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1 The finite dimensional theory

A note on Sobolev space

We consider the Sobolev space W12 = WL2(R) of L?functions u € D'(R) for which the
distributional derivative u’ belongs to L?(R) as well. This space is a Hilbert space with norm
given by

lull 2 = lull3 + [lu']13.

Lemma 1.1 W2 c C(R). Moreover, for every T > 0, the restriction map pr: f f|[_T7T]
is compact from W2 to C([-T,T)).

Proof. By a standard convolution argument it follows that Cp: = C(R) N W2 is dense in
W12 Let f € W2, Then there exists a sequence f; in Cy such that f; — f in W12, In
particular the sequence is bounded in W12, For every s,t € R with s < ¢ we have

t
[fe(s) = fe(®)] < / (D] dt < [ frllzv/Is =t < I fullrzv/]s — 1

for all k. This shows that the sequence of functions is uniformly equicontinuous. Let now ¢t € R
and assume that the sequence (| fx(¢)|) is unbounded. Then it follows from the estimate that
the sequence (miny_ ;1) |fx|) is unbounded and therefore also that (|| fx|/z2) is unbounded,
contradiction. We conclude the the sequence | fi(¢)|| is bounded, for every ¢ € R. Let now
T > 0. Then it follows by Ascoli’s theorem that the sequence has a subsequence fi; which
converges to a continuous function g € C[—T,T], uniformly on [—T,T]. It follows that also
fr; — g in L?([-T,T)), so that g = f on [T, T]. This establishes the continuity of f. The
final statement follows by exactly the same argument. O

The Fredholm property

We assume that V is a finite dimensional real linear space equipped with a positive definite
inner product (-, -) and denote by End(V') the space of linear endomorphisms of V, equipped
with the operator norm. For B € End(V') we put

E*(B) := {:L‘GV|tlim ePr =0}
E%(B) := {x€V|tli£n ePr =0}



Then E*(B) is the sum of the generalized eigenspaces for the eigenvalues of B with real part
strictly negative, and E*(B) is the sum of the generalized eigenspaces for the eigenvalues with
real part strictly positive. The linear map B € End(DB) is said to be hyperbolic if non of its
eigenvalues is purely imaginary, or equivalently, if

V = E*(B)® E“(B).

By Cy(R,End(V)) we denote the space of bounded continuous functions R — End(V).
Equipped with the norm
[Alloo: = sup [[A(t)]lop
teR

this space is a Banach space.
For A € Cy(R,End(V)) we define the continuous linear map Da: WH2(R, V) — L?(R, V)
by

d
D& = —€— A¢.
a8 = 2,6 — AS
Lemma 1.2 The map A — Dy is Lipschitz-continuous, with Lipschitz-constant 1, from
Cy(R, V) @ M, (R) to LIWH2(R, V), L3R, V)).
Proof. Straightforward. O
The purpose of this section is to prove the following result.

Theorem 1.3 Let A € Cy(R,End(V)) and assume that the limits lim;_, 1o, A(t) = Ay exist
and are hyperbolic matrices. Then the operator Da: W12(R, V) — L%(R, V) is Fredholm.

We start by proving a stronger result in case A is constant.

Lemma 1.4 Let A be constant and hyperbolic. Then the operator D 4 is a topological linear
isomorphism from W12(R, V) onto L*(R, V).
Proof. We will give a proof based on Fourier transform. Let F: L?(R,V) — L?(R,V) be
the (isometric) Fourier transform. Then the image W of WLH2(R, V) under F consists of the
measurable functions ¢: R — V with w — (1+ |w|)¢(w) an L2-function. We equip W with the
obvious Hilbert norm, so that F becomes a topological linear isomorphism from W12(R, V)
onto W.

If ¢ € WH2(R), then

F(Dag)(w) = (iwl — A)F¢(w).

Put v(w) = w. Then it suffices to show that the map iv]— A is a topological linear isomorphism
from L2(R,V) onto w.

As A is hyperbolic, there exists a constant ¢ > 0 such that

I(A = iwD) ™ lop < C(L+|w]) ™!
for every w € R. This implies that there exists a constant Co > 0 such that for all ¢ €
LA(R,V),
10+ o Delemy) = 10+ )T — A7 ] — Al )
< COllv] = Aellerv)
< Coll(X+[wDellrzw,v)-

From this we see that (ivI — A) is a topological linear isomorphism from L?(R, V) onto w.
O



We will need the following consequence of the above result.

Lemma 1.5 Let A be as in Theorem 1.53. Then there exist constants T > 0 and C > 0 such
that for all € € WY2(R, V) with supp £ N [~T,T] = 0 we have

€112 < [1DAE]| 2

Proof. For reasons of symmetry, we may restrict ourselves to £ with supp& C [0,00], as we
shall do from now on.

Let AT = limy_o, A(t) and let Ag be constant and equal to AT. There exists a constant
Cp > 0 such that for all £ € W2 ® R" we have

1€l L2 < CollDaggll2-

Let 6 > 0 be such that §Cy < 1. There exists a constant 7" > 0 such that for t > T we
have [|A(t) — Ag(t)|| < 6. Let &€ € WH2(R, V) have support contained in [T, oo [. Then

1Da(€) = Dag(é)llze = [|AE = Aog|lL2 < dl[€]| 2

It follows that
1€llz2 < Co(IDa(E) 2 + dI€]l2)

from which we conclude that
I1€]lz2 < (1= 6Co) " CollDa()llz2-
The result follows. O

Proposition 1.6 Let A be as in Theorem 1.3. Then D4 has closed range and finite dimen-
sional kernel.

Proof. We select T' > 1 and C as in the above lemma. Moreover, we select a cut off function
X € CPR) with0< x <1, x=1on [-T,7T]) and x = 0 on R\ [-S,S], where S =T + 1.
Then one readily sees that for all £ € WH2(R, V) we have

€112 < Ix€llez + 11 =2x)€l L2 < €l z2ry + 11 = x)€l| 2 (1.1)

Moreover, from the above lemma it follows that

(1=x)¢llz < CIDaA((1 = x)E) I 12
= CO|l(1 = x)Da& — X'l 12
< C|IDaéllr2 + ClIX Nlsoll€ll L2[—s,87-

Combining this estimate with (1.1) we see that there exists a constant C; > 0 such that for
all £ € Wh2 @ R™ we have

[€llwr2 < Cr(ll€llL2(—s,57) + DA€l 2

In view of Lemma 1.1 it follows that there exists a compact operator p: W12(R, V) — L3(R, V)
such that

1€llwrz < Cr(llpgllz + DA 2

The result now follows by application of the lemma below. O



Lemma 1.7 Let W, V1, Vo be Banach spaces, let K: W — Vi and D: W — V5 be bounded
linear operators, and assume that K is compact. Assume moreover that there exists a constant
C > 0 such that

zllw < C([[Kzllvy + || Dxflv,) (1.2)

for all x € W. Then D has closed range and finite dimensional kernel.

Proof. Let (z,) be a bounded sequence in W with Dz, — y € Va. Then Kz, has a
converging subsequence. From the estimate (1.2) it now follows that (z,) has a subsequence
which is Cauchy, hence converges.

In particular, it follows from the above argument that that every bounded sequence in
ker D has a converging subsequence. Hence ker D is finite dimensional.

Let Wy C W be a closed subspace such that W = ker D @ Wy. Then Dy:= D|w, is
bounded and injective, Ko:= K|, is compact, and it suffices to show that Dy has closed
image. Thus, without loss of generality we may assume that D is injective.

Let (z,,) now be a sequence in W such that Dz, converges in V5 with limit y. We claim
that (x,) must be bounded. For assume not, then passing to a subsequence we may arrange
that [|z,| — oo. Put &, = z,,/||zy||- Then DE, — 0, and by the first part of the proof (&,)
has a converging subsequence whose limit £ belongs to ker D. On the other hand, the limit
must have norm 1, contradicting the injectivity of D.

Thus, (z,) is bounded. By the first part of the proof, (z,,) has a convergent subsequence
(2p,) with limit z € W. It follows that Dz =y, hence y € im D. O

Lemma 1.8 Let A be as in Theorem 1.3. Then ker D4 equals the space of functions & €
CY(R,V) such that &' = A¢ and & € L?. Moreover, im (D 4)* equals the kernel of D_ 4.

Proof. If £ € ker Dy, then £ € C(R, V) and the differential equation holds in the sense of
distributions, from which we conclude that ¢ € C'(R, V). Conversely, if £ € C1(R, V) satisfies
the equation and belongs to L?(R, V), then from ¢’ = Ab¢ and the uniform boundedness of
A, it follows that & € L2. Hence ¢ € W12(R, V) and it follows that ¢ € ker D 4.

Now assume that n € L?(R, V) is orthogonal to im (D4). Then for all £ € C°(R) ® V we

have J
(n, Dag) = (n, 26 — (A", § =0,

which implies that %7] = —A*n in distribution sense. From the fact that —A* is uniformly
bounded, we conclude that n € W12(R,V) and D_ 4« = 0. Thus, n € ker D_ 4-. Conversely,
if n € ker D_ 4+, then it follows that n L Da(C°(R,V)). By density and continuity, this
implies that 7 € im (D4). We have proved that (im D4)* = ker(D_4+). Since D4 has closed
image, the result follows. U]

Completion of the proof of Theorem 1.3 It follows from the previous lemma that D4
has a closed range of finite codimension, which equals dim ker D_ 4+. Hence, D 4 is Fredholm,
and

index (D 4) = dimker D4 — dimker D_ 4.



Spectral flow, computation of the index

We consider the fundamental matrix ®(¢,7) € End(V') associated with the differential oper-
ator D 4. For each 7 € R the function ¢ — ®(t,7) is C! and uniquely determined by

%cp(m) —AW)B(LT), (EER),  B(r7) = Iy

The existence and uniqueness of ® corresponds to the existence and uniqueness for the initial
value problem for the differential operator D 4. It follows from the uniqueness and existence
that

O(t,s)P(s,7) = P(t,7) (1.3)

for all t,s,7 € R. In particular, we see that
D(t,s)P(s,t) =1.
From this equation it follows that s € ®(t,s) is C* as well, with derivative given by

d
£<I>(t, s) = —P(t,s)A(s).

Taking conjugates on both sides of the equation, we see that the fundamental matrix d
associated with D 7, where A = —A*, is given by

D(s,t) = B(t,s)"
For every t € R we define
B(t) = (€€ V| lim ®(r,1)¢ =0}
E'(t) = {eV| lm_®(r.0)E =0},
Then it is immediate from (1.3) that

O(1,t)E°(t) = E°(7), (1.4)

and we have analogous relations for E"(t).

We now come to the determination of the index of D 4. First of all, by homotopy invariance
of the index, we may assume that A is locally constant outside a compact interval of the form
[T, T]. Thus, from now on we will assume that

| AL for t>1T,
At) = { A_ for t< -T.

In this setting we have that
B(t,s) = elt=9)4+ for s, t>T,
and a similar equation with A_, for s,¢ <7T. Accordingly,

ES(t) = ES(Ay),  and  EY(t) = E“(A,) for  t>T,



and similar relations with A_, for ¢ < —T. Combining this with (1.4), we find that, for all
t eR,

E*(t) =®(t, T)E°(A4), and E“(t) =®(t,T)E“(A4).
Moreover, similar relations hold with A_ and —T in place of Ay and T Let E,(t) denote the
analogue of E*(t) for A. Then

E(t) = ®(t, T)E*(—A%),  and  E%(t) = ®(t,T)E"(—A%)

Lemma 1.9 Let T:V — V be a linear map. Then for each linear subspace E C V we have
T*(E)t = T~YE1). In particular, (im T*)*+ = ker T.

Proof. Straightforward. O

Lemma 1.10 Let B € End(V') be hyperbolic. Then
E*(-B*) = E°(B)*, and  EY(-B*) = E%(B)*.

Proof. We may replace V' by its complexification equipped with the Hermitian continuation
of the given inner product, and prove a similar statement there. Let n = dim V. Let A denote
the set of eigenvalues of B and A+ the subset of eigenvalues A\ with +=Re A > 0.

For A € A, the map (B — AI)™ has image equal to the sum S) of the remaining generalized
eigenspaces, and kernel equal to the generalized eigenspace V) of eigenvalue \. It follows by
application of the previous lemma that (B* — AI)™ has kernel equal to the orthocomplement
of the image S of (B — AI)™. This shows that —\ is an eigenvalue of —B*, with associated
generalized eigenspace equal to S)%. We thus see that

E%(—B*) = @xea_ St = (Maea_ Sa)" = [Baca, VA" = E5(B) L.

The proof of the second assertion is similar. O

Corollary 1.11 For every t € R, we have
E3(t) = E5(t)*, and EU(t) = E*(t)*.

Proof. We have

E*(t) = B(t, T)E*(— A7) = B(T,5)" [ (A1) "] = [8(T, s) ' E*(AL)]* = B* (1)

The proof of the remaining identity is similar. O

Lemma 1.12 Lett € R. Then the map & — £(t) is a linear isomorphism from ker D 4 onto
Es(t) N EY(t).

Proof. Let S be the space of ¢ € C1(R, V) with ¢’ = A¢. Then the map evy: S — V, & — £(1)
is a linear isomorphism. For § € S, the condition &|(7 o[ € L? is equivalent to £(T) € E5(Ay),
which in turn is equivalent to £(t) € £°(t). Similarly, the condition {||_oo _77 € L? is equivalent
to £(—T) € E“(A_), hence to £(t) € E“(t). We conclude that for £ € S, the condition
¢ € L*(R,V) is equivalent to £(t) € E5(t) N E%(t). The result follows. O



Theorem 1.13 Let A be as before. Then the index of Dy is given by
index D4 = dim E*(Ay) — dim E*(A_).
Proof. In view of the previous results, we have, with A= —A*, for every t € R,

index D4 = dimker Dy —dimker D 3
= dim(E*(t) N EY(t)) — dim(E*(t) N E%(t))
= dim(E*(t) N E¥(t)) — dim(E*(t) + E“(t))*
= dim E°(t) + dim E*(t) — dim(E*(t) + E“(t)) — codim (E*(t) + E“(t))]
= dim E°(t) — codim E“(t)
= dim E°(A;) —dim E°(A-).

The last number may be interpreted as minus the spectral flow of the family ¢ — A(t), in the
sense that it gives minus the net change of the number of eigenvalues with negative real part
into eigenvalues with positive real part as ¢t goes from —oo to co.

2 Self-adjoint operators in Hilbert space

Let H be a complex Hilbert space. By a densely defined operator on H we mean a linear map
A:D(A) — H with D(A) a dense subset of H. The set D(A) is called the domain of A. The
adjoint A* of A is defined in two steps, as follows. First of all, its domain D(A*) is defined
to be the set of y € H such that the linear functional x — (Az, y) extends to a continuous
linear functional on H. As D(A) is dense, this continuous linear functional is unique. Let
y € D(A*). Then by the Riesz representation theorem there exists a unique z € H such that
(Az, y) = (x, z) for all x € D(A). We put A*y = z. Thus, for y € D(A*), the image A*y € H
is uniquely defined by the requirement that

(Ax, y) = (x, A%y) for all z € D(A).
Lemma 2.1 Let A: D(A) — H be a densily defined operator. Then A* has closed graph.

Proof. Let (yn,zy) be a sequence in the graph of A* which converges to a point (y,x) €
H x H. Then for every v € D(A) we have (Av, y) = lim(Av, y,) = lim(v, z,) = (v, x). This
shows that y € D(A*) and x = A*y. Hence (y, z) belongs to the graph of A*. O

The operator A is called symmetric if

(Az, y) = (z, Ay)

for alle z,y € D(A). Equivalently, this means that D(A) C D(A*) and A* = A on D(A).
Identifying A with its graph {(z, Az) | z € D(A)} C H x H this may in turn be reformulated
as A C A*.

Definition 2.2 A densely defined operator A on H with domain D(A) is said to be self-
adjoint if A = A*.

Thus, a densily defined operator is self-adjoint if and only if it is symmetric and D(A) =
D(A").



Remark 2.3 It follows from this definition combined with Lemma 2.1 that a self-adjoint
operator has closed graph. This fact plays an important role in the spectral theory of such
operators.

Remark 2.4 If A:H — H is a bounded linear operator, then D(A*) = D(A) = H and it
follows that A is self-adjoint if and only if A is symmetric. A bounded symmetric operator is
also called a bounded Hermitean operator.

A complex number A € C is said to belong to the resolvent set of the densily defined
operator A if A — Al has dense image, and (A — AI)~! extends to a bounded operator on
H. This extension R(A, ) is called the resolvent of A at A. It is not hard to show that the
resolvent set {2 is open in C and that the map A — R(A, \) is holomorphic from Q to L(H, H),
equipped with the operator norm. The complement of the resolvent set is called the spectrum
of A and denoted by o(A).

A bounded operator A on H is said to be normal if A and its adjoint A* commute.

Lemma 2.5 Let A: H — H be a bounded normal operator. Let V. C H be a linear subspace
such that AV C V. Then AV+: C V+,
Proof. Easy. O

In case H is finite dimensional, it follows from the above lemma by induction on the
dimension that any operator A € L(H, H) is normal if and only if A diagonalizes on an
orthonormal basis of H.

This result has a rather straightforward generalization to compact normal operators in
Hilbert space.

Lemma 2.6 Let H be a Hilbert space, and A: H — H a bounded operator. Then A is
compact and normal if and only if the following conditions are fulfilled, with A be the set of
eigenvalues of A.

(a) 0 is the only possible accumulation point of A;

(b) for every A € A\ {0} the associated eigenspace Hy is finite dimensional;
(c)
)

(d) the direct sum @ xepHy is dense in H.

the eigenspaces Hy, for A € A are mutually orthogonal;

Proof. See, for instance, [3]. O

3 The spectral theorem
for densely defined self-adjoint operators

There is also a spectral theory for densely defined self-adjoint operators, which we shall now
briefly review. The key ingredient of this theory is the notion of a projection valued or spectral
measure in a Hilbert space H.

We recall that the Borel o-algebra B of a locally compact Hausdorf space M is the o-
algebra generated by the open subsets of M.



Definition 3.1 Let M be a locally compact Hausdorf space and H a Hilbert space. A
projection-valued Borel measure in H based on M is a map P from the Borel o-algebra B on
M to the set of orthogonal projections in B(H) with the following properties,

(a) forall U,V € B, P(UNV) = P(U)P(V);
(b) P(M) =1I;

(c) P is countably additive, i.e., for each countable sequence (U,) of mutually disjoint
measurable subsets,

P(UplUn) = > P(Uy).
n
The sum on the right-hand side is required to converge in the strong operator topology.

The requirement in (c) of convergence in the strong operator topology means that > P(Uy,)x
should converge in H, for any x € H. It follows from (c) that P is finitely additive, by letting
Uy, = 0 after some index. From combining (¢) and (b) we see that P(M) = P(M) + P(0), so
that P(0)) = 0. If we combine this with (a), we see that P(U) and P(V) have perpendicular
images if U and V are disjoint measurable sets.

Let z,y € H. Then it follows from the above definition that

fay: U= (PU)z, y)
defines a bounded Borel measure.

Lemma 3.2 Let P be a projection valued measure based on M. Then, for every x € H and
each Borel set U C M,
paa(U) = [|P(U)z]|.

In particular, pg . has all its values in [0, ||z||].
Proof. fi..(U) = (P(U)z, 2) = (P(U)z, P(U)) = | P(U)z]> n

If P is a spectral measure on the locally compact Hausdorff space M, with values in H,
then we have an associated map Ip (integration against P) from the space My(M) of bounded
Borel measurable functions on M to the space L(H,H) of bounded linear operators on H,
such that

(. Ip(f)y) = /M £(m) djia ().

For obvious reasons, we also write
Io(f) = [ fm)apP(m).

Theorem 3.3 (Spectral theorem for self-adjoint operators) Let A be a densely defined
self-adjoint operator in H. Then there exists a unique projection-valued measure P based on
R, such that

Tv = /R A dP(M\)v

for all v € Dyr. Moreover, Dt consists of the elements v € H with

/ X2 (dP(\), v) < 0o,
R



4 The space S(W, H)

Let H be a separable Hilbert space, and let W C H be a dense linear subspace. We assume
that W is equipped with a norm || - ||y for which it is a Banach space and for which the
inclusion map ty: W — H is compact.

Let L(W, H) denote the space of continuous linear maps W — H. Equipped with the
operator norm, this space is a Banach space. An element A € L(W, H) will be viewed as a
linear operator on H with dense domain D(A) = W.

Lemma 4.1 Let A€ L(W,H). Then the following conditions are equivalent.
(a) The graph T' 4 of A is closed in H x H.

(b) There exists a constant ¢ > 0 such that

lellw < elllella + Azllm), — (zeW).

Proof. Assume (a). The natural Hilbert norm on H x H is given by ||(x,y)||%. g = ||z|/% +
llyll%. It is readily seen that this norm is equivalent to the sum norm (z,y) — ||z||g + ||yl #-
The graph I' = I'4 is a Banach space for the restriction of the sum norm. Moreover, the
map z — (z, Az) is a bijective and a continuous linear map from the Banach space W onto
the closed Banach space I'. By the closed graph theorem for Banach spaces, the map is a
topological linear isomorphism. This implies (b).

Now assume (b). Let (x,) be a sequence in W such that (z,, Az,) converges in I, say to
a point (z,y). Then (x,, Az,) is a Cauchy-sequence for the sum-norm, and it follows from (b)
that (z,) is Cauchy in the Banach space W. Hence (z,,) converges in W with a limit Z. By
continuity of the embedding W — H, it follows that x,, — & in H, hence £ = x. By continuity
of A it follows that Az, — Az. Hence Az = y and we see that (x,y) € I'. It follows that T is
closed. O

Corollary 4.2 Let A € L(W, H) have a graph which is closed in H x H. Let V.C W be a
subspace such that Aly:V — H is continuous. Then V is finite dimensional.

Proof. There exists a constant C; > 0 such that ||Az||g < Ci||z| g for all z € V. In view of
the above lemma it follows that || - ||z and || - ||w define the same topologies on V.

Let now (x,) be a bounded sequence in V. Then by compactness of the embedding W C H,
it follows that (z,,) has a subsequence which converges in H. This subsequence is Cauchy in the
Il - || 7 norm, hence also in the || - ||y norm, hence converges to an element of W. It follows that
every || - |[[w-bounded sequence (x,) in V has a converging subsequence in W. Let now (y,)
be a bounded sequence in the closure V of V in W. Choose x, € V with |z, — y,| < 27"
Then (z,) is bounded hence has a subsequence that converges to an element y € V. The
corresponding subsequence of (y,) converges to y as well. It follows that every closed and
bounded subset of V is compact. Hence V is finite dimensional and we conclude that V =V
is finite dimensional. O

The space Lgs(W, H) is defined to be the subspace of A € L(W, H) that are symmetric,
ie.,
(Az, y)g = (x, Ay)m, forall xz,ye W.

10



Clearly, this is a closed subspace of L(W, H), hence a Banach space of its own right. We define
S(W, H) to be the subset of self-adjoint elements in Ls(W, H), i.e., the set of A € Ls(W, H)
with A = A*. The goal of this section is to investigate the structure of the set S(W, H).

Let A € Ly(W, H). Any complex number A € C such that A — A has a non-trivial kernel
in W is called an eigenvalue for A. The set of eigenvalues of A is denoted by A(A) and for
A € A(A) we denote the associated eigenspace by

E(X\) =ker(A — \I).
Thus, E()) is defined to be a subspace of W.

Lemma 4.3 Let A € Ls(W,H). Then every eigenvalue of A real. If \,u € A(A) are
distinct, then E(X\) L E(u). If the graph of A is closed in H x H, then every eigenspace is
finite dimensional.

Proof. Let \,u € A(A) and x € E(\), y € E(u) Then x,y € W, hence Nz, y) = (Az, y) =
(x, Ay) = iz, y), from which we see that

(A= i)z, y) =0.

Taking A = p and « = y # 0 we see that A is real. On the other hand, if A, u are different, it
follows that (x, y) = 0, from which we see that E(\) L E(u).

The restriction A|g(y) equals 2 +— Az hence is continuous linear from F(A) to H. If A has
a closed graph we may apply Cor. 4.2 with V = E()). O

If E()) is finite dimensional, we agree to write Py for the associated orthogonal projection
H — E(\).

Theorem 4.4 Let A € Ls(W, H). Then the following conditions are equivalent.
(a) Ae S(W,H).

(b) All eigenspaces of A are finite dimensional,

H= @AGA(A)E(/\), (4.5)
and
W={xe€H| Z MN||Pyz||3 < o0 }.
AEA(A)
Moreover, if any of these conditions is satisfied, then the norm || - ||w on W is equivalent to
the norm || - |4 given by

lzll7 = > (1+ )| Praff.
AEA(A)

Proof. First, assume (a). By the spectral theorem for unbounded self-adjoint operators,
there exists a spectral measure P such that

A= /R AdP()).

11



Let R > 0 and let 2 C R be a Borel subset contained in [-R, R]. Then H(Q2) = P(Q)H is a
linear subspace of W. If x € E(Q2) then

Az = /Q AdP(\)z

and
| Aa? = / N{(dP(Nz, z) < 2R3z
Q

from which we see that A|pq): H(§2) — W is bounded with respect to the restriction of || - || 5
on these spaces. Since A is self-adjoint, its graph is closed, and it follows by application of
Corollary 4.2 that H(Q) is finite dimensional and that P(€2) is an orthogonal projection
of finite rank. This implies that the restriction of the spectral measure P to [—R, R] has
finite support Si. Hence, the full spectral measure P has discrete support S. We note that
Srp = SN[-R,R]. If A € S, we put P, = P({\}). Then P, is an orthogonal projection of
finite rank. Moreover, if A\, u € S are distinct, then PyFP, = 0. The full spectral measure is
given by

P(Q)= Y P, (4.6)

AeQns

with absolute convergence in the strong operator topology. Equivalently, the image of P({2)
equals the closure of the orthogonal direct sum of the spaces H({\}), for A € S. On the other
hand, P(R) = I, so that

H=HR)= @AGSH()\).

Using (4.6) with = {A\}, we see that H(\) C E(\), for every A € S. We conclude that S =
A(A), and that H(A) = E()\) for every A € S. Hence, all eigenspaces are finite dimensional,
and (4.5) follows.
Finally, it follows from the spectral theorem that W = D(A) consists of the vectors x € H
with
/ M (dP(\)z, x) < oo.
R

The given integral equals

Yo NP oy =) NPl

AEA(A) AEA(A)

whence the last assertion of (b).
We will now prove the converse implication. If x € W and y € H then it follows that

(Az,y)= Y APz, y) = (z, A\P\y).

AEA(A) A

Thus, z — (Az, y) extends to a continuous linear map on H if and only if Y, A?||Pyy||* < oc.
It follows that D(A*) C W = D(A), hence A is self-adjoint.
The final assertion follows from the fact that there exist constants C1,Cy > 0 such that

iy < Crlllall + [ Az]|7) < Callllfy-

Indeed, this follows from () and the fact that iyy: W — H and A:W — H are bounded. [
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Using the above result we shall now derive some other useful characterizations of S(W, H).

Lemma 4.5 Let A€ S(W,H). Then for every u € C\ A(A), the map A — ul extends to a
topological linear isomorphism from W onto H. In particular, the spectrum o(A) of A equals

A(A).
Proof. Assume that pn € C\ A(A). Then there exist constants C1,Cs > 0 such that

A = nl?
1+ A2
for all A € A(A). If x € W then for every A € A(A) we have

1 <

< (C.

Cr(1+ M) Paz]? < [|(A = pl) Paal® < Ca(1 + )| Prz||*.
Summing up over A € A(A) we obtain
Cillzll < (A = ul)z|® < Call]ly,

where ||z, is the norm defined in the last part of Theorem 4.4. Since this norm is equivalent
to || - |lw, the result follows. O

Theorem 4.6 Let A € Ly(W, H). Then the following statements are equivalent.
(a) A€ S(W,H)

(b) There exists a i € R such that A — ul is a topological linear isomorphism from W onto
H.

Proof. Assume (a). Then (b) follows from Thm. and the fact that o(A) is a discrete subset
of R.

Conversely, assume (b). As W «— H is a compact embedding, the operator T' = vy o (A —
pul)~': H — H is compact. We claim that T is symmetric. Indeed, let 2’,y’ € H. Then there
exist &,y € W such that 2’ = (A — ul)x and ¥’ = (A — pl)y. We note that T2’ = 2 and
Ty =y so that

(T2’ y) = (z,y) =(z, (A—pl)y)
and

(@, Ty) = (2, y) = (A — pD)z, y).
Thus the symmetry of A implies that 7T is symmetric as well. By the spectral theorem for
compact symmetric operators on H, it follows that T has a set A(T) of real eigenvalues with
only 0 as a possible accumulation point. Moreover, as 1" has trivial kernel, zero is not an
eigenvalue, and it follows that all eigenspaces are finite dimensional and mutually orthogonal.
Finally, the vector sum of the eigenspaces is dense in H.

For A\ € A(T') we denote the associated eigenspace by H (T, \) and the associated orthog-
onal projection by Pr . If z € H(T,\), then z = T(A\"'z) € T(H) = W. It follows that
(A—pl) = X"'T on H(T,\). Hence H(T,\) C H(A,pu+ A1), Conversely, let z € W be an
eigenvector for A, with eigenvalue v. then (A—pl)z = (v — p)x hence z = T'((v — p)x). It fol-
lows that v # u and that (v—p) ! is an eigenvalue for T. Thus we see that A(A) = pu+A(T) "
is a discrete subset of R and that for every A € X\(T),

H(A, p+ XY = H(T,\).

13



It follows that all eigenspaces for A are finite dimensional and mutually orthogonal. Finally,
H is the closure of the direct sum of these. It remains to be shown that the characterization of
W is valid. From now on, for v € A(A) we put P, = Py ,,. Similarly, we put H(v) = H(A,v).

From the spectral representation of T it follows that W = im T consists of all vectors of

the form
x = Z (A — )" toy,
AEA(A)

with vy € H(A) and 3 cpa lall> < oo. We note that for such an expression we have
Pyz = (X — u)~tvy. Therefore, W consists of all x € H with

> A= uPlPael? < oo
AEA(A)

We now observe that there exist constants C7,Co > 0 such that
Cp < |A=p 2142 < Cy
for all A € A(A). Hence W consists of all vectors z € H with

> @+ M)[|Paz]? < oo
AEA(A)

Since >°, | Paz||* = ||z for all z € H, the desired characterization of W follows. We conclude
that A € S(W, H). O

Corollary 4.7 The set S = S(W, H) is open in Ls(W, H) with respect to the operator norm
topology.

Proof. Let A € S(W, H). Then there exists a p € C such that A— ul extends to a topological
linear isomorphism from W onto H. Let B € Ls(W, H). Then

(A= pl)" (B =) — Iy = (A— )~ (B — A).

It follows that the continuous linear operator (A — pul)~*(B — pul) — Iy: W — W has operator
norm at most

1(A = 1) lop| B = Allop.

This implies that (A — uI)~*(B — pl) is a topological linear isomorphism from W onto itself
if
1B — Allop < [I(A = uI) 7" I5,

The result follows. OJ

5 Perturbations in S(H,W).

Due to the special spectral properties of operators from S(H, W), there is a decent perturba-
tion theory for these operators.
We will need the following well known fact.
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Lemma 5.1 Let Vi, Vy be isomorphic Banach spaces, and let Lo(Vi,Va) denote the space
of topological linear isomorphisms from Vi onto Va. Then Lo(Vi,Va) is open in L(Vi,Va).
Moreover, the map T — T~ is analytic from Lo(V1, Vo) to Lo(Va, V4).

Proof. It suffices to establish the result for V; = V5 = V in which case Ly = GL(V). By
homogeneity it suffices to show that I is an interior point, and that T +— T~! is analytic
in a neighborhood of I. This in turn follows from the convergence of the power series for
H — (I — H) ! in the ball |[H|op < 1. O

In what follows, we assume that €2 is a non-empty open subset of a real or complex Banach
space, and that F:Q — S(H, W) is a CP map, where p € NU {00, w}.

Lemma 5.2 Let ty € Q and let Ao = o(A(tp))-

(a) Let U be an open subset of C with closure compact and disjoint from Ag. Then there
exists an open neighborhood Qg of to in Q such that Ay: = o (A(t)) is disjoint from U for
every t € ().

(b) If U is any open subset of C such that o(A(t))NU =0 for all t € Q, then
(2,8) = (2] = A1)
is a CP-map U x Q — L(H, W), which in addition is holomorphic in z.

Proof. From the assumption it follows that A(tg) — 2 € Lo(W, H), for z € U. By continuity
and compactness, we may select g such that zI — A(t) € Lo(W, H), for (z,t) € U x Q. This
implies the assertion about the spectrum of A(t).

Assume now that the hypothesis of (b) is fulfilled. Then zI — A(t) € Lo(W, H), satisfies
the stated properties as a function of (z,t). By analyticity of the inversion map, the same
holds for (21 — A(t)~! € L(H,W). O

Lemma 5.3 Let tqg € Q and let 7y be a closed oriented C-curve in C\ o(A(ty)). Then there
exists an open neighborhood Qq of ty such that v is disjoint from o(A(t)), for every t € Q.
Moreover, if Qo is any open neighborhood with this property, then

L A
M(t):= 57 //(zl A(t)) " dz
defines a CP-map Qo — L(H,W). Moreover, for every t € Qy we have
M(t)= >, WONPaga (5.7)
AEa(A(t))

Here W(v, ) denotes the winding number of v with respect to X and Pag) \ the orthogonal
projection onto the (finite dimensional) eigenspace ker(A(t) — \I).

Proof. The first assertion follows by compactness of v. By the previous result on holomorphy
and by differentiation under the integral sign, the first assertion on M follows. For the second
assertion, fix t. As o(A(t)) is finite, the expression on the right-hand side defines a continuous
linear map, so that the equation needs only be checked on a dense subspace of H. Thus, it
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suffices to check the equation on each eigenspace E,, = ker(A(t) — uly, for p € o(A(t)). Fix
such an eigenvalue p. Then on E, we have

1
M) = o [G1= D) d = WL,
2mi ),
by Cauchy’s integral formula. On the other hand, the map on the right-hand side of (5.7)
restricts on the space Eu to W(y; u)I. The identity follows. O

Proposition 5.4 Let tg € Q, let p € o(A(to)) and let m = dimker(A — pl). Let U be an
open disc around p whose closure is disjoint from Y(A(to)) \ {i}. Then there exists an open
neighborhood Qg of ty such that the following holds.

(a) for everyt € Qq the map A(t) has precisely m eigenvalues \i(t), Aa(t), ..., Am(t) con-
tained in U, counting multiplicities;

(b) the functions X\j may be chosen in such a fashion that they are continuous on t € Qo;

(c) the orthogonal projection P(t) onto the sum of the eigenspaces for the eigenvalues \;(t)
is a L(H,W)-valued continuous function of t € Q.

(d) if m =1, then A1 is a CP-function.
Remark 5.5 Note that \;(tp) = p for all j.

Proof. We select a ball neighborhood €2 of ¢y such that o(A(t)) is disjoint from the boundary
oU for t € 9. Then by the above result,

1 ~1
P(t) = o aU(z:I —A(t)) " dz
depends CP on t and defines the orthogonal projection onto the sum of the eigenspaces for
the eigenvalues of A(t) contained in U. The projection P(t) depends continuously on t and
has finite rank which therefore must be constant. This proves (a) and (¢). We now order the
eigenvalues Aq(t) < --- < A, (t). Then the eigenvalues are continuous at ¢t = ty. Applying the
same reasoning at any other point of )y, we see that the A;, thus ordered, are continuous
functions. Hence (b).
Finally, assume that m = 1. We select a unit vector v € ker(A(tg) — ul) and define

B P(t)v
O = TB@el

Then v(t) depends CP on t, for t in a sufficiently small neighborhood € of ¢y in Qy. Now
A1(t) = (A(t)v(t), v(t)), from which we see that A1 is C? on 2. Treating the other points of
o in a similar fashion, we conclude (d). O

Remark 5.6 If Q is an open interval in R and p = 1, then using techniques from [1] it can
be proved that the eigenvalues Ap, ..., A\, can be chosen in C' fashion. This fact is quite hard
to prove (of course one should not teke the eigenvalues in increasing order).

Surprisingly, the following result is also true. Let  C R be an interval and assume that
t — A(t) is analytic on Q. Then the eigenvalues may be chosen to depend analytically on t.
Another surprise: this is in fact easier to prove than the previous assertion, by using complex
function theory.
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Thus prepared, we are now able to establish a few useful facts about the geometry of
S(W,H). For k € N we define S = Si(W, H) to be the subset of operators A € S(W, H)
with dimker A = k.

Lemma 5.7 Let k € N. Then Sy is a smooth Banach submanifold of Ls(W, H) of codimen-
sion equal to k(k +1).

Proof. Let A € S;. Then N:= ker A is k-dimensional. Let P denote the orthogonal projec-
tion onto N. We consider the analytic family A(X) = A+ X € Ly(W, H), for X € Ly(W, H).

Select € > 0 such that [—e,e] No(A) = {0}. Let Qg be a sufficiently small neighborhood
of 0 in Ls(W, H) with the properties of Proposition 5.4, relative p =0 and U =] — ¢,e[. For
X € Qp, let P(X) denote the orthogonal projection onto the sum of the eigenspaces of A(X),
associated with the eigenvalues of A(X) in | —e,e[. Then P(X) has rank k& and depends
analytically on X.

Let iy denote the inclusion map N — H. Then we may adapt )y to achieve that
PoP(X)oiy is an invertible element of Ls(N, N) for every X € Qq. It follows that P(X)oin
has rank at least k hence is surjective onto im P(X) for every X € y. Moreover, P(X) is
injective on im (P) for every X € Q. Since A(X) maps im P(X) onto itself, it follows that
A(X)P(X) =0 if and only if PA(X)P(X)iy = 0.

We define the function f: Q¢ — Ls(N,N) by

F(X) = PoA(X)oP(X)oiy.

In the above we showed that f~1(0) consist of X € g for which A(X)P(X) = 0. We observe
that ker A(X) C im P(X). Hence if ker A(X) is k-dimensional, then ker A(X) = im P(X).
Conversely, if A(X)P(X) = 0, then 0 is the only eigenvalue of A(X) contained in | —¢,¢],
and it follows that dimker A(X) = k. Thus, A(X) belongs to Sy, if and only if A(X)P(X) = 0.
We see that
AX) e S, < f(X)=0.
To show that Sy is a smooth Banach submanifold of Ls(W, H), it suffices to show that the
total derivative Df(0): Ls(W, H) — Ls(N, N) is surjective.
By application of the chain rule it follows that the derivative is given by

Df(0)X = P DA(0)(X) P(0)in + PA(0) DP(0)(X) ix.

We now observe that A(0) = A and PA = 0, so that the second term vanishes. On the other
hand, DA(0)(X) = X and P(0) = P, so that

Df(0)X = PXiy.

From this it is readily seen that the differential is onto Ls(N, N). The latter space has dimen-
sion %k‘(k‘ + 1), hence Sy, is a smooth Banach submanifold at A of codimension k. Moreover,
the tangent space T4Sy equals ker D f(0), so that

TaSy = {X € Lg(W,H)|PXiy =0}
{X e L,(W,H) | X(N) c N*‘}.
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From the last part of the above proof, the following result is an easy consequence.

Lemma 5.8 Let A € S and let N = ker A. Then the map (X,Y) — X +inyoY o Py defines
a topological linear isomorphism from TxSy @ Ls(N, N) onto Ls(W, H).

Proof. Since dimLy(N,N) = Lk(k + 1) = codimT4S, it suffices to show, for Y €
Ls(N,N), that ixyoY oPy € TaS; = Y = 0. For this we note: if ixyoY oPy € TySk
then Py o (iny oY o Py)oin = 0. The expression on the right-hand side of this equation equals
Y. d

Lemma 5.9 The manifold S; comes equipped with a natural orientation.

Proof. We now consider the map v: S; — Lg(W, H) defined by v4(T) = tr (Peer A0 T o Pier 4)-
As ker A is one dimensional, it follows that v4(7") = 0 if and only if Py 4 0T 0 iger 4 = 0, which
in turn is equivalent to T' € T4S;. Thus, v is a smooth nowhere vanishing one form defined
along &1, with kervy = T4 Sy for all A € S;. This defines an orientation of Sy. O

Remark 5.10 Alternatively, the orientation may be defined by means of a vector field along
S1. For A € §; we define v(A) € Lg(W, H) to be the orthogonal projection onto ker A. Let
A € 8§ and put N = ker A. Then v(A) = iyoidyo Py, and by the above lemma we see
that Ls(W, H) = TaS1 @ Ru(A). Thus v defines a vector field along the manifold &; which is
everywhere transversal to it. We observe that v4(v(A4)) =1 for A € S;.

6 Fredholm operators associated with curves in S(W, H).

Following [2] we introduce the space B = B(R, W, H) of continuous (with respect to the
operator norm topology) curves A:R — L (W, H) for which the limits

AT = lim A(t)

t—+o0

exist in the operator norm topology. Equipped with the norm
[All = sup [|A(#)[op
teR

this space is a Banach space. Moreover, we define A = A(R, W, H) to be the subset of
elements A € B such that

(a) A(t) € S(W, H) for each t € R;
(b) A* are topological linear isomorphisms W — H.

Observe that condition (b) is equivalent to A* € S(W,H) and ker A¥ = {0}. Since for
B e Ly(W, H) the conditions B € S(W, H) and B invertible are open, it is readily seen that
A is an open subset of the Banach space B.
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Lemma 6.1 Let A in L(W, H) and assume that there exists a constant ¢ > 0 such that

€llw < el Aglla + lI€] =)

for all £ € W. Then for every C > 0 there exists a constant § > 0 such that for all A’ €
LW, H) with ||A— A'|| < § we have

I€llw < CUA SN + lIEln), (€ W).
Proof. We fix § > 0 such that ¢ < C(1 — ¢j). Then for all £ € W,

< 1ALl a + [I€lw)
< oAl + (A= ADElu + [1€]lm)
< | A¢la + lIglm) + cdllEllw-

1€]lw

This implies the desired estimate. ([l

Corollary 6.2 If A € A, then A is uniformly self-adjoint in the sense that there exists a
constant ¢ > 0 such that

1€llw < (A&l a + 1] a)
for allt e R.

Remark 6.3 Note that this is condition (A-2) of [2]. In view of Remark 3.1, which we will
prove further down, this shows that the condition is really superfluous!

Proof. In view of Lemma 4.1 the estimate holds for each t separately, with a constant
¢¢ possibly depending on t. A similar estimate holds for the operators A*. Using the above
lemma and a compactness argument, we see that the constant may in fact be chosen uniformly
bounded as a function of ¢. O
It follows from the corollary that the space of families of bounded linear operators A(t): W —
H satisfying (A-1), (A-2) and (A-3) of [2], page 8, coincides with the space A“!, which we
shall now introduce. First of all, we define B¥! = B¥1(R, W, H) to be the space of A € B with
the property that ¢t — A(t) is C! for the weak operator topology, and such that ||A’(t)]|op is
uniformly bounded in ¢. This space carries an obvious locally convex topology, for which it is
complete.

Next, we define
AYY R, W, H) = AN B

It is convenient to work with the even smaller space
Al = AN B!,

where B! is the space of Cl-maps A: R — Ls(W, H) with the property that ||A(¢)|| and || A’(t)]|
are uniformly bounded in ¢. This space is Banach for the norm

igg(HA(t)HOp + 147 #)llop)-
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It is easy to verify that B! ¢ B¥! C B, hence also
Al c AY C A

Let ¢ € CA(R), ¢ > and [¢(t) dt = 1. For § > 0 we put ps(t) = 5 Lp(671¢. Then ;5 is an
approximation of the Dirac measure for § — 0, and the following lemma can be proved in a
standard fashion.

Lemma 6.4 Let A € B and put As:= ps * A. Then
(a) As € Bt for all 6 > 0;

(b) supg || A5 is uniformly bounded as 6 — 0

(c) if A € B, then Af(t) — A'(t), in the weak operator topology, locally uniformly with
respect to t.

Since A is open in B, the above lemma implies in particular that the elements of A may
be approximated by elements from A'.

For A € A”! we may define a differential operator D4 as in the finite dimensional case.
However, we have to be a bit careful with our function spaces.

First of all, we define the Hilbert spaces H = L*(R, H) and W12(R, H) in the usual
fashion (for the latter space the definition is most easily given by using Fourier transform).
Secondly, we define

W= LAR,W)NW2(R, W).

This space naturally is a Hilbert space with norm

Hm%j@mw%+wm%wt

For A € B, we define the differential operator D4: W — H by

DaAg(t) = Le(t) ~ AWE().

It is readily checked that D 4: W — H is continuous. Moreover, the map A — D 4 is continuous
from B to LW, H). More precisely,

HDA - DBHop < Su]g ”A(t) - B(t)Ha
te

for all A, B € B. This result is important, as it allows perturbation of A € A*! in A! without
changing the Fredholm index.

Theorem 6.5 Let A€ AV'. Then Do: W — H is Fredholm. In particular, if A is constant
then D4 1s bijective.

Proof. The proof uses the same ideas as the proof in the finite dimensional case, with an
added elliptic regularity result, needed to pass to the transpose operator, see [2]. [l

In the next section we will define a map p = pw g AR, H,W) — Z, which turns out
to be an appropriate generalization of the spectral flow. We will then finally show that for
A€ A", we have

index (D) = —pu(A).

The proof will make use of reduction to the finite dimensional case.
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7 Spectral flow for curves in S(H,W).

Let now A € AY(R, W, H). Then using the transversality theory of Fredholm maps between
Banach manifolds, we may define the intersection number u(A) of A with &; in the usual
fashion.

This intersection number is a C'-homotopy invariant and for A transversal to all Sj,
k > 1, it may be computed as follows. The fact that A is transversal to all Sy means that A
is disjoint from Sy for k > 2 and intersects S; transversally. The set of t € R with A(t) € &1
is discrete and contained in a compact subset of R hence finite. Let t; < --- < ¢, be an
ordering of its elements. In view of the earlier considerations concerning the orientation of
81, see Lemma 5.8, the intersection number p(A) of A with S is given by

p(A) = sign vaq,)(A'(t;)) = signtrace [P(t;) o A'(t;) o P(t))]. (7.8)
=1 =1

Here P(t;) denotes the rank one orthogonal projection onto the kernel of A(t;).

Lemma 7.1 In the above setting, let 1 < j <n be fired. Then there exist constants ,6 > 0
and a C*-function \: Is:=]t; — 6,t; + 8] — | —e,e][, such that fort € Iy,

(a) o(A@))N] —e,e[={N2t)} and the multiplicity of \(t) is one;
(b) trace [P(t;)A'(t;)P(t;)] = N (t;).

Proof. The existence of d,e, A such that (a) holds is a consequence of Proposition 5.4. We
turn to the proof of (b). Let P(t) denote the orthogonal projection on ker(A(t) — A(¢)I), then
P(t) has rank one, and is a C'-function of ¢. Let « be a unit vector in ker A(t;), and define
z(t) = ||P(t)z|| " P(t)z. Then for § sufficiently small, the function x:Is — W is C* on Is.
Moreover, the projection P(t) is given by v +— (v, x(t))x(t). Accordingly, we have

Differentiating this expression with respect to ¢, and evaluating at ¢t = ¢;, we obtain

N(ty) = (A'(t))x(ts), z(t)) + (Alt;)x' (), 2(t)) + (Alty)x(t;) , 2'(t5)).

Using that A(t;)z(t;) = 0, that 2’ has values in W, and that A(t;) € L(W, H) is symmetric,
we see that the last two terms in the above expression equal zero. It follows that

N(ty) = (A'(tj)x(ty), x(t;)) = trace [P(t;) A'(t;) P(t;)].

This proves the assertion. ]

With notation of the above lemma, we see that (7.8) becomes
p(A) = sign X(t)). (7.9)
j=1

This means that u(A) may be interpreted as the spectral flow of the family A(t) as ¢t goes
from —oo to oo.
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8 The main theorem

We now come to the main theorem. First of all, we note that the intersection number pw, i
can be extended to a continuous homotopy invariant A — Z, so that in particular it becomes
well defined on A™!.

Theorem 8.1 Let A € AL, Then index (D4) = —u(A).

Proof in the finite dimensional case. In this case, W = H are finite dimensional,
and A:R — End(H) is a C'-map. It suffices to show that dim E¥(A~) — dim E*(A™") equals
—p(A). Both numbers are invariant under homotopies with fixed endpoints A*, so that we
may assume that A(¢) is transversal to Sk(R, W, W), for every k > 1, as in the beginning of
Section 7. In particular, we have the validity of formula (7.9). For t € O = R\ {t1,...,t,},
we define P_(t) to be the orthogonal projection onto the sum of the eigenspaces of A(t) for
the negative eigenvalues, and we define P (t) to be the orthogonal projection onto the sum
of the eigenspaces for the positive eigenvalues. Then it follows from the perturbation theory
discussed before that P_ and P- are C' functions, with ranks that are locally constant.
Moreover, tkP_(t) equals dim A%(A™) for t < t; and equals dim A%(A™) for t > t,. We now
claim that at every point ¢;, we have

. . 3 /

}flTItI]l rk P_(t) — }fllItl;l rk P_(t) = sign X'(t;).
Adding these equalities for j = 1,...,n, we obtain the desired equality. We restrict our
attention to a sufficiently small neighborhood I of t; and put I*:= {t € I | £(t —t;) > 0}.
Let P(t) denote the projection onto the one dimensional eigenspace of A(t), of eigenvalue
A(t). Then t — P(t) is a C'-map. We will discuss the case sign \'(t;) = +1. The other
case is handled similarly. In the present case, A < 0 on I~ and A > 0 on I". Put P} (t) =
Py(t)(I — P(t)), then P} is readily seen to extend C! to the interval I. Moreover, I =

P*(t)+ P(t) + Pi(t), where for each ¢ the images of the projections are mutually orthogonal.
Now P_(t) = P*(t) + P(t) for t € I~ and P_(t) = P*(t) for t € I'". The result follows. [

We proceed to prove the general case by reduction to the finite dimensional case. For this
we need the index and spectral flow to behave well with respect to direct sums.

If A; € A(R,Wj, Hj), for j =1,2, we define A; ® Ag:t — Aq(t) ® Aa(t). Then A1 @ Ay €
AR, Wy & Wa, Hy & Hs). Moreover, if A; € A*! then A; & Ay € A*! and a similar statement
holds with A! instead of A®!.

Lemma 8.2 Let Aj € AR, Wj, Hj), for j =1,2.

(a) u(Ar ® Az) = p(Ar) + pu(Az).
(b) If Aj € A¥', then index (Da,@4,) = index (Dy, ) + index (D 4,).

Proof. Assertion (b) is an immediate consequence of the definitions. For (a), we note
that by standard approximation arguments we may reduce the identity to the case that
Aj € AY(R,W;, H;). By obvious homotopy arguments, we may then reduce to the situation
that A; is constant on [—1,00[ and that As is constant on | — 0o, 1]. By a further homotopy
we may further reduce to the case that, in addition, A; intersects S,(R, W;, H;) transversally.
Property (b) now follows by a straightforward application of (7.9). O
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The key to the reduction to the finite dimensional case is the following result, formulated
as Theorem 4.5 in [2].

Theorem 8.3 Let A € A(R,W, H). Then there exists a finite dimensional space V and a
be AR, V,V), such that A @b is homotopic to a constant curve inside AR,W @V, Ha® V).

Proof. Let A} denote the set of A € AY(R, W, H) intersecting all Sy, transversally. For A in
this set, we define mg(A) to be the number of intersection points of A with S;. Moreover, for
A e AR, W, H) we define m(A) to be the minimum of mo(B) as B ranges over the elements
of A} that are continuously homotopic to A.

If m(A) = 0, then A is homotopic to a curve B € A! that has no intersections with
Uk>1Sk. This means that B(t) is bijective for all t. Now B;(t) = B(tan(r arctant)) defines
a continuous homotopy of B with the constant family By:t — B(0), showing that A is
homotopic to a constant family.

We will now establish the result by induction on m(A). Thus, let m(A4) = m > 0 and
assume the result has been established for A with m(A) < m. Then it suffices to establish
the existence of a b € AY(R, C, C) such that m(A @ b) < m. This is done as follows.

By homotopy we may as well assume that A € A} and that A intersects S; in precisely
m points. Let t1 < 9 < ... < t,, be the points of intersection, and use the notation of .....
In particular, let A\(¢) be the eigenvalue of A(t) for ¢ in a sufficiently small neighborhood I
of t1, such that A is C* and A(t1) = 0.

We choose a Cl-function b: R — R such that b(t) = —A(t) on Is, such that b is locally
constant outside a compact set, and such that b has ¢t = ¢; as its only zero. Then b determines
an element of A'(R,C,C). We will show that m(A @ b) < m, establishing the induction step.

We select a unit vector x(t) € N(t):= ker(A(t) — A(t)I), depending on t € I5 in a C'-
fashion. Moreover, for ¢t € Is we define two orthogonal unit vectors in W @& C by ey (t) =
(x(t),0) and e2(t) = (0,1). Let E(t) be the span of these vectors. We note that the restriction
of A(t) ® b(t) to E(t) has matrix with respect to ej(t), ea(t) given by

vor= ("0 )

We will first define a suitable homotopy M, of this matrix. Let 5 € C5°(R) be a real valued
cut off function with 3(0) =1 and supp 8 C I5. Put

M) A
Mr(t) = ( B (D) > '

Then M, is a symmetric matrix of determinant —\(¢)?> — 78(7) which is strictly positive
on I5 as soon as 7 # 0. It follows that for 7 # 0 the matrix M, (¢) has two non-zero real
eigenvalues, one positive and one negative. We now define the homotopy B, of A& b on Ij
by B, (t) = A(t) @ b(t) on N(t)* @ C and by B, (t)|E(t) determined by the matrix M, (t). By
the choice of the cut off function 3 it follows that B, = A @ b outside a fixed compact subset
of Is. We extend B, outside I by putting B, = A ® b. If 7 # 0, then B,(t) has no non-zero
eigenvalues for t € Iy, whereas B, = A®b outside I5. It follows that my(B;) = m—1, showing
that m(A®b) <m — 1. O
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Proof of Theorem 8.1. By standard approximation arguments (e.g. involving convolution
operators), it follows that Theorem 8.3 holds in the A setting.

Let now A € AY(R,W, H), and let b € A'(R,V,V) be such that A @ b is C'-homotopic to
a constant curve. Then index (D agyp) = 0. Similarly, (A @ b) = 0. It follows that

index (D 4) + index (Dy) = index (D agp) = —p(A & b) = —(u(A) + u(b)).

By the finite dimensional case, index (Dy) = —pu(b). This implies the result. O
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