


Redding seminar " Anthmetic of K3 surfaces
"

• neet week 12711) : 12.45 - 14.30 ?

Todag : Sint definitions & Properties of K3 surfaces ,

following Huybrechts Chapter 122

Wewildefire algebra , complex, and Polariscd K3 snars

Andstudy their ①hond099die bandles

-

Let K be a tied .

A Variety over k is a separate , geometrie integral
scheme of Sinik type werk , where

separated =
' like Hansdoet "

integral = reduceert indien ,every open v.speur)
for R an integral domain

gem . integral = sr. X K is integral t NK
Sinik type = sit . ander the structuremap X → speak) ,

every open speech) is afhing gewaad% k - algebra .

netheid



An (algebra ) K3 surface is a complete , non- singleear
twodimensional variety such thatSki Ox and
HYX,0×1=0 , where

complete - =
" like compact

"

} ⇒ projectie
Morsing = an locations areregular

Idim dimNmr ) )

1- Ox :

• 10tangent straf 1x is longfree staat of Ox -modules
of tank 2 ( = tr.de KNIK ) .

• -27 = Nr× (determinant)

= cox (canoniekstraf , 0 Kx canoniek linebandle)
• That is , altenating paring 1x × 1x→ Vx =Ox is perfect .

• Tangent straf is Jx =Homa (1x ,
Ox) is 10cm free

of tank 2 as weet, so Jx = d.× .

HYX, 0×1=0 :

•
" the irregularis of X is triviale

"

. We know Hi IX
,
0×1=0 t i 72 since dim IX) =2

. Pieck = H ' IX.DI )



Example I ( smooth complete Intersection)

For in , 2 , → r ,
let Hi : 5- IX. „ into with degen =di7,2 in PL

be a hypersurface of degree di ,
and let X = Hintum . . .

nu c- PI of codimensional .

Then Wu
,
= Otlildi -n -1) Vi

and WX = Ox (É - n-1 )

luxe DX : we want n- r = 2 and Edi -n -1 = 0 .

(a) n=3 , r = 1 , d, = 4 ⇒ gratie SWface in 1ps

(G) D= 4 ,
F-2

, (d„dan,3) ⇒ quadsenator in P
"

(C) MS sr> 3 , (di ,dr ,ds)= 12,2 ,2)⇒ quadnengradenquad in PS

#' IX ,0×1=0 (for last :

Ops 1-4) = Ops and DX# Sit into

0 → 0ps 1-4) → 0ps → Ox→0

lang exact sequence
" -→ H ' CP', 0%3) → HIP? 0×1→ trappen) → . _

0

but

_
0

Het( Pn
, Op? Id)) =0 17970Nj

so H' (X, Ox )↳ tips ,0×1=0 .



Example 2 ( Kummer Swface )

let Chuck ) 72 and let AIk be an abdiceerde .

7 inventie 1 : A→ A with fixed Points AN .

X to -2

We KNOW that # A (27 (E) = 22dm
'''

= 24=16 .

Nou blowup A in these fixed Points : Ä→ A .

Then Ä has involuten i . LetX÷Ä
Then IT : Ä→ X is adoublecover , ramtied Along
exceptioneel divisors Ei list , → 16) with Images Ë , so

MOLE ) = 012€ ) .

11)

can prove that
WE = OÄ (EEi) 12)

Hurwitz ratificaties Somma gives

WÄ = -1190× ④ Op (ZE;)
13 )

50 (2) 213)⇒
Tranimatiediisor

tnx = Op 14)

Vx = Ox .

-

'

finaletypebemiddeling04 -module ofSinte rank . Then

S-dtxoxth-frla.IS
0 for usi IÄ

,
Dan ) → IX, Ox) yields

ToOÄ ⑦ W × = Ta ( OÄ④Mw×) Ê II (OÂ⑤ Ort)
= Te (OÄ) 15)



IDA ④ luxe Trop 15 )

Also have toon = 0×+04 " to Ist
.
E-OKÉ ) ¥ )

50 Ox ⑦ 2
"

otra Maltha

| ÍK# ij lui' ) ④ uur wx ④ Linux )
so either Ox = t

'

④Wx #

or 6x

NIXON -0 Hill , 0×14144 Ä , = that)-

is contained in subspace invariant ander indeed
actionof L.

( these are the fixed Points of lont ) Ct )



Linebandles 2 cohomotogg (parts)
F-

Let Xbeang smooth projectiestoere overafield k .
Let DIVIX) be IJsgroup -8 (Weil:(aria ) divers .

7- Intersection paring ( s ) : DIVIXIXDNLX )→ 27

( C
, D) 1- C.D

slechthat : • C.D= # Und) 17 (Darnonsingles
meeting transversale

• thepairingis symmetrieandaddrive
• the outcome depesds onlinedequivalue classes of C&A

(definedbelow)

The Ecuadoraanse of adherent staat is

XIX, F) -115 ) = EEN
'

dim HILKE ) = Etnohill,-5)
Then (↳↳ 1=2/10×1-+14) -KLM 1-XII ④ LI)
Riemann- Rock : plus t.LI/-X10x)
7- equivalente relations on Dirty) : t

Mkinear equivalente :
'

t pianoDNA) hun

µ ( rund IF (=D tdivlf) , SEND I

(2) Algebra equivalent :
'

t Picus dassesalgeguintoo

( voegDit 7- connected wet PTSQIET,
'

; NSA) -picknick)

µ diner Ein XXT flatoverT, such that I Neon - sarigroup
C- txxso) - Elan ' C- D i

✓ '

piicx-dassesnum.equiv.to 0
b) Numerical equivalente : I

(hand A K,E) ' (DE) FEEDNIX) !NummerAltpickX)

NSCX) and Nieuweling gevreten Picardmember puts RKNSCX) .



Nou let X be a K3 surface Again .

Euler characteristic : plat = NIX, 0×1 -NK Ox) -1Mt,0×1=1-0 -11=2

Anthmetie genus pa = NIKON
- NIX, 0×1=1

Geometrie genas Pg = NIX, 0×1=1

Riemann-Rock : XLL) = % t 2
TIJN) = 91} when F- ksep : for I→× étaleofdegreed weget

we and XII
,
0×1=01×11,0×1

but hihihi ) - killed so dd .His
impes that piek) is torsie .

( a. directproof in Ehren 2.53 ) :

Also
, piekte NSCX) eNvm) .

Hodgenumber HP! dim H
' IX , ) = NIX , ) :

hou =NIX , 0×1=1 1

hoe stil ,B) =NIX, 0×1=1 0 0

En =NIX
, 0×7=1

1 20 1
h" = NIX

,
14 =NIX, 01=1

0
h" = NIX ,

0) = 0 1
0

(an show h
' "
=p' '' = h"

'
= 0

Cancomputer that h
" '

e- 20 . Etage diamond

↳ (Chen classes , Noether tomaten other h"9 )



Complex K3surfaceste
A Complex K3 surface is a compact connected twodimensional

complex man fokt such that =Ox and HICKOX) =D .

Forumpassons , leeneed :
g~T-Dnt

GAIA : 7 equivalente of abdiancategorie
"

X ↳ kan
:

separate scheme 10dg of ; ; complex spacewithsaofpoints XCCI)

{ """Ita: Etienne |1 DX 1- Dan 1

;
'

I #¢ 1-Axon)Ax
,
-51--49×4 Jan)
ie

Then { algebra K3 surfaceste} ↳ { complex K3 Snes}
X Nyan

imageprojectie complex K3's

This is usefulbecause weer complete singularia)horndogy on Xd :

0→ ze →0×-05→ 0

yields f uptuig)

0→ ze → Q en er → 0
t

→ 0 →piccx-MXRI-y-HYX.DE) → 0 → NIX,Ox)
• Since H' IX.E)so ⇒ 431427) =D upto torsie Poincaré dwaling)

but can show # torsie .

' HCKZ) istendfree atelier groep .



So Pie (X) → thx,2)→ 0 ⇒ tnx, 27) is torsiefree abdiangroup .

Further
, Pien) otra, NH ' IX.d) EH ' IX.d) and h"' 520

SOPHIE 20 . (Each rank is actually realised ! )
v.B. over arbitrair fields we have pats 22 since teveel trasraam

Betti Numbers bui
=p,.gr NMA) , so

b. = kon = 1

b , = Not host =0+0*0 }
Also ElstIibill) ) -11×1=24

↳ =
_Weth" = 0+0=0

so bz = 22 shorth" oth
" '

= 1 t 1 1- 20

by = h" = 1 rktl' (Xi) = 22.

Topologieal Intersection form = Cup product
B :Hettie) x #

' (X, → HYX, Er

is an even perfect biliner paring , giving rise to integralquadratum

9 : thx,e)→2
× 1- Bax)

,

where even = # Bladeren

perfect = s.t.tl#-HomlH4X2)s2)
I

HYX, is unimodulatie . Gran matrix of determinant Is .

Can show B has signature 13,19) , i.e. ,

9mi H
' 1427)⑦ IR→ IR has 3 positive eigenaars &

19 negatieeigenaars



Have hypertonie plane U → ( 9 } ) rank 2 , eigenaars #

and Eet" "

[
-2
. .
. .
. ,
. ,

. ,] eigens -2
'Classification of Unimodulen Lattke af

.

Serie
"

Cours danthriller)
shows that

HUH 27) -1k , :S Een ) ⑦Ertl ) ⑤U④Utd



Line buddies 2 cohomotogy (PAAI)
D-

het KE be algebracally closed .

Let X be any smooth projectie surfaceover K .

• A complete linear system on X is these of an effective divers

lineang equivalent to a fixed divisor Do , derded 1Dol .

Then Do ← inveible straf L and Idol a AMX, L) -50311K'
.

• A linear systeem 0 is a subset of tBobcaresportding to a
sub-vector Space Vs Holt, L) .

• A basepoint PEX 068 is such that PESUPPID ) tDEO .

• The base locus Bs 121 of Ill is
so „„

2-Is)
, maxima closed

sub scheme of X contained in au DE IU .

• NIX , 431 indices ge : X.→ IP (HON , C)9 , regularon Xl Bs Kl .

⇒ Linear Systems without base Points indeed Morpheus X→ PL .

A linebundel L is :

net 17 1L . C) 70 for an closed Caves (EX
.

big and net if 1270 and L is het

vergaapte it gr is a closed immersion
amine it (⑦

' is very Ampe for some r

Condoompose L = µ t F
Mobile fixed

where 5- = onedimensional pand Bs Ill
and Ms Ll- F)

.

Then HotX , M ) = HolX ,U ,
M is net and MIO .



v.Oc)consider Cure C in X.
,

It has arithmetic genus park 1-Noc )
=L# IK OEN -XIX , Ox)

and geometrie genus pgklshk.ae) = tik , we)

If ( is non-Singwar then pakt = Pga) = 94 )
"

genus
"

If C is singulier then pak) = Pga) thv ) with
8 =↳DELA for U : C-→Cnomaasation

{AdjuncttorensNina we = Vx④ LCC) ④ Oc - Lux ⑦04 ) ) Ic . )
t

v.B
.

For any une ( with Pg (C) 72 , wie is vergane for K33 .

When C is smooth iredale with 972 ,
wc is very Ampe ⇐ C is nothypereditie

Kodaira - Ramangan vanistring
let charta so and let l be big andnet .|ThentNL⑤._|



NOU let X be a K3 SWface Again .

Let Cc X be a curve .

•to : 2Pa(C) -2 = (c. WX④OCCI) =C2

( since we = 01dL . )
50 (

'
7, -2 .

A 1-d.curve ( has d-- - 2. Then paid so = Pga) ,

so C is smooth and hace (K : E) ( =P?
7

• For ( smooth and KOK) , wehave thx,Llc)
µ

0 → Hou , 01 → HONKI→Hole , Llc) → 0

1 91-1 Is

Kok
, wo )50 hou,U = 971 =XIX , L) ( = Et2) so HYX, L) = 0

Intact Holt , Le ) → Hhc , lek ) tho .

• let C be a smooth irreducibk curve in X of genus 921 .

Then L =D (C) is base -pointtree and a :X→ ps

restacts to (→ 1109 " .

Proof : Que i X →Ptt IX, we) ')
Butby theabove ,
PIHOCX ,wel

') =P (HON, %) ' ) C- IPCHOCX, L)
') =P'

=p (Holl ,wet )
Base Points areonly at C but he= we has nobase points Werther . q

NB. For 9=2 we get hypereditie euvel, so (→P
'
of degree 2)

is the restrictions of X→ IP
'
(of degree 2, branchedalong a sextic) .

(charta 42)



• We cardrompose any linebandle Lon X as ( = MTF,
where F = Eaici with Ai70 and Ci =P

'

and M is semi -ampele and M
'
70

s.t.hr is basepoint- free for some r.

elf - If Ill is acomplete linear system , then Bs 14 - F.

(This is alarmen KOLF) ,- then Me LEF) =D is base-pointfree)
• If his such that no and Ill contains an inductie uur,
thenHis basepoint-nee.

ftp.go?n%dceIY.andmatnesthe gooien)
Kodaira - Ramanjam vanishing Hill, L) - o tis 0 what is- bigrnef

Thishas even when Chalk) # 0 !

We saw H
' IX. 2) = 0 for ( = OCC) when C smooth .

Directies ( for H ' IX. 4--0 when KOK) for ( connected reduced :)
0 →Ofc )→Ox → Oc → 0 indices

0→ tnx,#→ Holk Ox) IIHOCX , a)studentNix)
✓

IS

0 MIX , L)
'

0 (K3)
Wehave Holy , 01-4) stuit) =D
and H ' IX , 01-4) =MIX ,he thx ,hup

and Ho IX.Ode HOIX,Oc) en HOCGOC) 1?)

so HICKLIN o hae it is trivia .



Polariscd K3 surfaces
-

A polarised{quasi.paarsed}
"3 strak of degreed is aK3 surfaceX with an

{ Iig net } linebundel , write
such that 12 = zd and his primitieve

„

inditSible in DieCX) .

A smooth curve in Ill then has genus 9 such that 29-2szd

(Adjunction : 29-2 = C2 . )
Then X → PS andwe say that X has Jesus 9 .

"

Fact when k =E there exist sucha surfaceforang 933 .

↳ This isnot thee e.g. overfire fiets , where the degree is boorded !


