the 
floodgates of invention were about to open. 

It had taken more than two and a half centuries to come to terms with complex 
numbers, but the development of a beautiful new theory of how to do calculus 
with such numbers (what we now call complex analysis) was astonishingly rapid. 
Most of the fundamental results were obtained (by Cauchy, Riemann, and others) 
between 1814 and 1851-a span of less than forty years! 

Other views of the history of the subject are certainly possible. For example, 
Stewart and Tall [1983, p. 71 suggest that the geometric interpretation4 was some- 
what incidental to the explosive development of complex analysis. However, it 
should be noted that Riemann's ideas, in particular, would simply not have been 
possible without prior knowledge of the geometry of the complex plane. 

2 Bombelli's "Wild Thought" 
The power and beauty of complex analysis ultimately springs from the multipli- 
cation rule (2) in conjunction with the addition rule (1). These rules were first 
discovered by Bombelli in symbolic form; more than two centuries passed before 
the complex plane revealed figure [2]. Since we merely plucked the rules out of 
thin air, let us return to the sixteenth century in order to understand their algebraic 
origins. 

Many texts seek to introduce complex numbers with a convenient historical 
fiction based on solving quadratic equations, 

4 ~ e  must protest one piece of their evidence: Wallis did not possess the geometric interpretation 
in 1673; see footnote 2. 

In particular, when we multiply complex numbers we multi-
ply the lengths and add the angles. Already we are realising that
complex numbers have two faces. On the one hand they are
points in the plane and can be characterised by their x and y co-
ordinates. When we think of complex numbers in this way we
write them as a + b i . The i is for “imaginary.” It is a number
such that i2 =−1, which certainly tests the imagination.

5.2. Explain why i corresponds to the point (0,1).

On the other hand complex numbers can also be usefully char-
acterised in terms of their length r and the angle θ that they
make with the x-axis. In this case we write them in the “polar
form” r e iθ.

These two notations make it easy to do algebra with complex
numbers. In the a + b i notation we just do ordinary algebra
with the added rule i2 =−1. And in the polar form r e iθ we are
free to use the usual laws of exponents. Indeed, note that the
algebraic identity r1e iθ1 r2e iθ2 = r1 r2e i(θ1+θ2) reflects precisely
our geometrical definition of multiplication of complex num-
bers. This convenient fit between algebra and geometry is why
this notation is chosen.

5.3. Show that e iθ = cosθ+ i sinθ. This is an important bridge
between the two notations.

5.4. (a) Solve the equation x2− 2x + 2 = 0 in complex num-
bers using the usual solution formula for quadratic
equations

x =
−b ±

p

b 2− 4ac

2a

and the fact that
p
−1= i .

(b) Express the roots in both notations.

(c) For one of the roots x, draw x2, −2x, and 2 in the
complex plane, and note what happens when you add
them together.

Complex numbers certainly take some getting used to. It’s an
acquired taste. The first discoverer of complex numbers even
called them “as subtle as they are useless” (see problem 5.11)—
not a very common reception for a good mathematical idea. So
if you are initially a little reluctant to embrace them you can
count yourself in good company. But in subsequent centuries
these underdog numbers gradually triumphed over adversity by
proving themselves useful again and again in field after field. So
I believe you will learn to love them one day too. In this course
we only have time for one of their many applications, to which
we now turn.

Suppose we want to solve x ′′ + b x ′ + c x = 0 and find that
the characteristic equation m2 + b m + c = 0 has the complex
roots m = a± bi (complex roots always come in pairs like this).
If we proceed as above we would then have solutions of the
form x(t ) =Ae (a+bi)t +Be (a−bi )t . But of course we do not want
complex numbers in our solution since we are interested in real
things like pendulums. We therefore break apart the complex
exponentials using problem 5.3,

e (a+bi )t = eat e bti = eat (cos bt + i sin bt ),

and then just stick constants in front of every term to get the
final answer

x(t ) =Aeat cos bt +Beat sin bt .

As always, we can verify our answer by plugging it back into
the original equation, and we know that it is the most general
solution since it has as many constants as the order of the equa-
tion. Note that we only need to break apart one of the complex
exponentials to get all real solutions. The other one, e (a−bi)t ,
would not add anything new since the constants will “eat up”
the minus sign.

5.5. (Continuation of 5.4.) Solve x ′′ − 2x ′ + 2x = 0 given the
initial conditions x(0) = 1 and x ′(0) = 0.

5.6. What values of a and b correspond to undamped and
damped pendulum motion respectively? Are there any
other possibilities?

§ 5.2. Think about it

5.7. The appearance of the number e in the polar form of com-
plex numbers may seem mysterious.

(a) Study again the justification for this notation given in
the lecture and argue that e could just as well be re-
placed by, say, the number 3 so far as this justification
is concerned.

(b) However, make a case for e on the basis of its distinc-
tive property (e x )′ = e x , not shared by other expo-
nential functions.

Once we have studied power series you can see another
technical reason (or is it the same reason in disguise?) to
prefer e as the base here by expanding both sides of the
identity in problem 5.3 using the series in problem 7.2.

17



5.8. Explain what is wrong in the following argument:

−2=
p
−2
p
−2=

Æ

(−2)(−2) =
p

4= 2

§ 5.3. Problems

5.9. When we know complex numbers we no longer need to
memorise the trigonometric addition formulas

sin(α+β) = sin(α)cos(β)+ sin(β)cos(α)

cos(α+β) = cos(α)cos(β)− sin(α) sin(β)

because we can easily rederive them by simply multiply-
ing e iα by e iβ. Show how. (Express the product in two
different ways and identify real and imaginary parts.)

5.10. (a) What is i i ? Hint: Use polar form.

(b) Explain how (1− i)10 can be found by virtually no
calculations at all, by simply reasoning in terms of
angles and lengths.

(c) For what value of a are there multiple solutions to
�

1−i
a

�x
=
�

1−i
a

�10
? Find the possible values for x.

(d) Shade in the complex plane the set of all complex
numbers z such that |z |< 1.

(e) Do the same for |z + i |< 1.

(f) And for Re(z2)< 0.

5.11. With complex numbers we can solve any quadratic equa-
tion, or so the textbooks tell us. But what kind of “so-
lutions” are these weird things with i ’s in them anyway?
Indeed, the first person to publish on complex numbers,
Cardano in his 1545 treatise Ars magna, called them “as
subtle as they are useless.” Since some students may share
Cardano’s lack of enthusiasm about complex numbers it
may be interesting to see what compelled mathematicians
to recognise the value of complex numbers despite this
natural reluctance. What convinced people were not the
quadratic equations found in textbooks today but rather
cubic ones, i.e., equations of degree 3. For cubic equations
there is a formula analogous to the common quadratic for-
mula, namely the solution of y3 = p y + q is

y =
3

s

q

2
+

È

� q

2

�2
−
� p

3

�3
+

3

s

q

2
−

È

� q

2

�2
−
� p

3

�3
.

(a) Apply the formula to x3 = 15x + 4. The two cube
roots that arise are in fact equal to 2+ i and 2− i .
Check this!

(b) So what solution does the formula give? Is it correct?

The conclusion is that even if you think answers with i ’s in
them are hocus-pocus you still have to admit that complex
numbers are useful for answering questions about ordinary
real numbers as well.

5.12. Suppose we dig a straight, frictionless tunnel from New
York to Paris. Then, if we jump into the tunnel at New
York, gravity will transport us to Paris in less than 45 min-
utes. Newton proved this already in the 17th century; let
us do the same.

The motion is of course governed by F = ma. The force
in question is gravity. The gravitational pull exerted on an
object with mass m inside the earth at a distance r from
the center of the earth is F = GM

R3 m r , where G is the usual
gravitational constant, M is the mass of the earth, R is the
radius of the earth. This is so for the following reasons.
First of all the mass of the earth further than r from the
center will have no influence on the object since the gravi-
tational influence of this outer shell cancels in the manner
shown in this figure:

The two circular sections of the shell shown exert equal
and opposite forces on the object m since gravity deterio-
rates as the distance squared while the area increases as the
distance squared. So each part of the shell has a counter-
part on the other side that precisely cancels its gravitational
pull, making the net influence zero. Thus,

gravity at distance r from center of earth

=G
m

r 2
(mass within r of center of earth)

= · · ·

=G
M

R3
m r

(a) Fill in the missing steps in the derivation above.

For convenience, we can lump together GM
R3 to just one

constant k, i.e. F = k m r . This force (P S in the figure)
tries to pull the object towards the center of the earth, but
since the object can only move along the tunnel it is only
the part of the force that pulls in the direction of the tun-
nel (PQ) that has any effect. Let the tunnel be the x-axis
of a coordinate system with the tunnel’s mid-point as the
origin O.
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(b) Use trigonometry to find a formula for PQ in terms
of only “lower case” quantities (k , m, x, r ). Then put
a negative sign in front of your answer since the force
is acting in the negative x-direction.

(c) Your answer is the part of gravity that acts in the di-
rection of the tunnel, i.e., the force F in F = ma.
So set it equal to ma and solve the resulting differen-
tial equation. As always, acceleration (a) is the same
thing as the second derivative of position (x ′′). Also
assume that we enter the tunnel with zero velocity,
i.e., x ′(0) = 0.

If you did it right you found that x(t ) is a periodic function
with its period determined by k. But remember that k was
just GM

R3 , and we know all of these constants. So therefore
we can calculate the period of x(t ). It turns out to be about
85 minutes, i.e., less than 45 minutes for a one-way trip.
Note that it didn’t matter which two points were taken as
the ends of the tunnel; the period is always the same.

§ 6. Phase plane analysis

§ 6.1. Lecture

The classification of exponential expressions that we have
carried out in the previous two sections is useful beyond
its application to pendulum-type differential equations.
In this section we shall see that it also helps us under-
stand the nature of equilibrium points of systems of dif-
ferential equations. But let us first summarise what we
have learned so far about expressions of the form e (a+b i)t .

Exponent real and positive (a > 0,
b = 0): exponential growth.

Exponent real and negative (a < 0,
b = 0): exponential decay.

Exponent pure imaginary (a = 0,
b 6= 0): periodic oscillations.

Exponent complex with positive
real part (a > 0, b 6= 0): growing
oscillations.

Exponent complex with negative
real part (a < 0, b 6= 0): shrinking
oscillations.

These things will come up again when we study the equilibria of
systems of two equations, such as those we have seen for warfare

and two-species interaction. In the predator-prey system
n x ′ = ax − b xy

y ′ =−cy + d xy

there are two equilibrium points which are of very different
character, as one can see from the phase plane diagram:

6.1. (a) Explain briefly the real-world meaning of this dia-
gram.

(b) Calculate the equilibria.
(c) Find the equilibria of the system when harvesting is

introduced:
n x ′ = ax − b xy − e x

y ′ =−cy + d xy − e y

(d) During World War I, when overall fishing was re-
duced, the catches of Italian fishermen contained a
larger percentage of sharks. Explain why by equa-
tions as well as commonsensically.

How does one draw the phase plane diagram for a given system
of differential equations equations? In principle one can divide
the two time-derivatives by each other; since

y ′

x ′
=

dy/dt

dx/dt
=

dy

dx

this gives an expression for the slopes, so that we can plot a di-
rection field as in §1. However, the resulting formula can be
very complicated to work with, as one may well expect from
such a brute-force approach that, in dividing away the time vari-
able, disregards the underlying nature of the problem. We shall
consider instead a second approach, which is more sensitive to
the internal dynamics of the system.

Let us begin with the simple system
n x ′ = ax + b y

y ′ = c x + d y

which in general has only one equilibrium point, at (0,0)
(why?). This system has solutions of the form

n x ′ =Ae m1 t +Be m2 t

y ′ =C e m1 t +De m2 t

as is not hard to imagine. Checking this would be tedious but
straightforward. If you carried out the computations you would
find that

m =
1

2

�

a+ d ±
Æ

(a+ d )2− 4(ad − b c)
�
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or, if we use the shorthand notation p = a + d , q = ad − b c ,
∆= p2− 4q ,

m =
1

2

�

p ±
p
∆
�

The point is that we do not need to worry about all these hor-
rible calculations, only classify which types of exponential ex-
pressions we are dealing with. This will give us a clear enough
picture of what is going on without having to worry about the
numerical details.

If for example the exponents m are purely imaginary (which
obviously happens if p = 0 and q > 0) then both x(t ) and y(t )
are periodically oscillating functions, as seen in our table above.
In the phase plane this gives closed loops like those shown in the
predator-prey figure above. As time ticks away, we go around
and around in the same loop over and over again.

If the exponents are complex with a negative real part then x
and y are oscillating towards zero, so we get an inward spiral.

If q < 0 we have two positive exponents, so the magnitude
of the exponential terms are always growing. Therefore we are
ultimately shooting off towards infinity in one direction or an-
other, except if we accidentally crash into the origin on our way
there. This is a so-called saddle point.

And so on. Altogether we get the following classification.

• q > 0,∆> 0: node.

� p < 0: stable node.
� p > 0: unstable node.

• q > 0,∆< 0: spiral.

� p < 0: stable spiral.
� p > 0: unstable spiral.

• q < 0: saddle.

• p = 0, q > 0: centre.

As we see, nodes and saddles involve exceptional lines. So to be
able to draw a good picture in those cases we must first know
the slopes m of these lines. The characteristic property of these
lines is: if we are on the line, we stay on the line. Being on the
line means that y = mx (no constant term since the line passes
through the equilibrium, i.e., the origin), and staying on the
line means that we keep mooving in the direction of the line,
i.e., dy/dx= m, so we get the equation

y ′

x ′
=

c x + d y

ax + b y
=

c x + d mx

ax + b mx
= m

which can be solved for m (the rightmost equality yields a
quadratic equation, corresponding to the two exceptional lines).

The directional arrows are found by plugging in particular
points near the equilibrium. If for example x ′ and y ′ are both
positive at a particular point then they are both growing so we
must be heading “northeast,” so we place an arrow in our dia-
gram to that effect.

This classification was for a simple linear system with a single
equilibrium at the origin, but in fact any equilibrium can be
approximately reduced to this situation. This is done as follows.
Take for example the predator-prey system

n x ′ = 3x − xy
y ′ =−4y + 2xy

which we know has an equilibrium at (c/d ,a/b ) = (2,3). First
we want to make a change of variables that brings this point to
the origin. We do this by making x = 2+X and y = 3+ Y ,
which means that the equilibrium (2,3) is the origin (0,0) in the
new coordinate system (X ,Y ). With this change of variables
the system becomes

n x ′ = 2x − xy = 3(2+X )− (2+X )(3+Y ) =−2Y +X Y
y ′ =−3y + 2xy =−4(3+Y )+ 2(2+X )(3+Y ) = 6X +X Y

(We can check our work by the fact that the constant terms
must disappear since the derivatives must vanish at the equilib-
rium (X ,Y ) = (0,0).) But we can still not use our classification
since there are nonlinear terms present (X Y ). However, since
we are interested in the behaviour close to the equilibrium point
we can discard any higher-order terms: when X and Y are very
small, X Y is very, very small, so it is negligible in comparison
with X and Y . With this linear approximation we get

n x ′ =−2Y
y ′ = 6X
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Now we can classify the equilibrium using the table above. In
this case, p = 0 and q = 12, so (2,3) is a centre, i.e., the equi-
librium is encircled by closed loops. To find the direction of
the loops we can consider for example a point just to the right
of the origin, (X ,Y ) = (1,0). There x ′ = 0 and y ′ > 0, so we
are heading straight upwards from the “three o’clock” position,
meaning that the loops go counterclockwise.

The other equilibrium is at (0,0) already so we do not need
to change the variables. We can simply linearise directly to get

n x ′ = 3X
y ′ =−4Y

Here q = −12 so we have a saddle point. As we saw above,
normally when we have a saddle point we would look for the
exceptional lines by solving

y ′

x ′
=

3X

−4Y
=

3X

−4mX
= m

for m. In this case, however, the method breaks down since
the solutions are the x-axis (which is not found since Y = 0 is
impossible in the above equation) and the y-axis (which is not
found since it has m =∞). But it is clear enough that the axes
are the exceptional lines and that along the y-axis we are crash-
ing to zero and along the x-axis we are running off to infinity.
This is also necessary given the counterclockwise orientation of
the loops around the other equilibrium.

In general, once we have analysed the equilibria and drawn a
local picture for each we can fill in the rest of the phase plane
by making one local picture transition smoothly into the other
(this is of course permitted whenever x ′ and y ′ are continuos).

6.2. Draw the phase plane diagram of

n x ′ = y + xy
y ′ = 3x + xy

§ 6.2. Problems

6.3. (a) Argue that the system

n x ′ = x − 2y x
y ′ = 2y − 4xy

represents two species competing for the same re-
sources.

(b) Discuss the difference between the two species. In
particular, what could be the biological reason for the
difference in the coefficients for the nonlinear terms?

(c) Sketch the phase plane diagram using the approxi-
mate linearisation method.

(d) Interpret the diagram in real-world terms.

6.4. The method we have studied in this section for drawing
the phase portrait of a system of two first-order differential
equations can also be applied to second-order differential
equations. The latter is reduced to the former by taking the
derivative of the function as a new variable. Let us carry

this out in the case of the pendulum equation. Recall from
4 that the actual pendulum equation is x ′′ =−k sin(x). We
simplified this to x ′′ = −k x, which is accurate for small
oscillations since sin(x) ≈ x when x is small. But now
we wish to use the actual equation x ′′ = −k sin(x), which
holds for oscillations of any size.

(a) Let y = x ′ and note how the pendulum equation
becomes a system of two first-oder differential equa-
tions.

(b) Carry out the phase plane analysis for this system.
(You will need to use the approximation sin(x) ≈ x
when linearising near equilibria.)

You should obtain a picture like this:

(c) Explain the two types of equilibria in physical terms.

(d) Draw a few phase curves and explain their physical
meaning.

6.5. In problem 6.1d you probably assumed that the equilib-
rium values for x and y give a good indication of the av-
erage numbers of x and y also for orbits other than the
equilibrium. This looks about right from the phase plane
diagram, but let us confirm it by calculation.

Since the equilibrium is a centre, we know that x and y are
periodic functions, say with period T .

(a) Show that x ′/x = a− b y and integrate both sides of
this equation from 0 to T . Hint: The left hand side is
a “logarithmic derivative.”

(b) Use the resulting equation to find the average of y.
(See problem 0.16.)

(c) Find the average of x similarly.

§ 7. Taylor expansions

§ 7.1. Lecture

Any function f (x) can be expressed as a power series

f (x) =A+B x +C x2+D x3+ · · ·

7.1. Here is a way of convincing you of this.

(a) Argue visually that by choosing the coefficients you
can make a parabola of the form y = ax2+ b x + c =
A(x−B)2+C go through essentially any three points
but not any four.

This is because the parabola has three “degrees of freedom,”
i.e., you have three choices to make when picking the co-
efficients. Thus you can make it do three things.
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(b) Adapt this argument for functions of the form y = c
and y = b x + c .

(c) Conclude that it makes sense that any function can
be represented by an “infinite polynomial.”

The power series for a given function f (x) can be found by plug-
ging zero into f , f ′, f ′′, etc., which gives the values of A, B , C ,
etc., respectively.

7.2. Show that this gives

e x = 1+
x

1!
+

x2

2!
+

x3

3!
+ · · ·

sin x = x −
x3

3!
+

x5

5!
−

x7

7!
+ · · ·

cos x = 1−
x2

2!
+

x4

4!
−

x6

6!
+ · · ·

(5!, “five factorial,” means 5 · 4 · 3 · 2 · 1.)

This implies for example that sin x ≈ x when x is small (since x3

etc. is then very much smaller), a very useful approximation in
many situations. In fact we effectively used this approximation
already, in §4 when deriving the differential equation for pendu-
lum motion. I also like to recall this approximation whenever I
need to sketch a graph of sin x: just start by drawing a piece of
the line y = x near the origin, and then the rest is easy to fill in.

In practice we rarely derive power series by this method of
repeated differentiation. Instead we build it up from standard
series derived once and for all. If, for example, we wanted the
series for sin x2 it would be senseless to start computing deriva-
tives. The function is just sin x with x2 in place of x, so its series
is

sin(x2) = (x2)−
(x2)3

3!
+
(x2)5

5!
−
(x2)7

7!
+ · · ·

= x2−
x6

3!
+

x10

5!
−

x14

7!
+ · · ·

And if we wanted the series for e x sin x we simply multiply

e x sin x =
�

1+
x

1!
+

x2

2!
+

x3

3!
+ · · ·

��

x −
x3

3!
+

x5

5!
−

x7

7!
+ · · ·

�

= x + x2+
� 1

2!
−

1

3!

�

x3+
� 1

3!
−

1

3!

�

x4+ · · ·

= x + x2+
x3

3
+ · · ·

as if the series were ordinary polynomials. We must be careful,
however, not to include more terms in the answer than war-
ranted given where we cut off the original series. In this case for
example we could not multiply the 1 by the x5

5! to put a x5

5! in

the answer, since there is a x4

4! hiding in the dots of the e x -series,
which when multiplied by x would affect the fifth-power term.

Power series are great because they allow us to replace com-
plicated functions with the simplest kind of functions: poly-
nomials. For example, we quite often face integrals for which

none of our usual integration tricks work, such as the integral
of e−x2

(the normal distribution function at the heart of sta-

tistical theory) or
Ç

a4+(b 2−a2)x2

a4−a2 x2 (the arc-length of the ellipse

x2/a2 + y2/b 2 = 1, an important problem in astronomy since
planets move in elliptical orbits). In such cases the best we can
do is often to expand the function as a power series and inte-
grate term by term, which gives us the desired integral in series
form.

7.3. Evaluate
∫ 1

0 e−x2
dx in this way.

We shall now discuss some further important series, which,
although they can be derived by the repeated differentiation
method, arise more naturally in other contexts.

7.4. (a) What is the greatest number smaller than 1? One is
inclined to suggest a = 0.99999 . . ., but argue against
this by considering 10a− a.

(b) Generalise your argument to find a closed formula for
1+ x + x2+ x3+ · · ·

(c) You answer is nonsense when for example x = 2, isn’t
it? To diagnose the problem, try your argument on
the finite series 1+ x + x2 + · · ·+ xn . For what x’s
does your previous answer work?

7.5. Explain how the geometric series

1

1− x
= 1+ x + x2+ x3+ · · ·

is related to the paradox of motion mentioned by Aristotle,
Physics, 239b11: “[Zeno] asserts the non-existence of mo-
tion on the ground that that which is in locomotion must
arrive at the half-way stage before it arrives at the goal,”
and then the half-way stage of what is left, etc.

7.6. Derive the series

log(1+ x) = x −
x2

2
+

x3

3
−

x4

4
+ · · ·

by first noting that

log(1+ x) =
∫ x+1

1

1

t
dt=

∫ x

0

1

1+ u
du,

then applying the geometric series, then integrating term
by term.

The binomial series

(1+ x)q = 1+ q x +
q(q − 1)

2!
x2+

q(q − 1)(q − 2)

3!
x3+ · · ·

is perhaps best thought of by analogy with the integer-exponent
case. When q is an integer the series dies after the (q+1)th term,
and one has the trivial results

(1+ x)2 = 1+ 2x + x2, (1+ x)3 = 1+ 3x + 3x2+ x3, etc.
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Here we can think of, say, the coefficient of x2 in the last
expression as follows. To get an x2-term when expanding
(1+ x)3 = (1+ x)(1+ x)(1+ x) we need to choose x’s from
two of the parentheses and 1 from the third. For the first x we
have three choices, and for the second x we have two choices,
giving 2 · 3 = 6 choices in total, except that we must divide by
the number of ways in which these two things we choose can be
ordered internally (choosing first the third parenthesis and then
the first is the same as choosing first the first and then the third),
which is 2!, thus explaining the coefficient 3. The general bino-
mial theorem can be thought of in the same way, even though
q is no longer an integer. Let’s try the x2 coefficient again. To
get an x2-term when expanding (1+ x)q we need to choose x’s
from “two of the q parentheses” so to speak (whatever that is
supposed to mean when q is something like −1/2). For the
first x we have q choices, and for the second x we have q − 1
choices, and correcting for internal ordering the coefficient for
x2 should be q(q−1)

2! .
The following problem shows an important application of

the binomial series.

7.7. Trigonometric functions are traditionally thought of as
functions of an angle. But in calculus we measure angles
by radians, which means that angles are described by the
lengths of their corresponding arcs (in a unit circle). This
is why the inverse trigonometric functions are called “arc”-
so-and-so. Take the cosine, for example. To find the cosine
means: given the arc, find the x-coordinate of its endpoint.
The inverse function is thus: given the x-coordinate, find
the arc.

x

arccos x

(a) Use the arc length formula from problem 0.21 and
this definition of the arccosine to prove that

arccos(x) =
∫ 1

x

1
p

1− t 2
dt.

(b) What is the derivative of arccos(x)? Explain how this
follows from the above.

(c) Similarly, one obtains

arcsin(y) =
∫ y

0

1
p

1− t 2
dt.

Draw a picture similar to that for arccos above, show-
ing the geometrical meaning of y and arcsin(y).

(d) Find a power series representation of arcsin(x) by ex-
panding 1p

1−t 2
as a binomial series and integrating

term by term.

§ 7.2. Think about it

7.8. What is 0.888 . . .? Does it “spill over” like 0.999 . . .?

§ 7.3. Problems

7.9. On the left here is the geometrical definition of the tangent
function (hence its name):

�

ta
n � x

y
 =

 arctan
 x

dx

dy

In this problem we shall investigate the inverse of the tan-
gent function, i.e., the arctangent. For the inverse of the
tangent, tanθ is the input and θ is the output; to empha-
sise this we call them x and y respectively, as shown on the
right in the figure. Note that since we are using radian an-
gle measure the angle is the same thing as the correspond-
ing arc (the circle being a unit circle, of course).

Let us find the derivative of the arctangent. In other words
we are looking for dy/dx. In the figure I made x increase by
an infinitesimal amount dx and marked the corresponding
change in y. We need to find how the two are related. To
do this I drew a second circle, concentric with the first but
larger, which cuts off an infinitesimal triangle with dx as its
hypothenuse.

(a) Show that this infinitesimal triangle is similar to the
large one that has x as one of its sides.

(b) By what factor is the second circle larger than the
first? (Hint: Find the hypothenuse of the triangle
with x in it. Remember that the first circle was a unit
circle.)

(c) Use this to express the “arc” leg of the infinitesimal
triangle as a multiple of dy.

(d) Find dy/dx by similar triangles. (Check that you ob-
tain the known derivative of the arctangent.)

(e) By the fundamental theorem of calculus, the arctan-
gent is the integral of its derivative. Use this to find a
power series for the arctangent. (To make sure that
you take the constant of integration into account,
check that your constant term is correct using the ge-
ometrical definition of the arctangent.)

(f) Find the value of arctan(1) in two ways: by the geo-
metrical definition, and from the power series.

(g) Equate these two expressions for arctan(1) to find an
infinite series representation for π.
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When Leibniz found this series he concluded that “God
loves the odd integers,” as you can see in the figure below
(taken from his 1682 paper).

(h) ?What does Leibniz’s series have to do with a square
of area 1, which is what Leibniz has drawn on the
left? Hint: The use of the Greek letter π to denote
the famous circle constant is a relatively recent inven-
tion. It was never used in Leibniz’s time, and cer-
tainly not by the ancient Greeks. This is because
they preferred to formulate mathematical truths ge-
ometrically rather than by “formulas.” So to under-
stand Leibniz’s mode of expression you should con-
sider how to express your formula for π in purely
geometrical terms.

Leibniz’s series is beautiful but it is not really very efficient
for computing π. Already in 1424 al-Kashi had computed
π with 16-decimal accuracy using different methods.

(i) ? Estimate how many terms of Leibniz’s series must
be added together to achieve al-Kashi’s accuracy.

Here is al-Kashi’s result in his own notation:

That’s 3.1415926535897932. Note the interesting way in
which our symbols for 2 and 3 are derived from their Ara-
bic counterparts. The Arabic symbols are perhaps a more
natural way of denoting “one and then some.”

7.10. The binomial series

(1+ x)q = 1+ q x +
q(q − 1)

2!
x2+

q(q − 1)(q − 2)

3!
x3+ · · ·

was one of Newton’s earliest discoveries. But to Newton
the binomial series and its little brother the geometric se-
ries

1

1− x
= 1+ x + x2+ x3+ · · ·

are not theorems to be proved but rather nothing but
shorthand summaries of algebraic operations. Here are
Newton’s own words:

Fractions are reduced to infinite series by divi-
sion; and radical quantities by extraction of the
roots, by carrying out those operations in the
symbols just as they are commonly carried out
in decimal numbers. These are the foundations
of these reductions: but extractions of roots are
shortened by this theorem [the binomial theo-
rem].

(a) Find a series for 1
1−x using long division, i.e., the kind

of algorithm indicated here for 2675/25=107:

1 0 7
2 5 2 6 7 5

2 5
1 7 5
1 7 5

0

Assume that 0< x < 1.

The extraction of roots is sadly not “commonly” carried
out in decimal numbers anymore, as they were in New-
ton’s day. A root extraction algorithm similar to the long
division algorithm used to be taught in elementary schools
until about fifty years ago, but even those of us without
the benefit of such an education can still bypass the bino-
mial series if we wanted to. We could for example find the
power series of an expression such as

p

1+ x2 by the fol-
lowing method.

We want a series such that
p

1+ x2 =A+B x +C x2+D x3+ · · · ,

or, in other words,

1+x2 = (A+B x+C x2+D x3+· · · )(A+B x+C x2+D x3+· · · ).

(b) Find the series for
p

1+ x2 by multiplying out the
right hand side and identifying coefficients with the
left hand side (constant term equal on both sides, co-
efficient of x equal on both sides, coefficient of x2

equal on both sides, etc.).

7.11. In this problem we shall show that e is not a rational num-
ber, i.e., not a ratio of two integers. We shall do this by
assuming on the contrary that e = p/q for some integers
p and q , and showing that this leads to a contradiction.

(a) Find a series representation of e using the power se-
ries for e x , and set it equal to p/q .

(b) Multiply both sides by q !. You will find that the in-
finite series now starts with a series of integers and
then from a certain point onwards becomes a series
of fractions.

(c) Prove that the sum of the fractional part is less than 1
by comparing it with a geometric series.

(d) Explain why this is a contradiction and conclude that
e cannot be a rational number.
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7.12. Prove that

1+
1

2
+

1

3
+

1

4
+

1

5
+ · · ·=∞

in two ways:

(a) By proving that the second term is ≥ 1
2 , the sum of

the next two terms is ≥ 1
2 , the sum of the next four

terms is ≥ 1
2 , the sum of the next eight terms is ≥ 1

2 ,
and so on.

(b) By comparing it with the integral
∫∞

1
1
x dx =

log(∞) = ∞. Illustrate with a picture how this in-
tegral is related to the series.

(c) ? How do you know that log(∞) =∞? Cf. problem
0.5.

7.13. Consider the product

∏

p prime

1

1− 1
p

=

 

1

1− 1
2

! 

1

1− 1
3

! 

1

1− 1
5

! 

1

1− 1
7

!

· · ·

(a) Expand each term as a geometric series and argue that
the result of multiplying everything out must be

1+
1

2
+

1

3
+

1

4
+

1

5
+ · · ·

since every integer has a unique prime factorisation.

(b) Deduce from this and problem 7.12 that there must
be infinitely many primes.

7.14. (a) By considering the roots of sin(x)/x, argue that its
power series

sin(x)/x = 1−
x2

3!
+

x4

5!
−

x6

7!
+ · · ·

can be factored as
�

1−
x2

π2

��

1−
x2

4π2

��

1−
x2

9π2

�

· · ·

by analogy with the way one factors ordinary poly-
nomials, such as x2− x − 2= (x + 1)(x − 2).

(b) What is the coefficient of x2 when the product is ex-
panded?

(c) Equate this with the coefficient of x2 in the ordinary
power series and use the result to find a formula for
the sum of the reciprocals of the squares,

∑

1/n2.

7.15. (a) Use the first five terms of the power series for e x to
obtain an approximation for e0.1, then use this result
to find an approximation for e .

(b) What would be a more straightforward way of find-
ing an approximation of e from the series? Do this.

(c) Compare the accuracies of the two methods. Explain
the difference.

7.16. (a) What is the largest r for which the circle with center
(0, r ) and radius r fits inside the parabola y = x2? Use
the power series expansion of the circle at the origin
to find out. Explain how you can see from the power
series that a smaller or larger r would not work.

(b) Answer the same question with y = 1 − cos(x) in
place of the parabola.

Leibniz called this the osculating circle, or “kissing circle”
if translated literally from the Latin.

§ 8. Vectors, scalar product

§ 8.1. Lecture

v = (1,2)

v = (1,2)

u = (-4,1)

In this section we shall see that geo-
metrical problems regarding projections
and perpendicularity can be reduced to
algebra in a remarkably simple way.
This is done using the language of vec-
tors. A vector is a directed line segment:
it is so-and-so long and it goes one way
rather than the other. We draw it as an
arrow and denote it v or ~v. We can also
express it in coordinate form by putting its foot end at the ori-
gin and recording the coordinates of its endpoint (this is why
the v is fat: it is “stuffed” with more than one number). But the
vector is the same no matter where it starts, like the two v’s in
the picture. The arithmetic of vectors goes like this:

b
a

b
a

a+b a

b

a-b v

2v-v

So to add vectors we put them “head to tail” to make a “vector
train.” It follows that a− b points from b to a, because a− b
must be something such that when you add b to it you get a.

8.1. What is the sum of the twelve vectors pointing from the
centre of a clock to the hours?

8.2. Prove that the diagonals of a parallelogram cut each other
precisely in half. Hint: 1

2 (a+b) = b+ 1
2 (a−b).

b
�

a cos �

a

| |

But the best thing about vectors is
how they can express projections. The
length of a’s projection onto b is eas-
ily expressed trigonometrically. It is
|a|cosθ, where |a| means the length of
the vector a (just as absolute value al-
ways means distance to the origin, or
simply magnitude). The remarkable thing is that the length of
the projection can also be expressed in a very simple way in
terms of the coordinates of the vectors. This is codified in the
scalar product

a ·b= |a||b|cosθ= a1b1+ a2b2+ a3b3
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When b is a unit vector (i.e., has length 1) the middle expres-
sion is precisely the length of the projection, so the formula
tells us that we can find it simply by multiplying the vectors
component-wise and adding the results. Nothing could be eas-
ier.

i=(1,0,0)

j=(0,1,0)

k=(0,0,1)

x

y

zWhat is the reason behind this mag-
ical harmony of geometry and algebra?
To see this it is useful to introduce the
unit vectors i, j, k pointing in the direc-
tion of the axes. Then by breaking up a
and b into their coordinate components
we get

a ·b= (a1i+ a2j+ a3k) · (b1i+ b2j+ b3k)

Now, the projection properties of i, j, k are particularly simple:
any one of them projected onto itself gives 1, and projected onto
each of the other two gives zero. Therefore when we multiply
out the parenthesis all the cross terms go away and only the “like
with like” terms survive. So the result is a1b1 + a2b2 + a3b3, as
claimed.

Here we assumed that the scalar product “distributes over ad-
dition” just like ordinary multiplication, (a+b) ·v= a ·v+b ·v.
This of course has to be verified; just because we write it with a
dot doesn’t make it so. But it is easy enough to check. Indeed,
the dot notation is purposefully chosen to be suggestive in this
manner.

8.3. Verify geometrically that (a+b) · v= a · v+b · v.

Our argument about i, j, k also highlighted two useful special
cases of the scalar product: projection onto itself, and perpen-
dicularity. The scalar product of a vector with itself gives the
length squared, a · a = a2

1 + a2
2 + a2

3 = |a|
2, and the scalar prod-

uct of two vectors is zero if and only if they are perpendicular.
Indeed, if a problem has right angles in it, chances are that you
can solve it by scalar products. Here are two examples.

8.4. You may recall that two lines are perpendicular if the slope
of one is the negative reciprocal of the other, m1 =−1/m2.
Prove this using scalar products.

8.5. Shortest (i.e., perpendicular) distance from a line to a
point.

(a) Explain why a+ tb generates a line as t runs through
all real numbers.

(b) Let a= (0,0) and b= (2,1). Express the vector point-
ing from a+ tb to the point (3,3).

(c) Find the value of t for which this vector is perpendic-
ular to the line.

(d) Find the shortest distance from the line to the point.

8.6. Show by an example that a · b = a · c does not necessarily
imply b= c. In other words, you cannot “cancel” the a.

§ 8.2. Think about it

8.7. Consider these two ways of setting up a coordinate system
of three variables:

x

y

z

x

y

z

Is there a difference? Is one more natural than the other?

§ 8.3. Problems

8.8. In Proclus’s commentary on Euclid’s Elements one reads:

The Epicureans are wont to ridicule this the-
orem, saying it is evident even to an ass and
needs no proof. . . . That the present theorem
is known to an ass they make out from the ob-
servation that, if straw is placed at one extrem-
ity of the sides [of a triangle], an ass in quest of
provender will make his way along the one side
and not by way of the two others.

Benno Artmann, in his book Euclid: The Creation of Math-
ematics, adds:

The Epicureans of today might as well add that
one could see the proof on every campus where
people completely ignorant of mathematics tra-
verse the lawn in the manner of the ass.

What is the theorem in question? Prove it using vector
methods. Hint: First prove that |a · b| ≤ |a||b|, and then
consider (a+b) · (a+b) and estimate it upwards.

8.9. (a) Prove both algebraically and visually that |a+ b| =
|a−b| if and only if a and b are perpendicular.

(b) Under what conditions is |a+b|2 = |a|2+ |b|2?

8.10. (a) Prove the Pythagorean theorem by vector methods.
(b) Is this proof circular? I.e., was the Pythagorean theo-

rem needed to establish the properties of vectors that
you used in your proof?

(c) Generalise to the case where the angle between the
two “legs” is no longer a right angle. This is the so-
called “law of cosines.”

8.11. For this problem, use only scalar products and properties
of vectors. Do not use coordinates, x’s and y’s, trigonome-
try, functions, theorems of Euclidean geometry, etc.

(a) Let A and B be two diametrically opposite points on
a circle, and let C be an arbitrary third point on the
circle. Prove that ∠AC B is a right angle.

(b) Let ABC be a triangle with a right angle at C , and let
O be the midpoint of AB . Prove that |OA|= |OB |=
|OC |. (Note that this result is obvious when the tri-
angle is inscribed in a circle as in the previous prob-
lem, but here you are asked to prove it independently
without making any reference to circles.)
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8.12. In this problem we shall explore a remarkable generalisa-
tion of the idea of the scalar product. Consider on the one
hand the ordinary vectors v1 = (1,1) and v2 = (1,−1), and
on the other hand the functions w1 = sin(x), w2 = sin(2x),
w3 = sin(3x), . . ., which we shall think of as a kind of “vec-
tors” as well. The vectors v1 and v2 form a basis for R2, as
we say, i.e., any vector in the plane can be written in the
form av1+ bv2 for some real numbers a and b . To express
some vector u in this form we go through the following
steps:

• “Normalise” the vectors v1 and v2 by dividing each
vector by its length. Call the resulting unit vectors v∗1
and v∗2.

• Check that v∗1 and v∗2 are orthogonal (i.e., perpendic-
ular) using scalar products.

• “Project” u onto v∗1 and v∗2 using scalar products.

• The fact that v∗1 and v∗2 are orthogonal ensures that
u is decomposed into independent components, so
adding up the two projections gives u= av∗1+ bv∗2, as
sought.

(a) Carry out these steps for the vector u = (4,1). In-
clude a picture showing v1, v2, v∗1, v∗2, u, av∗1 and bv∗2.

We are now going to generalise this idea to “spaces” where
vectors are functions. To do so we essentially define
the scalar product of two functions f (x) and g (x) as
∫

f (x)g (x)dx by analogy with the usual scalar product
∑

fi gi . More precisely, when dealing with sine functions
we are going to focus on only one of their periods, so we
define the scalar product to be

∫π
−π f (x)g (x)dx.

Now let us try to carry out the same steps as above in this
new setting.

(b) Find the normalised vectors w∗1, w∗2, w∗3, . . . (above
you may have used Pythagoras’s theorem for this
step, but now you will need to formulate the normal-
isation purely in terms of scalar products, using the
usual relation between scalar products and lengths).

(c) Check that these vectors are “orthogonal” (in the
sense of scalar products).

(d) Use the scalar product method to “project” u1 = x
onto w∗1, w∗2, w∗3, w∗4, w∗5, w∗6.

This gives you real numbers a1, a2, a3, a4, a5, a6, such that

u1 ≈ a1w
∗
1+ a2w

∗
2+ a3w

∗
3+ a4w

∗
4+ a5w

∗
5+ a6w

∗
6

In other words, you have approximated the function x by
a sum of sine functions with various coefficients.

(e) Plot the function a1w
∗
1+a2w

∗
2+a3w

∗
3+a4w

∗
4+a5w

∗
5+

a6w
∗
6 and note that it somewhat approximates x on

the interval (−π,π).

(f ) Use the same method to obtain an approximation for
u2 = x/|x|. Plot x/|x| and its approximating func-
tion in the same graph.

(g) ? Why can we not obtain power series approxima-
tions in a similar way (i.e., by “projecting” a function
onto x, x2, x3, . . . with the integral scalar product to
find its Taylor coefficients)? Explain in terms of the
“vectors” x, x2, x3, . . ., and give an analogy with vec-
tors in R2 that illustrates the problem.

This method of approximating functions by trigonomet-
ric series has an interesting physical meaning in terms of
sounds. Functions of the form sin(nx) are “pure notes”—
they describe the vibrations of tuning forks. The fact that
any function can be approximated by such trigonometric
functions thus corresponds to the fact that any sound—say,
for example, Beethoven’s ninth symphony (including the
chorus!)—can be produced by nothing but tuning forks.
The numbers an are telling us how hard to strike each tun-
ing fork. There is also a converse physical meaning: a tun-
ing fork will start vibrating spontaneously whenever its
tone is being played (“sympathetic resonance”). The hu-
man ear is based on this principle. It consists of many
hairs that are in effect tuning forks sensitive to a particu-
lar frequency. When a sound arrives which includes this
frequency as a component, the hair will vibrate with a
strength an determined by the strength of that tone in the
sound heard. Thus the information sent to the brain is the
coefficient an , so you have been computing scalar products
all your life, as it were, whether you were aware of it or
not.

§ 9. Matrices

§ 9.1. Lecture

A matrix is an array of numbers such as
�

3 7
4 1

�

. The word ma-
trix, derived from the Latin mater = mother, means something
like the embedding context in which something develops, like a
mother’s womb. We shall see that matrices do indeed give birth
to many interesting things.

Matrices can be added together
�

1 3
2 0

�

+
�

4 2
2 −1

�

=
�

1+ 4 3+ 2
2+ 2 0− 1

�

=
�

5 5
4 −1

�

and multiplied by numbers

3
�

1 3
2 0

�

=
�

3 · 1 3 · 3
3 · 2 3 · 0

�

=
�

3 9
6 0

�

but the really interesting thing is the product of one matrix by
another. Matrices are multiplied by multiplying rows of the
left matrix by columns of the right matrix as shown below. To
me, multiplying matrices is a tactile experience. I run my left
index finger across the row and my right one down the column,
tapping the numbers that are to be multiplied together.
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�

2 1
3 −5

��

0 2
1 −1

�

︸ ︷︷ ︸

2·0+ 1·1= 1

=
�

1
�

�

2 1
3 −5

��

0 2
1 −1

�

︸ ︷︷ ︸

2·2+ 1·−1= 3

=
�

1 3
�

�

2 1
3 −5

��

0 2
1 −1

�

︸ ︷︷ ︸

3·0+−5·1=−5

=
�

1 3
−5

�

�

2 1
3 −5

��

0 2
1 −1

�

︸ ︷︷ ︸

3·2+−5·−1= 11

=
�

1 3
−5 11

�

So altogether the result is that
�

2 1
3 −5

��

0 2
1 −1

�

=
�

1 3
−5 11

�

9.1. Find
�

5 0
1 −1

��

2 3
−2 0

�

We shall see many examples in which matrix multiplication rep-
resents the transition from one state to the next. For example,
the population dynamics of a city can be characterised by how
many people move between the city center and the suburbs.
Perhaps mostly young people leave the suburbs to go live in the
city, while the older generation tend to remain in the suburbs.
This could mean for example that 80% of the suburban popu-
lation stay and 20% move in a given decade. Those who move
to the city perhaps do so on a more temporary basis, for exam-
ple until they have children of their own. Thus we can imagine
that 50% of the city population move and 50% stay in any given
decade. This information is encoded in the matrix

�

.8 .5

.2 .5

�

, be-
cause if xn and yn represent the two populations after n decades,
then
�

.8 .5

.2 .5

��

x0
y0

�

=
�

x1
y1

�

and
�

.8 .5

.2 .5

�n �x0
y0

�

=
�

xn
yn

�

9.2. Explain why.

So figuring out what happens with the populations over time is
just a matter of multiplying by the transition matrix so many
times. In the next section we shall return to this example and
see how its long-term behaviour can be analysed.

Matrix multiplication also has a geometrical meaning. We
can think of a matrix as a function that takes as its input a point
in the plane written as a column vector

� x
y
�

. Then for example
�

1 1
0 1

�

leaves
�

1
0

�

alone but tilts
�

0
1

�

since

�

1 1
0 1

��

1
0

�

=
�

1
0

�

and
�

1 1
0 1

��

0
1

�

=
�

1
1

�

So the transformation looks like this:

1   1
0   1[        ]

I have drawn the grid and dashed vectors here to emphasise that
the matrix is determined by its effect on the two unit-basis vec-
tors

�

1
0

�

and
�

0
1

�

. Its effect on for example
�

2
1

�

is just twice its
effect on

�

1
0

�

plus once its effect on
�

0
1

�

since
�

1 1
0 1

��

2
1

�

=
�

1 1
0 1

��

2
�

1
0

�

+
�

0
1

��

= 2
�

1 1
0 1

��

1
0

�

+
�

1 1
0 1

��

0
1

�

= 2
�

1
0

�

+
�

1
1

�

=
�

3
1

�

To summarise in general terms: the columns of a matrix repre-
sent its effect on the unit-basis vectors, and its general effect can
be extrapolated from there.

9.3. Match each of the matrices
�

0 1
1 0

� �

0 0
0 1

� �

2 0
0 2

� �

1 0
0 −1

� �

−1 0
0 −1

� �

0 1
−1 0

�

with its geometrical description: 90◦ clockwise rotation,
180◦ rotation, reflection in x-axis, magnification, projec-
tion onto y-axis, reflection in the line y = x.

9.4. Use this to find matrices A and B such that AB 6= BA.

We say that matrix multiplication is “not commutative.”
Can you see the etymology of this term, and its connection
with everyday phrases such as “I have a long commute to
work”?

The matrix I =
�

1 0
0 1

�

is called the identity matrix since it
changes nothing.

9.5. Which of the above matrices come back to I when mul-
tiplied by itself a certain number of times? How many
multiplications does it take? Confirm by both calculation
and geometrical interpretation.

The inverse A−1 of a matrix A is a matrix that “undoes” A, i.e.,
A−1A=AA−1 = I . For a 2× 2 matrix,

�

a b
c d

�−1

=
1

ad − b c

�

d −b
−c a

�

The expression in the denominator is called the determinant,

detA=
�

�

�

�

a b
c d

�

�

�

�

= ad − b c

=± area of parallelogram spanned by [ a
c ] and

�

b
d

�

= area magnification factor of the transformation A
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No wonder, then, that it appears in the denominator of the in-
verse, since the inverse must shrink any area magnification that
occurred back down again.

We can see why determinants correspond to areas by observ-
ing (from direct computation with the algebraic definition) that

�

�

�

�

k · a b
k · c d

�

�

�

�

= k
�

�

�

�

a b
c d

�

�

�

�

and
�

�

�

�

a b
c d

�

�

�

�

=
�

�

�

�

a b − a
c d − c

�

�

�

�

9.6. Explain what these rules mean in terms of areas.

9.7. Argue that it follows that determinants are areas since
�

�
1 0
0 1

�

� = 1 is the area of the unit square and all other par-
allelograms can be built up from there by the above oper-
ations (or, conversely, can be brought back down to a unit
square by these operations). Technically, determinants are
“signed areas” since they are sometimes negative, although
their magnitude always corresponds to the area. This is re-
flected in determinant algebra by the fact that if we switch
two columns the determinant changes sign.

Everything we can do with columns in a determinant we can
also do with rows, because the determinant remains the same if
we turn the columns into rows and vice versa. This is called the
transpose of the matrix,

�

a b
c d

�T = [ a c
b d ].

All of this also works in higher dimensions. 3× 3 determi-
nants are volumes of parallelepipeds, the natural generalisation
of the 2×2 case. They are computed by breaking them into 2×2
determinants as follows. Let’s say that we want to compute

�

�

�

�

�

�

2 1 4
1 0 1
2 3 0

�

�

�

�

�

�

We can do this by “expanding” by any one row or column. Let’s
pick the first column. Then each entry of this column needs to
be multiplied by the 2× 2 determinant that remains when its
row and column is blocked out:

2

�

�

�

�

�

�

2 1 4
1 0 1
2 3 0

�

�

�

�

�

�

= 2
�

�

�

�

0 1
3 0

�

�

�

�

=−6

1

�

�

�

�

�

�

2 1 4
1 0 1
2 3 0

�

�

�

�

�

�

= 1
�

�

�

�

1 4
3 0

�

�

�

�

=−12

2

�

�

�

�

�

�

2 1 4
1 0 1
2 3 0

�

�

�

�

�

�

= 2
�

�

�

�

1 4
0 1

�

�

�

�

= 2

These results are to be added together except first some terms
must be given a minus sign based on “where it came from” ac-
cording to the pattern

+ − +
− + −
+ − +

In other words, to find the sign of a given position we “count it
off” in alternating plusses and minuses starting from a plus in

the top left corner. In our case, therefore, the middle term must
be negated. So the final answer is

�

�

�

�

�

�

2 1 4
1 0 1
2 3 0

�

�

�

�

�

�

=−6+ 12+ 2= 8

9.8. Find
�

�

�

�

�

�

4 0 1
−1 1 1
−2 5 0

�

�

�

�

�

�

9.9. ? Generalise the argument of problem 9.7 to the 3× 3 case
to justify the interpretation of a 3× 3 determinant as the
volume of a parallelepiped.

The rules for manipulating determinants that we found above
can be used to simplify calculations. For example, if we are
looking for the determinant

�

�

�

�

�

�

1 1 5
0 0 1
2 2 11

�

�

�

�

�

�

we simply subtract twice the first row and once the middle row
from the last row, which then becomes a row of all zeroes.
Therefore the entire determinant is zero.

9.10. Explain why the last sentence is clear both computation-
ally and geometrically.

The case of a determinant being zero is often of special interest.
It means that the column/row vectors are “linearly dependent,”
i.e., one of them can be obtained by combining the others with
certain coefficients, like the last row was a combination of the
previous two in our example. So in such cases there is a kind of
redundancy: the last vector “doesn’t add anything new.” This
idea will be important in the next section.

9.11. Every real number except 0 has a multiplicative inverse.
Does every square matrix that has no 0 entries have an in-
verse?

9.12. Prove or disprove: If u,v,w are vectors such that {u,v},
{u,w}, and {v,w} are each linearly independent sets, then
{u,v,w} is a linearly independent set.

§ 9.2. Problems

9.13. Can any 2× 2 matrix be written in the form ABA−1? If A
is fixed? If B is fixed?

9.14. In this problem the dimensions of all matrices are 2× 2.

(a) Show that if A=
�

a b
c d

�

is a matrix such that AB = BA
for any matrix B then a = d and b = c = 0.

(b) Let C be a matrix such that whenever C = AB then
C = BA. What can you say about C ? Prove that the
statement holds for such C ’s.

(c) ? Could you use (a) to prove that no other C ’s are
possible?
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9.15. Find the matrix representation of a reflection in the line
y = 2x.

9.16. Cryptology. A spy is encoding four-letter text messages by
first translating the letters into numbers according to the
table below, then forming a column vector v from these
numbers, then calculating Av, where

A=











1 −1 1 −1
0 1 −1 1
0 0 1 −1
0 0 0 1











,

and then translating the resulting column vector back into
a four letter word. The spy sends the message CRAR. De-
code the message.

a b c d e f g h i j k l m n
1 2 3 4 5 6 7 8 9 10 11 12 13 14

o p q r s t u v w x y z
15 16 17 18 19 20 21 22 23 24 25 26

§ 10. Diagonalisation

§ 10.1. Lecture

In this section we shall find a clever way of figuring out the
power An of a matrix without actually having to multiply it
out so many times. This will come about in a single stroke
of brilliance once some requisite equation theory and German
vocabulary has been introduced, so bear with me.

10.1. When faced with a system of linear equations such as

x + 2y = 0
3x − y = 0

many students are tempted to “set them equal”: x + 2y =
3x − y.

(a) Explain why this is a bad idea in that it “destroys in-
formation.”

(b) A better strategy, which works for any system of lin-
ear equations, is to subtract a multiple of the first
equation from the second so as to “kill” all the x’s in
the second equation. Solve the system by this strat-
egy.

(c) Use the same strategy to solve the system

x − 2y = 1
3x + 4y = 8

Note that when solving systems of linear equations in this way
one really only plays around with the coefficients; the x and
the y are mere placeholders. Matrices make for a convenient
bookkeeping device in such situations. Thus the last system
above can be encoded by the coefficient matrix

�

1 −2 1
3 4 8

�

and solved as follows. First subtract 3 times the first row from
the second:

�

1 −2 1
0 10 5

�

Divide the last row by 10:
�

1 −2 1
0 1 1

2

�

Add 2 times the last row to the first:
�

1 0 2
0 1 1

2

�

These steps are nothing but shorthand versions of standard
ways of manipulating algebraic equations—most likely the same
steps you took in problem 10.1c. Translating the final matrix
back into equations again, this last matrix says x = 2 and y = 1

2 ,
so we have our solution.

This strategy for solving linear equations is two thousand
years old: it was used in ancient China, where the coefficient
matrix was represented and manipulated on a counting board.
One is reminded of those Mancala board games where marbles
are placed in a grid of pits on a wooden board—a delightfully
concrete version of a matrix, and one very well suited for this
kind of calculation. Let me give you a sample problem from an
ancient Chinese text for practice. See if you can feel the mar-
bles moving as you solve it in coefficient matrix (or “counting
board”) form.

10.2. “[We are to ascend a mountain carrying a weight of 40 dan]
given one superior horse, two common horses, and three
inferior horses. . . . The superior horse together with one
common horse, the [group of two] common horses to-
gether with one inferior horse, and the [group of three]
inferior horses together with one superior horse, are all
able to ascend. Problem: How much weight do the supe-
rior horse, common horse, and inferior horse each have
the strength to pull?”

In the last section we discussed a population dynamics example
where the movements each decade were described by a matrix,

�

.8 .5

.2 .5

��

xn
yn

�

=
�

xn+1
yn+1

�

What will happen in the long run in this situation? It seems
likely that the population distribution will eventually settle at
an equilibrium, so that the number of people moving one way
is equal to the number of people moving in the other direction.
In equations this means

�

.8 .5

.2 .5

��

x
y

�

=
�

x
y

�

or in other words

.8x + .5y = x

.2x + .5y = y
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or

−.2x + .5y = 0
.2x − .5y = 0

The second equation is just minus one times the first, so there
is really only one equation and two unknowns. Therefore there
are infinitely many solutions. In such a situation we can pick
any value for one of the variables, say x = t , and there will al-
ways be a corresponding value for y that solves the equation,
in this case y = 2

5 t . We can then express all solutions in vector
form as

� t
2
5 t

�

, or t
�

1
2/5

�

. Or, if we prefer to write it without
fractions, t

�

5
2

�

, since any constant multiple is absorbed by the
parameter t , which runs through all numbers. So we see that
an equilibrium is reached when the populations are in the pro-
portions 5 to 2, i.e., when the city population is 40% of the
suburban population. The parameter t reflects the fact that we
did not know the total number of people to begin with, so we
know only the proportions but not the absolute numbers.

In more general terms, a matrix identity Ax = 0, or
�

a b
c d

�� x
y
�

=
�

0
0

�

, is really a system of linear equations,

ax + b y = 0
c x + d y = 0

Geometrically, each equation is a line. These lines are either the
same (as in the above example), or they intersect in one point.
So there is either one solution or infinitely many.

10.3. Why are parallel lines not a possibility?

The difference between these two possibilities is reflected in the
determinant of A:

detA= 0 ⇔ number of solutions =∞

detA 6= 0 ⇔ number of solutions = 1

10.4. Explain why this is clear in terms of both the area and lin-
ear independence interpretations of the determinant.

I would like to generalise from the population example and con-
sider any vector that, when multiplied by a matrix A, is sent to
a multiple of itself,

A
�

x
y

�

= λ
�

x
y

�

Such a vector is called an eigenvector of A, and the number λ
is the corresponding eigenvalue. In the population example we
were interested in the special case λ= 1.

10.5. For each of the matrices in problem 9.3, find all eigenvec-
tors and eigenvalues both algebraically and by geometrical
reasoning.

The eigenvector equation Ax= λx can also be rewritten as Ax=
λI x and then (A−λI )x= 0. This is precisely the kind of system
we studied above. So we know that there is either one solution
or infinitely many, and we can find out which by computing
det(A−λI ). Obviously there is always the trivial solution x= 0,

but we do not count 0 as an eigenvector. So eigenvectors occur
precisely when there are infinitely many solutions, i.e., when
det(A−λI ) = 0.

So if we are looking for the eigenvectors and eigenvalues of
our population matrix A=

�

.8 .5

.2 .5

�

we begin by solving the equa-
tion

det(A−λI ) =
�

�

�

�

.8−λ .5
.2 .5−λ

�

�

�

�

= (.8−λ)(.5−λ)− 0.1= 0

The two roots are λ = 1 and λ = .3. To find the corresponding
eigenvectors we plug each of these values into (A− λI )x = 0.
For λ = 1 this gives

�−.2 .5
.2 −.5

�� x
y
�

=
�

0
0

�

, so y = 2
5 x, so the

eigenvector is t
�

1
2/5

�

or t
�

5
2

�

, as we already knew. For λ =
.3 we get

�

.5 .5

.2 .2

�� x
y
�

=
�

0
0

�

, so y = −x, so the eigenvector is
t
�

1
−1
�

.

10.6. How can you check these answers? Do so.

Now we are ready for our brilliant idea, the “diagonalisation”
of A. A diagonal matrix is a matrix with all zeros except along
the diagonal. Diagonal matrices are very convenient because

�

a 0
0 b

�n

=
�

an 0
0 b n

�

10.7. Interpret this result geometrically.

Therefore we seek a diagonal representation of A, so that we can
take its powers in a convenient way. I claim that in fact

M =
�

v1 v2

�−1

A
�

v1 v2

�

=
�

λ1 0
0 λ2

�

where v1 and v2 are the eigenvectors of A written as columns.
This is a splendid fact, because if we solve for A in this equation
we obtain

A=
�

v1 v2

��

λ1 0
0 λ2

��

v1 v2

�−1

(∗)

and therefore

An =
�

v1 v2

��

λ1 0
0 λ2

�n �

v1 v2

�−1

In this way we need only three matrix multiplications instead
of a hundred to compute A100.

To prove my claim I only need to compute:

M
�

1
0

�

=
�

v1 v2

�−1

A
�

v1 v2

��

1
0

�

=
�

v1 v2

�−1

Av1 =
�

v1 v2

�−1

λ1v1

=λ1

�

1
0

�

=
�

λ1
0

�

10.8. Justify each step in this calculation.
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In the same way one finds that M
�

0
1

�

=
�

0
λ2

�

, so M must be
h

λ1 0
0 λ2

i

, as claimed.

If we apply this to the population example we find that

An =
�

v1 v2

��

λ1 0
0 λ2

�n �

v1 v2

�−1

=
�

5 1
2 −1

��

1n 0
0 0.3n

��

5 1
2 −1

�−1

=
�

5 1
2 −1

��

1 0
0 0.3n

� 1

−7

�

−1 −1
−2 5

�

=
1

7

�

5+ 2 · 0.3n 5− 5 · 0.3n

2+ 2 · 0.3n 2− 5 · 0.3n

�

In particular,

lim
n→∞

An
�

x0
y0

�

=
1

7

�

5 5
2 2

��

x0
y0

�

=
1

7

�

5(x0+ y0)
2(x0+ y0)

�

So no matter what the initial numbers x0 and y0 are, in the long
run the ratio will stabilise at five sevenths in the suburbs and
two sevenths in the city. We already knew that this was the
equilibrium, but now we have confirmed explicitly that we al-
ways approach this equilibrium regardless of initial condition.

10.9. Diagonalise one or two of the matrices from problem 10.5.
Then use the diagonalisation to find a simple expression
for an arbitrary power of the matrix An and note that the
answer could easily have been predicted geometrically.

§ 10.2. Think about it

10.10. Prove that if each column of a matrix A sums to 1 then A
must have 1 as an eigenvalue. Hint: Show that you can
create a row of zeroes in the matrix A− I by applying row
operations, and then consider what this means for the sys-
tem of equations (A−I )x= 0. For ease of writing you may
assume that A is a 3× 3 matrix.

This shows that there is always a steady state for any sys-
tem where the entries of the matrix represent probabilities,
as in the city population example.

10.11. Explain how (∗) can be used to generate a matrix with given
eigenvectors and eigenvalues. (This is useful for teachers
designing exam problems. If you make up some matrices
with simple numbers in them and compute their eigenval-
ues and eigenvectors you will find that these are typically
not simple at all, so this is not a good way of designing
good exam problems.)

10.12. Argue that (∗) can be interpreted geometrically as follows.
To apply the transformation A is the same thing as to: (1)
perform a change of variables so that the eigenvectors are
the new basis vectors, (2) apply the transformation in this
new coordinate system, where it is simply a dilation of
each of the basis vectors, (3) revert back to the original vari-
ables.

§ 10.3. Problems

10.13. The Fibonacci sequence is a sequence of numbers in which
every number is the sum of the two previous numbers:
1,1,2,3,5,8,13,21, . . ., or in symbols Fn = Fn−1 + Fn−2.
These numbers are found in many places in nature. For
example, if you turn a pine cone or a pineapple upside-
down and count the number of spirals going clockwise and
counter-clockwise you will find that these are two consec-
utive Fibonacci numbers. Fibonacci was a 13th century
Italian mathematician who used this sequence and many
other computational problems to show the superiority of
the Arabic numerals that we use today over the Roman nu-
merals still used in Europe at that time. He introduced his
sequence by means of the following rabbit population sce-
nario. Suppose each pair of adult rabbits produces one pair
of baby rabbits per season. Next season these baby rabbits
become adults and start producing offspring of their own.
Thus the number of adult rabbit pairs Fn in generation n
equals all the rabbit pairs from last generation Fn−1 plus
the new rabbits produced by the rabbits who are repro-
ductively active, i.e., the rabbits who were born at least
two seasons ago, Fn−2. Thus Fn = Fn−1+ Fn−2, as above.
We shall now obtain a formula for Fn that will enable us to
find for example F1000 in one step instead of the thousand
steps required to write out the entire Fibonacci sequence
up to this point.

(a) Find a matrix A such that
�

Fn+1
Fn

�

=A
�

Fn
Fn−1

�

.

(b) Diagonalise the matrix A.
(c) Find a formula for Fn by computing a suitable power

of A multiplied with
�

1
1

�

.

(d) ? Show that the ratio Fn/Fn−1 approaches the so-
called “golden ratio” (1+

p
5)/2 as n→∞.

10.14. Consider the following model of an expanding econ-
omy. There are three variables: steel, food and labour. The
production of each good consumes a part of what was pro-
duced the year before: a new unit of steel requires .4 units
of existing steel and .5 units of labour; a new unit of food
requires .1 units of existing food and .7 units of labour;
producing (or maintaining) a unit of labour costs .8 units
of food and .1 units of steel and labour.

(a) Represent this situation by a 3×3 matrix A such that

A







s1
f1
l1






=







s0
f0
l0







and explain why this matrix equation correctly rep-
resents the information given above.
(Note that this equation is “backwards” in the sense
that it expresses the “input as a function of the out-
put,” so to speak.)
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(b) Determine which proportions of steel, food and
labour (all positive, of course) gives an economy
growing proportionately, i.e.,







s1
f1
l1






= λ







s0
f0
l0







(c) Also determine the rate λ > 1 at which the economy
is growing.

10.15. Consider an economy based on oil and steel. Extracting
oil costs both steel and oil: steel for drills and pipes, and
oil to run the pumps. Similarly, mining for steel requires
steel drills and rails and oil-driven machinery. Extracting
one unit of oil costs .04 units of oil and .08 units of steel.
Extracting one unit of steel costs .04 units of oil and .01
units of steel. This is encoded in the matrix

A=
�

.04 .04

.08 .01

�

There is a yearly market demand for 100 units of oil and 20
units of steel, which we may express by the matrix

D =
�

100
20

�

Finally, X =
�

oil
steel

�

is a column vector expressing the
yearly production quantities.

(a) What is the real-world meaning of AX ? Hint:
A
� on

sn

�

=
� on−1

sn−1

�

.

(b) What is the economic sense of the equation (I −
A)X =D?

(c) Solve this equation for X and interpret your answer
in real-world terms.

10.16. The population of a species is divided into three age
groups: child, adolescent, adult. Let the number of indi-
viduals in each group be encoded as a column vector







xn
yn
zn







where n is the generation. To obtain the population distri-
bution in the next generation one multiplies by a transition
matrix such as

A=







0 2 4
1/16 0 0

0 1/4 0







B =







0 2 4
1/4 0 0
0 1/2 0







C =







0 1/2 1/2
1/4 0 0
0 1/2 0







(a) Match each matrix with its corresponding real-world
scenario:

i. Good environmental conditions.
ii. Presence of deadly toxins.

iii. Presence of toxins that diminish fertility.

(b) Find the eigenvalues and eigenvectors of each ma-
trix, and interpret the results in real-world terms.

10.17. When you perform a Google search, the order of the re-
sults is determined using matrix algebra. The basic idea is
that if a web page contains n links to other pages then it
“passes on” 1/n times its own importance to each of those
sites. One “turn” of all websites passing on their impor-
tance according to this principle can be encoded in a matrix
A such that if x is the column vector of the importance of
the websites then Ax is the column vector of importances
after the passing on has taken place. An example is shown
below.

42
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A=











0 0 1 1/2
1/3 0 0 0
1/3 1/2 0 1/2
1/3 1/2 0 0











We can now rank the pages by supposing that each website
starts with equal importance, i.e.,

x0 =











1/4
1/4
1/4
1/4











,

and applying the matrix A many times. The process can
be thought of as modelling the behaviour of a “random
surfer” who clicks the links of the page he is on with equal
probability. The pages with the highest rankings are those
which the random surfer ends up hitting most often.

(a) Compute A5x0, A20x0 and A100x0, and notice that the
results are stabilising at particular values. These are
the relative importances of these pages according to
Google’s algorithm.

(b) Explain how this is related to eigenvectors and eigen-
values. Hint: Compare A101x0 ≈ A100x0 with Ax =
λx.

(c) Show how the same ranking (and relative impor-
tances) can found by an eigenvector calculation in-
stead of computing powers of A. (Recall that if v is
an eigenvector then so is any multiple of v.)
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(d) Suppose the owner of page 4 tries to boost his ranking
by creating a page 5 which links to page 4; page 4 also
links to page 5. Does the new page 5 help page 4’s
ranking?

Consider this disconnected web:

5

42

31

(e) ? The eigenvector method for ranking the pages fails
in this case—why? Explain in terms of the defini-
tion of eigenvectors how you could have seen that this
must happen without making any calculations.

(f) To fix this and other problems the actual Google ma-
trix is not A but 0.85A+ 0.15B , where B is a ma-
trix with all entries 1/N (where N is the number of
pages). Explain how this can be interpreted in terms
of the “random surfer” mentioned above.

(g) With this modification, rank the pages of the discon-
nected web using the eigenvector method.

§ 11. Functions of several variables

§ 11.1. Lecture

The calculus can be extended to
functions of more than one vari-
able. Then instead of y(x) one
has z(x, y). So both x and y are
“input” variables now, and z is
the “output.” We visualise the
xy-plane as a horizontal “ground
level,” and z as the height. So the
function gives a specific elevation
for each point on the ground.
Thus the graph of z(x, y) is a surface. An ice cream cone, de-
picted here, is a simple example of a surface. What is the func-
tion z(x, y) corresponding to this surface? Three variables is
a lot to keep in one’s mind, so to deal with this kind of ques-
tion we often have to break the problem into more manage-
able parts. In this case we notice for example that the hori-
zontal cross sections are circles. The equation for a circle is
x2 + y2 = r 2. We want one circle for each z, and bigger ones
as we go higher, so we might guess z = x2 + y2, which clearly
satisfies both of these requirements. We can check our guess by
taking another cross section. If we cut an ice cream cone in half
right down the middle we of course get a V-shaped cross section.
This corresponds to cutting for example along the z x-plane, i.e.,
along the plane y = 0. But if we slice our guess z = x2 + y2 in
this way we see that we get the cross section z = x2. This is a
U rather than a V, so altogether z = x2 + y2 looks more like a
bowl or a wine glass than an ice cream cone. We would rather
prefer z = |x| as our intersection, and this can be arranged by

taking z =
Æ

x2+ y2.

11.1. This is almost an ice cream cone, but one more adjustment
needs to be made. Explain what it is and how to amend the
equation.

The idea of understanding a surface by its cross sections is sys-
tematised in contour plots. To produce a contour plot we slice
the surface by horizontal planes. Here for example I have sliced
the saddle-shaped surface z = xy at one positive and one nega-
tive z-value:

-6

-6
-2

-2

0

2

2

6

6

Algebraically, this corresponds to plugging z =
c into the equation for the surface. For the sad-
dle this gives the hyperbolas y = c/x. These
curves we then plot in the ordinary xy-plane
and label them with their corresponding value
for z = c , as shown on the right. You are already familiar with
contour plots, no doubt, from their use in topographical maps.

Copyright 1985 Springer-Verlag. All rights reserved

11.2. Draw contour plots of the cone z =
Æ

x2+ y2 and the unit
sphere.

A function of two variables has two partial derivatives, fx and
fy . That is to say, there is a derivative with respect to x and
another one with respect to y. Computing these is easy: when
computing the derivative with respect to x we simply treat y
as a constant and vice versa. So when differentiating with re-
spect to x you can secretly think of any y’s in the formulas as
if they were 5’s or some such innocuous number. For example,
if f (x, y) = x2y then fx = 2xy and fy = x2. To get a feeling
for the meaning of these derivatives, go back to the ice cream
cone. Suppose you stand for example at the point (1,0) in the
xy-plane.

11.3. (a) Based on the picture, which would you say leads to a
bigger change in z: a step in the x-direction or one in
the y-direction?

(b) Confirm this by computing derivatives.

The simplest surfaces are planes. They have equations of the
form Ax+By+C z =D , as is easy to imagine since they are the
three-dimensional analog of lines in two dimensions, which can
be written Ax +By =C .

34



11.4. How many points does it take to determine a plane? How
does this square with the argument of problem 7.1?

The vector (A,B ,C ) is perpendicular to the plane—it is a normal
vector, as it is called.

11.5. Explain what is wrong with the following argument, and
fix it. “If (A,B ,C ) is perpendicular to the plane then its
scalar product with any vector in the plane should be zero.
Let (X ,Y,Z) be a vector in the plane, i.e., AX+BY+C Z =
D . Then the scalar product is (A,B ,C ) · (X ,Y,Z) = AX +
BY + C Z = D . Since this is not zero the vector is not
perpendicular to the plane.”

11.6. Find the shortest distance from the point (1,1,1) to the
plane 2x − y + 3z = 1. Hint: Walk in the direction of the
normal until you hit the plane.

Tangents are important in calculus, and in three dimensions
that means tangent planes. Here I have drawn a surface and
some of its tangent planes and normals:

The tangent plane to the surface f (x, y) above the point (a, b )
in the xy-plane is

z = f (a, b )+ fx (a, b )(x − a)+ fy (a, b )(y − b )

11.7. Explain why.

11.8. Give an expression for the normal vector in terms of
derivatives.

§ 11.2. Think about it

11.9. The mixed partial derivatives fxy and fy x are equal. The
derivative fx means: if I take a step in the x-direction, how
much does the value of f change? So ( fx )y means: if I take
a step in the y-direction, how much does the change in f
per step in the x-direction change? In other words, ( fx )y is
the change in f along the top arrow minus the change in f
along the bottom arrow:

Interpret ( fy )x similarly and explain why ( fx )y − ( fy )x = 0.

§ 11.3. Problems

11.10. The figure below shows the contours of the temperature
(in Fahrenheit, since I have taken the figure from an Amer-
ican book) along one wall of a heated room through one
winter day. The room has a heater located at the leftmost
corner of the wall and one window in the wall. The heater
is controlled by a thermostat about 2 feet from the win-
dow.

(a) Where is the window?
(b) When is the window open?
(c) When is the heat on?
(d) Draw graphs of the temperature along the wall of the

room at 6 am, at 11 am, and at 5 pm.
(e) Draw a graph of the temperature as a function of time

at the heater and at the window.
(f) To what temperature is the thermostat set?

396 Chapter Nine FUNCTIONS OF SEVERAL VARIABLES

PROJECTS FOR CHAPTER NINE

1. A Heater in a Room
Figure 9.59 shows the contours of the temperature along one wall of a heated room through one
winter day, with time indicated as on a 24-hour clock. The room has a heater located at the left-
most corner of the wall and one window in the wall. The heater is controlled by a thermostat
about 2 feet from the window.

(a) Where is the window? (b) When is the window open?
(c) When is the heat on?
(d) Draw graphs of the temperature along the wall of the room at 6 am, at 11 am, at 3 pm (15

hours) and at 5 pm (17 hours).
(e) Draw a graph of the temperature as a function of time at the heater, at the window and

midway between them.
(f) The temperature at the window at 5 pm (17 hours) is less than at 11 am. Why do you think

this might be?
(g) To what temperature do you think the thermostat is set? How do you know?
(h) Where is the thermostat?
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Figure 9.59:

2. Optimizing Relative Prices for Adults and Children
Some items are sold at a discount to senior citizens or children. The reason is that these groups
are more sensitive to price, so a discount has greater impact on their purchasing decisions. The
seller faces an optimization problem: How large a discount to offer in order to maximize profits?
Suppose a theater can sell qc child tickets and qa adult tickets at prices pc and pa, according to
the demand functions:

qc = rpc
!4 and qa = spa

!2,

and has operating costs proportional to the total number of tickets sold. What should be the
relative price of children’s and adults’ tickets?

3. Maximizing Production and Minimizing Cost: “Duality”

A company’s production function is P = 270x
1/3
1 x

2/3
2 for quantities x1 and x2 of two raw

materials, costing $4 per unit and $27 per unit, respectively.

(a) How much of each raw material should be used to maximize production if the budget for
raw materials is $324? What is the maximum production achieved, P0?

(b) What is the minimum cost at which a production level of P0 can be achieved? How much
of each raw material is used at this minimum?

(c) Comment on the relationship between your answers to parts (a) and (b).

11.11. A function of one variable is called continuous if its graph
can be drawn without lifting the pen, i.e., if it has no “gaps”
or “jumps.” More technically, f (x) is continuous at a point
x0 if f (x) approaches f (x0) as x approaches x0. For a func-
tion of two variables to be continuous, it is required that
f (x, y) approaches f (x0, y0) no matter how (i.e., in which
direction or along which curve) (x, y) approaches (x0, y0).
The famous French mathematician Cauchy claimed in the
early 19th century that if a function of two variables is con-
tinuous at a point in each variable separately then it is con-
tinuous at that point. He was mistaken, however. Con-
sider the function z(x, y) = xy

x2+y2 . This function is defined

everywhere except at (0,0), since division by zero is unde-
fined. We extend it to a function defined everywhere by
defining z(0,0) to be 0.

(a) Show that this function is continuous in each variable
separately (i.e., z(x, 0) and z(0, y) are continuous as
one-variable functions).

(b) Show, however, that the function is discontinuous at
the origin by finding another way of approaching the
origin so that the z-values do not approach the same
value as above.
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A trickier example still is z(x, y) = 2xy2/(x2+ y4).

(c) Show that if we approach the origin on any straight
line, z approaches zero, but z has different limits
when the origin is being approached along the two
parabolas x =±y2.

(d) Illustrate both examples with plots of the functions.

11.12. A molecule of methane, CH4, forms a regular tetrahedron
with the four hydrogen atoms at the vertices and the car-
bon atom at the centroid. Let the vertices of the first three
hydrogen atoms be (1,0,0), (0,1,0), and (0,0,1).

H

H
H

H

C

x

y

z

(a) Find the equation of the plane passing through these
three points.

(b) Express in vector form the line through the origin
that is perpendicular to this plane.

(c) Argue that the fourth hydrogen atom must be on this
line for symmetry reasons.

(d) Determine the coordinates of the fourth hydrogen
atom using the condition that all hydrogen atoms
must be equidistant.

(e) Determine the coordinates of the carbon atom by
computing the “average” position of the four hydro-
gen atoms (i.e., add the hydrogen position vectors and
divide by 4).

(f) Compute the bond angle, i.e., the angle between the
lines that join the carbon atom to two of the hydro-
gen atoms.

11.13. This problem illustrates the context in which partial differ-
entiation was first conceived in the late 17th century. The
creators of the calculus were not interested in multivari-
able calculus and partial derivatives as it is taught today,
since most physical phenomena can be understood in two-
dimensional form. However, examples like the one below
led them to consider partial derivatives nevertheless, and
shows their use even for two-dimensional problems. (This
story is told in the only scholarly study of the history of
partial differentiation, namely the Utrech University doc-
toral dissertation by Engelsman, Families of curves and the
origins of partial differentiation, 1982.)

Imagine a canon firing projectiles at varying angles:

Ignoring air resistance, the trajectories are of course
parabolas, as Galileo discovered.

We want to calculate the dashed “safety curve.” Beyond
this curve we are always safe, whereas anywhere inside this
curve we can be hit. This curve can be computed using the
fact that the trajectories of projectiles fired at two almost
identical angles, say α and α + dα, intersect at the safety
curve.

(a) ? Explain briefly how this fact is evident from the
figure.

Now to put this into equations. Let the trajectory for fir-
ing angle α be f (x, y,α) = 0. That is, the equation for
the curve in x and y coordinates will be some formula in-
volving x, y and α set equal to zero (i.e., we have moved
all terms to the left hand side). What we just proved
above is that a point (x, y) on the safety curve satisfies both
f (x, y,α) = 0 and f (x, y,α+ dα) = 0.

(b) Show that this implies that d
dα f (x, y,α) = 0.

Therefore we can find the safety curve by combining the
two equations f (x, y,α) = 0 and d

dα f (x, y,α) = 0 so as to
eliminate α. This will give us all the points with the re-
quired property in terms of x and y only, which is what
we want.

The equation for the trajectory is easy to find in paramet-
ric form. The initial firing velocity v0 is decomposed into
horizontal and vertical components v0 cosα and v0 sinα,
meaning that the inertial motion would be x = t v0 cosα,
y = t v0 sinα. But these are not yet the correct equations.
We must also take into account the constant gravitational
acceleration affecting the horizontal position, giving the
parametric representation of the trajectory x = t v0 cosα,
y = t v0 sinα− g t 2/2.

(c) Obtain one equation for the trajectory involving x, y,
and α, but not t . (I.e., combine the equations so as to
eliminate t .) This essentially gives us f (x, y,α) = 0.

(d) Find the equation for the safety curve using the
method given above.

(Hint: You may want to use 1
cos2 α

= sin2 α+cos2 α
cos2 α

=
1 + tan2α or some similar trick to relate different
trigonometric expression to each other.)

(e) Explain how you can see from the equation that the
curve you found has roughly the right shape and po-
sition.

§ 12. Unconstrained optimisation

§ 12.1. Lecture

To find the maximum or minimum values of a function of one
variable we look for x’s such that f ′(x) = 0.
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12.1. Explain why. Hint: It may be easiest to argue this point
in contrapositive form: if f ′ 6= 0 then it can’t be a max or
min.

Once found, the points where f ′ = 0 are then classified using
second derivatives:

f ’’ < 0
maximum

minimum
f ’’ > 0

12.2. Explain why this works. Hint: What does f ′′ say about
the slopes?

The situation is much the same for functions of two variables.
At a maximum or minimum point both partial derivatives
must be zero, for the same reason as in the one-variable
case. And again the second derivatives help us classify these
extremum points. As before, the second derivatives fx x and fyy
tell us whether the function makes a “happy” or “sad” shape
in that direction. This suggests the following classification:

both negative: both positive: one of each:
max min saddle

This is almost right, except for one thing. The fact that a surface
is curving upwards in both axes directions does not mean that
it its turning upwards in every direction: if it dips along the
diagonal it is a saddle after all.

both positive
but still a saddle

Such a “tricky saddle” would throw us off if we looked only
at fx x and fyy . To catch it we must study the mixed second
derivative fxy , because this basically measures “how much dif-
ferent the function is along the diagonal than along the axes” (as
is quite clear from the reasoning in problem 11.9).

So the final version of our classification is this. If fx x fyy −
( fxy )

2 > 0 then the “diagonal effect” is not strong enough to
throw off the simple classification based on the axes directions,
so we get either a max or a min according to the signs of fx x and
fyy . If fx x fyy − ( fxy )

2 < 0 we have a saddle one way or the other
(either a simple saddle if fx x fyy alone is negative, or a tricky one
if it becomes negative only after the diagonal effect has been
subtracted). Just as in the one-variable case it can happen that
none of these classification rules apply. In such cases we are on
our own and must seek another way of understanding what is
going on.

12.3. Confirm that the function z = xy that I showed you in
§11.1 has a saddle at the origin.

12.4. A rectangular building is to be designed to minimise heat
loss. The walls lose heat at a rate of 2 units/m2 per day,
except the south wall, which, since it receives more sun,
loses only half this much heat. The floor and the roof are
better insulated and lose heat at a rate of 1 unit/m2 per day.
The volume of the building must be exactly 1000 m3. Find
the dimensions that minimise heat loss.

§ 12.2. Problems

12.5. Museums and theatres often offer discounts to senior citi-
zens, typically out of profit interest rather than kindness.
The reason is that seniors are more sensitive to price, so
discounts have a greater impact on their purchasing deci-
sions. Suppose a theatre can sell q senior tickets and Q full
tickets at prices €p and €P respectively, according to the
demand functions q(p) = 100 p−4 and Q(P ) = 1000P−2.

(a) Sketch the graphs of the demand functions and ex-
plain how they reflect the differences in sensitivity to
price between the two consumer groups.

(b) The theatre has operating costs of €1 per visitor.
How should the theatre set the prices for full and
senior tickets so as to maximise their overall profit?
(Express profit as a function of p and P , and use its
second-order derivatives to confirm that your answer
is a maximum.)

12.6. A product to be sold in the Dutch market can be manu-
factured in either the Netherlands or China. The cost of
producing q items is 20q2− 60q + 100 in one country and
10q2− 40q + 90 in the other.

(a) Plot these two functions in the same coordinate sys-
tem. Which function do you think corresponds to
which country? Explain.

(b) The price at which each item can be sold is a function
of the total quantity produced, p = 520− 10q . What
is the real-world reason for this?

(c) Find the production levels that yield maximum
profit.

12.7. A manufacturer produces a quantity q of a product to be
sold on two markets. The prices on each market depends
on the quantity sold there according to the formulas

pa = 57− 5qa pb = 40− 7qb

(a) Interpret the difference between the two markets in
real-world terms.

(b) How should production be divided over the two mar-
kets in order to maximise profit? Does this make
sense in terms of your description of the markets?

§ 13. Geometry of multivariate functions

§ 13.1. Lecture

The derivative fx says: if you go one step over in the x-direction,
then the height will change by this much. And fy does the
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same for a step in the y-direction. What about a step in any
other direction? How much would that change the height?
Easy: just break the step into its x and y components and use
the derivatives for each. This gives us the directional derivative
fx cosθ+ fy sinθ, where θ is the direction in question given as
the angle it makes with the positive x-axis. This can be more
elegantly expressed in vector form. If the direction is given as
a unit vector s = (cosθ, sinθ) then the directional derivative is
simply s · grad f , where grad f , the gradient of f (x, y), is the
vector made up of its partial derivatives:

grad f = ( fx , fy )

Besides its use for finding directional derivatives, the gradient
vector also has an interesting meaning in itself: it points in the
direction of steepest ascent of f .

13.1. Prove this in vector terms. Hint: which direction s makes
the directional derivative s · grad f the biggest?

We can get an intuitive feeling for why the gradient is the di-
rection of steepest ascent by the following experiment. Grab
something flat, such as the paper on which this text is printed,
and hold it up horizontally in front of you. Now tilt its right
end upwards just a little, and then its far end upwards quite a
bit. If you stood in the middle of this plane, which way should
you go if you want to go up as fast as possible? Surely you want
to go mostly straight ahead because you gave it the most tilt that
way. But you can do even better if you deviate a bit to the right,
in order to utilise that slope as well.

13.2. Explain how this agrees with the gradient pointing in the
direction of steepest ascent.

13.3. Go back and try out the gradient on the ice cream cone
from §11.1. Interpret visually.

Since grad f tells us the direction of steepest ascent, it follows
that −grad f is the direction of steepest descent, and that the
directions perpendicular to grad f correspond to no ascent at
all, i.e., to going sideways while staying at the same height. (Vi-
sualise this on your tilted plane.) Another way of saying this is
that the gradient is perpendicular to the contour curves (since
the contour curves correspond to fixed height). This is illus-
trated in the picture of the mountain in §11.1: somebody was
looking for the most daring ski trail, so they marked a path that
was always perpendicular to the contours.

A clever application of these ideas is to the problem of find-
ing the normal to a given curve. Let’s say I want to find the
normal to for example the curve x2y + 4y = 5 at the point
(1,1). Then my first step is to think of this as a level curve
of the function f (x, y) = x2y+4y. At first this may seem like a
very circumspect way of going about things—after all, the orig-
inal problem was a nice and simple two-dimensional problem
and here I am making rather a mess of it by imagining it to be
a cross section of a surface situated in three-dimensional space.
But sometimes generality is simplicity, and certainly so in this
case. For now I know by the very simple arguments above that
grad f = ( fx , fy ) = (2xy, x2 + 4) is perpendicular to the curve,
so I immediately see that the normal at (1,1) is (2,5).

13.4. Find normal vectors for a few points on the curve y =
3x2+ x + 2. Illustrate with a sketch.

All of these things also generalise to higher dimensions. In par-
ticular, we get for free the rather powerful result that the normal
to a surface f (x, y, z) = c is given by the gradient ( fx , fy , fz ).

13.5. Explain how this squares with the formula for normals that
follows from the tangent plane equation (problem 11.8).
Show by an example that the gradient method is sometimes
more convenient.

§ 13.2. Think about it

13.6. What is the geometrical meaning of |grad f |?

13.7. If z = f (x, y) is the roof of a building, in what direction
will rain water flow?

§ 13.3. Problems

13.8. Three cities are to be connected by roads. To minimise cost
and environmental footprint, we want to minimise the to-
tal length of the roads. This is done by finding a point (x, y)
between the three cities such that the sum of the distances
to the cities, D =D1+D2+D3, is a small as possible.

Once the coordinates of the cities are given the total dis-
tance is a function of x and y; for example, if the first city

is at (a, b ) then D1 =
Æ

(x − a)2+(y − b )2 and so on for
the other cities. So the total function to be minimised is
a sum of three such root expressions. We could minimise
this formula the brute force way by the method of §12.1,
but the calculations would not be pretty. Here is a more
clever method.

(a) Find the gradient of D1 as a function of x and y. Hint:
This can be done without calculations (if you have
solved problem 13.6).

(b) Do the same for D2 and D3 and draw the gradients in
the figure.

(c) Explain why the sum of the gradients must be 0 at the
optimum point.

(d) Argue that this implies that the angles between the
gradients must be 120◦, and that this fact is enough to
find the optimum.

(e) ? The above method breaks down in certain excep-
tional cases. Explain.
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§ 14. Constrained optimisation

§ 14.1. Lecture

The geometry of gradients also leads immediately to a simple
way of solving constrained optimisation problems (the so-called
Lagrange multiplier method). Suppose for example that we want
to make f as big or as small as possible while being constrained
to this dashed circle:

f =3
f =2
f =1

Clearly the extrema will occur at the points where the con-
straint curve precisely touches one of f ’s contour curves, as it
does for f = 1 and f = 3. When the constraint curve cuts right
through a contour, as it does for f = 2, there is one side with
bigger values and one with smaller, so it can’t be a minimum nor
a maximum. This idea is captured analytically as follows. The
extremum points of f (x, y) subject to the constraint g (x, y) = c
are found by solving the system of equations

fx = λgx

fy = λgy

g = c

The first two equations say that the gradient vectors of g and f
differ only by a multiple, λ. Geometrically, this means that the
normals of the constraint curve and a contour of f are parallel.
This happens precisely where the curves touch each other, as
shown in the picture.

For example, let’s find the maximum values of the saddle
f (x, y) = xy subject to the constraint x2 + y2 = 1. So the con-
straint curve is the unit circle. When I round it in the xy-plane,
the corresponding points on the graph of f look like this:

So it’s a roller-coaster with two maxima and two minima. Let’s
find them analytically. We need to solve the system

y = 2λx
x = 2λy

x2+ y2 = 1

Putting the first equation into the second gives x = 2λ(2λx). If
we divide by x we get 4λ2 = 1, or λ=± 1

2 . Of course, whenever
we divide by x we must take care that we are not dividing by
zero. But in this case x cannot be zero, since if it is then so is y,

which is impossible by the last equation. Putting λ = ± 1
2 back

into the first two equations we find that y = ±x. Combining
this with the last equation we get x2+ (±x)2 = 1, or x = ± 1p

2
.

Since y = ±x, all possible solutions are ( 1p
2
, 1p

2
), (− 1p

2
,− 1p

2
),

(− 1p
2
, 1p

2
), ( 1p

2
,− 1p

2
).

14.1. Are these maxima or minima? Explain why the second-
derivative tests of §12.1 are of no use here.

14.2. Draw the contour picture for this example.

14.3. 5x2+ 6xy + 5y2 = 8 is a tilted ellipse:

Find the lengths of its semi-axes (= greatest and least dis-
tance to the origin) using Lagrange multipliers. Hint: Use
g (x, y) = 5x2+6xy+5y2 = 8 as the constraint in a suitable
optimisation problem.

Picturing a constrained optimisation problem as a kind of
roller-coaster ride shows that it is really a one-variable problem.
Only the variable is not one of those in terms of which the func-
tion is given. Rather the variable, which we may call t , is one
that tracks our position on the constraint curve. In our exam-
ple, where the constraint curve was the unit circle, we express
this as (cos t , sin t ). This is a parametrisation of the circle: as the
parameter t runs through all numbers, (cos t , sin t ) runs around
and around the unit circle. In fact no more than a restricted in-
terval such as 0 ≤ t < 2π is enough to generate the circle. The
function f restricted to this microcosmos becomes a function
of one variable: f (x, y) = f (cos t , sin t ) = cos t sin t = f (t ).
So instead of using Lagrange multipliers we could find the ex-
trema with the basic one-variable optimisation method that ev-
erybody knows. But the calculations will be messier this way,
as they often are—and no wonder since we have transplanted
the problem away from its natural context. Nevertheless the re-
duction to one variable is interesting in theory, and the idea of a
parametrisation is of great importance in many other contexts
as well.

§ 14.2. Think about it

14.4. Meaning of λ. Argue that the Lagrange multiplier λ rep-
resents “change in optimum per change in c .” If f (x, y) is
profit as a function of money spent on television and print
advertisements, what is the meaning of g (x, y) = c and λ?

§ 14.3. Problems

14.5. Economics: Cobb–Douglas model. Suppose the production
P of a company depends on the available labour L and the
capital investment K according to the formula P = LαKβ.
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(a) Assume further that the production is scalable, i.e., if
L and K both grow by a certain factor then P also
grows by that same factor. What does this imply
about the relation between α and β? Let α = 0.75
and determine β accordingly.

(b) Sketch a few contours of P in a coordinate system
with L and K on the axes.

(c) Explain how the equation 2L+K = 1000 can be in-
terpreted as a budget constraint.

(d) Include the constraint line in your figure. Visually,
how can you find the maximum production?

(e) Find the maximum production using Lagrange multi-
pliers and explain how this corresponds to the visual
method.
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FORMULAIC REFERENCE

degrees radians sin cos tan
0◦ 0 0 1 0
30◦ π/6 1/2

p
3/2 1/

p
3

45◦ π/4 1/
p

2 1/
p

2 1
60◦ π/3

p
3/2 1/2

p
3

90◦ π/2 1 0

sin2 x + cos2 x = 1

sin(2x) = 2sin x cos x

cos(2x) = cos2 x − sin2 x

sin(α+β) = sin(α)cos(β)+ sin(β)cos(α)

cos(α+β) = cos(α)cos(β)− sin(α) sin(β)

function derivative antiderivative
f f ′ F

xn nxn−1 xn+1/n+ 1
1/x log |x|
log x 1/x

e x e x e x

sin x cos x −cos x
cos x − sin x sin x

arcsin x 1/
p

1− x2

arccos x −1/
p

1− x2

arctan x 1/(1+ x2)

Rules of differentiation:

( f (g (x)))′ = f ′(g (x)) · g ′(x) chain rule
( f g )′ = f ′ g + f g ′ product rule
( f /g )′ = ( f ′ g − f g ′)/g 2 quotient rule
( f + g )′ = f ′+ g ′ sum rule
(c f )′ = c f ′

Fundamental theorem of calculus:

d

dt

∫ t

a
f (x)dx= f (t ) (FTC1)

∫ b

a
f (x)dx= F (b )− F (a) (FTC2)

Partial fractions:

f (x)

(x − a)(x − b )
=

A

x − a
+

B

x − b

Substitution, simplest case:
∫

g ′(x) f (g (x))dx= F (g (x))+C

Integration by parts:
∫

f g ′ = f g −
∫

f ′ g

Second-order differential equations:

roots of m2+ b m+ c = 0: solution of x ′′+ b x ′+ c x = 0:
distinct real x(t ) =Ae m1 t +Be m2 t

double root x(t ) =Ae m1 t +B t e m1 t

complex a± b i x(t ) =Aeat cos bt +Beat sin bt

Solution of x ′′+b x ′+c x = f (t ): same as above plus a particular
solution.

If f (t ) has this form: Try this as particular sol.:

C eat Aeat

C sinat Asinat +B cosat

C cosat Asinat +B cosat

C0+C1 t +C2 t 2+ · · ·+Cn t n A0+A1 t +A2 t 2+ · · ·+An t n

combination of the above combination of the above

Complex numbers a+ b i = r e iθ:

i =
p
−1 e iθ = cosθ+ i sinθ

ax2+ b x + c = 0 ⇒ x =
−b ±

p

b 2− 4ac

2a

Classification of equilibrium of

n x ′ = ax + b y
y ′ = c x + d y

in terms of p = a+ d , q = ad − b c ,∆= p2− 4q :

p q ∆ equilibrium
+ + + unstable node
− + + stable node
+ + − unstable spiral
− + − stable spiral
− saddle

0 + centre

Bring other equilibria (A,B) into this form by changing the vari-
ables to x = A+X , y = B +Y and discarding nonlinear terms.
For nodes and saddles, find slope of exceptional lines by substi-
tuting y = mx into y ′/x ′ = m.
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Power series:

e x = 1+
x

1!
+

x2

2!
+

x3

3!
+ · · ·

sin x = x −
x3

3!
+

x5

5!
−

x7

7!
+ · · ·

cos x = 1−
x2

2!
+

x4

4!
−

x6

6!
+ · · ·

log(1+ x) = x −
x2

2
+

x3

3
−

x4

4
+ · · ·

1

1− x
= 1+ x + x2+ x3+ · · ·

(1+ x)q = 1+ q x +
q(q − 1)

2!
x2+

q(q − 1)(q − 2)

3!
x3+ · · ·

Scalar product:

a ·b= |a||b|cosθ= a1b1+ a2b2+ a3b3

a ·b= 0 ⇒ a perpendicular to b

a · a= |a|2

|b|= 1 ⇒ a ·b= (length of) projection of a onto b

Matrix inverses:
�

a b
c d

�−1

=
1

ad − b c

�

d −b
−c a

�

To form the inverse of a 3× 3 matrix we replace all entries by
their corresponding cofactor, transpose the result, and then di-
vide the result by the determinant of the original matrix:

A−1 =







a11 a12 a13
a21 a22 a23
a31 a32 a33







−1

=

1

detA







a22a33− a32a23 −(a12a33− a32a13) a12a23− a22a13
−(a21a33− a31a23) a11a33− a31a13 −(a11a23− a21a13)

a21a32− a31a22 −(a11a32− a31a12) a11a22− a21a12







Alternatively, transform [A|I ] into [I |B] by row manipula-
tions; then B is the inverse.

Determinants:

detA=
�

�

�

�

a b
c d

�

�

�

�

= ad − b c

=± area of parallelogram spanned by [ a
c ] and

�

b
d

�

�

�

�

�

k · a b
k · c d

�

�

�

�

= k
�

�

�

�

a b
c d

�

�

�

�

and
�

�

�

�

a b
c d

�

�

�

�

=
�

�

�

�

a b − a
c d − c

�

�

�

�

and similarly for rows since detA= detAT

Eigenvectors and eigenvalues Av = λv: Find eigenvalues λ by
solving det(A−λI ) = 0; then find corresponding eigenvectors v
by solving (A−λI )v= 0.

Diagonalisation:

A=
�

v1 v2

��

λ1 0
0 λ2

��

v1 v2

�−1

where v1 and v2 are the eigenvectors of A written as columns.

Equation for plane:

Ax +By +C z =D normal vector= (A,B ,C )

Tangent plane to f (x, y) above the point (a, b ):

z = f (a, b )+ fx (a, b )(x − a)+ fy (a, b )(y − b )

Classification of stationary points fx = fy = 0:

fx x fyy − ( fxy )
2 > 0 and fx x or fyy > 0 minimum

fx x fyy − ( fxy )
2 > 0 and fx x or fyy < 0 maximum

fx x fyy − ( fxy )
2 < 0 saddle

Gradients:

grad f = ( fx , fy )

= direction of steepest ascent of f
= normal to level curve of f

Directional derivative:

fx cosθ+ fy sinθ or ŝ · grad f

Lagrange multipliers: To extremise f (x, y) subject to the con-
straint g (x, y) = c , solve

fx = λgx

fy = λgy

g = c
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