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1. FORMAL GROUP LAWS
-

Def : Ann- dimensionaal format group law over a hield k

Guusts of n power series F- = (F , - - - , Fn)

Fi = (× . . . _ , ✗nih ,
_ _ , yn) EKCTÎIYÎJ)

such that for alt i holds :

• Fi (I.Û ) ÷ ✗ityi cmod deeg 32)

• Fi (I.FLÎÄ )) = Fi LF; (I, ij ) , Î)
F is called commutatieve if Fi (Iig ) = Fi (Î , I) .

Etampes : 1- dimensionale

(a) Format additive group : Êa = (Foxy) = ✗+4) .

( b ) Format multiple . group : Êm = (FCX , g) = × -1J + ✗y .

Deef : A heomomorphism À : Ê → È
,

Î n- dim
. form - qrop Law ,

G. m
- dim . form . group Law cousists of m format power series

in n variabele

Ö = ( & ,
_ . , ✗m) such that :

• Xi (I) ± 0 (mod dig 71 )

• ÖCÊCÊ
,Û )) = (✗IF ,

,
. . , Fn) , . . . , ✗MCF' , _ _ , Fu)) =

= G (× , (it , . . . , ✗mix) ,
X , lij ) ,

_ . , ✗mij))



Except i For F commutatie:

let nt 1- zo
: n- times .

(n) (I) : = FCÊÏTÉÈ ) c-klei]) .

müa

Eef : let F-- Fcxiij) be a 1 - dim foirm . group Law . over K ,

with Charlie) =p> 0 .
Then the height (h -_ GIF)) of F

is dlfined to be :

( i ) h = 0 . if [p] 5- = 0 (entf
( ii ) h -_ S . if 7571 [p] f- = ✗ PÉ ( higher

Order

tijd /ïerms)
Riuark : If -0 : F → F

'"

=D aiijxiyj Frobenius
2- (→ z

P

map .

Then (i ) is equivalent to I being non - inverhble .

(ii ) is egvivaknt to to being invertibk .



FORMALGRNPLAWSAND-ALG.VN.

Maturana .

✗ - smooth proper Variety over k Any )n > 1 integer .

OIÎ
'

: Arta
- Abeliau groups .

A- her ( Hnetlxxrtt ,
@Én) →

→ HITCX / OÊ)) .

n = { inverlibk sneaves XXKA that

trivialite when restnikd to × }
.

§ = RÎXK
.

Format Ricard Group of X .

n-I.IO/--&:Artr-Abelian groups .

A - kern (HÁCHA , QÌÌA) →
→

.

In general OIL is not prorepres .

Brauer group of× .

However ,
when X is A K3 ! ! !

OIÎ := BÎX Format Brauer group of ×
.



À : BÎ ✗ ✗ BÎX - BÎX .

vis

equivalent
Û# : KCSÎ]) . → KATIE]]

to

À is completely determinant by the

images of each Xi bij À
#

.

→

C) = Â # (X , .
. . . ,

✗u) ← n - dimensionaal

formeel -Group Law .



2.SUPERSINGULARITY-ANDK3.is.
From none an Char (k) =p > 0 .

Def : let ✗ a K3 svrface , over k la perfect held) ,
let h be the height of its formeel Braver grap .

we say ✗ is Artin- svperoinghar iff h = u .

⑦ Notice this is egvivaleut to the fact that

the Frobenius is not invertible .

Eet : let ✗ a K3
,
over K la perfect held)

wie say
'

that X Shiode - svpersingvlar iff ptx ) --22 .

Renck : 9=22 ÊÉ h=o-

'wü⇒É
Tate's conjectrre Predicts the egvivalnce .

TATÉSCONJECNRE :

Def : let k be a perfect hield . let W = WCK) to be

the Wi-It .



1

A K3 Crystal is ( H , Y ,
I- it) .

↳ of rank n over k .

• H is a free W- module of rank n .

✓ c-W ,
MEH .

• 4 : H→

HinjeUive_-linear@YCrmI-_-CMYCmJ_-W-swo.l
-

,
- ) : Het → H is a synvetvic biliuear

g -

form .

(I) p
>
H EIIMIY) .

(2) lfxokwk kas rank 1
.

13 ) C-
,
-) is a perfect painvg

14 ) <ycx ) ,Yly)) = pzu- Fay ) .

Def : let H a K3 Crystal of rank n over K
.

Then
,
we have Ep - module .

TH = { XEH : Ycx) =p
× }

.

This is what we can the Tate module
.



|
" " " "" """ " """ °" "
( alg . closed) .

Then the following had :

(7) we have ( ouce we exkud to the alg_

""

÷: Ep

(2) The rank of the NSCX) is given

• Tate's
"

conjechve kolds for abllian svrfaces .

(Tate] , And also for products of curves .

• Tate 's conjecvre nolds for K3 over odd character-she .

[Nygaard , Oops , Charles , Madepvsipera ,

Maulik]
.



fmeor-e-u.F-superE-H-sun.iq#allutnotionsfor K3 over Odd characters:c

-

IDE=A :

let ✗ a
'

K3 over K
, we can Couerider .

.

° 14 = Hzcris (✗ 1W ) .

• y is the Frobenius on HIJ (✗ in) .

• ( -
,
- ) - koning From Poincaré dvality .

(H , Y ,
C - ,
-s) is a K3 Crystal of raak 22 .

we can associate the Newton polygon to it .

Essentialis it coalities the charactershe pdynomial

of the Frobenius .

# then we says that His supersivghar if the
Newton polygon is a straightiiue.es

-

←→ Ethe Frobenius is not inverhble ⇐

✗ is Artin IS .



[
PEEN If CH4 ,

t
,
-1) . a npersingvlar K3

)Crystal . ) a and TH is Tate module .

rankwzfpttt
= rankw H .

↳ -111-4 indices a non - degeneratie form ,
that

is-Efe.at._
⑦ Assnwuig ✗ 111=7 .

✗ Artin - ss . K3 ⇒ Hzeris (✗ IN ) is ass .

K3 -

Crystal

=D. rauky.pt/-=raukwH-- 22 =D7
- Tates conjeuwe .=D vanKCNSCX)) =22 .

→ ✗ is Sniode- SS -

D8
.



EXAMPLE :

(a) at A be a SS
.

abelian svrfau in odd cuaract .

( A " is " isogenovs to the product of ss.eu .

curves . ) .
svpersiugvlar .

the Kum (A) is a K3 svrface .

mÉÉÉÄ .)1-
(b) . The Fermat qrarhic over #q

(p -1-2)
.

✗y = { xo
"
-1 × ,

"-1×2+-1×34=0 }
.

Xy is svpersiuenlar iff p =-3 (mod 41 .



^

.

p odd

k
. alg .

3.CA/T-GORiCALEQUIVAlENCE-fGnpoids) closed .

what happens in the snpersinghar oase?

Eef : A svpersiugvlar K3 laltice is a free abllian

group N of rank 22 togetner with an

enen symehicbiliu.hr form 2- ,
-)

.

s.tn .

(I) .
The discriminant .

dlNxOrQI-_-i-c@Yqx_z.i
A-

(2) The Signature af .

Nog /R is [ 1
,
21 ) .

(3) the cokrnel N → NU is
\'

killed by p . Kom (NIH) .

Def : n > 1
,
V is au Zn - dimensionaal Fp -vectorspaa

and f- ,
- ) : Vxv → Fp . a gvadratic

form .

non- degeneratie and non-neutrale
↳ ☒ n- diner isotrope

hibspacl .



at be be a perfect held of character
-she p .

4 = id④F④ : Vxok ._ ✓④ k

Fp Fp .

↳ Frobenius on # .

we say that KE Vxqfpk . is character.sh.cn
.

if .

( i ) .

K -14 (k) has dimehsion n-11

(2) K is a totally isotrope n - duim .

svbspaa .

4141--41kt)
K is Strictly cuaractevistic

if kijk = ËYIIKÍ
i = 1

(
⑦"°"°""""""°"^"°°I

lattia
K3

,
ne set N

,
=
N / PN!

Then M is a (22-20-0) - dimensionaal "=p -weet}Space .

discriminant (N) = - p
?"

ze -00<-10 .

o_0 = Artin invariant .

-

K3 (k) = { category of SS .
K3 - Crystals with

only isomorph.ae
morphisms?



63 (k) = { cat . of pairs (Tik) where

T is a SS
.
K3 hakte over 7-p .

the P%_⑦*k is a Strictly
charactersNC

svbspace
with only isomorph . as morpuisms}

.

[
"" """ " "" " ° ""°o°

of gwpoids .

K3 (k) → 03 (k) .

( 14,4 ,
C- ,

-3) '→
'

(TH
,t.pk?)---GE-MEIA-tiEA

:

Given H a ss .
K3 - Crystal , we can find

a SS
.
K3 ✗ st H = HZn.sk/1w) .

If we contour Tijl ; this is a ss .
K3 -Lattke

.

And on can prove that K is a

.

Strictly cuaracteiistic svbspace .



If T is SS .

K3 - Lakke ,

we can

Thisisnotaconstruct .

[ = 1-④ W ijÄ
However , if K is a character.HR ssbspace

H = 4-
'

14 (k)) _
EL .

-

id Fr
.

a SS .
K3

↳
' " H =p

-'

< × , y>< .

|
this is

Crystal .
1

À = ylk) = keer (Txok→ HXOK) .

If moreover ,
k is Strictly oharaetevistic

then : TÎ TH .

which gives the egrivalnce is



K alg closed .

4.VN/RATi0NALk3svRFACES-
positive Cheer .

( Not ness .

odd)
.

Elf : An n-dimeutioueluuirah.ua variety as

a Variety X such that KCX) c- kcx , - - / ✗n) .

we say that ✗ is rationeel if KCHEKCXi.in)

theorema [smiddags) : let ✗ is a smooth
-

proper uni rationeel wryace over k .

then :

(i ) 9=1×7--22 . (✗ is Shiode- svpersiugrlar) .+ „„ „„„„„, na, a, g.manga une
}

as Newton Polygon . ( ✗ is Anton- svpersiugulart
-

⇒ò:)
a.⇒

←

fconjec-nve.no/--ork3oniratiouaI-svpersivgvarf
↳uedk↳ -120147 .


