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PREFACE 3

Preface

These notes accompany my course Algebraic Geometry I. Every time I taught
that course, I revised the text and although I do not expect drastic changes any-
more, this is a process that will probably only stop when I cease teaching it. One
reason is that these notes are tailored to what I think are the needs of the course
and this changes with time. This makes me all the more aware of its deficiencies
(by sometimes not giving a topic the treatment it deserves) and omissions (by skip-
ping a nearby point of interest that would have merited discussion). Occasionally I
try to make up for this by including some remarks in a smaller font.

As T hope will become clear (and even more so in its sequel, Algebraic Geometry
II), much of commutative algebra owes its existence to algebraic geometry and
vice versa, and this is why there is no clear border between the two. This also
explains why some familiarity with commutative algebra is a prerequisite, but as a
service to students lacking such background, I occassionally recall basic facts from
that area and from Galois theory (all of it being standard fare in a first course on
these subjects), also in a smaller font. Otherwise these notes are essentially self-
contained.

On <www.staff.science.uu.nl/~1lo0ij101/> I maintain a web page of this
course, where among other things, I briefly explain what this field is about and list
some books for further reading. To repeat a recommendation that is made there, I
strongly encourage you to buy a (preferably paper!) text book as a companion to
use with the course, for such a book generally covers more ground and also tends
to do so in a more balanced manner. And it may be consulted, even long after these
notes have perished. A good choice is Hartshorne’s book (though certainly not the
only one), which has the additional benefit that it can also serve you well for a
sequel to this course. (That the content of these notes have a substantial overlap
with Chapter 1 of that volume is unlikely to be a coincidence.)

You may occasionally find in the text forwarding references to course notes of
Algebraic Geometry II. These indeed exist, but as they are in a much more tentative
and preliminary form, I have not included them here.

Some conventions. Rings are always supposed to be commutative and to possess
a unit and a ring homomorphism is required to take unit to unit. We allow that
1 = 0, but in that case we get of course the zero ring {0} and there cannot be
any ring homomorphism going from this ring to a nonzero ring, as it must take
unit to unit. Since a prime ideal of a ring is by definition not the whole ring,
the zero ring has no prime ideals and hence also no maximal ideals. When R
and R’ are two rings, then R x R’ is also one for componentwise addition and
multiplication, the unit being (1, 1). The projections onto its factors are admitted
as ring homomorphisms, but an inclusion obtained by putting one coordinate zero
is not, as this is not unital, unless in that coordinate we have the zero ring (in other
words, “x” defines a categorical product but not a categorical sum).

We say that a ring is a domain() if its zero ideal is a prime ideal, in other
words, if the ring is not the zero ring (1 # 0) and has no zero divisors.

ISince we assume all our rings to be commutative and with unit, this is the same notion as integral
domain.



Given a ring R, then an R-algebra is a ring A endowed with a ring homomor-
phism ¢ : R —+ A. When is ¢ is understood, then for every r € R and a € A, the
product ¢(r)a is often denoted by ra. In case R is a field, ¢ will be injective so that
R may be regarded as a subring of A, but this need not be so in general. We say that

A is finitely generated as an R-algebra if we can find a1, ..., a, in A such that every
element of A can be written as a polynomial in these elements with coefficients in
R; in other words, if the R-algebra homomorphism R[z1,...,z,] — A which sends

the variable z; to a; is onto. This is not to be confused with the notion of finite
generation of an R-module M which merely means the existence of a surjective
homomorphism of R-modules R"™ — M for some n > 0.

Similarly, a field L is said to be finitely generated as a field over a subfield K if
there exist by, ..., b, in L such that every element of L can be written as a fraction
of two polynomials in these elements (the denominator being nonzero of course)
with coefficients in K.

We denote the multiplicative group of the invertible elements (units) of a ring
R by R*.
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CHAPTER 1

Affine varieties

Throughout these notes k stands for an algebraically closed field, unless we
explicitly state otherwise. Recall that this means that every polynomial f € k[z] of
positive degree has a root 1 € k: f(x1) = 0. This implies that f is divisible by
x — x1 with quotient a polynomial of degree one less than f. Continuing in this
manner we then find that f decomposes simply as f(z) = c¢(z — z1) - (z — zq)
with ¢ € k% =k~ {0}, d = deg(f) and z1, ..., x4 € k. Since an algebraic extension
of k is obtained by the adjunction of certain roots of polynomials in k[z], this also
shows that the property in question is equivalent to: every algebraic extension of k
is equal to k.

A first example you may think of is the field of complex numbers C, but as
we proceed you should become increasingly aware of the fact that there are many
others: it is shown in a standard algebra course that for any field F' an algebraic
closure F is obtained by adjoining to F the roots of every polynomial f € F[z] (V).
So we could take for k an algebraic closure of the field of rational numbers Q, of
the finite field IF,, where ¢ is a prime power or even of the field of fractions of any
domain such as Cxy, ..., z,].

1. The Zariski topology

Any f € k[zy,...,x,] determines in an evident manner a function k" — k.
In such cases we prefer to think of k™ not as vector space—its origin and vector
addition will be irrelevant to us—but as a set with a weaker structure. We shall
make this precise later, but it basically amounts to only remembering that elements
of k[z1,...,z,] can be understood as k-valued functions on it. For that reason
it is convenient to denote this set differently, namely as A™ (or as A%, if we feel
that we should not forget about the field k). We refer to A™ as the affine n-space
over k. A k-valued function on A" is then said to be regular if it is defined by
some f € k[x1,...,z,]. We denote the zero set of such a function by Z(f) and its
complement (the nonzero set) by A? C A",

A principal subset of A" is any subset of the form A% and a hypersurface of A"
is any subset of the form Z(f), where in the last case we ask that f be nonconstant
(thatis, f ¢ k).

EXERCISE 1. Prove that f € k[z1,...,x,] is completely determined by the reg-
ular function it defines. (Hint: do first the case n = 1.) So the ring k[x1,...,z,] can

LThis can not be done in one step: it is an infinite process which involves in general many choices.
This is reflected by the fact that the final result is not canonical, although it is unique up to a (in general
nonunique) isomorphism; whence the use of the indefinite article in ‘an algebraic closure’.

7



8 1. AFFINE VARIETIES

be regarded as a ring of functions on A™ under pointwise addition and multiplica-
tion. Show that this fails to be so for the finite field I, (which is not algebraically
closed).

EXERCISE 2. Prove that a hypersurface is neither empty, nor all of A™.

It is perhaps somewhat surprising that in this rather algebraic context, the lan-
guage of topology proves to be quite effective: algebraic subsets of A™ shall appear
as the closed sets of a topology, albeit a rather peculiar one.

Lemma-definition 1.1. The collection of principal subsets of A™ is a basis of a
topology on A", called the Zariski topology. A subset of A" is closed for this topol-
ogy if and only if it is an intersection of zero sets of regular functions.

PrROOF. Recall that a collection il of subsets of a set X may serve as a basis for
a topology on X (and thus determines this topology) if and only if the intersection
of any two its members is a union of members of {{. As the collection of principal
subsets is even closed under finite intersection: A} NAT =A% ., the first assertion
follows. Since an open subset of A" is by definition a union of subsets of the form
A%, a closed subset must be an intersection of subsets of the form Z(f). O

EXAMPLE 1.2. The Zariski topology on A! is the cofinite topology: its closed
subsets # A! are the finite subsets.

EXERCISE 3. Show that the diagonal in A? is closed for the Zariski topology,
but not for the product topology (where each factor A! is equipped with the Zariski
topology). So A2 does not have the product topology.

We will explore the mutual relationship between the following two basic maps:

{subsets of A"} SRR {ideals of k[x1,...,z,]}
U N
{closed subsets of A"} —Z {subsets of k[x1,...,x,]}.

where for a subset X C A", I(X) is the ideal of f € k[z1,...,z,] with f|X = 0and
for a subset J C k[x1,...,xz,], Z(J) is the closed subset of A™ defined by Nyc s Z(f).
Observe that

I(Xlqu):I(Xl)ﬂI(Xg) and Z(J1UJ2):Z(J1)OZ(J2)
In particular, both I and Z are inclusion reversing. Furthermore, the restriction of 1
to closed subsets defines a section of Z: if Y C A™ is closed, then Z(I(Y)) =Y. We

also note that by Exercise 1 I(A™) = (0), and that any singleton {p} C A™ is closed,
as it is the common zero set of the degree one polynomials z1; — p1, ..., %Tn — Pn.

EXERCISE 4. Prove that I({p}) is equal to the ideal generated by these degree
one polynomials and that this ideal is maximal.

EXERCISE 5. Prove that the (Zariski) closure of a subset Y of A" is equal to
Z(1(Y)).

Given Y C A", then f, g € k[x1,...,z,] have the same restriction to Y if and
only if f — g € I(Y). So the quotient ring k[z1,...,x,]/I(Y) (a k-algebra) can be
regarded as a ring of k-valued functions on Y. Notice that this k-algebra does not
change if we replace Y by its Zariski closure.



1. THE ZARISKI TOPOLOGY 9

DEFINITION 1.3. Let Y C A™ be closed. The k-algebra k[z1,...,2,]/I(Y) is
called the coordinate ring of Y and we denote it by k[Y]. A k-valued function on Y
is said to be regular if it lies in this ring.

So k[A"] = k[z1,...,x,]. Given a closed subset Y C A", then for every
subset X C A™ we have X C Y if and only if I(X) O I(Y), and in that case
Iy(X) := I(X)/I(Y) is an ideal of k[Y]: it is the ideal of regular functions on Y’
that vanish on X. Conversely, an ideal of k[Y] is of the form J/I(Y), with J an
ideal of k[x1, ..., ;] that contains I(Y"), and such an ideal defines a closed subset
Z(J) contained in Y. So the two basic maps above give rise to such a pair on Y:

{subsetsof Y}  —— ({ideals of k[Y]}
U N

{closed subsets of Y} Pl {subsets of k[Y]}.

Exercise 5 tells us what Z o I does. We now ask this question for I o Z. In
particular, which ideals of k[z1, ..., z,] are of the form I(Y") for some Y? Clearly, if
f € klx1,...,x,] is such that some positive power vanishes on Y, then f vanishes
on Y. In other words: if /™ € I(Y") for some m > 0, then f € I(Y). This suggests:

Proposition-definition 1.4. Let R be a ring (as always commutative and with 1)
and let J C R be an ideal. Then the set of a € R with the property that «™ € J for
some m > 0 is an ideal of R, called the radical of .J and denoted v/.J.

We say that J is a radical ideal if V/.J = J.

We say that the ring R is reduced if the zero ideal (0) is a radical ideal (in other
words, R has no nonzero nilpotents: if a € R is such that ¢ = 0, then a = 0).

PROOF. We show that /.J is an ideal. Let a,b € v/J so that a™,b" € J for
certain positive integers m,n. Then for every r € R, ra € +/J, since (ra)™ =
r™a™ € J. Similarly a — b € \/J, for (a — b)™*™ is an R-linear combination of
monomials that are multiples of " or b and hence lie in J. O

EXERCISE 6. Show that a prime ideal is a radical ideal.

Notice that J is a radical ideal if and only if R/J is reduced. The preceding
shows that for every Y C A", I(Y') is a radical ideal, so that k[Y] is reduced. The
dictionary between algebra and geometry begins in a more substantial manner with

Theorem 1.5 (Hilbert’s Nullstellensatz). For every ideal J C k[zq,...,x,] we
have I(Z(J)) = V/J.

We inclusion D is clear; the hard part is the opposite inclusion (which says that
if f € k[zy,...,x,] vanishes on Z(.J), then f™ € J for some positive integer m).
We postpone its proof and first discuss some of the consequences.

Corollary 1.6. Let Y C A" be closed. Then the maps Iy and Zy define inclusion
reversing bijections that are each others inverse

{closed subsets of Y'} ++ {radical ideals of k[Y]}.
Via this bijection §) <+ k[Y], Y « 1/(0) and
{points of Y} +» {maximal ideals of k[Y]},
where Iy ({p}) = m,/I(Y), with m, := (21 — p1,...,Zn — Dn).
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PROOF. We first prove this for Y = A™. We already observed that for every
closed subset X of A™ we have Z(I(X)) = X. The Nullstellensatz says that for a
radical ideal J C k[z1,...,z,], we have I(Z(J)) = J. This establishes the bijection.
It is clear that via this bijection, §) <+ k[Y] and Y <+ 1/(0). It then also follows that
the smallest nonempty closed subsets of Y must correspond to the biggest proper
radical ideals of k[z1,...,x,]. Since a singleton is closed and a maximal ideal is a
radical ideal (as it is a prime ideal), we thus obtain a bijection between the points
of A" and the maximal ideals of k[x,...,x,]. We already noticed that for a given
p € A", (x1 — p1,...,%, — pn) is @ maximal ideal whose zero set is {p}.

The general case now also follows, because an ideal of k[Y] is of the form
J/I(Y) with J D (Y) and this is a radical ideal if and only if J is one; a maximal
ideal of k[Y] corresponds to a maximal ideal of A™ which contains I(Y"). O

Via this (or a very similar) correspondence, algebraic geometry seeks to express
geometric properties of Y in terms of algebraic properties of k[Y] and vice versa. In
the end we want to forget about the ambient A™ (for the same reason as one wants
to study manifolds in their own right and not as embedded in some R™).

2. Irreducibility and decomposition

We introduce a property which for most topological spaces is of little interest,
but as we will see, is useful and natural for the Zariski topology.

Proposition-definition 2.1. Let Y be a topological space. We say that Y is irre-
ducible if (i) it is nonempty and (ii) Y is not the union of two closed proper subsets
(or equivalently, any nonempty open subset of Y is dense in Y).

We call a maximal irreducible subset of Y an irreducible component of Y.

The proof that the two characterizations of irreducible are indeed equivalent
is left as an exercise. It follows from the definition that if 4; C Ay C Az C
--- C Y is a nested sequence of irreducible subsets of the space Y, then U2, 4,
is irreducible(?). It follows that every irreducible subset of Y is contained in an
irreducible component of Y and that the irreducible components of Y cover Y.
Clearly two distinct irreducible components of Y cannot obey an inclusion relation.

EXERCISE 7. Prove that an irreducible Hausdorff space must consist of a single
point. Prove also that an infinite set with the cofinite topology is irreducible.

EXERCISE 8. Let Y7,...,Y; be closed subsets of a topological space Y whose
union is Y. Prove that every irreducible subset of Y is contained in some Y;. Deduce
that {Y;}7_, is the collection of irreducible components of Y if each Y; is irreducible
and Y; C Y, implies Y; =Y;.

Lemma 2.2. Let Y be a topological space. If Y is irreducible, then every nonempty
open subset of Y irreducible. Conversely, if C' C Y is an irreducible subspace, then
C' is also irreducible. In particular, an irreducible component of Y is always closed
inY.

PROOF. Suppose Y is irreducible and let U C Y be open and nonempty. A
nonempty open subset of U is dense in Y and hence also dense in U. So U is
irreducible.

2This is more generally true for a directed system of irreducible subsets.
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Let now C' C Y be irreducible (and hence nonempty). Let V' C C' be nonempty
and open in C. Then V N C is nonempty. It is also open in C' and hence dense in C.
But then V N C is also dense in C and so V is dense in C. So C is irreducible. [0

Here is what irreducibility means in the Zariski topology.

Proposition 2.3. A closed subset Y C A™ is irreducible if and only if 7(Y") is a prime
ideal (which we recall is equivalent to: k[Y]| = k[z1,...,z,]/I1(Y) is a domain).

PROOF. Suppose Y is irreducible and f,g € k[x1,...,x,] are such that fg €
I(Y). ThenY C Z(fg) = Z(f)U Z(g). Since Y is irreducible, Y is contained in
Z(f)orin Z(g). So f € I(Y) or g € I(Y), proving that I(Y) is a prime ideal.

Suppose that Y is the union of two closed subsets Y; and Y- that are both # Y.
Then I(Y) is not a prime ideal: since Y; # Y implies that there exist f; € I(Y;)
I(Y) (i = 1,2) and then f; f» vanishes on Y7 UY; =Y/, so that f; f> € I(Y). O

One of our first aims is to prove that the irreducible components of any closed
subset Y C A™ are finite in number and have Y as their union. This may not
sound very surprising, but we will see that this reflects some nonobvious algebraic
properties. Let us first consider the case of a hypersurface. Since we are going
to use the fact that k[z4,...,2,] is a unique factorization domain, we begin with
recalling that notion.

2.4. UNIQUE FACTORIZATION DOMAINS. Let us first observe that in a ring R without zero
divisors two nonzero elements a, b generate the same ideal if and only if b is a unit times a.

DEFINITION 2.5. A ring R is called a unique factorization domain (often abbreviated as
UFD) if it has no zero divisors and every principal ideal (a) := Ra in R which is neither the
zero ideal nor all of R is in unique manner an (unordered) product of principal prime ideals:
(a) = (p1)(p2) - - - (ps) (so the ideals (p1), ..., (ps) are unique up to order).

Note that last property amounts to the statement that every a € R~ {0} is a unit or can
be written as a product a = p1ps - - - ps such that each p; generates a prime ideal and this
is unique up to order and multiplication by units: if a = q1g2 - - - ¢ is another such way of
writing a, then t = s and ¢; = wip,(;), where o € S,, is a permutation and uyus - - - us = 1.

For a field (which has no proper principal ideals distinct from (0)) the imposed condition
is empty and hence a field is automatically a unique factorization domain. A more substantial
example (that motivated this notion in the first place) is Z: a principal prime ideal of Z is of
the form (p), with p a prime number. Every integer n > 2 has a unique prime decomposition
and so Z is a unique factorization domain.

A basic theorem in the theory of rings asserts that if R is a unique factorization domain,
then so is its polynomial ring R[z]. This implies (with induction on n) that R[z1,...,z,] is
one. For a field F, the units of F[z1,...,z,] are those of F' and a nonzero principal ideal
of this ring is prime precisely when it is generated by an irreducible polynomial of positive
degree. So then every f € F[z1,...,x,] of positive degree then can be written as a product
of irreducible polynomials: f = fif2--- fs, a factorization that is unique up to order and
multiplication of each f; by a nonzero element of F'.

The following proposition connects two notions of irreducibility.

Proposition 2.6. Let f € k[x1,...,x,]| have positive degree. Then f is irreducible
if and only if Z(f) is. More generally, if f = fifo--- fs is a factoring of f into
irreducible polynomials, then Z(f1),...,Z(fs) are the irreducible components of

Z(f) and their union equals Z(f) (*). In particular, a hypersurface is the union

3But we are not claiming that the Z(f;)’s are pairwise distinct.
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of its irreducible components; these irreducible components are hypersurfaces and
finite in number.

PROOF. For the first assertion, note f € k[z1,...,xz,] is irreducible if and only
if f generates a prime ideal. By Proposition 2.3 this is equivalent to Z(f) being an
irreducible hypersurface.

It follows that if f = fy fo--- f, is as in the proposition, then Z(f) = Z(f;) U
-+ U Z(f,) with each Z(f;) irreducible. To see that {Z(f;)}7_, is the collection of
irreducible components of Z(f), it suffices, in view of Exercise 8, to prove that any
inclusion relation Z(f;) C Z(f;) is necessarily an identity. The inclusion Z(f;) C
Z(f;) implies f; € \/(fi). Since f; is irreducible it generates a prime ideal and
hence a radical ideal, so that f; € (f;). But f; is irreducible also and so f; is a unit
times f;. This proves that Z(f;) = Z(f;). O

We continue the discussion of irreducibility with the somewhat formal

Lemma 2.7. For a partially ordered set (A, <) the following are equivalent:

(1) (A, <) satisfies the ascending chain condition: every ascending chain a; <
as < az < --- becomes stationary: a, = a,y1 = --- for n sufficiently
large.

(ii) Every nonempty subset B C A has a maximal element, that is, an element
bg € B such that there is no b € B with b > by.

PROOF. (i)=-(ii). Suppose (A, <) satisfies the ascending chain condition and
let B C A be nonempty. Choose b; € B. If b; is maximal, we are done. If not, then
there exists a by € B with by > b;. We repeat the same argument for b,. We cannot
indefinitely continue in this manner because of the ascending chain condition.

(i)=(@). If (A, <) satisfies (ii), then the set of members of any ascending chain
has a maximal element, in other words, the chain becomes stationary. O

If we replace < by >, then we obtain the notion of the descending chain condi-
tion and we find that this property is equivalent to: every nonempty subset B C A
has a minimal element. These properties appear in the following pair of definitions.

DEFINITIONS 2.8. We say that a ring R is noetherian if its collection of ideals
satisfies the ascending chain condition.

We say that a topological space Y is noetherian if its collection of closed subsets
satisfies the descending chain condition.

EXERCISE 9. Prove that a subspace of a noetherian space is noetherian. Prove
also that a ring quotient of a noetherian ring is noetherian.

EXERCISE 10. Prove that a noetherian space is quasi-compact: every covering
of such a space by open subsets contains a finite subcovering.

The interest of the noetherian property is that it is one which is possessed by
almost all the rings we encounter and that it implies many finiteness properties
without which we are often unable to go very far.

But let us give a nonexample first. The ring (D) of holomorphic functions
on the unit disk D C C is not noetherian: choose f € H(D) such that f has
simple zeroes in a sequence (z; € D);>; whose terms are pairwise distinct (e.g.,
sin(m/(1 — 2))). Put f,, == f(2)(z —21) " - (2 — 2,) "% Then f,, = (2 — 2zns1) fas1



2. IRREDUCIBILITY AND DECOMPOSITION 13

and so the ideal in 7 (D) generated by f,, is strictly contained in the ideal generated
by f..+1. We thus obtain a strictly ascending chain of ideals in H (D).

On the other hand, the ring of convergent power series C{z} is noetherian
(we leave this as a little exercise). Obviously, a field is noetherian. The ring Z is
noetherian: if I; C I, C --- is an ascending chain of ideals in Z, then U2, I; is
an ideal of Z, hence of the form (n) for some n € Z. But if s is such that n € I,
then clearly the chain is stationary as of index s. (This argument only used the
fact that any ideal in Z is generated by a single element, i.e., that Z is a principal
ideal domain.) That most rings we encounter are noetherian is a consequence of
the following theorem.

Theorem 2.9 (Hilbert’s basis theorem). If R is a noetherian ring, then so is R[z].

As with the Nullstellensatz, we postpone the proof and discuss some of its
consequences first.

Corollary 2.10. If R is a noetherian ring (for example, a field) then so is every
finitely generated R-algebra. Also, every closed subset of A™ is noetherian.

PrROOF. The Hilbert basis theorem implies (with induction on n) that the ring
R[z1,...,x,] is noetherian. By Exercise 9, every quotient ring R[z1,...,z,]/I is
then also noetherian. But a finitely generated R-algebra is (by definition) isomor-
phic to some such quotient and so the first statement follows.

Suppose A™ D Y; D Y, D --- is a descending chain of closed subsets. Then
(0) C I(Y7) C I(Y,) C --- is an ascending chain of ideals. As the latter becomes
stationary, so will become the former. O

Proposition 2.11. Let Y be a noetherian space. Then its irreducible components
are finite in number and their union equals Y.

PROOF. We first show that every closed subset can be written as a finite union
of closed irreducible subsets. First note that the empty set has this property (despite
the fact that an irreducible set is nonempty by definition), for a union with empty
index set is empty. Let B be the collection of closed subspaces of Y for which this
is not possible, i.e., that can not be written as a finite union of closed irreducible
subsets. Suppose that B is nonempty. According to 2.7 this collection has a minimal
element, Z, say. This Z must be nonempty and cannot be irreducible. So Z is the
union of two proper closed subsets Z’ and Z”. The minimality of Z implies that
neither Z’ nor Z” is in B and so both Z’ and Z” can be written as a finite union of
closed irreducible subsets. But then so can Z and we get a contradiction.

In particular, there exist closed irreducible subsets Y7, ..., Y; of Y whose union
isY (if Y = (), take s = 0). We may of course assume that no Y; is contained
in some Y; with j # 4. An application Exercise 8 then shows that the Y;’s are the
irreducible components of Y. O

If we apply this to A" (endowed as always with its Zariski topology), then
we find that every subset Y C A™ has a finite number of irreducible components,
the union of which is all of Y. If Y is closed in A", then so is every irreducible
component of Y and according to Proposition 2.3 such an irreducible component is
defined by a prime ideal. This allows us to recover the irreducible components of a
closed subset Y C A™ from its coordinate ring:
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Corollary 2.12. Let Y C A" be a closed subset. If C is an irreducible component of
Y, then the image Iy (C) of I(C) in k[Y] is a minimal prime ideal of k[Y] and any
minimal prime ideal of k[Y] is so obtained: we thus get a bijective correspondence
between the irreducible components of Y and the minimal prime ideals of k[Y].

PROOF. Let C be a closed subset of Y and let Iy (C) be the corresponding ideal
of k[Y]. Now C is irreducible if and only if I(C) is a prime ideal of k[z1, ..., z,],
or what amounts to the same, if and only if Iy (C) is a prime ideal of k[Y]. It is
an irreducible component if C' is maximal for this property, or what amounts to the
same, if Iy-(C') is minimal for the property of being a prime ideal of £[Y]. O

EXAMPLE 2.13. First consider the set C := {(t,t?,t3) € A3|t € k}. Thisis a
closed subset of A®: if we use (x,y, z) instead of (x1, z2, 23), then C is the common
zero set of y — 2% and z — 3. Now the inclusion k[z] C k[z,y, z] composed with the
ring quotient k[z,y, 2] — k[x,y, 2]/(y — 22, z — x3) is clearly an isomorphism. Since
k[z] has no zero divisors, (y — 2, 2 — 2%) must be a prime ideal. So C is irreducible
and I(C) = (y — 22,z — a3).

We now turn to the closed subset Y C A3 defined by 2y —z = 0 and 3> — 22 = 0.
Let p = (z,y,2) € Y. If y # 0, then we put ¢ := z/y; from y* = 22, it follows that
y = t?> and z = t3 and xy = z implies that z = ¢. In other words, p € C in that
case. If y = 0, then z = 0, in other words p lies on the z-axis. Conversely, any point
on the z-axis lies in Y. So Y is the union of C' and the z-axis and these are the
irreducible components of Y.

We begin with recalling the notion of localization and we do this in the gener-
ality that is needed later.

2.14. LOCALIZATION. Let R be a ring and let S be a multiplicative subset of R: 1 € S
and S closed under multiplication. Then a ring S~ 'R, together with a ring homomorphism
R — S7'R is defined as follows. An element of S™'R is by definition written as a formal
fraction r/s, with r € R and s € S, with the understanding that r/s = r’/s’ if and only if
s"(s'r — sr') = 0 for some s” € S. This is a ring indeed: multiplication and subtraction is
defined as for ordinary fractions: r/s.r’' /s’ = (rr')/(ss’) and r/s — 1" /s' = (s'r — sr") /(s5');
it has 0/1 as zero and 1/1 as unit element and the ring homomorphism R — S™' R is simply
r +— r/1. Observe that the definition shows that 0/1 = 1/1 if and only if 0 € S, in which
case ST R is reduced to the zero ring. We also note that any s € S maps to an invertible
element of S™' R, the inverse of s/1 being 1/s (this is also true when 0 € S, for 0 is its own
inverse in the zero ring). In a sense (made precise in part (b) of Exercise 11 below) the ring
homomorphism R — S~'R is universal for that property. This construction is called the
localization away from S.

Of special interest is when S = {s"|n > 0} for some s € R. We then usually write
R[1/s] for ST'R. Notice that the image of s in R[1/s] is invertible and that R[1/s] is the
zero ring if and only if s is nilpotent.

It is clear that if S does not contain zero divisors, then /s = r'/s’ if and only if
s'r — s’ = 0; in particular, /1 = r’/1 if and only if » = 7/, so that R — S™'R is then
injective. If we take S maximal for this property, namely take it to be the set S(R) of nonzero
divisors of R (which is indeed multiplicative), then S(R) 'R is called the total fraction ring
Frac(R) of R. When R is a domain, S(R) = R \ {0} and so Frac(R) is a field, the fraction
field of R. This gives the following corollary, which hints to the importance of prime ideals
in the subject.

Corollary 2.15. An ideal p of a ring R is a prime ideal if and only if it is the kernel of a ring
homomorphism from R to a field.
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PROOF. It is clear that the kernel of a ring homomorphism from R to a field is always
a prime ideal. Conversely, if p is a prime ideal, then it is the kernel of the composite R —
R/p < Frac(R/p). O

EXERCISE 11. Let R be a ring and let .S be a multiplicative subset of R.

(a) What is the the kernel of R — S~ 'R?

(b) Prove that a ring homomorphism ¢ : R — R’ with the property that ¢(s)
is invertible for every s € S factors in a unique manner through S—'R.

(c) Consider the polynomial ring R[zs; : s € S] and the homomorphism of
R-algebras R[zs : s € S] — SR that sends x, to 1/s. Prove that this
homomorphism is surjective and that its kernel consists of the f € R[z; :
s € S] which after multiplication by an element of S lie in the ideal
generated the degree one polynomials szs — 1, s € S.

EXERCISE 12. Let R be a ring and let p be a prime ideal of R.

(a) Prove that the complement R \ p is a multiplicative system. The result-
ing localization (R ~ p)~!R is called the localization at p and is usually
denoted R,,.

(b) Prove that pR, is a maximal ideal of R, and that it is the only maximal
ideal of R,. (A ring with a unique maximal ideal is called a local ring.)

(c) Prove that the localization map R — R, drops to an isomorphism of fields
Frac(R/p) = Ry /pRy.

(d) Work this out for R = Z and p = (p), where p is a prime number.

(e) Same for R = k[z,y] and p = (z).

Lemma 2.16. Let I be an ideal of a ring R. Then the intersection of all the prime
ideals of R containing I equals v/I. In particular, for every nonnilpotent a € R,
there exists a ring homomorphism from R to a field that is nonzero on a.

PROOF. By passing to R/I we are reduced to the case when I = (0): we must
then show that the intersection of all the prime ideals of R is the ideal of nilpotent
elements. It is easy to see that a nilpotent element lies in every prime ideal. Now
for a nonnilpotent a € R consider the homomorphism R — R[1/a|. The ring R[1/a]
is nonzero, hence has a maximal ideal(*) m so that F' := R[1/a]/m is a field. Then
the kernel of the composite ¢ : R — R[1/a] — F is a prime ideal and « is not in
this kernel (for ¢(a) € F is invertible with inverse the image of 1/a). O

EXERCISE 13. Let R be a ring. Prove that the intersection of all the maximal
ideals of a ring R consists of the a« € R for which 1 + aR C R* (i.e., 1 + ax is
invertible for every x € R). You may use the fact that every proper ideal of R is
contained in a maximal ideal.

We can do better if R is noetherian. The following proposition is the algebraic
counterpart of Proposition 2.11. Note the similarity between the proofs.

Proposition 2.17. Let R be a noetherian ring. Then for every ideal I C R, the
minimal elements of the collection of prime ideals containing I are finite in number
(with every prime ideal containing / containing one of these) and their intersection

4Every nonzero ring has a maximal ideal. For noetherian rings, which are our main concern, this
is obvious, but in general this follows with transfinite induction, the adoption of which is equivalent to
the adoption of the axiom of choice.
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is v/I. In particular, the minimal prime ideals of R are finite in number and their
intersection is the ideal of nilpotents /(0).

PROOF. We first make the rather formal observation that R is a radical ideal
and indeed appears as a finite (namely empty) intersection of prime ideals. So the
collection B of the radical ideals I C R that can not be written as an intersection of
finitely many prime ideals does not contain R. We prove that B is empty. Suppose
otherwise. Since R is noetherian, B will have a maximal member I, # R, say. We
then derive a contradiction as follows.

Since Iy is not a prime ideal, there exist a;, as € R~ Iy with a;as € Iy. Consider
the radical ideal J; := /Iy + Ra;. The ideal J; strictly contains I, and so cannot
belong to B. In other words, J; is an intersection of finitely many prime ideals. We
next show that J; N Jo = I, so that [ is an intersection of finitely many prime
ideals also, thus arriving contradiction. The inclusion O is obvious and C is seen
as follows: if a € J; N Jo, then for ¢ = 1,2, there exists an n; > 0 such that
a" € Iy + Ra;. Hence amtn2 ¢ (Io + Ral)(Io + RCLQ) C Iy, so that a € I,.

In particular, for an arbitrary ideal I, v/IT = p; N - - - Np, for certain prime ideals
p;. We may of course assume that no p,; contains some p; with j # i (otherwise,
omit p;). It now remains to prove that every prime ideal p O I of R contains

some p;. If that is not the case, then choose a; € p; ~p (: = 1,...,s). But then
aias---as €pyN---Nps =1 C p and since p is a prime ideal, some factor a; lies
in p. This is clearly a contradiction. (]

EXERCISE 14. Let R be aring, S C R be a multiplicative system and denote by
¢ : R — SR the natural homomorphism. Prove that the map which assigns to
every prime ideal of S~!R its preimage in R under ¢ defines a bijection between
the prime ideals of S~ R and the prime ideals of R disjoint with S. Prove also that
if S has no zero divisors, then the preimage of the ideal of nilpotents of S~'R is
the ideal of nilpotents of R.

3. Finiteness properties and the Hilbert theorems

The noetherian property in commutative algebra is best discussed in the con-
text of modules, even if one’s interest is only in rings. We fix a ring R and first recall
the notion of an R-module.

The notion of an R-module is the natural generalization of a K -vector space (where K
is some field). Let us observe that if M is an (additively written) abelian group, then the
set End(M) of group homomorphisms M — M is a ring for which subtraction is pointwise
defined and multiplication is composition (so if f,g € End(M), then f —g: m € M —
fim) —g(m) and fg : m — f(g(m))); clearly the zero element is the zero homomorphism
and the unit element is the identity. It only fails to obey our convention in the sense that this
ring is usually noncommutative. We only introduced it in order to be able state succinctly:

DEFINITION 3.1. An R-module is an abelian group M, equipped with a ring homomor-
phism R — End(M).

So any r € R defines a homomorphism M — M; we usually denote the image of
m € M under this homomorphism simply by rm. If we write out the properties of an R-
module structure in these terms, we get: r(mi1—mz) = rmi—rma, (r1—r2)m = rim—ram,
1.m = m, r1(ram) = (r1r2)m. If R happens to be field, then we see that an R-module is the
same thing as an R-vector space.
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The notion of an R-module is quite ubiquitous, once you are aware of it. A simple
example is an ideal I C R. Any abelian group M is in a natural manner a Z-module. And a
R[z]-module can be understood as an real linear space V' (an R-module) endowed with an
endomorphism (the image of z in End(V')). A more involved example is the following: if
X is a manifold, f is a C°°-function on X and w a C*°-differential p-form on X, then fw is
also a C* differential p-form on X. Thus the linear space of C'*°-differential forms on X of
a fixed degree p is naturally a module over the ring of C*°-functions on X.

Here are a few companion notions, followed by a brief discussion.

3.2. In what follows M is an R-module. Amap f : M — N from M to an R-module N
is called a R-homomorphism if it is a group homomorphism with the property that f(rm) =
rf(m) forallr € Rand m € M. If f is also bijective, then we call it an R-isomorphism; in
that case its inverse is also a homomorphism of R-modules.

For instance, given a ring homomorphism f : R — R’, then R’ becomes an R-module
by rr’ := f(r)r’ and this makes f a homomorphism of R-modules.

A subset N C M is called an R-submodule of M if it is a subgroup and rn € N for all
r € Rand n € N. Then the group quotient M /N is in a unique manner a R-module in such
a way that the quotient map M — M /N is a R-homomorphism: we let r(m+N) := rm+ N
for r € R and m € M. Notice that a R-submodule of R (here we regard R as a R-module)
is the same thing as an ideal of R.

Given a subset S C M, then the set of elements m € M that can be written as r1s1 +
---+ sk with r, € R and s; € S is a R-submodule of M. We call it the R-submodule of
M generated by S and we shall denote it by RS. If there exists a finite set S C M such that
M = RS, then we say that M is finitely generated as an R-module.

DEFINITION 3.3. We say that an R-module M is noetherian if the collection of
R-submodules of M satisfies the ascending chain condition: any ascending chain
of R-submodules N; C N, C --- becomes stationary.

It is clear that then every quotient module of a noetherian module is also noe-
therian. The noetherian property of R as a ring (as previously defined) coincides
with this property of R as an R-module.

The following two propositions provide the passage from the noetherian prop-
erty to finite generation:

Proposition 3.4. An R-module M is noetherian if and only if every R-submodule
of M is finitely generated as an R-module.

PROOF. Suppose that M is a noetherian R-module and let N C M be a R-
submodule. The collection of finitely generated R-submodules of M contained in
N is nonempty. Hence it has a maximal element Ny. If Ny = N, then N is finitely
generated. If not, we run into a contradiction: just choose x € N \ N, and consider
No + Rz. This is a R-submodule of N. It is finitely generated (for Ny is), which
contradicts the maximal character of N.

Suppose now that every R-submodule of M is finitely generated. If Ny C
Ny C --- is an ascending chain of R-modules, then the union N := U2, N; is a
R-submodule. Let {s1,...,s;} be a finite set of generators of N. If s,, € N;_, and
Jj = max{iy, ..., i}, then it is clear that N; = N. So the chain becomes stationary
as of index ;. O

Proposition 3.5. Suppose that R is a noetherian ring. Then every finitely generated
R-module M is noetherian.

PROOF. By assumption M = RS for a finite set S C M. We prove the propo-
sition by induction on the number of elements of S. If S = (), then M = {0} and
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there is nothing to prove. Suppose now S # ) and choose s € S, so that our induc-
tion hypothesis applies to M’ := RS’ with S’ = S \ {s}: M’ is noetherian. But so
is M/M’, for it is a quotient of the noetherian ring R via the surjective R-module
homomorphism R — M/M’, r — rs+ M'.

Let now N; C N, C --- be an ascending chain of R-submodules of M. Then
NN M C NonM' C --- becomes stationary, say as of index j;. Hence we only
need to be concerned for k£ > j; with the stabilization of (N /(V;, N M’))x>;,. But
for k > ji, Ni/(Nj, N M' = Ny /(Ny N M") = (N, + M')/M’, so that this can be
regarded as an ascending chain in M/M’. Since M /M’ is noetherian, this chain
stabilizes (say as of index j»). So the original chain stabilizes as of index 5. |

We are now sufficiently prepared for the proofs of the Hilbert theorems. They
are gems of elegance and efficiency.

We will use the notion of initial coefficient of a polynomial, which we re-
call. Given a ring R, then every nonzero f € R|z] is uniquely written as ryz? +
rg_12% 1 4+ ... + ro with r4 # 0. We call r4 € R the initial coefficient of f and
denote it by in(f). For the zero polynomial, we simply define this to be 0 € R.
Notice that when in(f) in(g) nonzero, then it is equal to in(fg).

PROOF OF THEOREM 2.9. The assumption is here that R is a noetherian ring.
In view of Proposition 3.4 we must show that every ideal I of R[z] is finitely gener-
ated. Consider the subset in(I) := {in(f) : f € I} of R. We first show that this is
anideal of R. If r € R, f € I, then rin(f) equals in(r f) or is zero and since r f € I,
it follows that rin(f) € I. If f, g € I, then in(f) — in(g) equals in(x9e9 f — zde& /)
or is zero. So in([) is an ideal as asserted.

Since R is noetherian, in(/) is finitely generated: there exist fy,...,fx € I
such that in(J) = Rin(f;) + --- + Rin(fx). Let dp := max{deg(f1),...,deg(fx)}
and R[r]|<q4, the set of polynomials of degree < dy. So R[z]4, is the R-submodule
of R[x] generated by 1,x, ..., %=1, We claim that

I'=Rlz]fr+ -+ Rlzlfr. + (I 0 Rlz]<q, ),

in other words, that every f € I is modulo R[z]f; + --- + R[x]fx a polynomial of
degree < dy. We prove this with induction on the degree d of f. Since for d < dy
there is nothing to prove, assume that d > dy. We have in(f) = ryin(f1) + -+ +
ri in(fy) for certain r1, ..., € R, where we may of course assume that every term
r;in(f;) is nonzero and hence equal to in(r; f;). Since in(f) is nonzero, it then
equals >, in(r; fi) = in(>, i fiwd =98, So f — 3" 7 fizd=d8(fo) is an element
of I of degree < d and hence lies in R[x]f1 + - + R[z]fx + (I N R[x]<q,) by our
induction hypothesis. Hence so does f.

Our claim implies the theorem: R[z]q4, is a finitely generated R-module and
so a noetherian R-module by Proposition 3.5. Hence the R-submodule I N R[z]<q,
is a finitely generated R-module by Proposition 3.4. If {fi+1,..., fr+:} is a set of
R-generators of I N R[z]<q,, then {f1,..., fut} is a set of R[z]-generators of I. O

For the Nullstellensatz we need another finiteness result.

Proposition 3.6 (Artin-Tate). Let R be a noetherian ring, B an R-algebra and
A C B an R-subalgebra. Assume that B is finitely generated as an A-module. Then
A is finitely generated as an R-algebra if and only if B is so.

PROOF. By assumption there exist by, ...,b,, € B such that B = Z;’;l Ab;.
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If there exist ay,...,a, € A which generate A as an R-algebra (which means
that A = Rlay,...,ay]), thenay,...,an,b1,..., b, generate B as an R-algebra.

Suppose, conversely, that there exists a finite subset of B which generates B
as a R-algebra. By adding this subset to by, ..., b,,, we may assume that by, ..., b,
also generate B as an R-algebra. Then every product b;b; can be written as an
A-linear combination of b, ..., by,:

bibj = Z;Cn:l af]bk, afj c A.

Let Ag C A be the R-subalgebra of A generated by all the (finitely many) coeffi-
cients afj. This is a noetherian ring by Corollary 2.10. Itis clear that b;b; € >, Agby
and so >, Aoby is an R-subalgebra of B. Since the by, ..., b,, generate B as an R-
algebra, it then follows this is all of B: B = ), Aobi. So B is finitely generated
as an Ag-module. Since A is an Ap-submodule of B, A is also finitely generated
as an Ag-module by Proposition 3.4. It follows that A is a finitely generated R-
algebra. O

This has a consequence for field extensions:

Corollary 3.7. A field extension L/K is finite if and only if L is finitely generated
as a K-algebra.

PROOF. It is clear that if L is a finite dimensional K-vector space, then L is
finitely generated as a K -algebra.

Suppose now by,...,b, € L generate L as a K-algebra. It suffices to show
that every b, is algebraic over K. Suppose that this is not the case. After renum-
bering we can and will assume that (for some 1 < r < m) by,...,b, are alge-
braically independent over K and b,.1,...,b,, are algebraic over the quotient
field K(b1,...,b,) of K[by,...,b.]. So L is a finite extension of K (by,...,b;,).
We apply Proposition 3.6 to R := K, A := K(by,...,b.) and B := L and find
that K(by,...,b,.) is as a K-algebra generated by a finite subset of K (b1,...,b;).
If g € K[b1,...,b,] is a common denominator for the elements of this subset,
then clearly K(by,...,b,) = K[b1,...,b:][1/g]. Since K(by,...,b.) strictly con-
tains Kby,...,b.], g must have positive degree. In particular, ¢ # 1, so that
1/(1 — g) € K(by,...,b,) can be written as f/¢g", with f € K[b1,...,b,]. Here
we may of course assume that f is not divisible in KJby,...,b,] by g. From the
identity f(1 — g) = g’V we see that N > 1 (for the left hand side has positive de-
gree). But then f = g(f + ¢g"¥~!) shows that f is divisible by g. We thus get a
contradiction. O

Corollary 3.8. Let A be a finitely generated k-algebra. Then for every maximal
ideal m C A, the natural map kK — A — A/m is an isomorphism of fields.

PROOF. Since m is maximal, A/m is a field that is also finitely generated as a
k-algebra. By corollary 3.7, k — A/m is then a finite extension of k. Since k is
algebraically closed, this extension will be the identity. O

EXERCISE 15. Prove that a field which is finite generated as a ring (i.e., is
isomorphic to a quotient of Z[x, ..., z,,] for some n) is finite.

We deduce from the preceding corollary the Nullstellensatz.

PROOF OF THE NULLSTELLENSATZ 1.5. Let J C k[zy,...,x,] be an ideal. We
must show that 1(Z(J)) C +/.J. This amounts to: for every f € k[zy,...,z,] ~ V/.J
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there exists a p € Z(J) for which f(p) # 0. Consider k[z1, ..., x,]/J and denote by
f € klxy,...,x,]/J the image of f. Since f is not nilpotent,
A= (klzy, ... 2]/ )1/ f)-

is not the zero ring and so has a maximal ideal m C A. Observe that A is a finitely
generated k-algebra (we can take the images of 1, ..., x, and 1/f as generators)
and so the map ¥ — A/m is by Corollary 3.8 an isomorphism. Denote by ¢ :
klxz1,...,2n] > A — A/m = k the corresponding surjection and put p; := ¢(z;)
and p := (p1,...,pn) € A™. So if we view z; as a function on A", then ¢(x;) is the
value of z; at p. The fact that ¢ is a homomorphism of k-algebras implies that it is
then given as ‘evaluation in p’: for any g € k[z1,. .., z,] we have ¢(g) = g(p). Since
the kernel of ¢ contains J, every g € J will be zero in p, in other words, p € Z(J).
On the other hand, f(p) = ¢(f) is invertible, for it has the image of 1/f in A/m = k
as its inverse. In other words, f(p) # 0. O

4. The affine category

We begin with specifying the maps between closed subsets of affine spaces that
we wish to consider.

DEFINITION 4.1. Let X € A™ and Y C A" be closed subsets. We say that a
map f : X — Y is regular if the components f,..., f, of f are regular functions
on X (i.e., are given by the restrictions of polynomial functions to X).

Composition of a regular function on Y with f yields a regular function on X
(for if we substitute in a polynomial of n variables g(y1,...,y,) for every variable
y; a polynomial f;(z1,...,z,,) of m variables, we get a polynomial of m variables).
So f then induces a k-algebra homomorphism f* : k[Y] — k[X]. This property is
clearly equivalent to f being regular. The same argument shows that if f : X — Y
and g : Y — Z are regular maps, then so is their composite gf : X — Z. So
we have a category (with objects the closed subsets of some affine space A™ and
regular maps as defined above). In particular, we have a notion of isomorphism: a
regular map f : X — Y is an isomorphism if is has a two-sided inverse g : Y — X
which is also a regular map. This implies that f* : k[Y] — k[X] has a two-sided
inverse ¢g* : k[X] — k[Y] which is also an homomorphism of k-algebras, and hence
is an isomorphism of k-algebras.

There is also a converse:

Proposition 4.2. Let be given closed subsets X C A™ and Y C A™ and a k-algebra
homomorphism ¢ : k[Y] — k[X]. Then there is a unique regularmap f : X — Y
such that f* = ¢.

PROOF. The inclusion j : Y C A™ defines a k-algebra homomorphism ;* :
k[yi,...,yn] — Kk[Y] with kernel I(Y). Put f; := ¢j*(y;) € k[X] G = 1,...,n)
and define f = (f1,...,fn) : X — A", so that f*y; = f; = ¢j*y;. Since the k-
algebra homomorphisms f*, ¢j* : k[y1,...,yn] — k[X] coincide on the generators
yi, they must be equal: f* = ¢j*. It follows that f* is zero on the kernel I(Y") of
j*, which means that f takes its values in Z(I(Y)) = Y, and that the resulting map
kY] — k[X] equals ¢. The proof of uniqueness is left to you. O

In particular, an isomorphism of k-algebras k[Y] — k[X] comes from a unique
isomorphism X — Y. In the special case of an inclusion of a closed subset Z C Y,
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the induced map k[Y] — k[Z] is of course the formation of the quotient algebra
k[Z] = k[Y]/Iy(X). So f : X — Y is an isomorphism of X onto a closed subset
of Y (we then say that f is a closed immersion) if and only if f* : k[Y] — k[X] is a
surjection of k-algebras (with ker(f*) being the ideal defining the image of f).

We complete the picture by showing that any finitely generated reduced k-
algebra A is isomorphic to some k[Y]; the preceding then shows that Y is unique
up to isomorphism. Since A is finitely generated as a k-algebra, there exists a sur-
jective k-algebra homomorphism ¢ : k[z1,...,2z,] — A. If we put I := Ker(¢),
then ¢ induces an isomorphism k[zq,...,2,]/] = A. PutY := Z(I) C A™. Since
A is reduced, I is a radical ideal and hence equal to /(Y) by the Nullstellensatz. It
follows that ¢ factors through a k-algebra isomorphism k[Y] & A.

We may sum up this discussion in categorical language as follows.

Proposition 4.3. The map which assigns to a closed subset of some A™ its coor-
dinate ring defines an anti-equivalence between the category of closed subsets of
affine spaces (whose morphisms are the regular maps) and the category of reduced
finitely generated k-algebras (whose morphisms are k-algebra homomorphisms). It
makes closed immersions correspond to epimorphisms of such k-algebras.

EXAMPLE 4.4. Consider the regular map f : A — A2, f(¢) = (¢2,3). The maps
A' bijectively onto the hypersurface (curve) C defined by 2® — y? = 0: the image
is clearly contained in C and the inverse sends (0,0) to 0 and is on C ~ {(0,0)}
given by (z,y) — y/z. The Zariski topology on A! and C is the cofinite topology
and so this is even a homeomorphism. In order to determine whether the inverse
is regular, we consider f*. We have k[C] = k[z,y]/(x® — y?), k[A'] = k[t] and
f* : k[C] — k[t] is given by x — ¢?,y +— t3. This algebra homomorphism is not
surjective for its image misses ¢ € k[t]. In fact, f identifies k¥[C] with the subalgebra
k + t2k[t] of k[t]. So f is not an isomorphism.

EXAMPLE 4.5. An dffine-linear transformation of k™ is of the form z € k" —
g(x) + a, where a € k™ and g € GL(n, k) is a linear transformation. Its inverse is
y+— g Y (y—a) =g (y)—g '(a) and so of the same type. When we regard such an
affine linear transformation as a map from A" to itself, then it is regular: its coordi-
nates (g1, . .., g, ) are polynomials of degree one. So an affine-linear transformation
is also an isomorphism of A™ onto itself. When n > 2, there exist automorphisms of
A™ not of this form. For instance o : (x,y) — (z,y + x2) defines an automorphism
of A? with inverse (z,y) — (z,y — 2?) (see also Exercise 17). This also shows that
the group of affine-linear translations in A" is not a normal subgroup, for conjuga-
tion by o takes the transformation (x,y) — (z + y,y) to an automorphism that is
not affine-linear (check this). Hence the group of affine-linear transformations of
A" is not a “natural” subgroup of the automorphism group of A™ (this makes that
the name affine n-space for A" is a bit unfortunate).

EXERCISE 16. Let C' C A? be the ‘circle’, defined by z? + y? = 1 and let py :=
(—1,0) € C. For every p = (z,y) € C \ {po}, the line through p, and p has slope
f(p) = y/(z + 1). Denote by v/—1 € k a root of the equation t? + 1 = 0.
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(a) Prove that when char(k) # 2, f defines an isomorphism(®) onto A! ~
{+V/—1}.

(b) Consider the map g : C — A!, g(x,y) := = + /—1y. Prove that when
char(k) # 2, g defines an isomorphism of C onto A! \ {0}.

(c) Prove that when char(k) = 2, the defining polynomial 22 + 3> — 1 for C
is the square of a degree one polynomial so that C is a line.

EXERCISE 17. Let fi,..., fn € k[z1,...,7,] be such that f; = x; and f; — x; €
klx1,...,2;-1] fori =2,..., x,. Prove that f defines an isomorphism A™ — A™.

EXAMPLE 4.6. QUADRATIC HYPERSURFACES IN CASE char(k) # 2. Let H C A"
be a hypersurface defined by a polynomial of degree two:

f@1, o m0) = 30 cicjcn @i Tivs + S aim; + ao.

By means of a linear transformation the quadratic form .., a;jz;z; can be
brought in diagonal form (this involves splitting off squares, hence requires that
2 € k). This means that we can make all the coefficients a;; with ¢ # j vanish.
Another diagonal transformation (which replaces x; by \/a;;z; when a;; # 0) takes
every nonzero coefficient a;; to 1 and then renumbering the coordinates (which
is also a linear transformation) brings f into the form f(z1,...,z,) = > ,_, 27 +
Yo, a;ix; + ao for some r > 1. Splitting off squares once more enables us to get
rid of °!_, a;x; so that we get

@, mn) =200 2 + 300 i + ao.
We now have the following cases.

If the nonsquare part is identically zero, then we end up with the equation
>, x?=0for H.

If the linear part > 41 @;iz; is nonzero (so that we must have r < n), then an
affine-linear transformation which does not affect z1, .. ., , and takes y " 41 GiTit
ap to —x,, yields the equation z,, = > ;_, z7. This is the graph of the function
>, 27 on A"! and so H is then isomorphic to A"~ 1.

If the linear part )", a;x; is zero, but the constant term a is nonzero, then
we can make another diagonal transformation which replaces z; by /—agx;) and
divide f by ao: then H gets the equation ) _;_, 27 = 1.

In particular, there are only a finite number of quadratic hypersurfaces up to
isomorphism. (This is also true in characteristic two, but the discussion is a bit
more delicate.)

The previous discussion (and in particular Proposition 4.3) leads us to associate
to any finitely generated k-algebra A in a direct manner a space (which we shall
denote by Spm(A)) which for A = k[X] yields a space homeomorphic to X. Since in
that case the points of X correspond to maximal ideals of k[X], we simply choose
the underlying set of Spm(A) to be the collection of maximal ideals of A. For
x € Spm(A), we shall denote the corresponding maximal ideal of A by m,,. Since A
is finitely generated as a k-algebra, A/m, can be identified with k£ by Corollary 3.8.
We denote the resulting k-algebra homomorphism A — k by p,. It is clear that any

5We have not really defined yet what is an isomorphism between two nonclosed subsets of an affine
space. Interpret this here as: f* maps k[z, y][1/(z +1)]/(z? +y? — 1) (the algebra of regular functions
on C \ {po}) isomorphically onto k[t][1/(t2 + 1)] (the algebra of regular functions on Al \ {#v/—1}).
This will be justified by Proposition 4.8.
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k-algebra homomorphism A — k has a maximal ideal of A as its kernel and so we
may also think of Spm(A) as the set of k-algebra homomorphisms A — k.

Any f € A defines defines a ‘regular function’ f : Spm(A) — k which takes
in x € Spm(A) the value p,(f) € k. So its zero set Z(f) C Spm(A) is the set
of v € Spm(A) with f € m,. We denote the complement Spm(A4) \ Z(f) by
Spm(A) ;. We have Z(ff') = Z(f) U Z(f') (for p(£f') = ps(f)ps(f')) and hence
Spm(A) s = Spm(A) ;N Spm(A) . So the collection of {Spm(A)y} e a is the basis
of a topology on Spm(A). Note that a subset Spm(A) is closed precisely if it is an
intersection of subsets of the form Z(f); this is equal to the common zero set of
the set of functions defined by an ideal of A. For A = k[x1,...,z,]/I, the above
discussion shows that Spm(A) can be identified with Z(I) C A™ as a topological
space and that under this identification, A := A/,/(0) becomes the ring of regular
functions on Z(I). More generally, for any finitely generated k-algebra A, the map
f +— f maps A onto a subalgebra of the algebra of k-valued functions on Spm(A)
with kernel the ideal of nilpotents (Exercise 19).

The space Spm(A) is called the maximal ideal spectrum(é) of R (but our nota-
tion for it is less standard). In case A is a finitely generated k-algebra, we refer
to Spm(A) = Spm(A) as an affine variety (we will give a more complete definition
later). We then recover A as its algebra of regular functions.

We observe for later reference:

Lemma 4.7. The maximal ideal spectrum Spm(A) is quasi-compact: every open
covering of Spm(A) admits a finite subcovering.

PROOF. It suffices to verify this for an open covering by principal open subsets.
So let S C A be such that Spm(A) = Uyes Spm(A)y. This means that N,c5Z(g) =
(. So the ideal generated by S is not contained in any maximal ideal and hence
must be all of A. In particular, 1 = Y7, f;g; for certain f; € Aand g; € S. It
follows that {g;}}_, generates A so that Spm(A) = U], Spm(A4),,. O

A homomorphism ¢ : A — B of finitely generated k-algebras gives rise to a map
Spm(¢) : Spm(B) — Spm(A): if y € Spm(B), then the composite homomorphism
py¢ + A — k is the identity map when restricted to k so that ¢~'m, is a maximal
ideal of A with residue field k. We thus get a map

Spm(¢) : Spm(B) — Spm(A).

characterized by pspm(4)(y) = py¢- Note that for f € A, ¢(f) is the composite

Spm(DB) Sem(@), Spm(A) Ik

In particular, the preimage of Z(f) under Spm(¢) is Z(¢(f)) and hence the preim-
age of Spm(A); is Spm(B)4(s). This shows that Spm(¢) is continuous. We call the
resulting pair (Spm(¢), ¢) a morphism.

Proposition 4.8. Let A be a finitely generated k-algebra. Then for every g €
A, A[l/g] is a finitely generated k-algebra (which is reduced when A is) and
the natural k-algebra homomorphism A — A[1/g] induces a homeomorphism of
Spm(A[1/g]) onto Spm(A), = X \ Z(g). Moreover, for g,¢’ € A the following are
equivalent:

6I. Gelfand was presumably the first to consider this, albeit in the context of functional analysis:
he characterized the Banach algebras that appear as the algebras of continuous C-valued functions on
compact Hausdorff spaces. So it might be appropriate to call this the Gelfand spectrum.
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(i) Spm(A), C Spm(A)y,
(ii) ¢’ divides some positive power of g,
(iii) there exists a A-homomorphism A[1/¢'] — A[1/g] (which must then be
unique).

PROOF. It is clear that A[l/g] is a k-algebra and is as such finitely generated
(just add to a generating set for A the generator 1/g). We show that if A is reduced,
then so is A[1/g]. For this we may suppose that g is not nilpotent (otherwise A[1/g]
is the zero ring). Suppose that f/g" € A[1/g] is nilpotent: (f/¢")™ = 0/1 for some
m > 1. This means that there exists an n > 0 such that f™¢™ = 0. Then (f¢™)™ =0
and since A is reduced it follows that fg™ = 0. So f/g" = fg"/g"™ = 0 in A[1/g].

A point of A[l/g] is given by a k-algebra homomorphism A[l1/g] — k. This
is the same thing as to give a k-algebra homomorphism A — k that is nonzero
on g, in other words a point of Spm(A),. So the map A — A[1/g] induces an
injection of Spm(A[1/g]) in Spm(A) with image Spm(A),. The map Spm(A[1/g]) —
Spm(A) is a morphism and hence continuous. To see that it is also open, note
that a principal open subset of Spm(A[1/g]) is of the form Spm(A[1/g])s/4, with
f € A. By the preceding discussion we may identify this with Spm(A[1/g][¢"/f]) =
Spm(A[1/(fg)]) and so its image in Spm(A) is the open subset Spm(A) ¢,.

We check the equivalence of the three conditions.

(i) = (ii) If Spm(A), C Spm(A),, then Z(g) 2 Z(g') and so by the Nullstel-
lensatz, g € /(¢’). This implies that we can write g" = f¢’ for some f € A and
some n > 1 and (ii) follows.

(16) = (i3) If g™ = fg’ for some f € A, then we have an A-homomorphism
All/g'] — A[1/(f¢")] = A[1/g"] = A[1/g] that is easily checked to be independent
of the choices made for n and f’ and so (iii) follows.

(#4) = (i) If we have an A-homomorphism A[1/¢'] — A[1/g], then we get a
morphism Spm(A[1/g]) — Spm(A[1/g’]) whose composition with the identification
of Spm(A[1/g']) with the open subset Spm(A), € Spm(A) yields the identifica-
tion of Spm(A[l/g]) with the open subset Spm(A), € Spm(A). This means that
Spm(A), € Spm(A), and shows at the same time that such an A-homomorphism
is unique. O

From now on we identify the principal open subset Spm(A), with the maximal
ideal spectrum Spm(A[1/g]).

EXERCISE 18. Give an example of ring homomorphism ¢ : S — R and a maxi-
mal ideal m C R, such that ¢~ 'm is not a maximal ideal of S. (Hint: take a look at
Exercise 12.)

EXERCISE 19. Prove that if A is a finitely generated k-algebra, then the map
f € A~ fisa k-algebra homomorphism from A onto the algebra of k-valued
regular functions on Spm(A) with kernel /(0). Show that for every subset X C
Spm(A), the set I(X) of f € A with f|X = 0 is a radical ideal of A.

Let f : X — Y be a morphism between affine varieties. Since f is continuous,
a fiber f~1(y), or more generally, the preimage f~'Z of a closed subset Z C Y, will
be closed in X. It is the zero set of the ideal in k[X] generated by f*I(Z). In fact,
any ideal I C k[X] can arise this way, for if (f,..., f.) € k[X] generate I, then
take f = (f1,...,fr) : X = A" =Y and y = 0. We will later see that the failure of
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f*I(Z) to be aradical ideal is sometimes a welcome property, as it can be exploited
to define multiplicity. Here is a very simple example.

EXAMPLE 4.9. Let f : X = A! — Al = Y be defined by f(z) = 2%. Then
f* ¢ kly] — k[z] is given by f*y = x2. If we assume k not to be of characteristic 2,
and we take a € Y \ {0}, then the fiber f~!(a) is defined by the ideal generated
by f*(y — a) = 2% — a. It consists of two distinct points that are the two roots of
22 = a, denoted ++/a and the pair of evaluation maps (p Ja» P—/z) identifies the
coordinate ring k[z]/(z? — a) with k & k. However, the fiber over 0 € Y = A! is the
singleton {0} C X = A! and the ideal generated by f*y = 2 is not a radical ideal.
This example indicates that there might good reason to accept nilpotent elements
in the coordinate ring of f~1(0) by endowing f~!(0) with the ring of functions
k[f=1(0)] := Kk[z]/(«?). Since this is a k-vector space of dimension 2 (a k-basis is
defined by the pair {1,z}), we thus retain the information that two points have
come together and the fiber should be thought of as a point with multiplicity 2.

Example 4.4 shows that a continuous bijection (and even a homeomorphism)
of affine varieties need not be an isomorphism. We next discuss a class of examples
of an entirely different nature. It involves a notion that plays a central role in
algebraic geometry when the base field k has positive characteristic.

EXAMPLE 4.10 (THE FROBENIUS MORPHISM). Assume that & has positive char-
acteristic p and consider the morphism ®, : A! — A!, a > aP. If we remember
that A' can be identified with k, then we observe that under this identification, ®,,
is a field automorphism: ®,(a — b) = (a — b)? = a? — ¥ = ®,(a) — ¢, (b) (and of
course ®,(ab) = (ab)? = ®,(a)®,(b)). This shows that ¢, is injective. Since k is
algebraically closed, every element of k has a pth root and so ®,, is also surjective.
But the endomorphism @ of k[z] induced by ®, sends }_:" ; ¢;z* to " c;z?* and
has therefore image k[z”]. Clearly, 5 is not surjective.

The fixed point set of ®,, (the set of a € A! with a? = a) is via the identification
of A! with k just the prime subfield F,, C k and we therefore denote it by A}(F,) C
A'. Likewise, the fixed point set A'(F,) of ®7 is the subfield of k& with p" elements.
Since the algebraic closure F,, of F, in k is the union of the finite subfields of ,
the affine line over F, equals U,>,A'(F,-). This generalizes in a straightforward
manner to higher dimensions: by letting ®, act coordinatewise on A™, we get a
morphism A" — A™ (which we still denote by ®,,) that is also a bijection. The fixed
point of ®7 is A™(F,-) and A™(F),) = Uy>1A"(Fpr).

EXERCISE 20. Assume that k has positive characteristic p. Let ¢ = p” be a power
of p with > 0 and denote by F, C k the subfield of a € k satisfying a? = a. We
write @, for & :a € A" > a? € A",

(a) Prove that f € k[z1,...,x,] isinFy[zq,...,2,] if and only if &,f = f9.

(b) Prove that an affine-linear transformation of A” with coefficients in F,
commutes with ®,.

() Let Y C A™ be the common zero set of a subset of F,[z1,...,2,] C
k[z1,...,xz,]. Prove that @, restricts to a bijection ¢y, : ¥ — Y and that
the fixed point set of 3 is Y(Fym) := Y N A" (Fgm).

(d) Suppose that k is an algebraic closure of F,. Prove that every closed
subset Y C A" is defined over a finite subfield of £ and hence is invariant
under some positive power of ®,.
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REMARK 4.11. After this exercise we cannot resist to mention the Weil zeta
function. This function and its relatives—among them the Riemann zeta function—
codify arithmetic properties of algebro-geometric objects in a very intricate manner.
In the situation of Exercise 20, we can use the numbers |Y (F,~ )| (= the number of
fixed points of ¢ in V) to define a generating series -, |V (Fgm )[¢™. It appears
to be more convenient to work with the Weil zeta function:

Zy(t) 1= exp ( Loy [V ()| 55 ).

which has the property that t% log Zy yields the generating series above. This se-
ries has remarkable properties. For instance, a deep theorem due to Bernard Dwork
(1960) asserts that it represents a rational function of ¢. Another deep theorem, due
to Pierre Deligne (1974), states that the roots of the numerator and denominator
have for absolute value a nonpositive half-integral power of ¢ and that moreover,
these powers have an interpretation in terms of an ‘algebraic topology for algebraic
geometry’, as was predicted by André Weil in 1949. (This can be put in a broader
context by making the change of variable ¢ = ¢—*. Indeed, now numerator and
denominator have their zeroes when the real part of s is a nonnegative half-integer
and this makes Deligne’s result reminiscent of the famous conjectured property of
the Riemann zeta function.)

EXERCISE 21. Compute the Weil zeta function of affine n-space relative to the
field of ¢ elements.

REMARK 4.12. The Frobenius morphism as defined above should not be confused with
pth power map F4 : a € A — af € A that we have on any commutative [F,-algebra A and
that is sometimes referred to as the absolute Frobenius. This is an F,-algebra endomorphism,
but in case A is in fact a k-algebra, not a k-algebra endomorphism, for it is on % also the pth
power map (the usual Frobenius F}) and so not the identity. We can in a sense remedy this
by replacing the ring homomorphism i : k& < A that makes A a k-algebra by its precomposite
with Fy, i.e., by replacing i : k < A by iFy : k — A (so that Fji(\) = i(\)F). Precisely, we
define the Frobenius twist of A as A?) := k ,®; A, where the tensor product is relative to
Fy, : k — k on the first factor and the structural map i : k¥ — A on the second, so that in
A® wehave 1 ® \a = 7TA’ @ aforall \, 7 € k and a € A. The map

Fo=F,®14: A= AP A@,a— N p®ia

is an isomorphism of F,-algebras and via this identification, A gets indeed endowed with
the structural map iFj : k — A. Note that Fawy, = FAFA’1 AP FA(,,)/kA is now a
homomorphism of k-algebras which sends 7 ® a to 7a?. So the top row of the commutative
diagram below is a factorization of Fl4:

A Fa A®@ Fatry A
T el
E sk = sk

The induced map Spm(A®)) — Spm(A) is the identity, but the map Spm(A) — Spm(A®)
induced by F, (), is in general not. Observe that the other composite (Fi ® 1)F ), :
AP — AP s just the pth power map F () of A®). So if we put B := A®) and write B
for A, then this composite can be written as Fz = F' Fgy : B — BY?) — B.

Iterating this r times yields a k-algebra A9 with ¢ = p". If it so happens that A is given
to us as obtained from a F,-algebra A, by extension of scalars: A = k ®r, A, (Where we
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have identified F, with a subfield of k), then AW = @ ®r, Ao, and since the gth power
map k — k(9 is a field isomorphism, we can use that isomorphism to identify A(¥ with A as
a k-algebra. So the gqth power map then does determine a k-algebra homomorphism A — A
(given by ¢ ®r, ao — ¢ ®r, al). Itis called the geometric Frobenius. For A, = Fg[z1,. .., %n]
(and more generally for the coordinate ring of an Y as above), this yields our ®;.

5. The sheaf of regular functions

In any topology or analysis course you learn that the notion of continuity is
local: there exists a notion of continuity at a point so that a function is continuous
if it is so at every point of its domain. We shall see that in algebraic geometry the
property for a function to be regular is also local in nature.

Let X be a topological space, x € X and R a set. Consider pairs (U, ¢), where
U is a neighborhood of z in X and ¢ : U — R a map. We define a relation on
such pairs by: (U,¢) ~ (U’,¢’) if there exists a neighborhood of = in U N U’ to
which ¢ and ¢’ have the same restriction. This is clearly an equivalence relation.
An equivalence class is called a germ of an R-valued map at x. We may of course
restrict ourselves here to U belonging to a given neighborhood basis of z. Such a
germ has a well-defined value in z, but not in general in any other point of X. Note
that when R is a ring, then the germs of R-valued maps at x make up an R-algebra.

We use this notion in the situation where X = Spm(A), with A a reduced
finitely generated k-algebra, R = k, and the maps in question are regular functions
on principal neighborhoods of x. So we represent a germ of a regular function at x
by a pair (X, ¢), where g € A\m, and ¢ € A[1/g] and (X,, ¢) ~ (X4, ¢') precisely
when there exists a neighborhood U of z in X, N X, such that ¢|U = ¢'|U. The
germs of regular functions on X at x form a k-algebra, which we shall denote by
Ox. In fact Ox , is nothing but the localization Ay, = (A ~ m;)"'A (so that
Ox , is alocal ring): any ¢ € A,,, is represented by a fraction f/g with f € A and
g € A~ m,, hence comes from a regular function on the principal neighborhood
X, of z. And if ¢ is also given as f’/¢’, then we have (fg’ — f'g)g” for some
g’ € A~ m,, which just means that f/g and f'/¢' define the same element of
All/(gg’g")], where we note that gg’g” ¢ m, so that Spm(A[1/(g9¢'g")]) = Xgg'g~
is a principal neighborhood of z in X.

Observe that p, defines a surjective ‘evaluation homomorphism’ px , : Ox » —
k: it takes any ¢ € Ox , as above to p,(f)/pz(g). So ¢ is invertible in Ox , precisely
when p,(f) # 0, or equivalently, when px ,(¢) # 0 (with its inverse represented by
g/ f) and hence the kernel of px , is the maximal ideal my , of the local ring Ox ,.

DEFINITION 5.1. We say that a k-valued function ¢ defined on an open subset
U of X is regular at x € U if its restriction to some principal neighborhood of = in X
is so and thus defines an element of Ox ,. We denote by O(U) the set of k-valued
functions U — k that are regular at every point of U .

Note that is O(U) is in fact a k-algebra. We would like to call an element of
O(U) a regular function on U, but we have that notion already defined in case
U = X, or more generally, when U is a principal open subset. Fortunately, there is
no conflict here:
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Proposition 5.2. Let X be an affine variety. Then for every principal open sub-
set X, C X, the natural k-algebra homomorphism k[X][1/g] — O(X,) is an iso-
morphism. A map F : X — Y between affine varieties is a morphism if and
only if F' is continuous and for any ¢ € O(V) (with V. C Y open) we have
F*¢ = ¢F € O(F~'V).

PROOF. Recall that X, is affine with k[X,] = [X][1/g]. So for the proof of the
first statement we may without loss of generality assume that X, = X. The map
k[X] — O(X) is injective: an element in the kernel is an element is an element
k[X] which is zero as a function on X and since X is affine, it is then zero in k[X].

To prove surjectivity, let ¢ € O(X). We must show that ¢ is representable by
some f € k[X]. By assumption there exist for every « € X, a g, € k[X] ~ m, and
an f, € k[X] such that ¢|X,, is representable as f,/g,.

Since X is quasicompact (Lemma 4.7), the covering {X,, },cx of X has a
finite subcovering {Xgmi MY .. Let us write f; for f,, and g; for g,,. Then f;/g; and
fi/g; define the same regular function on X,, N X,, = X, and so g;f; — g, fi
is annihilated by (g;g;)™ for some m;; > 0. Let m be the maximum of these
exponents m;;, so that g/"*'gi f; = g f; for all i, j. Upon replacing f; by
fig!™ and g; by g?”“, we may then assume that in fact g; f; = g; f; for all 4, j.

Since U; X, = X, we have N;Z(g;) = 0. In other words, the ideal (g1, ...,9n5) C

k[X] is not contained in a maximal ideal and so must be all of k[ X]: 1 = Zf\il higi

for certain h; € k[X]. Now consider f := Zf\; 1 hi fi € k[X]. We have for every j,
F9; =Yy hifigy = Yy higify = 1

and so the restriction of f to X, is equal to f;/g;. As this is also the restriction of

¢ to X, and U; X, = X, it follows that ¢ is represented by f.
The last statement is left as an exercise. O

Let us denote by Ox the collection of the k-algebras O(U), where U runs over
all open subsets of X. The preceding proposition says that O is a sheaf of k-valued
functions on X, by which we mean the following:

DEFINITION 5.3. Let X be a topological space and R a ring. A sheaf O of R-
valued functions(’) on X assigns to every open subset U of X an R-subalgebra O(U)
of the R-algebra of R-valued functions on U with the property that

(i) for every inclusion U C U’ of open subsets of X, ‘restriction to U’ maps
OU') in O(U) and
(ii) given a collection {U;};c; of open subsets of X, then a function f :
UierU; — R lies in O(U;U;) if and only if f|U; € O(U;) for all 4.
If (X,0x) and (Y,Oy) are topological spaces endowed with a sheaf of R-
valued functions, then a continuous map f : X — Y is called a morphism if for
every open V C Y, composition with f takes Oy (V) to Ox (f~1V).

This definition simply expresses the fact that the functions we are consider-
ing are characterized by a local property—just as we have a sheaf of continuous
R-valued functions on a topological space, a sheaf of differentiable R-valued func-
tions on a manifold and a sheaf of holomorphic C-valued functions on a complex

"We give the general definition of a sheaf later. This will do for now. A defect of this definition is
that a sheaf of R-valued functions on a space X need not restrict to one on a subspace of X.
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manifold. With the notion of a morphism, we have a category of topological spaces
endowed with a sheaf of R-valued functions. In particular, we have the notion of
isomorphism: this is a homeomorphism f : X — Y which for every open V C Y
maps Oy (V) onto Ox(f~'V). Note that a sheaf O of R-valued functions on X
restricts to a sheaf O|U for every open U C X.

We are now ready to introduce the notion of an affine variety in a more proper
fashion. We take our cue from the definition of a manifold.

DEFINITION 5.4. A topological space X endowed with a sheaf Ox of k-valued
functions is called an affine variety when it is isomorphic to a pair (Spm(A), Ogpm(a))
as above. We refer to Ox (X) as its coordinate ring and usually denote it by k[X].

We call (X, Ox) a quasi-affine variety if it is isomorphic to an open subset of
some pair (Spm(A), Ogpm(a))-

Thus a reduced finitely generated k-algebra defines an affine variety and con-
versely, an affine variety determines a reduced finitely generated k-algebra. These
two assignments are inverses of each other. It follows from Proposition 5.2 that a
map F' : X — Y between affine varieties is a morphism in the old sense if and
only if is one as a morphism between spaces endowed with a sheaf of k-valued
functions. This exhibits the category of affine varieties as a full subcategory of the
category of spaces endowed with a sheaf of k-valued functions.

The present definition lends itself better than the previous one to immediate
generalization (e.g., when we will introduce the notion of a variety) and has other
technical advantages as well. Here is an example.

EXAMPLE 5.5. Here is an example an affine open subset of an affine variety that is
not principal. Take the cuspidal plane cubic curve C C A? of Example 4.4 defined by
y? = z® and assume that k is of characteristic zero. As we have seen, the parametrization
f:t e Al (t%,t%) € C identifies k[C] with the subalgebra k + t?k[t] of k[t]. Now let
a € A’ {0}. So U := C ~ {f(a)} is quasi-affine. But U is not a principal open subset: it is
not of the form Cj, for some g € k[z, y]. For then f*(g) would have a as its only zero, so that
f*g is a nonzero constant times (¢ —a)™. But the coefficient of ¢ in (¢t —a)™ is n(—a)" ", and
hence nonzero. This contradicts the fact that f*g € k 4 t2k[t].

We claim however that U is affine, with k[U] via f* identified with k[t 3 t*/(t — a)].
Clearly, k[t?,t*,t*/(t — a)] is a finitely generated k-algebra. Since it is contained in the
reduced k-algebra k[t][1/(t — )], it is also reduced and so it defines an affine variety U. The
inclusion k[t?,t%] C k[t?,%,t%/(t — a)] defines a morphism j : U — C. We prove that j is
an isomorphism of U onto U in the sense of Definition 5.4 by checking this over two open
subsets Uy and U, of C that cover C: it will then follow that U is affine.

We let U, := C,c. The ideal generated by f*(z|C) = ¢* in k[A'] defines {0} and so
U, = C ~ {f(0)}. We note that k[U,] = k[C][1/t*] = Kk[t*,¢3,t7%] = k[t,t~'] and hence
klUa ~ {f(a)}] = k[U4][1/(t — a)]. On the other hand,

KLU = K22 - )l =
= k[t,t7",1/(t — a)] = k[Ua][1/(t — a)] = k[Ua ~ { f()}]-
This proves that 7 'U, maps isomorphically onto U, ~ {f(0)}. It remains to show that
there is neighborhood Uy of (0,0) € C ~ {f(a)} such that j maps j~'U, isomorphically
onto Up. Take for Uy the principal open subset C, 2. Then k[Us] = k[t*, t*][1/(t* — a®)]
and k[j71Uo] = k[t?,¢3,¢%/(t — a)][1/(t* — a?)]. But these k-algebras are the same, because
2/(t—a) = (¢ +at2) /(2 — a?)] € K2, £*)[1/ (12 — a?)], and 50 j : j~"Uo = Up.

Other such examples (among them smooth plane cubic curves) that are also valid in

positive characteristic are best understood after we have discussed the Picard group.
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6. The product

Let m and n be nonnegative integers. If f € k[A™] = k[z1,...,z,]) and g €
kE[A™] = kly1, ..., yn], then we define fxg € k[A™T"] = k[z1,...,Zm,y1,---,Yn] DY

f*g(x17"'amm7y1>"'ayn> = f(xl,---7$m)g(y17---,yn)-

It is clear that A;}’g" = A" x Ay, which shows that the Zariski topology on A™*+"
refines the product topology on A™ x A™. Equivalently, if X C A™ and Y C A™ are
closed, then X x Y is closed in A™*", We give X x Y the topology it inherits from
A™*" (which is finer than the product topology when m > 0 and n > 0). For the

coordinate rings we have defined a map:
EX] X E[Y] = E[X x Y], (f.9)— fxg

which is evidently k-bilinear (i.e., k-linear in either variable). We want to prove that
the ideal I(X x Y) defining X x Y in A™*" is generated by I(X) U I(Y) (viewed
as a subset of k[z1,...,Zm, Y1, ..yn]) and that X x Y is irreducible when X and YV’
are. This requires that we translate the formation of the product into algebra. The
translation centers around the notion of the tensor product, the definition of which
we recall. (Although we here only need tensor products over k, we shall define this
notion for modules over a ring, as this is its natural habitat and is the setting that
is needed later anyhow.)

If Ris aring and M and N are R-modules, then we can form their tensor product over
R, M ®pr N: as an abelian group M ®r N is generated by the expressions a ®r b, a € M,
b € N and subject to the conditions (ra) ®r b = a ®r (rd), (a+a') Qrb=a@rb+a’ Qrb
and a ®r (b+b) = a®r b+ a®r b. So a general element of M ®r N can be written
like this: 3>V | a; ®g b;, with a; € M and b; € N. We make M ®x N an R-module if we
stipulate that r(a ®r b) := (ra) ®g b (which is then also equal to a ®r (rb)). Notice that the
map

Qr:MXN—->M®®rN, (ab)—a®rb,

is R-bilinear (if we fix one of the variables, then it becomes an R-linear map in the other
variable).
In case R = k we shall often omit the suffix k in ® and so write ® instead.

EXERCISE 22. Prove that ®p is universal for this property in the sense that every R-
bilinear map M x N — P of R-modules is the composite of ® r and a unique R-homomorphism
M ®gr N — P. In other words, the map

Homg(M ®r N, P) — Bilg(M,N; P)), f+ fo®r
is an isomorphism of R-modules.

EXERCISE 23. Let m and n be nonnegative integers. Prove that Z/(n) ®z Z/(m) can be
identified with Z/(m,n).

If Ais an R-algebra and N is an R-module, then A ® g N acquires the structure of an
A-module which is characterized by

a.(a’ ®r b) == (aa’) Qg b.

For instance, if N is an R-vector space, then C ®@g N is a complex vector space, the complexi-
fication of N. If A and B are R-algebras, then A ®pr B acquires the structure of an R-algebra
characterized by

(a®@rb).(a' ®rb) := (aad’) @r (b).
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Notice that A -+ AQr B,a+— a®rland B+ A®g B, b+ 1 Qg b are R-algebra homo-
morphisms. For example, A ®r R[z] = A[x] as A-algebras (and hence A®r R[z1,...,zn] =
Alx1, ..., xs] with induction).

EXERCISE 24. Prove that C ®g C is as a C-algebra isomorphic to C @ C with componen-
twise multiplication.

Proposition 6.1. For closed subsets X C A™ and Y C A" the bilinear map k[X] x
kY] = k[X xY], (f,g) — f*ginduces an isomorphism p : k[ X]Qk[Y] — k[X x Y]
of k-algebras (so that in particular k[X] ® k[Y] is reduced).

If X and Y are irreducible, then so is X x Y, or equivalently, if £[X] and k[Y]
are domains, then so is k[X] ® k[Y].

PROOF. Since the obvious map

klx1,...,m] @ kly1, ..., yn] = k[T1, s T, Y1, - -+ 5 Un)

is an isomorphism, it follows that y is onto. In order to prove that y is injective, let
us first observe that every ¢ € k[X] ® k[Y] can be written ¢ = Zj\; fi ® g; such
that ¢1,...,gn are k-linearly independent. Given p € X, then the restriction of
w(e) = Zivzl fixgi to {p} xY =Y is the regular function ¢, := vazl filp)g: € k[Y].
Since the g;’s are linearly independent, we have ¢, = 0 if and only if f;(p) = 0 for
all i. In particular, the subset X (¢) C X of p € X for which ¢, = 0, is equal to
NN, Z(f:;) and hence closed.

If u(¢) =0, then ¢, = 0 for all p € X and hence f; = 0 for all i. So ¢ = 0. This
proves that p is injective.

Suppose now X and Y irreducible. We prove that k[ X] ® k[Y] is a domain so
that X x Y is irreducible. Let ¢, 9 € k[X] ® k[Y] be such that ¢ = 0. Since the
restriction of ¢ = 0 to {p} x Y =Y is ¢,, and k[Y] is a domain, it follows that
¢p = 0011, = 0. So X is the union of its closed subsets X (¢) and X (). Since X is
irreducible we have X = X (¢) or X = X (¢). This means that g =0or¢y =0. O

EXERCISE 25. Let A and B be finitely generated k-algebras. Prove that A ® B
is a finitely generated k-algebra. Define a natural map Spm(4A ® B) — Spm(A) x
Spm(B) and show that this is a bijection (hint: do not use Proposition 6.1).

EXERCISE 26. Let X and Y be closed subsets of affine spaces. Prove that each
irreducible component of X x Y is the product of an irreducible component of X
and one of Y.

It is clear that the projections 7x : X XY — X and 7y : X XY — Y are regular.
We have observed that the space underlying X x Y is usually not the topological
product of its factors. Still it is the ‘right’ product in the sense of category theory: it
has the following universal property, which almost seems too obvious to mention: if
Z is a closed subset of some affine space, then any pair of regular maps f : 7 — X,
g : Z — Y defines a regular map Z — X x Y characterized by the property that its
composite with 7x resp. my yields f resp. g (this is of course (f, g)).

7. Function fields and rational maps

In this section we interpret the total fraction ring of an algebra of regular func-
tions.

Let X be an affine variety. Recall that an element ¢ € Frac(k[X]) is by definition
represented by a fraction f/g with f,g € k[X] and g not a zero divisor in k[X].
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When X is irreducible, £[X] is a domain and hence Frac(k[X]) is a field, called the
function field of X, and will be denoted k(X). We need the following lemma.

Lemma 7.1. For any g € k[X] the following are equivalent:
(i) X, is dense in X.
(ii) Z(g) does not contain an irreducible component of X,
(iii) ¢ is not a zero divisor.
Moreover, every open-dense subset of X contains a principal open-dense subset
defined by a nonzero divisor.
If Cy,...,C, are the distinct irreducible components of X, then for every i we
have a well-defined restriction map R; : Frac(k[X]) — k(C;) of k-algebras and
taken together these define a k-algebra isomorphism

R = (R;)i_; : Frac(k[X]) — ®]_1k(C;).

PROOF. Let C4,...,C, be as in the lemma, i.e., the distinct irreducible compo-
nents of X. Since for every i = 1,...,7, U;»;C; is a proper closed subset of X,
there exists a nonzero h; € k[X] which vanishes on U;,C; (so h;|C; # 0).

(¢) = (4i) Assume X, is dense in X. Then for every i, X, N C; is a nonempty
open subset of C; and so Z(g) cannot contain C;.

(#4) = (i4i) Assume that Z(g) does not contain an irreducible component of X.
Suppose there exists a nonzero ¢’ € k[X] with g¢’ = 0. So if C; is such that ¢’|C; is
nonzero, then C; C Z(g) and we get a contradiction.

(73i) = (4) Assume g is not a zero divisor. Then for every i, gh; # 0 and so Z(g)
cannot contain C;. Hence X, N C; is nonempty. Since C; is irreducible, it follows
that the closure of X, must contain C;. So X, is dense in X.

To prove the subsequent assertion, let U C X be open-dense. Then for every i,
C; NU is a nonempty open subset of C; and so contains a nonempty principal open
subset X, . Then g;|C} is nonzero if and only j = i and hence g := }~’_, g; has the
property that g|C; = ¢;|C;. So C; N X, = C; N X, is nonempty and open (hence
dense) in C; and contained in U (i = 1,...,7). It follows that X, is open-dense in
X and contained in U.

As to the last assertion, first note that R; is well-defined: if f/g € Frac(k[X]),
then ¢ is a nonzero divisor and is therefore not identically zero on C;. If R;(f/g) = 0
for all 4, then f|C; = 0 for all < and hence f = 0. So R is injective. To see that R is
onto, letfor: =1,...,r, ¢1/¢1 € k(CZ), with ¢;,¢; € k‘[Cl} and ¢; # 0. Let f;,g; €
k[X] map to ¢;,v; € k[C;] and put f = >, hifi, g := >_; higi- Then f|C; = hi|C;.¢;
and ¢|C; = h;|C;.¢; and the latter is nonzero. By (ii) < (iii), g is then not a zero
divisor of k[X]. So f/g € Frac(k[X]) and we have R;(f/g) = &:/1;. O

Corollary 7.2. If ¢ is a regular function defined on an open-dense subset U of X,
then ¢ determines an element of Frac(k[X]). All of Frac(k[X]) is thus obtained and
two pairs (U, ¢) and (U’, ¢') determine the same element of Frac(k[X]) if and only
ifplUNU =¢'lUNTU".

PROOF. Suppose ¢ is a regular function on an open-dense subset U of X. Ac-
cording to Lemma 7.1, U 2 X, for some nonzero divisor g and hence ¢|X, is by
Proposition 5.2 given by an element of £[X][1/g] and hence determines an element
of Frac(k[X]). We check that this element of Frac(k[X]) is unique and prove at the
same time that any element of Frac(k[X]) is thus obtained. If f'/¢' € Frac(k[X]),
then X, is open-dense in X by Lemma 7.1 and so f’/¢’ defines a regular function
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on X, . If this regular function is zero on an open-dense subset of X/, then f’ is
zero on this subset and so f* = 0. But then f'/¢’ = 0. O

There is in general no best way to represent a given element of Frac(k[X]) as a
fraction (as there is in a UFD), and so we must be content with the corollary above.
Note that it is essentially equivalent to the assertion that

Frac(k[X]) = lim  KX|L/g=  lm Ox(U).
g nonzero divisor in k[X] U open-dense in X

We call an element of Frac(k[X]) a rational function on X. This is the algebro-
geometric analogue of a meromorphic function in complex function theory.

We shall now give a geometric interpretation of finitely generated field exten-
sions of k and the k-linear field homomorphisms between them.

DEFINITION 7.3. Let X and Y be affine varieties. A rational map from X to Y’
is given by a pair (U, F'), where U is an open-dense subset of X and F': U — Y is
a morphism, with the understanding that a pair (U’, F’) defines the same rational
map if F and F” coincide on an open-dense subset of U N U’ (then they coincide on
all of U N U’ by continuity, but by formulating it in this way we easier check that
we are dealing with an equivalence relation). We denote such a rational map as
f X --» Y. We say that the rational map is dominant if for a representative pair
(U, F), F(U) is dense in Y. (This is then also so for any other representative pair.
Why?)

So a rational map f : X --» Al is the same thing as a rational function on X.

Observe that for a morphism of affine varieties f : X — Y, g € ker(f*) is
equivalent to f(X) C Z, and hence equivalent to the closure f(X) being contained
in Z,. It follows that f is dominant if and only if f* is injective.

Proposition 7.4. Every finitely generated field extension of k is k-isomorphic to
the function field of an irreducible affine variety.

Let X and Y be irreducible affine varieties. Then a dominant rational map
f:X --»Y determines a k-linear field embedding f* : k&(Y) — k(X).

Conversely, every k-linear field embedding k(Y) — k(X) is induced by a unique
dominant rational map X --» Y.

PROOF. Let K/k be a finitely generated field extension of k. This means that
there exist aq, ..., a, € K such that every element of K can be written as a fraction
of polynomials in aq, ..., a, with coefficients in k. So the k-subalgebra of K gen-
erated by ay,...,a, is a domain A C K (since K is a field) that has K as its field
of fractions. Since A is the coordinate ring of a closed irreducible subset X C A"
(defined by the kernel of the obvious ring homomorphism k[z1,...,z,] — A), it
follows that K can be identified with k(X).

Suppose we are given a principal open-dense subset U C X and a morphism
F : U — Y with F(U) dense in Y. As we observed above, then F* : k[Y] —
k[U] is injective. Its composite with k[U] — k(U) = k(X) is then an injective
homomorphism from a domain to a field and therefore extends to a field embedding
E(Y) — k(X).

It remains to show that every k-linear field homomorphism ® : £(Y) — k(X) is
so obtained. For this, choose generators by, ...,b,, of k[Y]. Then ®(by),..., ®(by,)
are rational functions on X and so are regular on a principal nonempty subset
X C X. Since by, ...,b,, generate k[Y] as a k-algebra, it follows that & maps k[Y]
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to k[Xp] = k[X][1/h] C k(X). This k-algebra homomorphism defines a morphism
F : X;, — Y such that F* = ®|k[Y]. Since ® is injective, so is F'* and hence F(X})
is dense in Y. It is clear that ® is the extension of F** to the function fields.

As to the uniqueness: if (U’, F’) is another solution, then choose a nonempty
principal subset U” C U N U’ such that F and F’ both define morphisms U” — Y.
These must be equal since the associated k-algebra homomorphisms k[Y] — k[U"]
are the same (namely the restriction of ®). O

The following exercise explains the focus on irreducible varieties when consid-
ering rational maps.

EXERCISE 27. Let X and Y be an affine varieties with distinct irreducible com-

ponents X1, ..., X, resp. Y7,...,Y;. Prove that to give a rational map f: X --» Y
is equivalent to giving a rational map f; : X; --» Y}, fori =1,...,r. Show that f is
dominant if and only if for each j € {1,..., s}, there exists an i; € {1,...,7} such

that f maps X;, to Y; as a dominant map.

EXERCISE 28. Let f € k[x1,...,z,+1] be irreducible of positive degree. Its zero
set X C A"t is then closed and irreducible. Assume that the degree d of f in z,,
is positive.
(a) Prove that the projection w : X — A" induces an injective k-algebra
homomorphism #* : k[z1,...,z,] — k[X] = k[z1,...,2,]/(f)-
(b) Prove that 7 is dominant and that the resulting field homomorphism
k(x1,...,2n) = k(X) is a finite extension of degree d.

Corollary 7.5. Two dominant maps f : X --» Y and g : Y --» Z between irre-
ducible affine varieties can be composed to yield a dominant map gf : X --» Z
so that we have a category with the irreducible affine varieties as objects and the
rational dominant maps as morphisms. Assigning to an irreducible affine variety its
function field makes this category anti-equivalent to the category of finitely gener-
ated field extensions of the base field k.

PROOF. The dominant maps yield k-linear field extensions f* : k(Y) — k(X)
and g* : k(Z) — k(Y') and these can be composed to give a k-linear field extension
f*g* : k(Z) — k(X). Proposition 7.4 says that this is induced by a unique rational
map X --» Z. This we define to be gf. The rest of the corollary now follows. [

Proposition-definition 7.6. A rational map f : X --» Y is an isomorphism in the
above category (that is, induces a k-linear isomorphism of function fields) if and
only if there exists a representative pair (U, F') of f such that F maps U isomor-
phically onto an open subset of Y. If these two equivalent conditions are satisfied,
then f is called a birational map. If a birational map X --» Y merely exists (in
other words, if there exists a k-linear field isomorphism between k(X) and k(Y)),
then we say that X and Y are birationally equivalent.

PrROOF. If f identifies a nonempty open subset of X with one of Y, then f* :
k(Y) — k(X) is clearly a k-algebra isomorphism.

Suppose now we have a k-linear isomorphism k(YY) = k(X). Represent this
isomorphism and its inverse by (U, F') and (V,G) respectively. Then F~'V is a
nonempty open subset of U, it contains a nonempty principal open subset X,.

Now X, GF X is morphism between affine varieties which induces the identity
on k(X) = k(X,) and hence induces the inclusion k[X] C k[X,]. This implies that
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GF|X, is the inclusion X, C X. Since X, is dense in F~'V, and GF is continuous,
GF is the inclusion F~'V C X. In particular, F maps F'~'V injectively to G~1U.
For the same reason, G’ maps G~ 'U injectively to F~'V. Both composites are the
identity and so F defines an isomorphism F : F~'V =~ G~1U. O

EXERCISE 29. Prove that the curve in A? defined by 27 + 2% = 1 is birationally
equivalent to the affine line A' when char(k) # 2 (hint: take a look at Exercise 16).
What happens when char(k) = 2? Same questions for the quadrics in A"*! defined
byzf+a3+ - +22,, =landzyzo + 2+ - +22,, =1

In case k(X)/k(Y) is a finite extension, one may wonder what the geometric
meaning is of the degree d of that extension, perhaps hoping that this is just the
number of elements of a general fiber of the associated rational map X --» Y. We
will see that this is often true (namely when the characteristic of % is zero, or more
generally, when this characteristic does not divide d), but not always, witness the
following example.

EXAMPLE 7.7. Suppose k has characteristic p > 0. We take X = A! = Y and
take for f the Frobenius morphism: ®, : a € A’ — a? € A'. We have seen in
Example 4.10 that ®,, is homeomorphism, but that ®; : k[Y] = k[y] — k[z] = k[X]
is given by y — 2P and so induces the field extension k(y) = k(2”) C k(x), which
is of degree p. From the perspective of Y, we have enlarged its algebra of regular
functions by introducing a formal pth root of its coordinate y (which yields another
copy of A, namely X). From the perspective of X, k[Y] is just the subalgebra
k[zP] C E[z].

This is in fact the basic example of a purely inseparable field extension, i.e.,
an algebraic field extension L/K with the property that every element of L has a
minimal polynomial in K[T] that has precisely one root in L. If L # K, then the
characteristic p of K must be positive and such a polynomial of the form 77" — ¢,
with ¢ € K and r > 0. For the polynomial to be minimal, ¢ cannot be a p-th power
of an element of K (for if ¢ = a?, then T?" — ¢ = (TP ' — a)P); in particular, the
Frobenius map F, : « € K — aP € K cannot be surjective. Purely inseparable
extensions have trivial Galois group as there is only one root to move around and
hence are not detected by Galois theory.

EXERCISE 30. Let f : X --» Y be a dominant rational map of irreducible affine
varieties which induces a purely inseparable field extension k(X)/k(Y). Prove
that there is an open-dense subset V' C Y such that f defines a homeomorphism
f~V — V. (Hint: show first that it suffices to treat the case when k(X) is obtained
from k(Y') by adjoining the pth root of an element f € k(Y). Then observe that
if f is regular on the affine open-dense V' C Y, then Y contains as an open dense
subset an open sense subset of the locus of (x,t) € V x Al satisfying t* = f.)

Much of the algebraic geometry in the 19th century and early 20th century
was of a birational nature: birationally equivalent varieties were regarded as not
really different. This sounds rather drastic, but it turns out that many interesting
properties of varieties are an invariant of their birational equivalence class.

Here is an observation which not only illustrates how affine varieties over
algebraically nonclosed fields can arise when dealing with affine k-varieties, but
one that also suggests that we ought to enlarge the maximal ideal spectrum. Let
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f + X = Y be a dominant morphism of irreducible affine varieties. This implies
that f* : k[Y] — k[X] is injective and that f(X) contains an open-dense subset of
Y. Then we may ask whether there exists something like a general fiber: is there
an open-dense subset V' C Y such that the fibers f~*(y), y € V all “look the same”?
The question is too vague for a clear answer and for most naive ways of making
this precise, the answer will be no. For instance, we could simply refuse to specify
one such V by allowing it to be arbitrarily small, but if we then want to imple-
ment this idea by taking the (projective) limit @V open-dense in ¥ f~1V, then we end
up with the empty set unless Y is a singleton. However, its algebraic counterpart,
which amounts to making all the nonzero elements of k[Y] in k[X] invertible, is
nontrivial. To be precise, we have an isomorphism

lim Elf~1V] = lim k[X][1/f*g9] 2 k(Y) @ppyy kX
oD oy [/~ V] fng [(X][1/f7g] = k(Y) @y kIX]
The latter is in fact a reduced finitely generated k(Y")-algebra and this is a hint that
an adequate geometric description requires that we include more points. First of all,
we would like to regard the maximal ideal spectrum of k(Y') ®y1 k[X] as an affine
variety over the (algebraically nonclosed) field k£(Y") so that every regular function
on X which comes from Y is now treated as a scalar (and will be invertible when
nonzero) (). And secondly, in order to give this a geometric content, we would like
that every irreducible variety Z defines a point nz (its generic point) with ‘residue
field’ k(Z), which for a singleton must give us back its unique element with the
field k. For we then can extend f to the points defined by closed irreducible subsets
Z C X by putting f(nz) := 5z Then as a set, the generic fiber of f is the fiber of
this extension over 7y, i.e., the set of nz for which f|Z : Z — Y is dominant. Such
considerations directly lead to the notion of a scheme that we shall discuss later.

8. Finite morphisms

In this section A is a ring and B is a A-algebra and let p be a prime number.
In other words, we are given a ring homomorphism A — B (that is sometimes
denoted by B/A). We do not assume that A — B is injective. Nevertheless we
often make no notational distinction between an element of A and its image in
B. When A — B is injective (so that we may regard A as subring of B), we say
that B is an extension of A. We say that B is finite resp. finite prime-to-p over A if
B is a finitely generated A-module (resp. when we can do this with a number of
generators that is not divisible p). So when we say that B/A is a finite extension,
we mean that A — B is injective and B is a finitely generated A-module.

Proposition-definition 8.1. We say that b € B is integrally dependent on A if one
the following equivalent properties is satisfied.

(i) b is a root of a monic polynomial 2" + a1z~ ! + -+ + a,, € Alz],
(ii) AJb] is finitely generated as an A-module,
(iii) b is contained in a A-subalgebra C' C B which is finitely generated as an
A-module.

80ur notion of affine variety required that we work over an algebraically closed field. This is of
course arranged by choosing an algebraic closure L of k(Y'). The maximal ideal spectrum of L ®,y
k[X] is then an affine L-variety, and yields a notion of a general fiber that is even closer to our geometric
intuition.
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The three properties are still equivalent when ‘taken prime to p’: in (i) take n prime
to p and in (ii) resp. (iii), assume that A[b] resp. C is finite prime-to-p over A. When
these equivalent conditions are satisfied, we say that b is prime-to-p integral over A.

PROOF. (i) = (i). If bis aroot of 2" + ayz" "' + -+ - 4 a, € A[z], then clearly
Alb] is generated as a A-module by 1,b,b%,...,b6" "L,

(i4) = (i4i) is obvious.

(#4i) = (). Suppose that C is as in (iii). Choose an epimorphism 7 : A™ — C
of A-modules and denote the standard basis of A™ by (ey,...,e,). We may (and
will) assume that 7(e;) = 1p. By assumption, br(e;) = 2?21 a;;m(e;) for certain
a;; € A. We regard the n x n-matrix ¢ := (bd;; — a;;);,; with entries in A[b] as an
A[b]-endomorphism of A[b]”. Note that det(o) is a monic polynomial in b of degree
n with coefficients in A. So it suffices to show that det(o) = 0.

Since b € C, 7 extends to an epimorphism 7 : A[b]™ — C of A[b]-modules. Then
7o(e;) = 0 for all 4, in other words, 7o = 0. Now Cramer’s rule can be understood
as stating that if o’ is the matrix of cofactors of o, then oo’ = det(c)1,,. We thus
find that in B,

det(o) = det(o)m(e1) = T(det(o)er) = 7(oo’(e1)) = (7o) (o’ (e1)) = 0.
The proof of the prime-to-p version is the same. O

Corollary-definition 8.2. The elements of B that are integrally dependent on A
make up an A-subalgebra of B; we call this subalgebra the integral closure of A in
B (and denote it by A7).

The elements of B that are prime-to-p integral over A also make up an A-
subalgebra of B; we call this the prime-to-p integral closure of A in B.

PROOF. It is enough to prove that if b,b’ € B are integrally dependent over
A, then so is every element of A[b,b’']. Or what amounts to the same: if A[b] and
A[Y'] are finitely generated A-modules, then so is A[b,V']. This is clear: if {b*}}_;
generates A[b] and {0'*} 7! generates A[t'], then the nn’ elements {b*b'*’ Z:"(; W—0
generate A[b, b'].

The proof of the prime-to-p version is the same. O

DEFINITION 8.3. We say that B is integral (resp. prime-to-p integral) over A if
every element of B is integral (resp. prime-to-p integral) over A.

So if in addition the given homomorphism A — B is injective, then we say that
B is an integral extension (resp. a prime-to-p integral extension) of A.

The characterization (iii) of Proposition 8.1 shows that when B is finite over A
(resp. a finite extension of A), then B is integral over A (resp. an integral extension
of A). An important class of example appears in algebraic number theory: if L is a
finite field extension of QQ (also called an algebraic number field), then the integral
closure of Z C Q defines a subring of L, called the ring of integers of L. This ring is
often denoted by Oy.

EXERCISE 31. Prove that ‘being integral over’ is transitive: if B is an A-algebra
integral over A, then any B-algebra that is integral over B is as an A-algebra inte-
gral over A.

Proposition 8.4. Let A C B be an integral extension and suppose B is a domain.
Then Frac(A)B = Frac(B) and (hence) Frac(B) is an algebraic field extension of
Frac(A). This extension is finite whenever B is a finite extension of A.



38 1. AFFINE VARIETIES

If Frac(B) is of characteristic p and A C B is a prime-to-p integral, then Frac(B)
is a separable algebraic extension Frac(A).

PROOF. To prove that Frac(B) = Frac(A4)B, it is enough to show that 1/b €
Frac(A)B for any b € B ~ {0}. By assumption, such a b satisfies an equation
b +ab" "t +---+ba,_1+a, =0witha; € Aand a, # 0. So1/b = —1/a,.(b" "+
arb" 2+ .-+ a,_1) € Frac(4)B.

Let now ¢ € Frac(B) and write ¢ = a/b with a € A and b € B \ {0} as above.
Then the identity ¢ + (aa,_1/a,)c* 1+ - -+ (a"Lta1 /an)c+a™ /a, = 0 shows that
c is algebraic over Frac(A). This proves that Frac(B)/ Frac(A) is algebraic. As any
finite set of A-module generators of B is also a (finite) set of Frac(A)-vector space
generators of Frac(A)B = Frac(B), the last assertion also follows.

The last statement is clear. O

There are two simple ways of producing new integral extensions out of a given
one, namely reduction and localization (with Proposition 8.4 being in fact a special
case of the latter). Suppose A C B is integral. Then for every ideal J C B, JN A is
(clearly) an ideal of A and A/J N A C B/J is an integral extension. And if S C A
is a multiplicative subset, then the induced ring homomorphism S~*A — S~'B is
integral. Both appear in the proof of the ‘Going up theorem’ below. For this we will
also need:

Lemma 8.5 (Nakayama’s Lemma). Let R be a local ring with maximal ideal m
and M a finitely generated R-module. Then a finite subset S C M generates M
as a R-module if (and only if) the image of S in M/mM generates the latter as a
R/m-vector space. In particular (take S = (), mM = M implies M = 0.

PROOF. The special case S = () is in fact the general case, for we reduce to
it by passing to M /RS, as our assumptions then say that then M = mM and we
must show that M = 0. Let 7 : R® — M be an epimorphism of R-modules and
denote the standard basis of R" by (e,...,e,). By assumption there exist r;; € m
such that m(e;) = >27_, ri;m(e;). Soif o := (0i5 —7ij)i,; € Endr(R"), then 7o = 0.
Notice that det(c) € 14+m. Since 1+m consists of invertible elements, Cramer’s rule
shows that o is invertible. So 7 = 7(00~!) = (r0)o~! =0 and hence M =0. O

Proposition 8.6 (Going up). Let A C B be an integral extension and let p C A be
a prime ideal of A. Then the going up property holds: p is of the form q N A, where
q is a prime ideal of B. If also is given is a prime ideal q’ of B with the property
that p O ¢’ N A, then we can take q O q'. Moreover the incomparability property
holds: two distinct prime ideals of B having the same intersection with A cannot
obey an inclusion relation.

PROOF. The localization A — A, yields a local ring with maximal ideal pA,
and the prime ideals of A, correspond (by taking the preimage in A) to the prime
ideals of A that contain p. The localization A, B (as a A-module) is, by the obser-
vation above, an integral extension of A,. If we find a prime ideal q of A,B with
gN A, = pA,, then the preimage q of g in B is a prime ideal of B with the property
that q N A is the preimage of pA, in A and so this is just p. Hence for the first
assertion there is no loss in generality in assuming that A is a local ring and p is its
unique maximal ideal m4.
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We claim that m 4B # B. Suppose this is not so: my B = B. Then write 1 € B
as an my-linear combination of a finite set elements of B. Denote by B’ the A-
subalgebra of B generated by this finite set. Since B is an integral extension of A,
B’ is finite over A. Since 1 € m4B’, we have B’ = m 4 B’, and it then follows from
Nakayama’s Lemma 8.5 that B’ = 0. Hence 1 = 0 so that A is the zero ring. This
contradicts our assumption that A has a maximal ideal.

Since m4 B # B, we can take for ¢ any maximal ideal of B which contains the
ideal m4 B: then qB N A is a maximal ideal of A, hence equals m 4.

For the refinement we can, simply by passing to A/(q’ N A) C B/q’ (which
is still an integral extension by the observation above), assume that ¢’ = 0. This
reduces the refinement to the case already treated.

For the incomparability property we must show that if ¢ C qand ¢’ N A =
qNA = p, then ¢’ = q. By passing to A/(q' N A) C B/q’ we reduce to the case when
B is a domain and q’ = 0 and we must then show that g = 0. To see this, suppose
thatb € g~ {0}. Then b +a1b" 1 +---+a,_1b+a, = 0 for certain a; € A, where
we can assume that a,, # 0 (otherwise divide by b; remember that B is a domain).
Then a,, € BbN A C p and so a,, = 0, and we arrive at a contradiction. O

REMARK 8.7. Let us agree to call a prime chain (of length n) in a ring R a
strictly ascending sequence po C p1 S -+ € p,, of prime ideals in R. The going up
property may then be restated as saying that for an integral extension A C B, any
prime chain in A is the intersection with A of a prime chain in B, where we even
may prescribe the first member of the latter in advance(®). The incomparability
property says that the intersection a prime chain in B with A is a prime chain in A.

DEFINITION 8.8. We say that a morphism of affine varieties f : X — Y is finite
if the k-algebra homomorphism f* : k[Y] — k[X] is finite, i.e., makes k[ X] a finitely
generated k[Y]-module (so k[X] is then integral over k[Y]).

So f*: k[Y] — Ek[X] is a finite extension if and only if f is finite and dominant.

EXERCISE 32. Prove that if Y is an affine variety, then the disjoint union of its
irreducible components is finite over Y.

Propositions 8.4 and 8.6 give in the algebro-geometric setting:

Corollary 8.9. Let f : Y — X be a finite, dominant morphism of affine varieties.
Then for every closed irreducible subset P C X, the collection of closed irreducible
subsets @ C Y with f(Q) = P is nonempty (in particular, f is onto) with no two
members satisfying an inclusion relation. If in addition Y is irreducible, then so is
X and f*: k(X) — k(Y) is a finite algebraic extension of fields.

PROOF. Since p := I(P) is a prime ideal, Proposition 8.6 implies that p =
(f*)~'q for some prime ideal q. Then Q := Z(q) is irreducible and f* induces an
injective morphism k[P] = k[X]/p — k[Y]/q = k[Q]. So f(Q) C P and is in fact is
dense in P. If we apply this to the morphism @ Lp (instead of f) and take for P
a singleton {p} C P, we find that f~!(p) is nonempty. Hence f(P) = Q.

Conversely, if @ C Y is irreducible with f(Q) = P, then the prime ideal q
defining () has the property that (f*)~!q defines P. The incomparability property
then implies that no two such @ satisfy an inclusion relation.

The last assertion follows from Proposition 8.4. O

This is indeed what ‘going up’ refers to.
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EXERCISE 33. Let f : Y — X be a finite morphism of affine varieties. Prove
that f is closed and that every fiber f~1(x) is finite (possibly empty). Prove that if
W C X is closed or a principal open subset of X, then the restriction f : f~'W —
W is also a finite morphism.

ExAMPLE 8.10. This simple example shows that in the situation of Corollary
8.9, not every irreducible component of f~!P need to dominate P. Consider the
morphism f : A2 — A* defined by f(x,y) = (z(z — 1),2%(z — 1),2y,y). Then
f is finite and identifies the two basis vectors e; = (1,0) and e; = (0,1), but
nothing else. Since f is a finite morphism, its image X C A% is closed (by the
above exercise). We regard f now as mapping to X so that it is then a dominant
morphism between irreducible varieties. Let P C X to be the image of the y-axis
(this the just the last coordinate axis of A*). Then f~!P is the union of the y-axis
and the singleton {e; }.

Elementary dominant morphisms. We describe here some dominant mor-
phisms f : X — Y, where X and Y are irreducible affine varieties that are of an
elementary type in the sense that any dominant morphism is a composition of such.

Elementary immersions. By this we mean f maps X isomorphically onto a
principal open subset of Y: there exists a nonzero ¢ € k[Y] such that f maps
X isomorphically onto Y;. Hence f* factors as k[Y| — k[Y][1/g] = k[X]. In
particular, f is birational.

Elementary projections. By this we mean that there exists an isomorphism
X =Y x Al having f as its first component. This identifies k[ X] with k[Y x Al] =
kY] ® k[t] = k[Y][t] as a k[X]-algebra and hence makes k(X)/k(Y") a simple tran-
scendental extension.

Elementary finite separable morphisms. We here assume that there exists an
isomorphism of X onto a hypersurface H C Y x A! which is given by monic poly-
nomial g € k[X][t], g(x,t) = t¢ + ay(z)t?"! + - aq(z) which is both irreducible
and separable and such that the first component is f. Then f is a finite morphism,
and k(X)/k(Y) is a separable extension of degree d. If ay,... a4 are the distinct
roots of g in some extension of k(Y’), then the discriminant D(g) := [[,; (e — o)
(there are d(d — 1) factors) is not identically zero. It is in fact a polynomial in the
coefficients ay, . .., aq, hence lies in k[Y]. So Y, is a principal open-dense subset
of Y with the property that every fiber over a point of Y, has exactly d points.

Elementary finite inseparable morphisms. We here assume that the characteristic
p of k is positive and that there exists an isomorphism of X onto a hypersurface
H C Y x A! which is given by a polynomial g € k[Y][t] of the form #* — a with
a € k[Y] not a pth power (this ensures that g is irreducible) and such that the first
component is f. Then the projection f : X — Y is a homeomorphism, but the
associated field extension is purely inseparable of degree p. Note that if we replace
pbyp", r > 1, then f is obtained as an r-fold iteration of such morphisms.

Theorem 8.11. Let f : X — Y be a dominant morphism of affine irreducible
varieties. Then X contains a nonempty principal open subset U such that f|U is
open and can be factored into elementary dominant morphisms.

PROOF. We can always arrange that X is a closed subset of A" x Y and [ =
my | X first identify X with a closed subset of A™ and then identify X with the graph
of fin A" x X. We then proceed with induction on n. For n = 0, the assertion
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is trivial. When n > 0, we factor f as X — A! x Y — Y by retaining the last
coordinate only. Let X’ C A! x Y denote the closure of the image of first morphism

X — A!' XY and factor f as X I x' 22y v. Our induction hypothesis produces a
nonempty principal open U’ C X such that f/|U’ is open and can be factored into
elementary dominant morphisms. If we can also find a principal open U” C X'
such that the projection U” — Y is open and can be factored into elementary
dominant morphisms, then U := U’ N f'~1U" is as desired. In other words, we may
assume n = 1.

When X = A! x Y, we have an elementary simple projection. Otherwise
I(X) C k[AY)®k[Y] = k[Y][t] contains a nonzero g € k[Y][t]. Since X is irreducible,
we may (and will) take g irreducible. Write g = agt" + a1tV =1 + .-+ + ay with
a; € k[Y] and a¢ nonzero. We may replace Y by a nonempty principal open subset
V of Y and X by f~!'V. By passing to V = Y,, and then dividing g by ag, we
may without loss of generality assume that g is monic. This implies that Z(g) is
finite over Y and contains X as a closed subset. If we apply Corollary 8.9 to the
projection Z(g) — Y, we find that the inclusion X C Z(g) must be an equality. If g
is a separable polynomial, then X — Y is an elementary finite separable morphism.

It remains to do the case when g is not separable. This can only happen when
the characteristic p of k is positive. Let K/k(Y) be an algebraic extension which
contains all the roots of g, when g is regarded as an element of k(Y')[t] so that
g = [l;e;(t—ay) with a; € K. Ifaroot o; occurs with a multiplicity ¢, then all roots
with that same multiplicity determine a factor of g in k(Y"). Since g is irreducible,
this means that all roots have multiplicity q. We will have ¢ = p” for some r > 1
and ¢(t) = h(u?) with h € k[Y][u] a separable irreducible monic polynomial. This
means that we have a factorization f : Z(g) — Z(h) — Y, where Z(h) — Y is
an elementary finite separable morphism. Write a for the image of u in k[Z(h)]
and identify Z(g) with the closed subset of Z(h) x A! defined by t¢ = a. Then
a cannot be a pth power in k[Z(h)] (for Z(g) is irreducible) and so the projection
Z(g) — Z(h) is an r-fold iteration of elementary finite inseparable morphisms. O

An interesting application is given in the following exercise.

EXERCISE 34. Let f : X — Y be a dominant morphism of irreducible varieties
for which k(X)) is a finite extension of k(Y"). Let d be the degree of the separable
closure of k(Y) in k(X). Prove that there exists a principal nonempty open subset
V C Y such that f~1V — V is a finite morphism, all of whose fibers have d points.

Here is another application. As the following simple example shows, the image
of a morphism of affine varieties need not be locally closed.

EXAMPLE 8.12. Consider the morphism f : A2 — A2, (z1,22) = (71, 7122).
A point (y1,y2) € A? is of the form (zy,x122) if and only if y, is a multiple of y;.
This is the case precisely when y; # 0 or when y; = y, = 0. So the image of f is
the union of the open subset y; # 0 and the singleton {(0,0)}. This is not a locally
closed subset, but the union of two such. This turns out to represent the general
situation and the following definition will help us to express this fact.

DEFINITION 8.13. A subset of a topological space X is called constructible if it
can be written as the union of finitely many locally closed subsets of X.

An exercise in set theory shows that we then can always take this union to be
disjoint. But the resulting decomposition need not be unique.
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Proposition 8.14. Let f : X — Y be a morphism of affine varieties. Then f
takes constructible subsets of X to constructible subsets of Y. In particular, f(X) is
constructible.

PROOF. A constructible subset is a finite union of subvarieties and so it is clearly
enough to prove that the image of each of these is constructible. In other words,
we only need to show that f(X) is constructible.

It then suffices to show that X contains a proper closed subset X; C X such
that f(X ~ X;) is locally closed in Y, for if X; # (), then the same argument
applied to f|X; shows that there exists a proper closed subset Xy C X; such that
f(X1 \ Xb) is locally closed in Y and since X is a noetherian space, this process
will terminate and so f(X) = U;>of(X; \ X;41) (wWe put X := X) is then written
as a finite union of locally closed subsets.

For the existence of X, we may of course also assume that X is irreducible and
upon replacing Y by the closure of f(X), that Y is irreducible and f is dominant.
If we then choose U C X as in Theorem 8.11, then X; := X ~ U has the desired

property. (]

9. Normalization

The following theorem has important geometric consequences. Recall that a
field K is called perfect if it is either of characteristic zero or of positive characteristic
p > 0 and every element of K has a pth root. For example, every finite field is
perfect, but if % is of chacteristic p > 0, then k(¢) is not.

Theorem 9.1 (Noether normalization). Given a field K, then every finitely gener-
ated K-algebra A is a finite (hence integral) extension of a polynomial K -algebra:
there exist an integer » > 0 and an injection K|[z1,...,,] — A of K-algebras such
that A is finite over K[z1,...,z,].

In case K is perfect of characteristic p > 0 and the pth power map F4 in A is
injective, then we can also arrange that A is finite prime-to-p over K[xz1,...,z.].

REMARK 9.2. If in this situation A is a domain, then according to Proposition
8.4, Frac(A) will be a finite extension of K(x1,...,x,) and so r must be the tran-
scendence degree of Frac(A)/K. In particular, r is an invariant of A as a K-algebra.

The proof will be with induction and the following lemma provides the induc-
tion step.

Lemma 9.3. Let ¢ : K[x1,...,2,] — A be an epimorphism of K -algebras which is

not an isomorphism. Then there exists a K -algebra automorphism o of K[z1, ..., z,]
o1 ..

which fixes z,, and is such that K[z1, ..., 2 1] 27 L Ais integral.

In case K is perfect of characteristic p > 0 and the pth power map F4 is injec-
tive, then we can also arrange that A is finite prime-to-p over A’.

PROOF. We define for any positive integer s a K-algebra automorphism o, of

Klx1,...,xm] by os(z;) == x; + xf:_ when ¢ < m — 1 and O'S(l’m)‘: T This is
indeed an automorphism with inverse given by o' (z;) = x; — 27,  fori <m —1
and o4(z,,) = @,. Note thatif I = (i1,...,4,,) € %y, then

m—1

(J'S(SC?1 cee x%") = (xl + xfn )il Ce (mm—l + mfn)i'rrL—lngL'
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When viewed as an element of K[x1,...,%m_1][zm], this is a monic polynomial
in x,, of degree pr(s) := i15™ ! 4 ips™ 2 + ... +i,,. Now give 77, the lexico-
graphic ordering. Then I > .J implies p;(s) > ps(s) for s large enough. Choose
a nonzero f € ker(¢). If I € ZZ, is the largest multi-exponent of a monomial
which appears in f with nonzero coefficient, then for s large enough, o,(f) is a
nonzero constant times a monic polynomial in z,,, of degree p;(s) with coefficients

in K[z1,...,Zy,—1]. This ensures that the image of z,,, in K[x1,...,zy,]/(0s(f)) is
integral relative to the homomorphism ¢o~!|K[z1,...,7,,_1]. Hence o := o is as
desired.

Assume now that K is perfect of characteristic p > 0 and F is injective and
take in the above argument f € ker(¢) of minimal degree (but nonzero). Since
degree of integral dependence for z,,, with respect to ¢o; ! |K|[x1,. ..,z _1] is equal
to p;(s), it suffices to show that for infinitely many s > 0, p;(s) is prime to p. If
this is not the case, i.e., when p;(s) = 0 (mod p) for s sufficiently large, then a
little exercise shows that the image if p; in F,[s] is zero: all the coefficients of
the polynomial p;(s) must be divisible by p. This means that =/ is a pth power.
So every monomial appearing in f € ker(¢) is a pth power. Since K is perfect,
the coefficient of such a monomial is also a pth power. Hence f = ¢ for some

g € K[z1,...,2m—1]. So the image g in A satisfies g” = 0. Since F4 is injective, it
follows that g = 0. But this means that g € ker(¢) and as g has smaller degree than
f, this contradicts our assumption. O

PROOF OF NOETHER NORMALIZATION. By assumption there exists an epimor-
phism ¢ : K[z1,...,2,] — A of K-algebras. We then proceed with induction on
m. When ¢ is an isomorphism, there is nothing to show. Otherwise, Lemma 9.3
tells us that there exists a K-algebra homomorphism ¢’ : K|z4,...,2,,] — A such
that ¢'(z,,) is integral over A" := ¢'(K|[z1,...,2m—1]). Since the K-algebra A’ has
< m—1 generators, it is by induction a finite extension of some polynomial algebra
Klx1,...,z,]. Hence so is A.

This induction argument also works in the prime-to-p setting. O

Corollary 9.4. For every affine variety X there exists an integer » > 0 and a finite
surjective morphism f : X — A" such that k(X)) is separable over k(A"). O

This corollary gives us a better grasp on the geometry of X, especially when
X is irreducible, for it shows that X can then be ‘spread’ in a finite-to-one manner
over affine r-space such that it is like a covering of degree [k(X) : k(A")] over a
nonempty open subset of A". Here is another important consequence.

Corollary 9.5. Every affine variety is birationally equivalent to a hypersurface.

PROOF. We let f : X — A" be as in Corollary 9.4 so that k(X) is a finite sepa-

rable extension of k(z1,...,k,). By the theorem of the primitive element, k(X) is
then generated over k(x1, ..., k) by a single element g. Let G € k(x1, ..., k.)[zr41]
be the minimal polynomial of g. By multiplying this by a common denominator of
the coefficients, we arrange that the coefficients of G lie in k[z4, ..., k,], but have
no common denominator. Then G is irreducible as an element of k[z1,...,z,4+1]
and hence defines an irreducible hypersurface Z(G) C A"!. It is clear that
k(Z(G)) = k(X). O

Proposition 8.4 has a kind of converse, also due to Noether.
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Theorem 9.6. Let A be a noetherian domain and let L/ Frac(A) be a separable
finite extension of fields. Then the integral closure of A in L is finite over A.

PROOF. Let us write K for Frac(A), d for the degree of K/L and B C L for the
integral closure of A in L. By Proposition 8.4 we have L = K B and so there exists
a K-basis (eq,...,eq) of L with each e; in B. We recall that if b € L has minimal
polynomial 2" + c;2" "1 + - - - + ¢, in K|[z], then its K-trace, tr, /i (D), is defined as
(=1)"cy,,. Note that when b € B, its trace lies in A. The trace form

(v,y) € Lx L = try g (2y) € K

is symmetric bilinear, when L is considered as a d-dimensional K-vector space.
Since L/K is separable, it is nondegenerate and so we have a K-basis (f1,..., fi)
of L dual to (e1, ..., eq): characterized by trp k(e f;) = dij.

We prove that B is contained in the A-submodule generated by (f1,..., f4)-
This will suffice, for since A is noetherian, it then follows that B is also finitely
generated. Given b € B, write b = Z?:l a; f; with a; € K so that a; = try,x (be;).
Since be; € B, it follows that a; € A. O

Of special interest is the case L = Frac(A). Then A := A is called the nor-
malization of A. So by the above theorem the normalization is a finite extension of
A when the latter is finitely generated over a field. We say that A is normal if it is
integrally closed in its fraction field, i.e., if 4 = A.

In the case of interest to us we can get rid of the separability assumption and
then this theorem has a remarkable geometric interpretation:

Corollary 9.7. Let X be an irreducible affine variety. Then for ever finite field
extension L/k(X), the integral closure of k[X] in L is finite over k[X]. So this
defines a normal irreducible affine variety X; and a finite surjective morphism
X1 — X which induces the given field extension k(X) C L.

PROOF. When L/k(X) is separable, this is immediate from Theorem 9.6. We
reduce to that case as follows.

By Proposition 8.4 there exists a k(X)-basis of L (so of size d = [L : k(X)])
consisting of elements integral over k(X). Then the k-subalgebra of L generated
by this basis is finite over k[X]; it is the coordinate ring k[Y] of an affine variety
Y which maps in a finite dominant manner to X and for which k(Y) = L. The

—

integral closure of £[X] in L is then the integral closure k[Y] of k[Y] in £(Y"). Since

—

k[Y] is finite over k[X], it now suffices to prove that k[Y] is finite over k[Y]. By
Corollary 9.4 there exists a finite surjective morphism Y — A" such that £(Y)) is

—

separable over k(A"). Since k[Y] is the integral closure of k[A"] in k(Y"), it is finite
over k[A"] and hence finite over k[Y]. O

So every finite field extension of k(X) is canonically realized by a finite mor-
phism of irreducible affine varieties. We write X = Spm(k/[)?]) for X when
L = k(X). The associated morphism X — X is finite and birational, and is called
the normalization of X. If k[X] is normal (so that X = X), then we say that X
is normal. This is functorial: if f : X — Y is a dominant morphism Wi/t}_l\ X ir-

reducible, then we may regard k(X)) as an extension of k£(Y) and hence k[X] will

contain k[Y]. This means that f determines a morphism XY,
The affine space A™ is normal. More generally:
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Lemma 9.8. Any unique factorization domain is normal.

PROOF. Let A be a UFD. Any b € Frac(A) integral over A obeys an equation
b? 4+ a1b? + - - + ag = 0 with a; € A. Write b = r/s with r, s € A such that r and
s are relatively prime. The identity r? + a;rs?~! + -+ + a4s¢ = 0 shows that any
prime divisor which divides s must divide r? and hence also r. As there is no such
prime, it follows that s is a unit so that b € A. O

The Riemann extension theorem asserts that a meromorphic function on an
open subset U C C which is locally bounded on U is in fact holomorphic on U.
We may understand the normality of an irreducible affine variety X as an algebraic
formulation of this property. For let f, g € k[X] be such that g # 0 and ¢ := f/g is
integral over k[X], i.e., " +a1¢" ' +---+a, = 0 for certain n and a; € k[X]. Now
assume that ¥ = C and let U C X be an open, relatively compact (=bounded)
subset for the Hausdorff topology. Since the a;’s are continuous functions on X
for the Hausdorff topology, they are bounded on U('%). It then follows that ¢ is
also bounded on U. But ¢ is also univalued on U N X,. It can be shown that
every Hausdorff open subset of X meets X,. So although ¢ may not be everywhere
defined on X, it is (for the Hausdorff topology) locally bounded on X. One can
also verify the converse: if a rational function on X is locally bounded on X for the
Hausdorff topology, then it is integral over k[X]. So X is normal if and only if the
Riemann extension theorem holds on X: every locally bounded rational function ¢
on X is in fact regular on X.

The following example and the subsequent exercise illustrate an interesting
property of normalization, which when phrased in terms that have not been defined
but still have some intuitive appeal, amounts to the removal of singularities in
codimension one and (in particular) the separation of local branches.

EXAMPLE 9.9 (Example 4.4 continued). We claim that the morphism f : A! —
C in 4.4 is a normalization, in particular, that C' is not normal. This amounts

to asserting that the integral closure k[C] of k[C] = k[t2,¢3] in k(C) = k(t) is
k[A'] = K[t]. Since k[t] is integrally closed in k(t) (it is a UFD), we must have

K[C] C k[t]. But k[t] is as a k[t?,t3]-module spanned by 1 and ¢ and the latter is

integral over k[t?, 3] as its square lies in this subring. So we also have 1?[5] 2 k[t].

EXERCISE 35. Consider the curve in A? defined by y? = 2% + 22. Prove that
this curve is irreducible and determine its normalization. Show in particular that
the normalization is not a bijection. Draw the locus in R? defined by this equation.

The following two lemmas show that normality is a local in nature:

Lemma 9.10. Let R be a domain and S C R a multiplicative subset. Then SR is
the normalization of S~!R.

PROOF. An equation of integral dependence for an element u € Frac(R) over
S~!Ris of the form u"+a;u” '+ - -4a, = Owitha; € ST'R. If s € S is a common
denominator of ay, . .., a,, then we have (su)" + sa; (su)"~' +---+ s"a,, = 0. This
is an equation of integral dependence for su over R and hence u € S -1R. O

10The roots of a polynomial can be bounded in terms of its coefficients. For if (t—2z1) - (t—2zn) =
t" 4+ a1 (2)t" "1+ +an(z) with 2; € C, then 2 € C™ +— max; |a;(2)| is a continuous function which
is never zero on the compact set max; |2;] = 1 and so has there a minimum ¢ > 0. Since a; is
homogeneous of degree 4, this implies that max; |z;| < ¢~ max; |a;|*/%.
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Proposition 9.11. An irreducible affine variety X is normal if and only if each local
ring Ox ), (p € X) is normal.

PROOF. Assume X is normal. Then Ox ,, being a localization of k[X], is also
normal by Lemma 9.10.

Now assume that every Ox , is normal and let f € k(X) satisfy an equation of
integral dependence over k[z]. For every p € X this gives an equation of integral
dependence over Oy, and so by assumption f € Ox ,. This proves that f is a
regular function on X so that f € k[X]. O

The preceding also helps us to gain some geometric understanding of the alge-
braic closure of a function field. Let be given an irreducible affine variety Y and let
L/Ek(Y) be an algebraic closure of £(Y'). Then L/k(Y) will not be a finite extension,
unless Y is a singleton, but L can be written as a monotone union of finite field ex-
tensions: L = U2, L; with L; C L,y and L;,/L; finite. This yields a sequence of
finite surjective morphisms

Y« Yy, « Y, « Y, « -

of which the projective limit can be understood as a “pro-affine variety” (a point of
this limit is given by a sequence (y; € Y1,,)$2, such that y;; maps to y; for all 7). Its

algebra of regular functions is U°, k[Y]i = k[Y]L (which is usually not a finitely
generated k-algebra) and its function field is L.

Of special interest is when we have a finite normal(*) field extension of a func-
tion field. Let us first recall this notion.

NORMAL EXTENSIONS. We recall that an algebraic field extension L/K is normal if the
minimal polynomial f € KJx] of an element of L has all its roots in L. A Galois extension
L/K is the same thing as a normal separable extension (this property can be used as a
definition); this requires in addition that all these roots are distinct. Note however that a
purely inseparable extension L/K is also normal, for then such an f of degree > 1 is of the
form z*" — a, with p the characteristic p of K (which must be positive), r > 1 and a € K
not a pth power in K. Clearly an algebraic closure K of K is normal.

Part of Galois theory still works for normal extensions. If L/ K is normal, then all the
K-linear field embeddings I < K have the same image and so this image is invariant
under the full Galois group of K /K. The latter then restricts to the group of K-linear field
automorphisms of L (the Galois group of L/K) and this group permutes the roots of a
minimal polynomial in K[z] of any element of L transitively.

For an arbitrary algebraic field extension F/K, one defines its normal closure in K as
the smallest normal extension of K in K that admits a K-linear embedding of F into it. It
is obtained as the subfield of K generated by the roots of all the irreducible polynomials of
K|z] that have a root in F. When F is finite over K, then so is its normal closure in K.

We begin with the corresponding result in commutative algebra. This has also
important applications in algebraic number theory.

Proposition 9.12. Let A be a normal domain and L/ Frac(A) be a finite normal
extension with Galois group G. Then G leaves invariant the integral closure A" of
A in L and has the property that for every prime ideal p C A it permutes the set of
prime ideals ¢ C A" with ¢ N A = p transitively.

M As the statement of Proposition 9.12 illustrates, this adjective is a bit overused in mathematics:
a normal field extension should not be confused with the normality of a ring.
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For the proof we need:

Lemma 9.13 (The prime avoidance lemma). Any ideal of a ring that is contained
in a finite union of prime ideals is contained in one of them.

PROOF. Let R be aring, q1,...,q, prime ideals in R and I C R an ideal con-
tained in U} ,q;. We prove with induction on n that I C g; for some ¢. The case
n = 1 being trivial, we may assume that n > 1 and that for every i = 1,...,n,
is not contained in U;.;q;. Choose a; € I \ Ujx;q;. So then a; € q;. Consider
a = ajaz-+-an_1 + a,. Then a € I and hence a € q; for some i. If i < n,
then a, = a — ajas---a,_1 € q; and we get a contradiction. If i = n, then
aas - anp—1 = a — 4y € q, and hence a; € q,, for some j < n — 1. This is also a
contradiction. O

PROOF OF PROPOSITION 9.12. That any g € G leaves A” invariant is clear, for
g fixes the coefficients of an equation of integral dependence over A.

By the Going-up theorem 8.6, there exists a prime ideal q of A” that lies over
p. Let ¢’ be another. We show that q' C U,c¢o(q). This suffices, for then the prime
avoidance lemma implies that ' C o(q) for some o € G. As both ¢’ and o(q) lie
over p, we must have q’ = o(q) by incomparability.

Let b € g’ be nonzero and let f(z) = 2" + ¢;2" ' + -+ + ¢, € Frac(A4)[z] be a
minimum polynomial for b. Since L/ Frac(A) is a normal extension, f completely
factors in L with roots in Gb: f(z) = (z — o1(b)) - - - (x — o, (b)) for certain o; € G.
Since o;(b) € AL we have 01 (b) - - - 0,,(b) € AL. On the other hand, oy (b) - - - 7, (b) =
(—1)"c,, € Frac(A) and since A is normal it follows that oy (b) - - - 0,,(b) € A. One of
the factors is b and so o1 (b) - - -0, (b) € AN (b) C ANg =p C q. Since q is a prime
ideal, some factor o;(b) lies in q and hence b € U, ¢ o(q). O

We translate this into geometry:

Corollary 9.14. Let Y be an irreducible affine variety that is normal. Given a
normal finite extension L/k(Y), then the Galois group G of L/k(Y') acts naturally
on Y. For every closed irreducible subset Z C Y, the preimage of Z in Yy is
nonempty and G acts transitively on its set irreducible components. As a topological
space, Y may be identified with the G-orbit space of X.

PROOF. Everything is clear except perhaps the last assertion. The map « :
Y, — Y is continuous and closed (Exercise 33). By Proposition 9.12, every fiber of
7 is a (nonempty) G-orbit and so 7, is topologically the formation of the G-orbit
space. (I

Exercise 35 provides an example of an irreducible Y for which Y, =Y — Y
is not a bijection and so we cannot drop in Proposition 9.12 the assumption that Y’
be normal (here L = k(Y) so that G is trivial).

Here is a supplement of the going up property for normal domains:

Corollary 9.15 (Going down). Let A C B be a finite extension with B a domain
and A normal. Given prime ideals p in A and ¢’ in B such that p C q' N A, then
there exists a prime ideal q in B with q C ¢’ and qN A = p.

PROOF. Put K := Frac(A) and let L be the normal closure of Frac(B) in an
algebraic closure of Frac(B). Since B is integral over A, we have B C AX. Now L
is a finite normal extension of Frac(B) (with Galois group G, say), and this brings
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us in the situation of Proposition 9.12 above. Since Frac(B) is finite over K, L is
finite over K and so A’ is by 9.7 finite over A (and hence also over B).

Put p’ := q'N A so that p’ D p. According to Proposition 8.6 we can find a prime
ideal v/ in A* with v/ N B = ¢'. The same proposition tells us that there exist nested
prime ideals ¥ DO t in A" which meet A in p’ D p. Since ¥ and v’ both meet A in p/,
there exists according to Proposition 9.12 a o € G such that o(¥') =t/. So v := o ()
has the property that t C ¢/ and t N A = p. So q := v N B is as desired, for it meets
A in p and is contained int' N B = ¢'. d

REMARK 9.16. We can rephrase this in the spirit of Remark 8.7 by saying that
any prime chain in A is the intersection of prime chain in B for which the last
member has been prescribed in advance (whence ‘going down’).

10. Dimension

One way to define the dimension of a topological space X is with induction:
agree that the empty set has dimension —1 and that X has dimension < n if it
admits a basis of open subsets such that the boundary of every basis element has
dimension < n — 1. This is close in spirit to the definition that we shall use here
(which is however adapted to the Zariski topology; as you will find in Exercise 36,
it is useless for Hausdorff spaces).

DEFINITION 10.1. Let X be a nonempty topological space. We say that the Krull
dimension of X is at least d if there exists an irreducible chain of length d in X, that
is, a strictly descending chain of closed irreducible subsets X° > X! O ... O x4
of X. The Krull dimension of X is the supremum of the d for which an irreducible
chain of length d exists and we then write dim X = d. We stipulate that the Krull
dimension of the empty set is —1.

Lemma 10.2. For every subspace Z of a topological space X we have dim Z <
dim X.

PROOF. Let Y be closed in Z. The closure Y of Y in X is the intersection of all
the closed subsets of X containing Y, hence meets ZinY: Y N Z =Y. We also
know that if Y C Z is irreducible, then so is Y. So if we have an irreducible chain
of length d in Z, then the closures of the members of this chain yield an irreducible
chain of length d in X. This proves that dim Z < dim X. O

EXERCISE 36. What is the Krull dimension of a nonempty Hausdorff space?

EXERCISE 37. Let U be an open subset of the space X. Prove that for an
irreducible chain Y* in X of length d with U N Y4 # (), U NY* is an irreducible
chain of length d in U. Conclude that if I/ is an open covering of X, then dim X =
supy ¢y dimU.

EXERCISE 38. Suppose that X is a noetherian space. Prove that the dimension
of X is the maximum of the dimensions of its irreducible components. Prove also
that if all the singletons (= one element subsets) in X are closed, then dim(X) =0
if and only if X is finite.

It is straightforward to translate this notion into algebra:

DEFINITION 10.3. The Krull dimension dim R of a ring R is the supremum of the
integers d for which there exists an prime chain of length d in R, where we stipulate
that the zero ring (i.e., the ring which has no prime ideals) has Krull dimension —1.
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It is clear from Proposition 2.3 that for a closed subset X C A", dim k[X] =
dim X. Since any prime ideal of a ring R contains the ideal /(0) of nilpotents, R
and its ‘reduction’ Ryeq := R/+/(0) have the same Krull dimension. So the Krull
dimension of a finitely generated k-algebra A is that of the affine variety Spm(A).

Remark 8.7 shows immediately:

Lemma 10.4. The Krull dimension is invariant under integral extension: if B is an
integral extension of A, then A and B have the same Krull dimension.

REMARK 10.5. For a domain A the zero ideal (0) is a prime ideal and so dim(A) = 0 if
and only if the ideal (0) is maximal, i.e., A is a field. We say that a domain A is a Dedekind
domain if it is noetherian, normal and of dimension < 1, in other words, if every nonzero
prime ideal of A is maximal. For instance, a unique factorization domain (such as Z and
K[X] with K a field) is a Dedekind domain. The importance of this notion comes from
the fact that a converse holds on the level of ideals: any ideal of a Dedekind domain is
uniquely written a product of prime ideals. Lemma 10.4 shows that the integral closure
of a Dedekind domain (such as Z or K[X]) in a finite extension of its field of fractions is
a Dedekind domain. Hence the ring of integers of an algebraic number field L (this is by
definition the integral closure of Z in L) is a Dedekind domain.

The Krull dimension was easy to define, but seems difficult to compute in con-
crete cases. How can we be certain that a given prime chain has maximal possible
length? It is not even clear how to tell whether the Krull dimension of a given ring
is finite. We will settle this in a satisfactory manner for a domain B containing a
field K over which it is a finitely generated: we show that a length of a prime chain
in B is bounded by the transcendence degree Frac(B)/K and that we have equality
when the prime chain is maximal (so that the length of any maximal prime chain
is the Krull dimension).

Theorem 10.6. Let K be a field and B a finitely generated K-algebra without
zero divisors. Then the Krull dimension of B equals the transcendence degree of
Frac(B)/K and every maximal prime chain in B (i.e., one that cannot be extended
to a longer prime chain) has length dim B.

PROOF. By Noether normalization there exists an integer »r > 0 and a K-
algebra monomorphism K[z, ..., .| — B such that B is finite over K[z1,...,z,].
We put A := Klz1,...,z,]. Then Frac(B) is a finite extension of Frac(A) =
K(z1,...,z,) and so the transcendence degree of Frac(B)/K is r. In A we have
the length r prime chain (0) C (z1) € (z1,22) € -+ € (21, %2,...,2,). By Remark
8.7 this is the intersection of A with a prime chain in B and so the Krull dimension
of B is at least r.

When r = 0, B is a domain that is finite over a field, hence itself a field.
Then both the Krull dimension of B and its transcendence degree over K are zero.
Assume therefore » > 0 and the theorem proved for lower values of r. Let q, :=
((0) =90 €S 91 € -+ € qumm) be a prime chain in B. We prove that m < r with
equality when ¢, is a maximal prime chain.

By the incomparability property of ‘going up’ (Proposition 8.6), p, := q, N A
will be a prime chain in A, also of length m. The idea is to show that p; defines
a closed subset of A% of dimension < m — 1. Choose an irreducible f € p,. After
renumbering the coordinates, we may assume that f does notlie in K[z1,...,z,_1].
So if we write f = Zi]\io gixt with g; € K[xy,...,7,._1] and gy # 0, then N > 1.
Since f is irreducible, A/(f) is a domain. The image of x, in the field Frac(A/(f))
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is a root of the monic polynomial +V + Zili_ol(gi/gjv)ti € K(z1,...,2z,_1)[t], and so
Frac(A/(f)) is a finite extension of K(z1,...,xz,—1). In particular, Frac(4/(f)) has
transcendence degree r — 1 over K. By our induction induction hypothesis, A/(f)
has then Krull dimension » — 1. Since the image of p; C --- C p,, in A/(f) is a
prime chain of length m — 1 (it is strictly ascending, because it is so in A/p;), it
follows that m — 1 < r — 1. Hence m < r.

Now assume that ¢, is maximal. Since A is a normal domain, the ‘going down’
Corollary 9.15 applies and so there exists a prime ideal q C ¢y such that qn A = (f).
The maximality of g, then implies that ¢ = q; and hence that (f) = p;. Since
Frac(B/q;) is a finite extension of Frac(A/(f)) (which in turn is a finite extension

of K(x1,...,2.—1)), it has transcendence degree r — 1 over K. Asq; C q2--* C qm
defines a maximal prime chain in B/q;, it follows from our induction hypothesis
thatm —1=r —1and som =r. O

REMARK 10.7. At first sight the preceding theorem may look somewhat surpris-
ing, as the definition of the Krull dimension of a ring does not mention a possible
subfield (it is an ‘absolute notion’), whereas the transcendence degree of a field
extension clearly does. Corollary 3.7 explains why there is no contradiction here:
if K is a field and a finitely generated K-algebra L is in fact a field, then L is finite
over K and has therefore the same transcendence degree over a subfield K.

Corollary 10.8. In the situation of Theorem 10.6, let m be a maximal ideal of B
and S C B~ {0} a multiplicative subset generated by a finite subset of B. Then the
Krull dimension of the localizations By, = (B~ m)~ !B and S~!B are that of B.

PROOF. Any prime chain in B,, is a prime chain in B contained in m. So by
Theorem 10.6, the Krull dimension of By, is finite. If such a chain is maximal for
this property, then it will end with m and will also be maximal in B (for there is no
prime ideal strictly containing m) and again by Theorem 10.6 its length is then the
Krull dimension of B.

If S is multiplicatively generated by s, . .., s,, then S~! B is the quotient of the
K-algebra B[z, ..., ,] by the ideal (z1s1 —1,...,2,8, —1). In particular, S~! B is
a finitely generated K -algebra so that Theorem 10.6 applies to it: dim(S~!B) is the
transcendence degree of Frac(S~1B) = Frac(B) over K. This is just dim(B). O

Corollary 10.9. Let X be an irreducible affine variety and let d be the transcen-
dence degree of k(X)/k. Then dim X = d and every maximal irreducible chain in
X has length d. Moreover, d is also the Krull dimension of every nonempty open
U C X and of every local ring Ox ,,, p € X.

REMARK 10.10. If S C R is a multiplicative set, then the preimage of a prime
ideal g of S~!R under the ring homomorphism R — S~ R is a prime ideal q of R
which does not meet S and we have § = S~!q. This sets up a bijection between
the prime ideals of S~ R and those of R not meeting S. If we take S = R . p with
p a prime ideal, then this implies that dim R, is the supremum of the prime chains
in R which end with p. Since the prime chains in R which begin with p correspond
to prime chains in R/p, it follows that dim R, + dim R/p is the supremum of the
prime chains in R having p as a member. So when R is a domain which is finitely
generated over a subfield, then this is by Theorem 10.6 equal to dim R.

An affine variety C all of whose irreducible components have dimension 1 is
called a curve. When C is irreducible this amounts to the property that k(C) is
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of transcendence degree one and is equivalent to the property that every nonzero
every prime ideal is a maximal ideal. By Remark 10.5, C' is an irreducible normal
affine curve if and only if £[C] is a Dedekind domain # k. The fact that rings of
integers of number fields and coordinate rings of such curves are both Dedekind
domains accounts for their similarity. We will see in the next section that for a
curve, normality amounts to the absence of ‘singular points’.

EXERCISE 39. Prove that a hypersurface in A" has dimension n — 1.

EXERCISE 40. Let X be an irreducible affine variety and Y C X a closed irre-
ducible subset. Prove that the codimension of Y in X (= dim X — dimY") is equal
to the Krull dimension of k[X];(y).

Exercise Let X be an irreducible variety of dimension d and let fi,..., f, be
r < d be elements of k[X]. Prove that codim(Z(f1,..., fr)) < r and show that if
we have equality, then for every i the irreducible components of Z(fi,..., f;) have

codimension 3.

EXERCISE 41. Prove that when X and Y are irreducible affine varieties, then
dim(X xY) = dim X +dim Y. (Hint: Embed each factor as a closed subset of some
affine space. You may also want to use the fact that the equality to be proven holds
incase X =A™ and Y = A")

11. Smoothness

In this section we focus on the local properties of an affine variety X = Spm(A)
(so A := k[X] is here a reduced finitely generated k-algebra) at a point p. Therefore
a central role will be played by the local algebra Ox , = A, whose maximal ideal

ismy, =(A~m,) ‘m,.
» = ( p P

If ¥ = Cand X C C" is a closed subset of dimension d, then we hope that
there is a nonempty open subset of X where X is ‘smooth’, i.e., where X looks like
a complex submanifold of complex dimension d. Our goal is to define smoothness
in algebraic terms (so that it make sense for our field k) and then to show that the
set of smooth points of a variety is open and dense in that variety.

Our point of departure is the implicit function theorem. One version states that
if U CR™isopen,p € R"and f = (fi,..., fn_a) : U — R"~? a differentiable map
such that the total differentials at p, df;(p),...,df.—a(p) are linearly independent
in p (this is equivalent to: the Jacobian matrix of (0f;/0x;)(p)); ; has maximal rank
n —d), then f~1f(p) is a submanifold of dimension d at p whose tangent space at p
is the common zero set of dfi(p), ..., df,—a(p). In fact, one shows that this solution
set is near p the graph of a map: we can parametrize this set by means of d coor-
dinates out of (x1,...,x,), expressing the n — d remaining ones as differentiable
functions in terms of them. Conversely, any submanifold of R™ at p of dimension d
is locally thus obtained.

We begin with the observation that for any ring R, partial differentiation of a
polynomial f € R[xy,...,x,] (Where the elements of R are treated as constants)
is well-defined and produces another polynomial. The same goes for a fraction
¢ = f/gin R[z1,...,z,][g"]: a partial derivative of ¢ also lies in R[z1, ..., z,][g7!]
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(in this case with denominator g2). We then define the total differential of a rational
function ¢ € R(x1,...,x,) as usual:

d¢ == ; B, (z)dx;,

where for now, we do not worry about how to interpret the symbols dz;: we think
of d¢ simply as a regular map from an open subset of A" to a k-vector space of
dimension n with basis dz1, ..., dz,, leaving its intrinsic characterization for later.

However, caution is called for when R is a field of positive characteristic:

EXERCISE 42. Prove that f € k[z] has zero derivative if and only if f is constant
or (when char(k) = p > 0) a pth power of some g € k[x].

Generalize this to: given f € k[zi,...,z,], then df = 0 if and only if f is
constant or (when char(k) = p > 0) a pth power of some g € k[z1,..., 2]

We should also be aware of the failure of the inverse function theorem:

EXAMPLE 11.1. Let C' C A? be the curve defined by y? = 23 + z. By any rea-
sonable definition of smoothness we should view the origin o := (0, 0) as a smooth
point of C. Indeed, when k = C, the projection f : C — A!, (z,y) — y, would be
a local-analytic isomorphism at 0. But the map is not locally invertible within our
category: the inverse requires us to find a rational function = = f(y)/g(y) which
solves the equation y? = 2® + . This is impossible: we may assume that f and g
are relatively prime and from y2¢® = f3 + fg?, we see that g divides f3. This can
only happen when g € k* and so we may assume that g = 1: y? = f3 + f. But then
f € kly] must divide 3?2, and hence be equal to a constant times y or 32 and neither
case provides a solution.

We can however solve for x formally: = = ¢(y) = > + c3y® +cay* +- - -, where
it is important to note that the coefficients are all integers so that this works for
every characteristic. By this we mean that if we put ¢,, = y? + cs3y® + -+ + c,y™,
then y? — ¢,,(y)* — ¢n(y) € (y)"*' forall n > 2.

Somewhat related to this is an issue illustrated by the following example.

EXAMPLE 11.2. Consider the curve C C A? defined by zy = 2% + y>. The
polynomial 22 +y3 — xy is irreducible in k[x, ], so that k[C] is without zero divisors
and (" isirreducible. Hence the local ring O¢, C k(C) is also without zero divisors.
But C seems to have two branches at o which apparently can only be recognized
formally: there exists a formal power series ¢(t) = t? + c3t® + cqt* 4 - such
that one such branch is given by y = ¢(«) and the other by interchanging the
roles of z and y: = = ¢(y). To be precise, if for an integer n > 2, we put ¢,, :=
t2+eatd+egtt +- - Aot then (21—, (y)) (y—dn(2)) = zy—2>—y> mod (x,y)" "L,
If we use ¢ := = — ¢(y) and n := y — ¢(z) as new ‘formal coordinates’, then C' is
simply given at 0 by the reducible equation &7 = 0.

These examples make it clear that for a local understanding of a variety X at
o, the local ring Ox , still carries too much global information. One way to get rid
of this overload is by passing formal to power series. This is accomplished by what
is known as formal completion(lz).

2Another approach would be to allow ‘algebraic’ functions of the type that we encountered in
the two examples above, but then we would have to address the question what the domain of such a
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11.3. FORMAL COMPLETION. Let R be a ring and I C R an ideal. For every
R-module M, the descending sequence of submodules M D IM D I?M D --- D
I™"M D .. gives rise to a sequence of surjective R-homomorphisms

0=M/M « M/IM « M/I?M « M/I?M « -« M/I"M « - --

from which we can form the R-module M; := I&Hn M/I™M, called the I-adic com-
pletion of M. So any a € M; is uniquely given by a sequence (v, € M/I"M),>¢
whose terms are compatible in the sense that «, is the reduction of a,,; for all
n. In this way M; can be regarded as an R-submodule of [[,>o(M/I"M). The
natural R-homomorphisms M — M/I"M combine to define a R-homomorphism
M — Mj. Tts kernel is N2, " M and this turns out to be trivial in many cases of
interest (see Lemma 11.4). If we do this for the ring R, we get a ring R; (for each
R/I"™ is one and the reduction maps are ring homomorphisms) and R — R; is then
a ring homomorphism.

Since M/I™M is naturally a R/I"-module, the R-module structure on M; fac-
tors through a R;-module structure: for any # = (p, € R/I")2, € Ry , #a simply
as given by the sequence (p,a)n>0 (note that p,a,, is indeed the reduction of
Pnt10my1). Any R-homomorphism ¢ : M — N of R-modules sends M/I"M to
N/I™N, and the resulting homomorphlsms M/I"M — N / I™N are compatible in
the sense that they determine a RI homomorphism qbl M T — N 7. We have thus
defined a functor from the category of R-modules to the category of R;-modules.

Lemma 11.4. If R is a noetherian local ring and I # R, then any finitely generated
R-module M is Hausdorff for the I-adic topology: N, >oI"M = 0.

PROOF. Put M, := Nyp>oI™M. Since M is noetherian, its submodule M is a
finitely generated R-module. It is clear that M, = I M. Since I is contained in
the maximal ideal of R, Nakayama’s lemma 8.5 then implies that M., = 0. d

EXAMPLE 11.5. When A is aring, R = A[x1,...,z,], then the (x1,...,z,)-adic
completion of R is just the ring of formal power series A[[z1,. .., y]].

As a variation on this example, first observe that the natural homomorphism
k[, ..., 2] — Opnp/my is surjective with kernel (1 — p1,..., 2, — p,)". This
implies that k[[z1 — p1,. .., 2z, — pn]] can be identified with the m,-adic completion
of Oan . In the same spirit, we will find that for (C, 0) in Example 11.1 resp. 11.2
the m¢ ,-adic completion of O¢ , is isomorphic to k[[z]] resp. k[[z,y]]/(zy).

EXAMPLE 11.6. Take the ring Z. Its completion with respect to the ideal (n), n
an integer > 2, yields the ring of n-adic integers Z(n): an element of Z(n) is given
by a sequence (p; € Z/(n"))$2, with the property that p; is the image of p;; under
the reduction Z/(n**1) — Z/(n?).

EXERCISE 43. Prove that if ¢ : M — N is a surjection of R-modules, then
qAS ; My — Njis surjection (of R;-modules). (This need not be true for injections,
but we will see that this is so in the noetherian setting.)

11.7. ADIC TOPOLOGIES. We can understand an /-adic completion as comple-
tion with regard to a topology. This often helps to clearify its dependence on [

function should be. This can not be achieved by refining the Zariski topology. Rather, this forces us to
revisit the very notion of a topology, leading up to what is called the étale topos. Despite its somewhat
abstract nature this is closer to our geometric intuition than the Zariski topology.
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(which is weaker than one might be inclined to think). The topology on an R-
module M is the I-adic topology on M, of which a basis is the collection of additive
translates of the submodules 1™ M, i.e., the collection of subsets a + I"M, a € M,
n > 0. This is a topology indeed: given two basic open subsets a + I" M, o’ + 1™ M,
then for any element ¢ in their intersection, the basic open subset ¢ + [™ax{n.n"} pf
is also in their intersection. So a sequence (a,, € M), >1 converges to a € M pre-
cisely when for every integer s > 0, a,, € a + I°*M for n large enough. The fact
that our basis is translation invariant implies that with this topology, M is a topo-
logical abelian group ((a,b) € M x M — a —b € M is continuous). If we endow R
also with the 7-adic topology and R x M with the product topology, then the map
(r,a) € R x M — ra € M which gives the module structure is also continuous. It
is clear that any R-module homomorphism is continuous for the 7-adic topology.

The I-adic topology on M; is Hausdorff: if 0 # a € Mj, then a has a nonzero
component in M/I"™M for some n and then I "M; and a+ I™ M; are disjoint neigh-
borhoods of 0 and a. Since the topology on M comes from one on M in the sense
that the open subsets of M are pre-images of open subsets of M;, M is Hausdorff
precisely when ker(M — MI) = Np>ol™ M is trivial.

For an ideal J C I, the J-adic topology clearly refines the I-adic topology, but
if also J D I" for some r > 0, then the two topologies on an R-module are the
same. When I is finitely generated (which is always so when R is noetherian),
then I c (v/I)" for some r, and so the I-adic topology (and hence the associated
completion) does not change when passing to v/7, so that the natural map R; —
R V7 Tesp. M; — M /7 is an isomorphism of topological rings resp. modules. Also,
for any ng > 0, the collection {I"*"0 M },,>( is a neighborhood basis of 0 in A and
hence still defines the I-adic topology.

For instance, if in Example 11.6 above, the prime decomposition of n is n =
pit .- pke, then Z(n) = Z(plm..ps). By the Chinese remainder theorem, the natu-
ral map Z/((p1p2---ps)™) — [1, Z/(p}") is an isomorphism and via these isomor-
phisms Z,,) is identified with [T, Z,,).

When M is Hausdorff, then its topology is even metrizable: if ¢ : Z+ — (0, 00) is any
function with ¢(n + 1) < ¢(n) and lim, - ¢(n) = 0 (one often takes ¢(n) = v~ " for some
u > 1), then a metric 6 on M is defined by

§(a,a’) :=inf{p(n) : a —a' € I"M}.

This metric is nonarchimedean in the sense that §(a,a”) < max{d§(a,a’),é(a’,a’”)}. A se-
quence (an € M);Z, is then a Cauchy sequence if and only if for every integer £ > 0 all
but finitely many terms lie in the same coset of I*M in M; in other words, there exists
an index nj, > 0 such that am — an € I*M for all m,n > ng. This makes it clear that
the notion of Cauchy sequence is independent of the choice of ¢. Such a Cauchy sequence
defines a compatible sequence of cosets (c, € M/I"M),>o and hence an element of Mj.
Recall that a metric space is said to be complete if every Cauchy sequence in that space con-
verges. A standard construction produces a completion of every metric space M: its points
are represented by Cauchy sequences in M, with the understanding that two such sequences
represent the same point if the distance between the two nth terms goes to zero as n — oo.
In the present situation we thus recover M;. Note that the homomorphism M — M is a
continuous injection with image dense in M;.

If M is an R-module, then the inclusion M’ C M of any submodule is contin-
uous for the [-adic topology. The Artin-Rees lemma says among other things that



11. SMOOTHNESS 55

in the noetherian setting this is in fact a closed embedding (so that M’ has the
induced topology). It is based on the following lemma.

Lemma 11.8. Let R be a noetherian ring and I C R an ideal. Then the subring
R[It] := 320, I™t™ (where I° := R) of R[] is noetherian('®).

If M is a finitely generated R-module, then M[It] := Y 2 I"M¢" is a finitely
generated R[I¢]-module.

Any RI[It]-submodule of M[It] has the form Z;ZO N;t9 with {N;}52, a se-
quence of R-submodules of M such that /N; C N;, for all j and becomes I-stable,
i.e., there exists a jy such that this inclusion is an equality for j > j;.

PROOF. Since R is noetherian, I has a finite set of generators, say r1,...,7,.
Then the ring homomorphism R[z1,...,x,] — R[[t], x; — r;t is onto and it then
follows that R[I¢] is noetherian. The proof that M|[t] is finitely generated as a
R[It]-module is similar: if my, ..., ms generate M as a R-module, then mqt, ..., mgt
generate M [It] as a R[It]-module.

It is clear that an R[It]-submodule of M{It] has the form }~7° j N;t/, where N;
is a R-submodule of M such that /N; C N;,, for all n. Since M[It] is noetherian as
a R[It]-module, -7 ) N;#/ has a finite set of R[It]-generators, say a;t’!, ..., ajt/".
Then jo := max;{j;} is as desired. |

Corollary 11.9 (Artin-Rees Lemma). Let R be a noetherian ring, I/ C R an ideal, M
a finitely generated R-module and M’ C M an R-submodule. Then the sequence
{M' N I"M} ;> of submodules of M’ becomes I-stable: there exists an integer
jo > 0 such that M’ N M = I(M' N I M) for j > jo.

PROOF. We first observe that 3 7° (M’ N [?M)t’ is an R[It]-submodule of
M]It]. It then remains to apply Lemma 11.8. O

Note that this implies that for every n > 0, M’ N [7o+t" M = ["(M' N [0 M).
In particular, M’ N Iot" M C I"M’. So the inclusion M’ C M is not merely
continuous, but M’ inherits its I-adic topology from that of M and M) can be
identified with the closure of the image of M’ C M — M;. We will use the Artin-
Rees Lemma via this property only.

The first part of the corollary below says that when R is noetherian, [-adic
completion is an exact functor on the category of finitely generated R-modules.

Corollary 11.10. In the situation of Corollary 11.9, the homomorphism M ;=
M; induced by the inclusion M’ C M is a closed embedding and M; /M 7 can be
identified with the I-adic completion of M/M’. In case R is also a local ring and
I # R (so that by Lemma 11.4 we may regard M resp. M’ as a submodule of M;
resp. M), then M N M}, = M'.

PROOF. We already observed that M)} — Mj is a closed embedding. Consider
forn =0,1,2,... the exact sequences
0— M /M NI"M — M/I"M — M/(M' +1"M) — 0.
Taking the projective limits yields the exactness of 0 — M} — M; — W "= 0.
The last identity follows from the fact that both sides are equal to the kernel of

M — N/ NI, = M/M,. O

13This is sometimes called the blowup of I in R for reasons made clear in Exercise 62.
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Let R be a noetherian local ring with maximal ideal m and residue field . The
module m is finitely generated and since R acts on m/m? via R/m = x, m/m? is a
finite dimensional vector space over k.

DEFINITION 11.11. The Zariski cotangent space T*(R) of R is the x-vector space
m/m?. The Zariski tangent space T(R) of R is its x-dual, T(R) := Hom,(m/m?, k)
(which is also equal to Homg(m, x)). The embedding dimension embdim(R) is the
dimension of m/m? as a vector space over k.

If X is an affine variety and p € X, then we define the Zariski cotangent space
T, X, the Zariski tangent space 7, X and the embedding dimension embdim,, X' of
X at p to be that of Ox .

For instance, the embedding dimension of A™ at any point p € A™ is n. This
follows from the fact that the map d,, : f € mun , — df(p) € k™ defines an iso-
morphism of k-vector spaces man ,, /mpr =~ k™. We note in passing that we here
have a way of understanding the total differential at p € A™ in more intrinsic terms
as the map dj, : Opnp — man p/m3,  which assigns to f € Ogn , the image of
f = f(p) € mpnp in mpn ,/m3, . Thus, a differential of f at p can be understood
as a k-linear function df (p) : T,A" — k and (d,(z;) = dz;(p))!, is a basis of
mpn /M3, , = Ty A™ whose dual basis (of 7,A™) is represented by (9/0x; |p)?:1.

Let us observe that since embedding dimension and Zariski tangent space of a
local ring R are defined in terms of m/m2, these notions only depend on R,,.

EXERCISE 44. Let (R’,m’) and (R, m) be local rings with residue fields & resp. x’
and let ¢ : R — R be a ring homomorphism with the property that ¢ ~'m = m’ (we
then say that ¢ is a local homomorphism). Prove that ¢ induces a field embedding
k' < r and a linear map of x-vector spaces T'(¢) : T(R) — k Q@ T(R').

An application of Nakayama’s lemma to the R-module m yields:

Corollary 11.12. The embedding dimension of a noetherian local ring R is the
smallest number of generators of its maximal ideal. This is zero if and only if R is
a field.

DEFINITION 11.13. A noetherian local ring R is said to be regular if its Krull
dimension equals its embedding dimension. A point p of an affine variety X is
called smooth if its local ring Ox ,, is so; otherwise it is called singular. The corre-
sponding subsets of X are called the smooth locus resp. singular locus of X and will
be denoted X, resp. Xine. An affine variety without singular points is said to be
smooth.

We shall see that the regularity of a local ring Ox , indeed amounts to X being
‘like a manifold’ at p. We begin with a formal version of the implicit function
theorem.

Lemma 11.14. Letp € A" and let fi,..., f,—_q € man , be such that the differen-
tials df1(p), . . ., dfn—a(p) are linearly independent.

Then p := (fi1,..., fa—a) € Oanp is a prime ideal and Oy~ ,/p is a regular
local ring of dimension d whose completion with respect to its maximal ideal is iso-
morphic to k[[yi, ..., yq]] as a complete local k-algebra and whose Zariski tangent
space, regarded as a subspace of the Zariski tangent space T,A™ of p in A", is the
kernel of the linear surjection (df1(p), ..., dfn—a(p)) : T,A™ — k"
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There exists an affine neighborhood U of p in A™ on which fi,..., f,_q4 are
regular and generate in k[U] a prime ideal whose zero set is smooth of dimension
d.

PROOF. Let us abbreviate Oy~ , by O and its maximal ideal my~ , by m. Ex-

tend fi,..., fn_q to a system of regular functions fy,...,f, € m such that the
df1(p),...,df,(p) are linearly independent. This means that their images in m/m?
are linearly independent over k. In particular, f,,_4+1,...,f, Mmap to a k-basis of

m/(m? + (f1,..., fn_a)) so that d is the embedding dimension of O/p. After an
affine-linear transformation, we then may (and will) assume that p is the origin o
of A" and that f; = x; (mod m?). Hence the monomials of degree r in f1,--- , fn
map to a k-basis of m”/m"*!. With induction on 7 it then follows that the monomi-
als of degree < rin f1,--- , f, make up a k-basis of O/m"*!. This amounts to the
assertion that the map

Yi € k[[yla---aynﬂ — fz S @

defines an isomorphism k[[y1,...,y.]] = O of complete local rings (a ring iso-
morphism that is also a homeomorphism). The restriction of its inverse to O is a
topological embedding of O in k[[y1, . ..,y,]] (sending f; to y;). Denote by p, C O
the ideal generated by f1, ..., f; (so that p,,_4 = p). This inverse sends the closure
pi of p; in O to the closure in k[[yy, . . ., y,]] of the ideal generated by 41, . . ., ;. The
quotient ring of the latter is the domain &[[y;+1,...,ys]]. According to Corollary
11.10, the preimage of p, in O is p; (so that p; is also a prime ideal) and the embed-
ding O/p; = K[[y1, -, unll/ (W1, Yn—a) = K[[Yit1,---,yn]] realizes the m-adic
completion of O/p;. So (0) = po € p1 S -+ C py,, is a prime chain in O of length
n. By Corollary 10.8, O has Krull dimension n, so that his prime chain is maximal.
Theorem 10.6 then implies that O/p = O/p,_4 has Krull dimension d. As this is
also the embedding dimension of O/p, O/p is a regular local ring of dimension d.
Since the df1(p),...,dfn—a4(p) are linearly independent, there exist n — d in-
dices 1 <1y <y <--- < vy_q < nsuch that § := det((9f;/0z,,):,;) is nonzero in
p. Let ¢’ € k[z1,...,z,] be a common denominator for fi,..., f,—q and ¢ with
g(o) # 0. This ensures that dfy,...,df,—q are linearly independent everwhere
on A7. The preimage P’ C k[zi,...,,][1/g'] of p under the localization map
klx1,...,2,][1/g'] — O is a prime ideal which contains (the images of) f1,..., fn—d
and has the property that its localization at o € A™ is p. Choose a finite set of gen-
erators ¢y, ..., ¢, of P'. Then in © we have ¢; = Z;L:_ld u;; f; for certain u;; € O.
Let g € (¢') with g(o) # 0 be a common denominator for the u;; and put U = A}.
Then P := P’[1/g] is a prime ideal in k[U]. It is generated by ¢1|U, ..., ¢.|U and
hence also by f1|U, ..., fn—a|U. So (U; f1|U, ..., fn—alU) is as desired. O

Theorem 11.15. Let X C A™ be locally closed and let p € X. Then the local
ring Ox p, is regular of dimension d if and only if there exist a set of generators
fi,-- s fa—a of Ix , such that df1(p), . .., df,—a(p) are linearly independent.

The set of ¢ € X for which these equivalent conditions hold is open in X; in
particular, the smooth locus X,., of X is open in X.

PROOF. One direction is immediate from Lemma 11.14, for it tells us that if
fi,..., fa—q are elements of myn ,, such that dfi(p),...,dfn,—q(p) are linearly in-
dependent, then the ideal Z, C O~ , generated by them is a prime ideal and
Opr /T, is regular of dimension d.
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For the converse, suppose that Ox , is regular of dimension d. Let Zx , C Ogn
be the ideal of regular functions at p vanishing on a neighborhood of p in X, in other
words, the kernel of O4» , = Ox . We have a short exact sequence

0= (Zx,p+ Min ) /M, = Man p/Min , = mxp/mx , — 0.

Since the middle term has k-dimension » and dimg(mx ), /mggp) = d by assump-
tion, (ZIxp + m3. ,)/min , = Ix,/(Ixp N mg, ) must have k-dimension n — d.
Let fi,..., fn—a € Ix,p map to k-basis of Zx ,/(Zx, N m3, ). This means that
df1(p),...,dfn—q(p) are linearly independent. It suffices to show that fi,..., f_4
generate Ty .

According to Lemma 11.14, the ideal p; C O~ , generated by fi,..., f; is
prime and so we have a prime chain

0)=poCTp1 € CPna CIx,p.
Since dim O ;, = d, there also exists a prime chain of length d containing Zx ,:
Ixp S0 G a1 & & da C Onnp.

As Oun 5, has dimension n, these two prime chains cannot make up a prime chain
of length n + 1 and so p,,—q = Ix,, = qo. In particular, fi,..., f,—q generate Zx ,.

For the last assertion follows from the last clause of Lemma 11.14, since it
shows that if p is a regular point of X of dimension p, then p has in X a neigborhood
of such points. O

The criterion of Theorem 11.15 is easily amplified to a more abstract setting:

Corollary 11.16. Suppose that in the situation of Theorem 11.15, X is regular at
p and that we are given a closed subset Y C X with p € Y. Then Y is regular of
dimension d’ at p if and only if there exist g1,..., 944 € mx,, which define Y in
X at p and whose differentials define linearly independent forms on 7,,X. In that
case T,Y C T,,X is the common kernel of these linear forms.

PROOF. Choose a lift §; € myn , of g; and apply Theorem 11.15 to Y and the
ideal generated by g1, ..., Ga—a, f1,- -+ frn—d- |

Proposition 11.17. The smooth locus X, an affine variety X is dense in X.

PROOF. Without loss of generality we may assume that X is irreducible. Since
we already know that X, is open, it remains to see that it is nonempty. It thus
becomes an issue which only depends on k(X). In view of Corollary 9.5 it then
suffices to treat the case of a hypersurface in A"*! so that I(X) is generated by an
irreducible polynomial f € k[x1,...,2z-41]. In view of Lemma Lemma 11.14 it then
suffices to show that df is not identically zero on X. Suppose otherwise, i.e., that
each partial derivative 9 f/Ox; vanishes on X. Then each 9f/0x; must be multiple
of f and since the degree of Jf/0x; is less than that of f, this implies that it is
identically zero. But then we know from Exercise 42 that the characteristic p of k
must then be positive (so > 2) and that f is of the form ¢?. This contradicts the
fact that f is irreducible. O

EXERCISE 45. Let X be a smooth variety. Prove that X is connected if and only
if it is irreducible.
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REMARK 11.18. This enables us to find for an affine variety X of dimension
d (with downward induction) a descending chain of closed subsets X = X?¢ D
X941 D> ... D X° such that dim X* < i and all the (finitely many) connected
components of X? \ X~! are smooth subvarieties of dimension 4: if X* has been
defined, then take for X*~' the union of the singular locus X7, and the irreducible
components of dimension < i — 1. Then dim X~ < i — 1 and every connected
component of X* ~ X?~! is an nonempty open subset of some X'  and hence a

reg
smooth subvariety of dimension 1.

EXERCISE 46. Prove that an affine variety X admits a partition S into locally
closed connected smooth subvarieties such that the closure of every S € S is a
union of members of S (such a partition is called a stratification of X and its mem-
bers strata).

We now show that normalization converts an irreducible curve into a smooth
one. This will follow from:

Proposition-definition 11.19. For a local noetherian domain R the following are
equivalent:

(i) R is normal and of dimension one,
(i) R is regular and of dimension one,
(iii) R is a not a field and every proper ideal of R of the form m” for some
n > 0, where m is the maximal ideal.

If these equivalent conditions are fulfilled, we say that R is a discrete valuation ring
(abbreviated as DVR). In that case is R is a PID.

PROOF. In what follows we denote by « the residue field R/m.

(1) = (i4). Assume R is normal and of dimension 1. We must show that
dim, m/m? = 1. Since dim R = 1, (0) C m is a maximal prime chain. So R has no
other prime ideals than these two. Let a € m ~ {0}. Then v/Ra is an intersection
of prime ideals and hence must be equal to m. Let n > 1 be minimal for the
property that m” C Ra, so that m"~! ¢ Ra. Choose b € m”~! \. Ra and put
y := b/a € Frac(R). Then my C R (for mb C Ra), but y ¢ R. In particular, y is
not integral over R and hence multiplication with y cannot preserve any (finitely
generated) R-submodule of R. So my Z m. By the maximality of m, it then follows
that my = R. This proves that 7 := y~! is a generator of m. Multiplication by 7
defines a surjection x — Rn/Rr? =2 m/m?. This is in fact an isomorphism (so that
R is indeed regular and of dimension one): otherwise we would have m? = m. But
this would imply m = 0 by Nakayama’s lemma and so R = &, which contradicts the
assumption that R has dimension 1.

(ii) = (iii). Assume R is regular of dimension 1 so that dim, m/m? = 1. Let
7 € m ~ m2 Then 7 will map to a generator of m/m? and will hence generate m.
Then for every » > 1, 7" generates m” so that dim, m”/m" ™1 < 1.

We next prove that every a € m \ {0} generates a power of m. By Lemma
11.4, N,m™ = {0} and so there exists an n > 0 such that a € m™ \. m"*1. Since
dim, m™/m"*! < 1, it must be generated by the image of @ and Nakayama’s lemma
then implies that Ra = m".

Now let I C m be a proper ideal of R. Each nonzero member of I generates
some positive power of m, so if r is the smallest such power which thus occurs, then
I=m".
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(#4i) = (7). Assume R is as in (4i7). Then (0) € m is a maximal prime chain, so
that dim R = 1. Since every proper ideal of R is of the form m” for a unique n, R is
also a UFD and hence normal by Lemma 9.8. O

REMARK 11.20. If R is a DVR, then a generator of m is called a uniformizer of
R. By (iii) every proper ideal is then equal to Rt™ for a unique n > 0. This implies
that every nonzero R-submodule of K := Frac(R) is of the form R¢" for a unique
n € Z. We denote this submodule also by m™. Note that the map v : K* — Z
which takes the value n on m™ ~ m™*! is a surjective homomorphism with kernel
R* = R~ m. The obvious inequality v(r+r’) > min{v(r), v(r")} makes it a discrete
(nonrarchimedean) valuation (this explains the name DVR).

Corollary 11.21. Let C be an irreducible curve. Then p € C is a normal point of
C if and only if it is a regular point of C. This is also equivalent to O¢ , being a
discrete valuation ring. O

So for an irreducible curve C, the normalization = : C — C is a ‘desingu-
larization’ in the sense that it provides us with a finite birational morphism whose
domain C is smooth. This also shows that a finitely generated field extension of k of
transcendence degree 1 is k-isomorphic to the function field of a smooth irreducible
curve.

REMARK 11.22. Recall that a Dedekind domain is a normal noetherian domain
of dimension one. The above proposition implies that when R is a Dedekind domain
R and p C R is a nonzero prime ideal, then p is maximal and R, is a discrete
valuation ring. Using this, one can show that every nonzero ideal I C R has a
unique ‘prime decomposition’: there exists a unique map [p] € Spm(R) — n, € Z
with finite support such that 7 = H[p] espm(r) PP+ But beware that a maximal ideal
of a Dedekind domain need not be principal (and hence the domain need not be
an UFD). Examples occur in number theory (‘most’ rings of integers are not UFD’s)
and in algebraic geometry: for ‘most’ affine smooth curves C' the set of p € C such
that I ({p}) is not generated by a single element is dense in C'.

12. Differentials and derivations.

The differential that we defined earlier has an intrinsic, coordinate free de-
scription that turns out to be quite useful. We review this briefly. Let us begin
with the observation that the formation of the total differential of a polynomial,
¢ € klz1,...,xn] — do = Y. (0¢/0x;)(p)dx; is a k-linear map which satisfies
the Leibniz rule: d(¢vy) = ¢dip+1pde¢. This property is formalized with the following
definition. Fix a ring R (the base ring) and an R-algebra A.

DEFINITION 12.1. Let M be a A-module. An R-derivation of A with values in
M is an R-module homomorphism D : A — M which satisfies the Leibniz rule:
D(alag) = alD(ag) + CLQD(CLQ) for all ay,as € A.

The last condition usually prevents D from being an A-module homomorphism.
Let us observe that (by taking a; = a; = 1) we must have D(1) = 0. Since D is
R-lineary, it then follows that for every r € R, D(r) = rD(1) = 0. Note also that if
b € A happens to be invertible in A4, then 0 = D(1) = D(b/b) = D(b)/b+bD(1/b) so
that D(1/b) = —D(b)/b* and hence D(a/b) = (D(a)b — aD(b))/b? for every a € A.
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Givenay,...,a, € A, then the valuesof Don a,...,a, determine its values on
the subalgebra A’ by the a,’s, forif ¢ : R[x1,...,x,] — A denotes the corresponding
R-homomorphism and f € R[zy,...,x,], then

Do) =3 95y, ) Dai

If we combine this with the formula for D(1/b), we see that this not only deter-
mines D on the R-subalgebra A’ of A generated by the q,’s, but also on the biggest
localization of A’ contained in A. In particular, if we are given a field extension
L/K, then a K-derivation of L with values in some L-vector space is determined
by its values on a set of generators of L as a field extension of K.

The set of R-derivations of A in M form an R-module: if D; and D, are R-
derivations of A with values in M, and a1,as € A, then ayD; + a3 D> is also one.
We denote this module by Derg (A, M).

EXERCISE 47. Prove that if D+1,Dy € DerR(A,A), then [Dl,DQ] = DDy —
D3D; € Derg(A, A). What do we get for R =k and A = k[zy,...,2z,]?

It is immediate from the definition that for every A-module homomorphism
¢ : M — N the composition of a D as above with ¢ is an R-derivation of A with
values in N. We can now construct a universal R-derivation of A, d : A — Qg
(where Q4,r must of course be an R-module) with the property that every D as
above is obtained by composing d with a unique homomorphism of A-modules
D : Q4 p — N. The construction that is forced upon us starts with the free A-
module A which has A itself as a generating set—let us denote the generator
associated to a € A by d(a)—which we then divide out by the A-submodule of
A generated by the expressions d(ra) — rd(a), d(a; + as) — d(a1) — d(ay) and
J(alag) — ald(aQ) —aQJ(ag), with » € R and a, a1, ay € A. The quotient A-module is
denoted Q2 4, and the composite of d with the quotient map by d : A — Q4 /r- The
latter is an R-derivation of A by construction. Given an R-derivation D : A — M,
then the map which assigns to d(a) the value Da extends (obviously) as an A-
module homomorphism A) — M. It has the above submodule in its kernel and
hence determines an A-module homomorphism of D : Q 4,z — M. This has clearly
the property that D = Dd. In other words, composition with d defines an isomor-

phism of A-modules Hom(Q4,r, M) = Derg(A, M). We call Q4 the module
of Kdhler differentials. We shall see that the map d : A — €,/ can be thought of
as an algebraic version of the formation of the (total) differential.

The universal derivation of a finitely generated R-algebra A can be constructed
in a more direct manner as follows. We first do the case when A is a polynomial
algebra P := R[z1,...,2,]. For any R-derivation D : P — M we have Df =
Yo (8f/0x;)Dx; and this yields (Dzy,...,Dx,) € M™. Conversely, for any n-
tuple (my,...,m,) € M", we have an R-derivation D : P — M defined by Df =
St (0f/0z;)m;. So Dz; can be prescribed arbitrarily as an element of M. But
to give an element of M"™ amounts to giving a P-homomorphism P* — M and
hence Qp,p is the free P-module generated by dzx,...,dr,. Thus the universal
R-derivation d : P — Qp/g, which is given by f — Y% (0f/0x;)dx;, may be
regarded as the intrinsic way of forming the total differential.
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Next consider a quotient A := P/I of P, where I C P is an ideal. If M is an A-
module and D’ : A — M is an R-derivation, then its composite with the projection
m: P — A D= Drn:P — M, is an R-derivation of P with the property that
Df = 0forevery f € I. Conversely, every R-derivation D : P — M in an A-module
M which is zero on I factors through an an R-derivation D’ : A — M. Note that
for any R-derivation D : P — M, its restriction to I? is zero, for if f,g € I, then
D(fg) = fDg+gDf € IM = {0}. Now I/I? is a module over P/I = A and so we
obtain a short exact sequence of A-modules

I/I2 — QP/R/IQP/R — QA/R — 0.

It follows from our computation of 2, that the middle term is the free A-module
generated by dxy,...,dr,. Soif I is generated by fi,..., f,,, then Q,,r can be
identified with the quotient of ) | Adx; by the A-submodule generated by the
A-submodule generated by the df; = > | (8f;/0x;)dx;, j =1,...,m.

Note that if R is a noetherian ring, then so is A (by the Hilbert basis theorem)
and since Q4 is a finitely generated A-module, it is noetherian as an A-module.
This applies for instance to the case when R = k and A = k[X] for some affine
variety X. We then write Q(X) for Qy;x) /-

EXERCISE 48. Prove that 24,z behaves well under localization: if S C A is
a multiplicative subset, then every R-derivation with values is some A-module M
extends naturally to an R-derivation of S~ A with values in S~!M. Prove that we
have a natural map S~ 4 /r — Slg-14/r and that this map is a A-homomorphism.

For an affine variety X and p € X, we write Qx , for Qo /. The preced-
ing exercise implies that Qx , is the localization of Q(X) at p: Qx, = (k[X] ~
pp) T HQX).

EXERCISE 49. Let X be an affine variety and let p € X. Show that the Zariski
tangent space of X at p can be understood (and indeed, be defined) as the space
of k-derivations of Ox , with values in k, where we regard k as a Ox ,-module via
Ox p/mx,, = k. Prove that this identifies its dual, the Zariski cotangent space, with
Qx,p/mx px,p-

EXERCISE 50. Show (perhaps with the help of the preceding exercises) that
if p € A", then Qoun ,/k 18 the free Opn ,-module generated by dzy,...,dz, and
that if X is an affine variety in A" that has p a regular point, then Qx , is a free
Ox p-module of rank dim Ox .

We must be careful with this construction when dealing with formal power se-
ries rings. For instance, as we have seen, the completion of the local k-algebra O,:
with respect to its maximal ideal is k[[z]] and the embedding of Ox1 o — k[[z]]
is given by Taylor expansion. A k-derivation D of k[[z]] with values in some
Ek[[x]]-module is not determined by Dx. All it determines are the values on the
k-subalgebra O, . This issue disappears however if we require that D is continu-
ous for the (z)-adic topology, for this then means that D commutes with (infinite)
formal series summation: D(} ) c,a") =Y ¢,ra” ' Da.

We obtained 24, as a quotient of A but the final result made it clear that
Q4R is in fact a quotient of A®pr A via a®prb +— adb. The following exercise shows
how this leads to an alternative construction of the universal derivation.
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EXERCISE 51. Let R be a ring and A an R-algebra. The maps (a,b) € A x A —
ab € A, resp. (a,b) € A x A adb € 24, are both R-bilinear and hence factor
uniquely through R-linear maps ¢4 : A ®p A — Aresp. 6 : AQr A — Qu/p.
We regard A ®r A as an R-algebra and also as an A-module with A acting by
multiplication on the first factor. This makes both x and § A-homomorphisms.

(a) Denote by I C A®g A the kernel of u. Prove that [ is as an A-submodule
and that it is as such generated by {a ® g 1 — 1 Qg a}aca

(b) Prove that § maps I onto Q4,r, but is zero on I? so that we have a
surjection &’ : 1/1* — Q4 of A-modules.

(c) Provethat D:a € A a®p1—1®ga+ I? € I/I? is an R-derivation.
Denote by D : Q 4,z — I/I? the associated A-homomorphism that comes
from the universal property of d : A — Q4 /p.

(d) Show that D¢’ is the identity of I/I%. Conclude that D is a universal
derivation.

(e) Check that the other A-module structure on A ®z A (obtained by letting
A act by multiplication on the second factor) yields the same A-module
structure on I/12.

Exercise 51 shows that for an affine variety X, (2(X) can be identified with the
k[X]-module I(Ax)/I(Ax)? where Ax C X x X is the diagonal and I(Ax) C
kE[X x X] = k[X] ® k[X] the ideal that defines it, and the k[X]-module structure
comes from (say) the first projection X x X — X.

13. The notion of a variety
We begin with a ‘predefinition’.

DEFINITION 13.1. A prevariety is a topological space X endowed with a sheaf
Ox of k-valued functions such that X can be covered by finitely many open subsets
U such that (U, Ox|U) is an affine variety. Given prevarieties (X, Ox) and (Y, Oy ),
then a morphism of prevarieties f : (X,Ox) — (Y, Oy) is simply a morphism in the
category of spaces endowed with a sheaf Ox of k-valued functions: f is continuous
and for every open V C Y, composition with f takes Oy (V) to Ox(f~1V).

We often designate a prevariety and its underlying topological space by the
same symbol, a habit which rarely leads to confusion. The composite of two mor-
phisms is evidently a morphism so that we have a category. The prefix ‘pre’ in
prevariety refers to the fact that we have not imposed a separation requirement
which takes the place of the Hausdorff property that one normally imposes on a
manifold (see Example 13.2 below).

Let X be a prevariety. By assumption X is covered by finitely many affine open
subvarieties {U; };c; (I is a finite index set). Suppose k; is an isomorphism of U;
onto an affine variety X; which is given as a closed subset in some A™:. Then
X;; = k;(U; NU;) is an open subset of X; and «; ; := njn[l is an isomorphism of
X;,jonto X;; C X;. We can recover X from the disjoint union [, ; X; by means
of a gluing process, for if we use «; ; to identify X, ; with X, ; for all ¢, j we get
back X. The collection {(U;, k;) }icr is called an affine atlas for X and «; ; is called
a transition map.

EXERCISE 52. Let (X, Ox) be a prevariety.
(a) Prove that X is a noetherian space.
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(b) Prove that X contains an open-dense subset which is affine.

(c) Let Y C X be locally closed (i.e., the intersection of a closed subset with
an open subset). Prove that Y is in natural manner a prevariety in such a
manner that the inclusion Y C X is a morphism of prevarieties.

Much of what we did for affine varieties extends in a straightforward manner
to this more general context. Here are some examples.

Rational functions. A rational function f : X --» k is defined as before: it is
represented by a regular function on a subset of X that is open-dense in its set of
closed points and two such represent the same rational function if they coincide on
a nonempty open-dense subset in their common domain of definition.

Function field and dimension. When X is irreducible, the rational functions on
X form a field k(X), the function field of X and for an open nonempty affine open
subset U C X, we have k(X) = k(U) = Frac(O(U)) (but we will see that it is not
true in general that k(X) = Frac(O(X))). In particular, any nonempty affine open
subset of X has dimension trdeg;, k(X). According to Exercise 37, this is then also
the (Krull) dimension of X.

Rational and dominant maps. Similarly, if X and Y are prevarieties, then a ra-
tional map f : X --+ Y is represented by morphism from a nonempty open-dense
subset of X to Y with the understanding that two such define the same map if
and only if they coincide on a nonempty open-dense subset. If some representative
morphism has dense image in Y, then f is said to be dominant. If in addition both
X and Y are irreducible, then f induces a field extension f* : k(Y) — k(X). Con-
versely, a k-linear field embedding k(YY) — k(X) determines a dominant rational
map X --» Y. If U C X is open and nonempty, then k(U) = k(X) and the inclu-
sion is a birational equivalence.

Finite morphisms. A morphism f : X — Y between prevarieties is called finite
if it is locally so over Y, that is, if we can cover Y by open affine subsets V' with

the property that f~!V is affine and the restriction f~1V L v is finite. According
to Exercise 33 a finite morphism between affine varieties is closed. It then follows
that a finite morphism between prevarieties is also closed.

Regular and singular points. Since the notion of a regular point is a local one, it
automatically carries over to this setting. The smooth locus of X is an open-dense
subset X, of X.

The product of two prevarieties. Our discussion of the product of closed subsets
of affine spaces dictates how we should define the product of two prevarieties X
and Y': we give the topology on X x Y by specifying a basis of open subsets, namely
the collection (U x V'), where U C X and V C Y are affine open and h € O(U) ®
O(V). The sheaf Oxy is then determined by requiring that Oxxy (U x V) =
(O(U) ® O(V))[1/h], so that such a basis element is affine. It is clear that if let U
resp. V run over a finite covering of X resp. Y, then the affine open subsets U x V'
run over a finite covering of X x Y.
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EXERCISE 53. Prove that this product has the usual categorical characteriza-
tion: the two projections X x Y — X and X x Y — Y are morphisms and if
Z is a prevariety, then a pair of maps (f : Z — X,g : Z — Y) defines a mor-
phism (f,g) : Z — X x Y if and only both f and g are morphisms. (If we take
X =Y = Z and let f and g be the identity map, we obtain the diagonal morphism
Ax: X - X x X))

The Hausdorff property is not of a local nature: a non-Hausdorff space can very
well be locally Hausdorff. The standard example is the space X obtained from two
copies of R by identifying the complement of {0} in either copy by means of the
identity map. Then X is locally like R, but the images of the two origins cannot be
separated. A topological space X is Hausdorff precisely when the diagonal of X x X
is a closed subset relative to the product topology. As we know, the Zariski topology
is almost never Hausdorff. But on the other hand, the selfproduct of the underlying
space has not the product topology either and so requiring that the diagonal is
closed is not totally unreasonable a priori. In fact, imposing this condition turns
out to be the appropriate way of avoiding the pathologies that can result from an
unfortunate choice of gluing data. This is illustrated by looking at the algebraic
version of the standard example:

EXAMPLE 13.2. Let X be obtained from two copies A} and A! of A! by iden-
tifying AL \ {0} with AL \ {o} by means of the identity map. Then Al x A® is
an affine open subset of X x X which can be identified with A?. Under this iden-
tification, (A} x Al) N X becomes the diagonal of A? minus the point (0,0) (we
are missing (o4,0_) € AL x Al). So (0;,0_) € X x X lies in the closure of the
diagonal, but is not contained in the diagonal.

DEFINITION 13.3. A k-prevariety X is called a k-variety if the diagonal is closed
in X x X (where the latter has the Zariski topology as defined above), or equiva-
lently, when the diagonal morphism Ay : X — X x X is closed as a map. A subset
of a variety X is called a subvariety if it is open in a closed subset of X. We say that
a morphism of varieties f : (X, Ox) — (Y, Oy) is an immersion if it defines an iso-
morphism onto a subvariety of Y, that is, is the composite of such an isomorphism
and an inclusion.

Strictly speaking, the last part of this definition only makes sense after we have
observed that a subvariety is in a natural manner a variety that makes the inclusion
a morphism. We leave this as an exercise (see also Exercise 52).

Proposition 13.4. A locally closed subset of a variety is a variety and so is the
product of two varieties.

PROOF. Let X be variety. The first assertion follows from the observation that
for any Z C X, the diagonal of Z in Z x Z is the intersection of Z x Z with the
diagonal of X and hence is closed in Z x Z. For the second, note that under the
obvious isomorphism (X x Y)? = X2 x Y2, the diagonal of (X x Y)? becomes the
product of the diagonals of X and Y. O

ExAaMPLE 13.5. The diagonal in A™ x A™ is closed, so A™ is a variety. This
implies that the same is true for any quasi-affine subset of A™. Hence a quasi-affine
prevariety is in fact a variety.
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EXAMPLE 13.6. Let f : X — Y be a morphism of varieties. Consider the graph
of f/, Ty = {(z,y) € X xY} : z € Uyy = f(z)}. Itis easy to see that I'; is
a subvariety of X x Y. The map 2 € X — (z, f(z)) € I'y and the projection
I'y — X are regular and each others inverse. So they define an isomorphism
I't — X. Notice that via this isomorphism f appears as a projection mapping:
(x,y) €Ty —yeY.

EXERCISE 54. The goal of this exercise is to show that U := A%\ {(0,0)} is not
affine. Let U, C U resp. U, C U be the complement of the z-axis resp. y-axis so
that U = U, UU,,.

(a) Prove that U, is affine and that O(U,) = k[, y][1/x].

(b) Prove that every regular function on U extends to A% so that O(U) =
klx,y].

(c) Show that U is not affine.

This exercise also leads to an interesting example. Let X be obtained as the
obvious generalization of Example 13.2 where A' is replaced by A? so that X is
covered by two copies of A2 (appearing as open affine subsets) whose intersection is
a copy of A%\ {(0,0)} (which is not affine). Hence, on a prevariety the intersection
of two affine subsets need not be affine. This cannot happen on a variety and that
is one of the reasons why we like them:

Proposition 13.7. Let X be a variety. Then for any pair U, U’ of affine open subsets
of X, UNU’ is also an affine open subset of X and Ox (U NU’) is as a k-algebra
generated by Ox (U)|U N U’ and Ox (U")|UNU".

PROOF. First note that U x U’ is an affine open subset of X x X. Since the
diagonal A(X) of X x X is closed, its intersection with U x U’ is a closed subset of
U x U’ and hence affine. But the diagonal map sends U N U’ isomorphically onto
this intersection (the inverse being given by one of the projections) and so U N U’
is affine. Since the diagonal defines a closed embedding U N U’ — U x U’ of affine
varieties, the map k[U] ® k[U’] 2 k[U x U’] — k[UNU’] is onto. Since the image of
f® f € kU@ k[U'] equals fiuny - flyny.» the last assertion follows. O



CHAPTER 2

Projective varieties

1. Projective spaces

Two distinct lines in the plane intersect in a single point or are parallel. In
the last case one would like to say that the lines intersect at infinity so that the
statement becomes simply: two distinct lines in a plane meet in a single point.
There are many more examples of geometric configurations for which the special
cases disappear by the simple remedy of adding points at infinity. A satisfactory
approach to this which makes no a priori distinction between ordinary points and
points at infinity involves the notion of a projective space.

Given a finite dimensional k-vector space V, then we denote by P(V') the col-
lection of its 1-dimensional linear subspaces. Observe that any linear injection
J : V. — V' of vector spaces induces an injection P(J) : P(V) — P(V’) (in general
P(J) only makes sense on P(V') \ P(ker(.J))). In particular, when J is an isomor-
phism, then P(J) is a bijection. The following definition makes this notion slightly
more abstract by suppressing the vector space as part of the data.

DEFINITION 1.1. A projective space of dimension n over k is a set P endowed
with an extra structure that can be given by a pair (V, ¢), where V is k-vector space
of dimension n + 1 and ¢ : P — P(V) is a bijection, and where we agree that
another such pair (V’/,¢') defines the same structure if and only if there exists a
k-linear isomorphism J : V' — V' such that ¢/ = P(J)¢'. (So we assert that thus is
defined an equivalence relation on the collection of such pairs and that a projective
structure is given by an equivalence class.)

For a finite dimensional k-vector space V, the identity map of P(V') makes P(V)
in a natural manner a projective space, called the projective space associated to V.
When V' = k"1 we write P" or P} and call it simply projective n-space (over k). The
difference between a projectivized vector space and an abstract projective space is
perhaps elucidated by the following exercise.

EXERCISE 55. Prove that the linear isomorphism J in Definition 1.1 is unique
up to scalar multiplication. Conclude that a projective space P determines a vector
space up to scalar multiplication. Illustrate this by showing that for a 2-dimensional
vector space V we have a canonical isomorphism P(V') = P(V*), but that there is
no canonical isomorphism between V' and V*.

In Definition 1.1 we could have restricted ourselves to a fixed V, e.g., k™11,
The projective structure is then given by a bijection ¢ : P = P", agreeing that two
such give the same structure if and only if the two bijections differ by composition
with a linear transformation in P" (}). Giving this structure on P by means of a

IThe structure of an m-dimensional k-vector space on a set W can analogously be given by a
bijection of W onto k£™ given up to an element of GL(m, k), but the usual definition taught in a linear

67
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pair (k" *1, /) also has the advantage that it gives rise to a homogenenous coordinate
system on P as follows: if we denote the coordinates of k" *! by (Tq,...,T},), then
every point p € P is representable as a ratio [pg : --- : p,] of n + 1 elements of k
that are not all zero: choose a generator p of the one-dimensional linear subspace
of k"*1 defined by ¢(p) and let p; = T;(p). Any other generator is of the form \p
with A € k&~ {0} and indeed, [Apg : -+ : App] = [po : -+ - : pn). This is why we call
(k"1 ¢) (or rather the use of [Ty : - - - : T},]) a homogeneous coordinate system on P.
Note that an individual T; is not a function on P, but that the ratios ¢;/; := T; /T
are, albeit that for ¢ # j they are not everywhere defined. It is clear that any other
homogenenous coordinate system is of the form (> ;a0 To, ..., > ; an;Ty), where
(aij)m- € GL(TL + 1, k)

DEFINITION 1.2. Given a projective space P of dimension n over k, then a
subset @ of P is said to be linear subspace of dimension d if, for some (and hence
any) pair (V, ¢) as above, there exists a linear subspace V5 C V of dimension d + 1
such that ¢(Q)) is the collection of 1-dimensional linear subspaces of V4.

A map j : P — P’ between two projective spaces over k is said to be linear
morphism if it comes from a linear map of vector spaces, to be precise, if for struc-
tural data (V,¢) for P and (V’,¢') for P’ there exists a linear injection J : V. — V'
such that ¢/ = P(J)¢.

So a linear subspace has itself the structure of a projective space and its inclu-
sion in the ambient projective space is a linear morphism. Conversely, the image of
a linear morphism is linear subspace.

A linear subspace of dimension one resp. two is often called a line resp. a plane
and a linear subspace of codimension one (= of dimension one less than the ambi-
ent projective space) is called a hyperplane. It is now clear that two distinct lines
in a plane intersect in a single point: this simply translates the fact that the inter-
section of two distinct linear subspaces of dimension two in a three dimensional
vector space is of dimension one.

We put on a projective space P the structure of a k-prevariety as follows. A
homogeneous coordinate system [Ty, ...,T,] for P defines a chart for every i =
0,...,n: if Py, C P is the hyperplane complement defined by T; # 0, then

ki : Pr = A", pe (tO/i(p)7 .. -ti/i<p) s 7tn/i(p))>
is a bijection (chart) with inverse

kit i(ar, . an) EA" S ay s rap il iagey e ay] € UL

K2

Clearly, U ,Pr, = P. We show that the collection of charts {Pr,, x;} , can serve
as an affine atlas for P. The coordinate change for a pair of charts, say for x,x; ",
is as follows: the image of Pr, N Pr, under kg resp. k, is the open subset A’} resp.
A7 of A" and the transition map is

H,Lngl CAL = AL, (ar,a2,...,00) = (1 ag,a1/an, ... an—1/a,),

algebra course is of course much more convenient (apart from the fact that this would only work for
finite dimensional vector spaces). Such a more intrinsic (synthetic is the word) definition exists also for a
projective space, but is not so simple and would for us not have any clear advantages. Yet the definition
given here goes one step towards such a formulation.
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and hence an isomorphism of affine varieties with inverse ror,'. An atlas thus
obtained from a homogeneous coordinate system (Ty, ..., T),) will be called a stan-
dard atlas for P; it gives P the structure of a prevariety (P,Op): U C P is open if
and only if fori = 0,...,n, x;(U N Pr,) is open in A™ and f € Op(U) if and only
if fr; ' € O(k;(U)). One can easily check that this structure is independent of the
coordinate system and that it is in fact that of a k-variety. We will not do this here
as we will give in Section 3 a more direct proof of these assertions.

Any hyperplane H C P can be given as Ty = 0, where [T} : - - - : T, is a homo-
geneous coordinate system on P and so its complement U = P \ H is isomorphic
to A™. This can also (and more intrinsically) be seen without the help of such a
coordinate system. Let the projective structure on P be given by the pair (V,¢).
Then the hyperplane H corresponds to a hyperplane Vi C V and U corresponds
to the set of 1-dimensional linear subspaces of V' not contained in H. If e € V* is a
linear form whose zero set is Vy, then A = ¢~!(1) is an affine space for V} (it has
Vi as its vector space of translations). Assigning to v € A the 1-dimensional linear
subspace spanned by v defines a bijection A = U that puts on U a structure of an
affine space. This structure is easily checked to be independent of (V, ¢, ¢).

We could also proceed in the opposite direction and start with an affine space A and
realize it as the hyperplane complement of a projective space. For this consider the vector
space F(A) of affine-linear functions on A and denote by e € F(A) the function on A that
is constant equal to 1. Then e~*(1) is an affine hyperplane in F'(A)*. Any a € A defines a
linear form on F(A) by evaluation: f € F(A) — f(a) € k. Note that this form takes the
value 1 on e so that we get in fact a map A — e~ *(1). It is not hard to check that this is
an affine-linear isomorphism and so the projective space A := P(F(A)*) can serve as the
projective completion of A. Following the Renaissance painters, we might say that A \ A
consists of “points at infinity” of A; such a point can be given by an affine line in A with the
understanding that parallel lines define the same point at infinity.

2. The Zariski topology on a projective space

We begin with giving a simpler and more natural characterization of the Zariski
topology on a projective space. Let P be a projective space of dimension n over k

and let [Ty : --- : T,,] be a homogeneous coordinate system for P. Suppose F' €
k[Xo, ..., X,] is homogeneous of degree d so that F'(tTy, ... ,tT,) = t*F(Ty, ..., T})
for t € k. The property of this being zero only depends on [T : - - - : T;,] and hence

the zero set of F' defines a subset of P. We shall denote this subset by Z[F] and its
complement P \ Z[F] by Pr. We will show in the next section that Pr is in fact
affine.

Proposition 2.1. The collection { Pr} r, where F’ runs over the homogeneous poly-
nomials in k[ Xy, ..., X,], is a basis for the Zariski topology on P. This topology is
independent of the choice of our homogeneous coordinate system [Ty, ..., 7,] and
(so) every linear chart is a homeomorphism onto A" that identifies the sheaf of
regular functions on its domain with Oy». If G € k[Xy, ..., X,] is homogeneous of
the same degree as F' and nonzero, then F'/G defines a regular function on P.

PROOF. We first observe that the obvious equality PrN Pr: = Ppp/ implies that
the collection {Pr}r is a basis of a topology T on P. This topology is independent
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of the coordinate choice, because a linear substitution transforms a homogeneous
polynomial into another one.

Let us verify that this is the Zariski topology defined earlier. First note that
the domain of each member «; : Pr, = A" of the standard atlas is also a ba-
sis element (hence open) for 7. So we must show that x; defines a homeomor-
phism onto A™ when its domain is endowed with the topology induced by T. If
F € k[Ty,...,T,] is homogeneous of degree d, then x;(Pr N Pr,) = A}Z_, where
filtvi,- -y yn) = F(y1,---,%i,1,Yit1,-..,yn) and so k; is open. Conversely, if
f € Kk[y1,...,yn] is nonzero of degree d, then its homogenization of degree d,
F(Ty,...,T,) = T2f(To/T;, - . f/?Z ..T,/T;), has the property that n{l(A’J}) =
Pr N Pr,. So k; is also continuous.

For the last statement first observe that F/G indeed defines a function on
P (think of it as regular function on Ag“ that is constant under multiplication

with a nonzero scalar). Its pull-back under «; is f;(y1,---,yn)/9:(y1,- - . Yn), Where
9i(Y1,--Yn) == G(y1,...,1,...yn), which is indeed regular on A7,. So F/G is
regular on Pg. O

EXERCISE 56. Let 0 # G € k[Xo, ..., X,,] be homogeneous of degree d. Prove
that every regular function Pz — k has the form F/G", with » > 0 and F' homoge-
neous of the same degree as G".

In order to discuss the projective analogue of the (affine) I <+ Z correspon-
dence, we shall need the following notions from commutative algebra.

DEFINITION 2.2. A (nonnegative) grading of a ring A is a direct sum decompo-
sition A = @2 A4 such that the product maps Aq x A, in A4y, or equivalently,
such that 337 ) A4t¢ is a subalgebra of A[t] (so that this makes A, a subring of A).
We then call A a graded ring. If we are also given a ring homomorpism R — Ag,
then we call A a graded R-algebra.

An ideal I of a graded ring A is said to be graded if it is the direct sum of its
homogeneous parts I, := I N A4 (so that Y 57, I5t? is an ideal of Y57 | Agt?).

We shall say that a graded ideal I of A is proper(®) if it is graded and contained
in the ideal A = ©g>144.

If we feel that the presence of a graded structure on A must be expressed by
our notation, we shall write A, for A. Note that if I is a graded ideal of the graded
ring A, then A/I = ®32 ;A4/I, s again a graded algebra and that if I is also proper,
then A/I has Ay as its degree zero part. We will be mostly concerned with the case
when Ag = k; then A, is a maximal ideal (and the only one that is graded).

Lemma 2.3. If I, J are (proper) graded ideals of a graded ring A, then so are N J,
IJ, I+ J and /1. Moreover, if p C A is a prime ideal, then so is the graded ideal
@,(pNA,); in particular, a minimal prime ideal of R is graded.

PROOF. The proofs of the statements in the first sentence are not difficult and
so we omit them. As to the last, let us first agree to denote for any nonzero a € A
by in(a) the top degree part of a and by deg(a) its degree and stipulate that when
a =0, in(a) = 0 and deg(a) = 0.

Now put p, := pN A, let a,b € A be such that ab € ®,p,. We prove with
induction on deg(a) + deg(b) that a or b is in @,p,. If in(a)in(b) # 0, then it

2This is not a generally adopted terminology.
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equals in(ab) € Pyeg(a)+degs) S P and since p is a prime ideal, we therefore have
in(a) € Paeg(a) OF in(b) € Paeg(r)- This is of course also true when in(a)in(b) = 0.
Say that in(a) € Pgeg(a)- Then (a —in(a))b = ab —in(a)b € p. We have either
deg(a — in(a)) < deg(a) or deg(a) = 0 (so that a — in(a) = 0). Hence by our
induction assumption (or trivially in the second case), a — in(a) or b is in ®,p,,. So
aorbisin @,py,. O

The main example of a graded k-algebra is furnished by a vector space V' of
finite positive dimension (n + 1, say), which we consider as an affine variety, but
(in contrast to an affine space) one of which we remember that it comes with the
action of the multiplicative group of k by scalar multiplication. Let us say that
F € k[V] is homogeneous of degree d if we have F(tv) = t?F(v) for all v € V
and ¢ € k. Such F make up a k-linear subspace k[V]4 of finite dimension and the
subspaces thus defined turn k[V] into a graded k-algebra @4>0k[V]4. (A choice
of basis (Tp,...,T,) of V* identifies V with A"*! and then k[V]; becomes the
space of homogeneous polynomials in (7g, ..., T,) of degree d.) We can understand
this decomposition as the one into eigenspaces with respect to the action of scalar
multiplication. Note that for any F' € k[V], the zero set Z(F) C V is invariant
under scalar multiplication. This is still true for an intersection of such zero sets, in
other words, for a proper graded ideal I C k[V];, Z(I) C V is a closed subset of V/
that is invariant under scalar multiplication. Such a closed subset is called an affine
cone. The origin is called the vertex of that cone. Since the vertex is defined by the
maximal ideal k[V], we always have 0 € Z(I). The intersection of the Z[F], with
F € Ug>11, defines a closed subset Z[I] of P(V) whose points correspond to the
one-dimensional subspaces of V' that are contained in Z(I).

It is clear that every closed subset of P(V) is thus obtained. In fact, given a
closed subset X C P(V), let for d > 1, Ix 4 be the set of F' € k[V]y for which
X C Z[F] and put Ix o = 0. Then I'x 4 is a k-vector space and Ix 4 k[V]e C Ix d+e
so that Ix := @®g>11x 4 is a proper graded ideal of k[V]. It is also a radical ideal
(exercise) and we have X = Z[Ix]. So Z(Ix) is the cone in V that as a set is just the
union of the 1-dimensional linear subspaces of V' parameterized by X; we denote
this cone in V' by Cone(X). Note that the degenerate cone {0} C V' corresponds to
the empty subset of P(V') and to the homogeneous maximal ideal k[V]..

Lemma 2.4. For an affine cone C C V, I(C) is a proper graded radical ideal of
k[V] and hence defines a closed subset P(C) := Z[I(C)] of P(V).

PROOF. Let F' € I(C). Write F = ) ., Fy. We must show that each ho-
mogeneous component of F,; lies in I(C)). As C is invariant under scalar mul-
tiplication, the polynomial F(tv) = ., t?Fy(v) (as an element of k[A! x V])
vanishes on Al x C' C A! x V, hence lies in I(A! x C). But under the identification
E[AY x V] 2 k[V][t], I(A' x C) = k[t]®I(C) corresponds to I(C)[t] and so it follows
that F,; € I(C) for all d. O

We conclude:

Corollary 2.5. The maps C — P(C) and X — Cone(X); C — I(C); X — Ix;
I'— Z(I) and I — Z[I] set up bijections between
(i) the collection of affine cones in V,
(ii) the collection of closed subsets of P" and
(iii) the collection of proper graded radical ideals contained in k[V].
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This restricts to bijections between (i) the collection of irreducible affine cones in
V strictly containing {0}, (ii) the collection of irreducible subsets of P(V') and (iii)
the collection of graded prime ideals of k[V] strictly contained in k[V]..

DEFINITION 2.6. The homogeneous coordinate ring of a closed subset X of P(V)
is the coordinate ring of the affine cone over X, k[Cone(X)] = k[V]/Ix, endowed
with the grading inherited by k[V]: k[Cone(X)]q = k[Ty, ... Th]a/Ix 4

More generally, if Y is an affine variety, and X is a closed subset of P(V) x Y,
then the homogeneous coordinate ring of X relative to Y of a closed subset is the
coordinate ring of the corresponding closed cone in V' x Y over Y, endowed with
the grading defined by the coordinates of V.

EXERCISE 57. Let A be a graded ring.

(b) Prove that if I is a prime ideal in the homogeneous sense: if rs € I for
some r € Ag,s € A; implies r € I or s € I, then [ is a prime ideal.

(c) Prove that the intersection of all graded prime ideals of A is its ideal of
nilpotents.

EXERCISE 58. Let S be a graded k-algebra that is reduced, generated by S; and
has Sy = k and dimy, S; finite.

(a) Prove that S is as a graded k-algebra isomorphic to the homogeneous
coordinate ring of a closed subset Y.

(b) Prove that under such an isomorphism, the graded radical ideals con-
tained in the maximal ideal S := ®4>15, correspond to closed subsets
of Y under an inclusion reversing bijection: graded ideals strictly con-
tained in S, and maximal for that property correspond to points of Y.

(c) Suppose S a domain. Show that a fraction F/G € Frac(S) that is ho-
mogeneous of degree zero (F,G € S, for some d and G # 0 defines a
function on Uj,.

EXERCISE 59. Let Y be an affine variety.

(a) Show that a homogeneous element of the graded ring k[Y][T0,...,T),]
defines a closed subset of Y x P™ as its zero set.
(b) Prove that every closed subset of Y x P" is an intersection of zero sets of

finitely many homogeneous elements of k[Y][Ty, ..., T,].
(c) Prove that we have a bijective correspondence between closed subsets of
Y x P" and the homogeneous radical ideals in k[Y][Tp, ..., Ty]+-

The next proposition is a first illustration of the power of projective methods.
Its proof makes interesting use of a homogeneous coordinate ring (and in particular,
of Exercise 59).

Proposition 2.7. Let X be a variety and let Z C A™ x X be closed in P™ x X
(we here identify A™ with the hyperplane complement P7}). Then the projection
wx|Z : Z — X is a finite morphism.

PROOF. Without loss of generality we may assume that X is affine. Let I C
kE[X][To, ..., Tm] be the graded ideal defining Z. Since Z does not meet the zero
set of Ty, the ideal I + (Ty) C k[X][Tv, ..., Tx] generated by I and T; defines the
empty set in P* x X, or equivalently, {0} x X in A"*! x X. So /I + (Tp) =
(To, ..., T,,) by Hilbert’s Nullstellensatz. In particular, there exists an integer r > 0
such that 77 € I, + (Tp), for i € {1,...,m}. Write T] = T,G; (mod I,) with
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G; € k[X][To, ..., Tim]r—1. We pass to the affine coordinates of A™ by substituting
1 for Tj and ¢; for T;. Then G; yields a g; € k[X][t1,...,tm] = k[A™ x X] of degree
< r — 1 in the t-variables and we have ¢] = g; (mod Iynyx(Z)). So if we write
t; for the image ¢, of ¢; in k[Z], then for each i, ¢! is a k[X]-linear combination of
the monomials #;* - - - £ with s; + -+ + s, < r. Hence k[Z] is as a k[X]-module
generated by these (finitely many) monomials. This proves that nx|Z : Z — X is
a finite morphism. O

Note the special case when X is a singleton: the proposition then tells us that
if a closed subset of A™ is also closed in P, then must be finite. In other words,
a closed subset of A™ of positive dimension, must, when considered as a subset
P™, have a point in the “hyperplane at infinity” T, = 0 in its closure (in classical
language: Z must have an asymptote).

3. The Segre embeddings

First we show how a product of projective spaces can be realized as a closed
subset of a projective space. This will imply among other things that a projective
space is a variety. Consider the projective spaces P and P" with their homoge-

neous coordinate systems [Ty : --- : T),] and [Wp : --- : W,]. We also consider a
projective space whose homogeneous coordinate system is the set of matrix coeffi-
cients of an (m+1) x (n+1)-matrix [Zog : -+ : Zij : -+ : Zpy); this is just Pmntmtn

with an unusual indexing of its homogeneous coordinates.

Proposition 3.1 (The Segre embedding). The map f : P™ x P* — Pmntmin
defined by Z;; = T;W;,i=0,...,m;j =0,...,n is an isomorphism onto a closed
subset of P+ If ;= n, then the diagonal of P™ x P™ is the preimage of the
linear subspace of P’ +2m defined by Z;; = Zj; and hence is closed in P x P™.

PROOF. For the first part it is enough to show that for every chart domain
P77+ of the standard atlas of P+, f=IPPIF™HT is open in P™ x P™ and
is mapped by f isomorphically onto a closed subset of P’Z’f*m*”. For this purpose
we may (simply by renumbering) assume that ¢ = j = 0. So then ]P’TZ”U’;J””JF" C
pmntmin s defined by Zoy # 0 and is parametrized by the coordinates z;; :=
Zij|Zoo, (i,j) # (0,0). It is clear that f‘l]P7Z"0’é+m+” is defined by Ty W, # 0. This is
just P2 x Py, and hence is parametrized by (t1,...,tm) = (T1/T0, ..., Tm/To)
and (wy,...,wy) = (Wi/Wy,...,W,/Wp). In terms of these coordinates, f :
JTIPREmAR PR s given by z;; = tyw;, where (i,5) # (0,0) and where
we should read 1 for ¢y and wy. So among these are z;p = ¢; and zp; = w; and
since these generate k[A™ x A"] = k[t1,...,tm, w1, ..., wy], f indeed restricts (by
Proposition 4.3 of Ch. 1) to a closed immersion f~!Py" "+ — ppmem+n,

In case m = n, we must also show that the condition T;W; = T;W; for 0 <

i < j < m implies that [Ty : --- : Tp,,)] = [Wo : -+ : W,,,], assuming that not all T;
resp. W; are zero. Suppose T; # 0. Since W; = (W;/T;).T} for all j, it follows that
W,#0andso [Wy:---:W,|=[To: - : Tl O

Corollary 3.2. A projective space over k is a variety. In particular, a locally closed
subset of a projective space is a variety.

PROOF. Proposition 3.1 shows that the diagonal of P™ x P™ is closed. O
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DEFINITION 3.3. A variety is said to be projective if it is isomorphic to a closed
irreducible subset of some projective space. A variety is called quasi-projective if is
isomorphic to an open subset of some projective variety.

Note that we have here required that the variety in question is irreducible.

EXERCISE 60. (a) Prove that the image of the Segre embedding is the
common zero set of the homogeneous polynomials Z;; Zy; — Z;; Zy;.

(b) Show that for every (p, q) € P x P" the image of {p} x P and P x {q}
in Pmntmn i g linear subspace.

(¢) Prove that the map P* — P("*+31)/2 defined by Zij=TT;,0<i<j<n
is an isomorphism on a closed subset defined by quadratic equations. Find
these equations for n = 2.

(d) As a special case we find that the quadric hypersurface in P? defined by
ZoZ1 — ZyZ3 = 0 is isomorphic to P* x P!, Identify in this case the two
systems of lines on this quadric.

EXERCISE 61 (Intrinsic Segre embedding). Let V and W be finite dimensional
k-vector spaces. Describe the Segre embedding for P(V) x P(W) intrinsically as a
morphism P(V) x P(W) — P(V @ W).

4. Blowing up and projections

By way of introduction we first explain the blowup of a linear subspace of a
vector space. Let V be a finite dimensional k-vector space of dimension n and
W C V alinear subspace of codimension c. The first thing to note is that a point of
P(V/W) corresponds to a 1-dimensional subspace in V/W and that a 1-dimensional
subspace of V/W amounts to giving a linear subspace of V' which contains W
as a subspace of codimension one (in other words, as a hyperplane). With this
interpretation, the composite map 7 : VW — (V/W) ~ {0} — P(V/W) can then
be understood as assigning to p € V ~. W the linear subspace W + kp C V spanned
by W and p.

Now define the blowup of V along W, denoted Bly, V, as the set of pairs
(p, [W']) € V x P(V/W), such that p € W’. So when p € V \. W, there is precisely
one choice of W’ such that (p, [W’]) € Bly V, namely W' = W + kp, but when
p € W, [W’] € P(V/W) can be arbitrary. So as a set, Bly, V' is the disjoint union
of the graph I';; of 7 and the product W x P(V/W). The projection Bly V — V
is an isomorphism over V' ~. W with inverse p — (p, 7(p)), so that the projection
Blyw V — P(V/W), may be regarded as an extension of r; the latter map is often
called the projection away from W.

Lemma 4.1. The blowup Bly V of V along W is an irreducible smooth closed
subset of V' x P(V/W) which contains W x P(V/W) as a smooth hypersurface
(called the exceptional divisor of the blowup) so that its complement I',; is open
dense in Bly V.

PROOF. Let (z1,...,z,) be a coordinate system for V' such that W is defined
by z; =--- =xz.=0. We can use (z1,...,z.) as coordinates for V/W, but in order
to avoid confusion, we denote the associated homogeneous coordinate system for
P(V/W) by [Ty : --- : T.]. So then n(zy,...,z,) = [21 : -+ : 2] and Bly V is the
set of ((z1,...,zn),[Th : -+ : T]) with [T} : -+ : T.] = [x1 : -+ : z.] whenever
(1,...,2:) # (0,...,0). This is equivalent to: z;T; = z,;T;,1 < i < j < cand so
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this indeed defines a closed subset of V' x P(V/W). Note that W x P(V/W) resp.

I' is the locus where (x4, ..., z.) equals (0,...,0) resp. does not equal (0,...,0).
Next we show that Bly, V' is smooth. For this we note that (Bly, V)r, is the set
of ((z1,...,2,),[1 : ta : --- ;t.]) satisfying x; = t;21 for i = 2,...,c and hence is

parametrized by A" via
(.I‘l,tQ, s 7tcamc+la .. ,an) — (($13t2x17' . 'atcxlaxc-‘rla .. 7‘1:”)7 [1 : t2 N atc])

So we have here described an isomorphism (Bly V)1, = A™. Note that this identi-
fies (Bl V), N (W x P(V/W)) with the coordinate hyperplane in A™ defined by
x1 = 0. All the assertions now follow, as this shows that Bly, (V) is covered by the ¢
open subsets (Bly V)r,, i = 1,...,¢, each of which is isomorphic to A” and meets
W x P(V/W) in a smooth hypersurface. O

REMARK 4.2. We here outline the algebraic aspects of this construction, although this is
not needed for what follows. The homogeneous coordinate ring of Bly V is the graded k[V]-
algebra k[V][T1,...,T.] modulo the ideal generated by the z;T; — x;T;, 1 <1i < 5 < ¢, with
each T; of degree 1. It admits the following elegant description: consider the homomorphism
of graded k[V]-algebras

EVIITy, . Te) /(i — 25T, 1 < i < j < o) = K[VII(W)] =Y I(W)%, Ti v ait,
d>0

where I(W) is the ideal defining W (so generated by x1,...,z.). The algebra on the right
hand side is an instance of the construction appearing in Lemma 11.8 (so as a k[V]-algebra
generated by z1t, ..., x.t and can also be written as @JZQI(W)d. This is in fact an isomor-
phism whose inverse is defined as follows: a k-basis of the right hand side consists of the
monomials z{* - - - 2% ¢? with d; + - - - + d. > d and then the inverse assigns to z¢* - . . 22t
the image in the left hand side of a monomial 2% - .. zdn T ... T where 0 < e; < d; are
such that )~ e; = d (check that the image is independent of this choice). So here we have
an algebraic description of Bly V' in completely coordinate-independent terms. The excep-
tional divisor is defined by the ideal I(W) = (x1,...,z.). The associated quotient ring is
a graded k[V]/I(W) = k[W]-algebra, which in the first description yields k[W][T1, ..., T]
(this is indeed the homogeneous coordinate ring of W x P(V/W)) and in the second yields
S s T T(W)H ) 22 @I (W) /I(W)*H!. These must of course be isomorphic
as k[W]-algebras, but the second description is more canonical in the sense that it identifies
the exceptional divisor with the projectivized normal bundle of W in V.

The algebra homomorphism k[V] C k[V][I(W)t] defines the projectionp : Blw V — V.
If H C V is a hypersurface, and is defined by f € k[V] say, then the total transform of H
is simply p~ ' H (it is defined as the zero set of f, when regarded as an element of k[V] —
S aso L(W)%t?), whereas the strict transform of H under p is by definition the closure H of
H ~ HNW in Bly V. A defining equation for H is ft*" ) € k[V][I(W)t], where vw (f)
is the maximal m for which f € I(W)™ (also called the W-valuation of f). So the strict
transform H meets the exceptional divisor W x P(V/W) in the locus defined inw (f), the
image of f in I(W)*w ) /1(W)*w (D1 (the W-initial part of f).

More generally, if X C V is a closed subset, then the ideal generated by the p*f,
f € I(X), defines its total transform p~*X, whereas the ideal generated by the f¢*w ("),
f € I(X), defines the strict transform of X under p, that is, the closure of X \ W in
Blw (V). (If X \ W is dense in X, then this strict transform is called the blowup of X along
X N W and also denoted Blyy~x X.)

EXERCISE 62. Recall that for a ring R and an ideal I C R, the ‘blowup of I in R’ is
the graded R-subalgebra R[It] = 3", , It of R[t] which appeared in the proof of Lemma

11.8. We regard the graded quotient R[It]/TR[It] = Y, ,(I¢/1%")t? = @32, 1¢/19%" as
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defining its ‘exceptional divisor’. If W a closed subset of an affine variety X, then the blowup
Bl (X) is defined by applying this to R = k[X]| and I = I(W).

Prove that if I(W) has d > 0 generators, then Bl (X) is a closed subset of X x P41,
Show that if W is nowhere dense in X and fi, ..., fq generate I(W) in k[X], then Blw (X)
is the closure in X x P?~! of the graph of the morphism [f; : ---: f4] : X \ W — P4~ %,

The blowing up of W in V models a projective analogue that we discuss next.
Let P be a projective space of dimension n and Q C P a linear subspace of codimen-
sion ¢(= dim P—dim Q). Let us denote by P(P; Q) the collection of linear subspaces
Q' of P which contain @ as a hyperplane (and so are of dimension dim @ + 1).

Lemma 4.3. The space P(P; Q) has in a natural manner the structure of a projec-
tive space of dimension ¢ — 1 (where dimension —1 means empty). Through every
p € P~ @ passes exactly one member of P(P; Q) and this defines a morphism
g : P~ Q — P(P;Q). Concretely, if n := dim P and [Tj : ...T,,] is a system

of homogeneous coordinates for P such that ) is given by Ty = --- = T._1, then
[To : -+ : T,—1] defines a system of homogeneous coordinates for P(P; (@) and ¢
is simply given by [Ty : -+ : Tp,] = [To : -+ : To—q].

PROOF. Let ¢ : P = P(V) be a structural bijection. Then Q = ¢~'P(Vj,) for
some linear subspace V; C V and so the @’ correspond to the linear subspaces
Vo € V which contain Vi as a hyperplane. These in turn correspond to the one-
dimensional subspaces of V/V and so we get a bijection P(P; Q) = P(V/Vy). For
another choice of structural bijection (V’, ¢') there must exist a linear isomorphism
V = V' which then automatically takes Vi, onto V{, and so induces a linear isomor-
phism V/Vg = V'/V{,. We thus see that the projective space structure on P(P; Q)
is intrinsically defined. The proof of the last assertion is left to you. O

Definition-Lemma 4.4. The blowup of P along (), denoted Blg P, is the set pairs
(p,[Q']) € P x P(P;Q) with p € Q. This is a closed subset of P x P(P; Q) (hence
is a projective variety) and the projection
p2: (Bl P,Q x P(P;Q)) — P(P;Q);

has the following property: if U C P(P;Q) is a hyperplane complement (hence
an affine space), then there exist a [Q'] € U (so Q' contains @ as a hyperplane)
and a morphism r : p, ' - @' which on Q x U is the projection onto Q and
is such that (r,ps) : p, 'U — Q' x U is an isomorphism(®). In particular, Blg P
is smooth and irreducible; it contains @ x P(P; (@) as a smooth hypersurface (this

is called the exceptional divisor of the blowup) whose complement is the graph of
o : PN Q —P(P;Q).

PROOF. The set theoretic part is clear: Blg P contains Q x P(P; Q) with com-
plement the graph of 7 : P\ Q@ — P(P; Q). To prove the remaining assertions,
we use a homogeneous coordinate system [Tj : --- : T,] for P as above (so that
Q is given by Ty = --- = T._; = 0). If we denote the corresponding coordi-
nate system for P(P; Q) by [Sp : --- : Sc_1], then Blg P is given by the pairs
([To : -+ Tn],[So : +-+ : Se—1]) such that [To @ --- : Toq] = [So & -+ @ Se—1]
in case Ty, . . ., T, are not all zero. In other words, Bl P is defined by the system of
equations 7;5; = T;5; forall 0 < i < j < c. So it is a closed subset of P x P(P; Q).

3We then say that ro defines a trivialization of the pair (Blg P,Q x P(P;Q)) over U; the lemma
therefore essentially states that (Blg P, Q x P(P;Q)) is locally trivial over P(P; Q).
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Now assume our coordinates chosen in such a manner that U = P(P, Q)s,. We
thenlet Q' C Pbedefinedby Ty =---=T._1 =0sothat [To: T, : Teyy i+ : Ty
functions as a homogenenous coordinate system for @’. It is clear that Q' contains
Q as a hyperplane (defined by Ty = 0). Then p, 'U = (Blg P)s, is parametrized by
Q' x P(P;Q)s, by means of the morphism

([To:Te:Teyqy - Tp,[1isy o :8.1]) €Q x U v
([To: Tosy i :ToSe1 :To:Toyq oo T, [1:s1: 2 8c.1]) € py U,

This is an isomorphism (the inverse is obvious) which commutes with the projection
on U. Since @ x U is defined by Ty = 0 this isomorphism is the identity on Q x U.
All the statements now follow. For example, Q' x U is smooth and irreducible and
hence so is the open subset p; 'U of Blg P. But then the same is true for Blg P, as
it is covered by such open subsets O

Corollary 4.5. Suppose that in the situation of Definition-Lemma 4.4, Z C P is an
irreducible and closed subset such that ZN Q = 0. Then n7g|Z : Z — P(P;Q) is a
finite morphism and (so) dim Z + dim Q < dim P.

PROOF. We use the notation of Definition-Lemma 4.4. Since p; is an isomor-
phism over P \ @, we may identify Z with p;*Z. Thus Z becomes a closed subset
of Blg(P) which is disjoint with @ x P(P;Q) and the projection 7g|Z becomes
simply ps|Z. We must show that ps|Z is finite. This is a local issue on P(P;Q):
we must show that P(P; Q) can be covered by affine open U C P(P;Q) such that
Z Npy U — U is finite. But if we take U as in Lemma 4.4, then this follows from
Proposition 2.7 (with @’ identified with P and @) defined by Ty = 0). O

In particular, any linear subspace of P of dimension equal to codim(Z) must
meet Z. On the other hand, for any given 7 as in Corollary 4.5, a linear subspace
Q of P as in that corollary can always be found:

Proposition 4.6. For every closed subset Z of a projective space P there exists a
linear subspace @Q C P of dimension codim(Z) — 1 such that Q N Z = (.

PROOF. We may assume that Z is irreducible. We then prove with induction
oni € {—1,...,codim(Z) — 1} that Z misses a linear subspace of dimension 7. For
i = —1, the empty subspace will do. For ¢ = 0, we must have Z # P and so
we can take for our linear subspace any singleton in P . Z. When i > 0, there
exists by induction hypothesis a linear subspace @ C P of dimension (¢ — 1) which
does not meet Z. By Corollary 4.5, 7g|Z : Z — P(P, () is a finite morphism and
so dim7g(Z) = dimZ < dim P — i = dimP(P, Q). Hence there exist a point in
P(P,Q)~7qg(Z). This defines a linear subspace )’ in P of dimension ¢ which passes
through @ and misses Z. O

5. Elimination theory and projections

Within a category of reasonable topological spaces (say, the locally compact
Hausdorff spaces), the compact ones can be characterized as follows: K is compact
if and only if the projection K x X — X is closed for every space X in that cate-
gory. In this sense the following theorem states a kind of compactness property for
projective varieties.
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Theorem 5.1. Let P be a projective space. Then for any variety X, the projection
mx : P x X — X is closed.

We derive this theorem from the main theorem of elimination theory, which we
state and prove first.

Given an integer d > 0, let us write V; for k[Ty,T1]4, the k-vector space of
homogeneous polynomials in k[Tp, T;] of degree d. The monomials (7377 %)%,
form a basis, in particular, dim Vy; = d + 1. Given F € V,,, and G € V,,, then

UpG Vo1 ® Vine1 = Vigm—1, (A, B) — AF + BG

is a linear map between two k-vector spaces of the same dimension m + n. The
resultant R(F,G) of F' and G is defined as the determinant of this linear map
with respect to the monomial bases of the summands of V,,_; & V,,_; and of
Va+m—1. So R(F,G) = 0 if and only if up ¢ fails to be injective. Notice that if
F=Y"aTyT" " and G = Y7 b;T¢T]"", then the matrix of up ¢ with respect
to the monomial bases is

ag 0 0 0 bo 0 0
ay agp 0 0 by bg - e 0
as a1 ag - 0 by by - - 0
Am  Am-—1 * * * %
0 am, * * * * *
0 0 [02%% * * * *
0O 0 0 % .
0 0 R N ST 0 0 N/
0 0 0o - anm 0 0 0 - by,

from which we see that its determinant R(F, G) is a polynomial in the coefficients
of F'and G. So the resultant defines an element of k[V,,, x V,,] = k[V,,] ® k[V,.].

Lemma 5.2. R(F,G) =0 if and only if F and G have a common linear factor.

PrOOF. If R(F,G) = 0, then up ¢ is not injective, so that there exist a nonzero
(A,B) € V1 ® Vg with AF + BG = 0. Suppose that B # 0. It is clear that
F divides BG. Since deg(B) = m — 1 < m = deg F, it follows that F' and G must
have a common factor.

Conversely, if F' and G have a common linear factor L: F' = LF|, G = LG,
then G;F = F1G and so (G1,—F1) € V,,_1 @ V,,,—1 is a nonzero element of the
kernel of ur . O

PROOF OF THEOREM 5.1. Let Z C P x X be closed. It is clear that nx(Z) is
closed in X if for every open affine subset U C X, nx(Z) NU is closed in U. Since
7x(Z)NU = 7wy (Z N (P™ x U)) we may (and will) assume that is X affine. We put
n := dim P and choose a homogeneous coordinate system [7j : --- : T,,] for P. We
proceed with induction on n, starting with the crucial case n = 1.

Denote by I, the graded ideal in the graded algebra k[X][Ty, T1] of functions
vanishing on Z. Then Z is the common zero set of the members of I, (see Exercise
59). For every homogeneous pair F,G € U,,k[X][Ty, T1]m, we can form their re-
sultant R(F, G) € k[X] (the coefficients of F' and G are regular functions on X and
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hence their resultant, which is a polynomial in these coefficients, is also a regular
function on X). We claim that 7x (Z) is the common zero set Z(R) C X of the set
of resultants R(F,G) of pairs of homogeneous forms F, G taken in U,z ., hence
is closed in X.

Suppose that y € 7x(Z). Then (y,p) € Z for some p € P! and so p is a
common zero of each pair F,, G, with F', G € U,,,I ,,, where the subscript y refers
to substituting y for the first argument. So R(F, G)(y) = 0 and hence y € Z(R).

Next we show thatif y ¢ mx(Z), theny ¢ Z(R). Since {y} x P! is not contained
in Z, there exists an integer m > 0 and a F' € I, with F;, # 0. Denote by
p1,...,pr € P! the distinct zeroes of F,,. We show that there exists a G € I, for
some n such that G, does not vanish in any p;; this suffices, for this means that
R(F,,G,) # 0and soy ¢ Z(R). For any given 1 < ¢ < r, Z|JU,={(y,p;)} is
closed in X x P!, so that there will exist a G € Uy, Iz, with G| zero in all the
pj with j # 4, but nonzero in p;. Upon replacing each G(*) by some positive power

of it , we may assume that G, ... G all have the same degree n, say. Then
G:=GW ...+ G eIy, and G, (p;) = G (p;) #0.
Now assume n > 2. Let ¢ = [0 : --- : 0 : 1] and consider the blowup P" :=

Bl,y P* — P". Recall that the projection P" — P"~! is locally trivial as a P'-
bundle: we can cover P*~! by affine open subsets U such that over U this is like
the projection P! x U — U. Then the same is true for the projection 7; : P" x X —
P"~! x X and so by the case treated above, this projection is closed.

Prx X « " PrxX ¢ P xUxX

R S

X2 prly X+ >UxX

Denote by 7 : P* x X — P" x X the projection. Then #~'Z is closed and by what
we just proved, m; 71 Z is then closed in P"~! x X. By induction, the image of the
latter under the projection 7 : P*~! x X — X is closed. But this is just 7x (Z). O

REMARK 5.3. This proof can be adapted to show more, namely that given a
closed and irreducible subset Z C P x X, then for any = € nx(Z), Z, := {p €
P : (p,z) € Z} has dimension > dim Z — dim 7 x (Z) with equality holding over an
open-dense subset of 7x (7).

Here are two corollaries.

Corollary 5.4. Let X be a projective variety. Then for every variety Y, the projec-
tion X x Y — Y is closed. In particular, every morphism X — Y is closed (and
hence has closed image).

PROOF. Assume that X is closed in P". Then X x Y is closed in P" x Y. Since
the projection X xY — Y is the composite of the inclusion X xY C P" xY and the
projection P"* x Y — Y (which is closed by Theorem 5.1), it is closed. Similarly, a
morphism f : X — Y is the composite of the graph morphism (idx, f) : X — X xY
(which is closed) and the closed projection X x Y — Y and hence closed. O

It is an elementary result from complex function theory (based on Liouville’s
theorem) that a holomorphic function on the Riemann sphere is constant. This
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implies the corresponding assertion for holomorphic functions on complex projec-
tive n-space P¢ (to see that a holomorphic function on P takes the same value on
any two distinct points, simply apply the previous remark to its restriction to the
complex projective line passing through them, viewed as a copy of the Riemann
sphere). The following corollary is an algebraic version of this fact.

Corollary 5.5. Let X be a projective variety. Then any regular function on X is
constant. In particular, any morphism from X to a quasi-affine variety is constant.

PROOF. If f : X — Y is a morphism to a quasi-affine variety Y, then its com-
posite with an embedding of Y in some affine space A™ is given by n regular func-
tions on X. So it indeed suffices to prove the special case when Y = A!. By the
previous corollary this image is closed in Al. But if we think of f as taking its
values in P! (via the embedding y € A — [1 : y] € P!), then we see that f(X) is
also closed in P!. So f(X) cannot be all of A! and hence must be finite. Since X is
irreducible, it follows that f(X) is a singleton. In other words, f is constant. O

EXERCISE 63. Let P be a projective space of dimension n.

(a) The dual P of P is by definition the collection of hyperplanes in P. Prove
that P has a natural structure of a projective space.

(b) Identify the double dual of P with P itself.

(c) The incidence locus I C P x P is the set of pairs (p,q) € P x P with the
property that p lies in the hyperplane H, defined by ¢. Prove that [ is a
smooth variety of dimension 2n — 1.

(d) Show that we can find homogeneous coordinates [Z; : - - - : Z,,] for P and
Wy : -+~ : W,] for P such that I is given by >, Z,W; = 0.

EXERCISE 64. Let F € k[Xy,...,Xn]qs define a smooth hypersurface H in P™.
Prove that the map H — P which assigns to p € H the projectived tangent space
of H at p is given by [% R 8‘9712}. Prove that the image of this map is closed in
P™ (this image is called the dual of H). What can you say in case d = 2?

6. The Veronese embeddings

Let be given a positive integer d. We index the monomials in Ty, ..., T, that
are homogenous of degree d by their exponents: these are the sequences of non-

negative integers k = (ko, ..., k,) of length n + 1 with sum d. They are (”jd) in

number(*). We use this to label the homogeneous coordinates Z of p("e)-1,
Proposition 6.1 (The Veronese embedding). The map f; : P — P("i) 1 defined
by Zy = T ... T is a closed immersion.
n4d)_

PROOF. It is enough to show that for every chart domain Uy := IP’(de )= of
the standard atlas of the target space, its preimage f;'Uy is open in P™ and is
mapped by f; isomorphically onto a closed subset of Uy. This preimage is defined
by Té“’ -+~ Tkn #£ 0. Let us renumber the coordinates such that ky, . . ., k, are positive
and k.41 = -+ = k, = 0. Then fd_lUk =P} . CPR. So if we use the

4If we expand [, (1—¢T;)~! as a power series, we see that the coefficient of ¢ is the sum of the
monomials in Ty, ..., T, of degree d. So we get the number of such monomials by substituting 7; = 1
for all i: it the coefficient of ¢ of in (1 — ¢)~(*+1) and hence the value of (d/dt)%(1 — t)~(*+1 /d! in
t =0, whichis (n +1)(n +2)--- (n+d)/d! = ("}7).
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standard coordinates (¢4, .. .,t,) to identify P, with A", then f LUy is identified
with A}, .

The coordinates on Uy are the functions Z,/Z with 1 # k. If we write z;_y for
this function, then f; is in terms of these coordinates simply:

. -1 _ 41—k —ky 4l In
fd'AZ“'tr %fd Uk—)Uk, Zlfk—tl 1"'tr .t11~~~tn,

with (I3,...,l,) running over all the n-tuples of nonnegative integers with sum
< d and distinct from (kq,...,%;,0,...,0). Among the components of this map are
(t1...t.) ! (take l; = k; — 1 fori <randl; = 0fori >r) and ¢; (take [; = k; + 1
and l; = k; for j # i; this is allowed because then iy +-- -+, = 1+ ki +---+k, <
ko+ki+---+k, = d). These generate the coordinate ring k[ty,...,t,][1/(t1 ... t)]
of A}, and so f; defines a closed immersion of A}, ., in Uk. O

The following proposition is remarkable for its repercussions in intersection
theory.

Proposition 6.2. Let H C P" be a hypersurface. Then P™ \ H is affine and for
every closed irreducible subset Z C P" of positive dimension, Z N H is nonempty
and of codimension < 1 in Z, with equality holding if Z is not contained in H.

PrROOF. The hypersurface H is given by a homogeneous polynomial of degree
d, say by >, ckTé‘CO ... Tk This determines a hyperplane H C p("i") 1 defined
by > ckZk. Itis clear that H is the preimage of H under the Veronese morphism
and hence the latter identifies P ~ H with a closed subset of the affine space
p("i)=1  f. So P < H is affine.

For the rest of the argument we may, by passing to the Veronese embedding,
assume that H is a hyperplane. Let ¢ be the codimension of Z N H in Z, so that
dim(H)—dim(ZNH)=(n—-1)— (dim Z — ¢) = n — dim Z + ¢ — 1. By Proposition
4.6 (applied to Z N H C H) there exists then a linear subspace @ of H dimension
of n — dim Z + ¢ — 2 which avoids Z N H. Since is @) also a linear subspace of P"
which avoids Z, we also have dim @ < n — dim(Z) — 1 by Corollary 4.5. It follows
that ¢ < 1. Clearly, if Z is not contained in H, then ¢ > 0. O

REMARK 6.3. A theorem of Lefschetz asserts that if in the situation of Proposi-
tion 6.2 above dim Z > 2 (so that dim(Z N H) > 1), then Z N H is connected.

EXERCISE 65. Let d be a positive integer. The universal hypersurface of degree d
n+d
is the hypersurface of P™ x P(":)~! defined by F(X,Z) := Y g ZaTgoT ... T,
We denote it by H and let 7 : H — P("L;rd)_l be the projection. As of item (c) we
assume that d > 2.

(a) Prove that H is smooth.
(b) Prove that projection r is singular at (X, Z) (in the sense that the deriv-
ative of 7 at (X, Z) is not a surjection) if and only the partial derivatives

of Fz € k[Xo,...,X,] have X as a common zero.

(c) Prove that the singular set of 7 is a smooth subvariety of P x ]P’(":d)_l

of codimension n + 1.
(d) Prove that the set of Z € P(":")=! over which  has a singular point is a
hypersurface. This hypersurface is called the discriminant of .

n-gd)
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(e) For d = 2 we denote the coordinates of P(ngd)*l simply by Z;; (where it
is understood that Z,; = Z};). Prove that the discriminant of 7 is then the
zero set of det(Z;;).

7. Grassmannians

Let P be a projective space of dimension n and let d € {0,...,n}. We want to
show that the collection Gry(P) of linear d-dimensional subspaces of P is a smooth
projective variety. Let the projective structure on P be defined by the pair (V,¢) so
that V is a (n+ 1)-dimensional k-vector space and P has been identified with P(V).
This identifies Grq(P) with the collection Grg11(V) of linear (d + 1)-dimensional
subspaces of V.

Lemma 7.1. Let Q C P be a linear subspace of codimension d + 1. Then the
collection Grq(P)¢ of linear d-dimensional subspaces of P contained in P \ @ has
in a natural manner the structure of an affine space of dimension (n — d)(d + 1).

PROOF. The subspace ) determines a linear subspace Vy C V of dimension
(n+1)—(d+1) =n —dand any [L] € Gryg(P)g determines (and is determined
by) a linear subspace V;, C V of dimension d + 1 with V;, NV = {0}. Since
dim Vg +dim Vy, = n+1 = dim V, this means that V;, ®Vy — V is an isomorphism.

We let the vector space Hom(V/Vg, V) act on Grgq(P)g = Grgqi1(V) by stip-
ulating that ¢ € Hom(V/Vy, Vy) sends Vi, to the graph of the map V;, C V —
V/Vg < Vg in Vi, @ Vo = V. This action is simply transitive: given [L], [L'] €
Grq(P)q, then the projection V;, — V/Vj, is an isomorphism and so the composite
of its inverse V/Vy = Vi, with the map Vi, C Vi @ Vo — Vg (the last map is
the projection) is the unique element of Hom(V/Vyg, V) that takes [L] to [L']. This
makes Grq(P)q an affine space over Hom(V/Vg, V). It remains to observe that
dim HOIH(V/VQ, VQ) = dlm(V/VQ) dim Vg = (n—d)(d+1). ([

It can now be shown without much difficulty that Gry(P) admits a unique
structure of a variety for which every Gry(P)g as in this lemma is affine open
and its identification with affine space an isomorphism. We will however proceed
in a more direct manner and show in fact that Gry(P) admits the structure of a
projective variety.

For this we recall that the exterior algebra A°V = @,>0 AP V is the quotient
of the tensor algebra on V, ®72,V®? (here V®° = k by convention), by the two-
sided ideal generated by the set of ‘squares’ {v ® v},ecy. It is customary to denote
the product by the symbol A. So we can characterize A*V as a (noncommutative)
associative k-algebra with unit element by saying that is generated by the k-vector
space V and is subject to the relations v Av = 0 for all v € V. It is a graded
algebra (APV is the image of V®P) and ‘graded-commutative’ in the sense that if
a € APV and 8 € ATV, then B A a = (—1)Pla A B. If (g,...,e,) is a basis for
V, then a basis of APV is indexed by the p-element subsets I C {0,...,n}: if we
order the elements of such an J as 0 < iy < 49 < --- < 4, < n, then to I is
associated to the basis element e; := &;, A --- Ag;, (where the convention is that
gp :=1¢€ k= A). SodimAPV = (”Zl). Notice that A"tV is one-dimensional
and spanned by g A - - - A g, whereas APV = 0 for p > n + 1. We also note that if
V" and V" are subspaces of V, then the map

AV @AV = AV, a®pB—aAlpb,
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is a linear map of graded vector spaces which is injective (resp. surjective) when
this is so in degree 1, i.e., when V' & V" — V is. (The product the left hand side
then inherits from the right hand side is (a1 ® 81).(q2 ® B2) := (—1)de8Frdegazg, A
as ® B1 A B2, where we assume that 5; and as are homogenenous.)

We say that o € APV is fully decomposable if there exist linearly independent
v1,...,vp in V such that @ = v; A --- A v,. This is equivalent to the existence of a
p-dimensional subspace K C V such that « is a generator of APK.

Lemma 7.2. For o € A*V denote by K(«) the set of v € V with v Aa = 0. If
a € APV N {0}, then dim K («) < p and equality holds if and only if « is fully
decomposable and spans AP K («).

PROOF. Leteq,..., &, be a basis of K(«) and let V' C V be a subspace supple-
mentary to K («) so that V = K(«) @ V'. Then we have a decomposition

ANV E(NK(@)@(AV)= P e V)
Ig{l,...,?"}
The kernel of g;A : A*V — A*V is the subsum of the e; ® (A*V’) with ¢ € I. Since
a € Ni_, ker(g;N), it follows that & € ey A+ A&, @ (AP7"V'). Since a # 0, it follows
that » < p with equality holding if and only if « is a multiple of e A - - - A g),. d

If W is a linear subspace of V of dimension d + 1, then AtV is of dimension
1 and will be thought of as a one dimensional subspace of A?*!'V. We thus have
defined a map 6 : Grg1(V) — P(ATHV), [W] = [AYT1W]. It is called the Pliicker
embedding because of:

Proposition 7.3. Let 0 < d < dim V — 1. Then the map 6 : Grg, (V) — P(AYT1V)
maps Grgy1(V) bijectively onto a closed subset of P(A4+1V).

PROOF. Let o € A1V be nonzero. According to Lemma 7.2, [a] is in the
image of ¢ if and only if K(«) is of dimension d + 1 and if that is the case, then
§~1[a] has [K(«)] as its unique element. In particular, ¢ is injective.

The subset ¥4, (V, A%2V) C Hom(V, A%2V) of linear maps whose kernel is
of dimension > d + 1 is (after we have chosen a basis for V) the common zero set
of a system of homogeneous equations in Hom(V, A2V, namely the (n+1—d) x
(n + 1 — d)-minors of the corresponding matrices. Consider the linear map

o ATV = Hom(V, AYT2V),  a— (v aAv).

Since 07 1¥4.1(V, A9T2V) is given by a set of homogeneous equations it defines
a closed subset of P(AY*1V). This is just the image of §, for by Lemma 7.2,
o181 (V, AdH2V) {0} is the set of fully decomposable elements of AYH1V. O

Proposition 7.3 gives Gry(P) the structure of projective variety. In order to
complete the construction, let @ C P be a linear subspace of codimension d. Let
Vo C V correspond to @ and choose a generator 3 € A"~V,. Then we have a
nonzero linear map to the one-dimensional A" *1V:

eg: ALY 5 ALY s a A B

Its kernel is a hyperplane whose complement defines a principal open subset of
P(A4F1V) that we shall denote by P(A?t1V)g. Such principal open subsets cover
P(A?1V) (to see this, choose a basis (s, .. .,&,) of V and observe that if Vi, runs
over the codimension d subspaces of V spanned by basis vectors, then P(A4T1V)q
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runs over a collection of principal open subsets defined by the basis (e7)|7j—44+1 of
ALY,

Lemma 7.4. The preimage of P(A“*1V)g under the Pliicker embedding 4 is the
affine space Gry(P)¢g and 0 maps this affine space isomorphically onto its image.

PROOF. Let Vo C V be the linear subspace defining () and let 5 be a generator
of A"=4V as above. If o € AYTV is fully decomposable and hence generates
AW for a unique (d + 1)-dimensional subspace W C V, then W N Vg = {0} if
and only if a A 8 # 0: if W NV, contains a nonzero vector v then both « and § are
divisible by v and so a A 8 = 0 and if W NV = {0}, then we have a decomposition
V =W @& Vg and so a A 8 # 0. This implies that 6 'P(AT1V) 5 = Gry(P)g.

Let us now express the restriction § : Grq(P)g — P(AY*!V)g in terms of
coordinates. Choose a basis (go,...,&,) for V such that (e441,...,&,) is a basis
for Vg and let 8 := eq11 A --- Agy,. If Wy C V denotes the span of ¢o,...,&q,
then Gry(P)q is identified with the affine space Hom(Wj, V) = Ald+1)x(n=d) of
(d+1) x (n — d)-matrices via

(a))o<i<d<j<n — k-spanin V of the d + 1 vectors {e; + D i—di ale;td,,

K3
so that § is given by
(a})o<i<d<j<n = (g0 + E;‘l:dJrl apej) Ao Aleqd + Z?:dJrl age;)-
The coefficient of £;, A --- A g;, is a determinant of which each entry is 0, 1 or
some a] and hence is a polynomial in the matrix coefficients a]. It follows that
this restriction of § is a morphism. Among the components of § we find the matrix
coefficients themselves, for a] appears up to sign as the coefficient of eg A --- A& A

-+ AN gg Agj. Since these generate the coordinate ring of Hom(Wj, Vp), it follows
that § defines a closed immersion of Gry(P)q in P(AYT1V)g. O

Corollary 7.5. The Pliicker embedding realizes Grq(P) as a smooth irreducible
subvariety of P(A*1V) of dimension (n — d)(d + 1). This structure makes each
subset Grq(P)g open and isomorphic to affine (n — d)(d + 1)-space in a way that is
compatible with the one obtained in Lemma 7.1.

PROOF. Every two open subsets of the form Gr;(P)q a have nonempty inter-
section and so Grg(P) is irreducible. The rest follows from the previous corol-
lary. O

REMARK 7.6. The image of Gr4(P) is a closed orbit of the natural SL(V')-action
on P(AT1V). It lies in the closure of any other SL(V')-orbit(®).

EXERCISE 66. Let V be a finite dimensional k-vector space. For every linear
subspace W C V we identify (V/W)* with the subspace of V* of linear forms on
V' that are zero on W. Prove that for every 0 < r < dimV the resulting map
Gr, (V) = Graimv—-(V*) is an isomorphism of projective varieties.

EXERCISE 67. Let V and W be finite dimensional k-vector spaces and let r be
a nonnegative integer < min{dim V, dim W}.

(a) Prove that the subset Hom,.(V, W) C Hom(V, W) of linear maps of rank r
is a (locally closed) subvariety of Hom(V, W).

In representation theory it is shown that A%t1V is an irreducible representation of GL(V') and
that the fully decomposable elements in A%+1V consist of its highest weight vectors.
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(b) Prove that the map Hom,.(V, W) — Grgimv—-(V) resp. Hom,.(V, W) —
Gr, (W) which assigns to ¢ € Hom,(V,W) its kernel resp. image is a
morphism.

(c) Prove that the resulting morphism Hom,.(V, W) — Graimv—r(V)xGr,. (W)
is trivial over any product of principal open subsets with fiber the general
linear group GL, (k). Conclude that Hom,.(V, W) is smooth of codimen-
sion (dimV — r)(dim W —r).

The Grassmannian of hyperplanes in a projective space is itself a projective
space (see Exercise 63). So the simplest example not of this type is the Grassman-
nian of lines in a 3-dimensional projective space. To see what this is like, let be
given a vector space V of dimension 4. On the 6-dimensional space AV we have a
homogeneous polynomial F : A2V — k of degree two defined by

Fla):=ahae NV =k

(the last identification is only given up to scalar and so the same is true for F'). In
coordinates F' is quite simple: if eq, ..., e4 is a basis for V, then (e; A e¢;)1<i<j<a iS
basis for A2V. So if we label the homogeneous coordinates of P(A2V) accordingly:
[Th9:---:T54], then F is given by

F(Tig,...,T34) =T12T34 —Th 3724 + T1,4T5 3.

Notice that F' is irreducible. Its partial derivatives are the coordinates themselves
(up to sign and order) and so F' defines a smooth quadric hypersurface of dimension
4 in a 5-dimensional projective space.

Proposition 7.7. The image of the Pliicker embedding of G (P(V)) in P(A%V) is
the zero set of F.

PROOF. The image of the Pliicker embedding is of dimension 4 and so must be
a hypersurface. Since the zero set of F' is an irreducible hypersurface, it suffices to
show that the Pliicker embedding maps to the zero set of F. For this, let a be a

generator of A2 for some linear subspace W C V of dimension 2. If e, ..., e, is
a basis of V such that o = e A eq, then it is clear that oo A « = 0. This proves that
the Pliicker embedding maps to the zero set of F'. O

The smooth quadric hypersurfaces of the same dimension are isomorphic to
one another and so this proposition shows that any smooth quadric hypersurface
of dimension 4 is isomorphic to the Grassmannian of lines in a three dimensional
projective space.

EXERCISE 68. Let P be a projective space dimension 3. Prove for a given ¢ € P,
the lines in P through ¢ define a copy of a projective plane Gry(P;q) C Gry(P).
Prove also that for a given plane Q C P, the lines in ) define a copy of a projective
plane in Gr; (P; Q) C Gry(P). What is Gr1(P;q) N Gr1(P; Q) like?

REMARK 7.8. The image of the Pliicker embedding Grq(P) «— P(A**V) is in fact al-
ways the common zero set of a collection of quadratic equations, called the Pliicker relations.
To exhibit these, we first recall that every ¢ € V* defines a linear ‘inner contraction’ map
Lty : NV — A*V of degree —1 characterized by the fact that for v € V, 14(v) = ¢(v) €
k= A and for o € APV, B € A*V, 1y(a A B) = ty() A B+ (—1)Pa A 1 (B). Under the
natural isomorphism End(V, V) 2 V ® V*, the identity of V' defines a tensor in V ® V*. The
wedge-contraction with this tensor defines a linear map By : A°V @ AV — A*V @ A*V of
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bidegree (1, —1). Concretely, if (eo, ..., e) is a basis of V and (eg, . .., e;,) is the basis of V*
dual to (eo,...,en), then

By(a® ) :=>"_(aNer)® (texB).
Notice that if W C V is a subspace, then By is just the restriction of By to A*W @ A*W.
So if a € ATV s fully decomposable so that o € AT'W for some (d + 1)-dimensional
subspace W C V, then By (a ® @) = Bw (a ® a) = 0. This is the universal Pliicker relation.

Conversely, any nonzero o € A%tV for which By (o ® a) = 0 is fully decomposable.
The proof proceeds with induction on n. For n = 0 there is nothing to show. Assume
n > 1, let e € V be nonzero and let V' C V be a hyperplane not containing e. If we write
a=a +eAa’ with o/,a” € A*V’, then the component of B(aw ® ) in A°V' @ AV’
is By (o’ ® ') and so o is zero or fully decomposable by our induction hypothesis: there
exists a subspace W’ C V' of dimension d + 1 such that o/ € A*"'W’. Then the vanishing
of the component of B(a ® a) in A*V’' @ e A (A*V’) is seen to imply that t,a” = 0 for all
¢ € (V//W')* C V'*. This means that o/’ € AYW’. So if we put M := ke + W', then
dim M = d + 2 and a € A" M. But then a € 1, A*™ M for some nonzero ¢ € M*. Then
a is a generator of A% Ker(¢) and hence fully decomposable.

Let us rephrase this in terms of algebraic geometry: every nonzero linear form ¢ on
A2V @ ATV, determines a quadratic form Q, on A“T!V defined by a + £(B(a, a)) whose
zero set is a quadratic hypersurface in P(A“"!V). This hypersurface contains the Pliicker
locus and the latter is in fact the common zero set of the Q,, with £ running over the linear
forms on A2V @ A?V. It can be shown that the Q, generate the full graded ideal defined
by the Pliicker locus. The quadratic forms Q, are called the Pliicker relations(®).

8. Fano varieties and the Gaufd map
The Fano variety of a projective variety is defined in the following proposition.

Proposition-definition 8.1. Let X be a closed subvariety of the projective space
P. If d is an integer between 0 and dim P, then the set of d-linear subspaces of P
which are contained in X defines a closed subvariety F;;(X) of Gry(P), called the
Fano variety (of d-planes) of X.

PROOF. An open affine chart of Gry(P) is given by a decomposition V' =
W & W with dimW = d+ 1 and dim W’ = n — d and is then parametrized by
Hom (W, W') by assigning to A € Hom (W, W’) the graph of A. It suffices to prove
that via this identification F;(X) defines a closed subset of Hom(W, W”).

Choose homogeneous coordinates [T : - - - : T),] such that W resp. W' is given
by Tyi1 = -+ =T, =0resp. Ty = --- T4 = 0. A linear map o« € Hom(W, W’)
is then given by a*Tyy; = Z?:o a{Tj, i =1,...,n —d. It defines an element of
Fy(X) if and only for all G € Up,>01n(X), G(To, ..., Tq, &*Tgq1,...a*T,) is iden-
tically zero as an element of k[T, ..., T,]. This means that the coefficient of every
monomial 7" - - - T;** in such an expression much vanish. Since this coefficient is
a polynomial in the matrix coefficients ag of «, we find that the preimage of F;(X)
in Hom(W, V") is the common zero set of a set of polynomials and hence is closed
therein. O

ExaMPLE 8.2. Consider the case of a quadratic hypersurface X C P(V') and
assume for simplicity that char(k) # 2. So X can be given by a nonzero quadratic
form F € k[V],. With F is associated a symmetric bilinear form B : V x V — k

bThese show up in the algebro-analytic setting of the Sato Grassmannian (for which both d and
n — d are infinity) and are then known as the Hirota bilinear relations.
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defined by B(v,v") = F(v+v") — F(v) — F(v") so that B(v,v) = 2F(v) (so nonzero,
because char(k) # 2). Since we have F(p + tv) — F(v) = tB(p,v) + t*F(v), the
partial derivative of F' in the v direction is the linear form B, € V* = k[V]; defined
by v € V — B(p,v). Let us assume that X is smooth. This means that the partial
derivatives of F' have no common zero in P(V'). This amountsto B : V x V — k
being nonsingular in the sense that B, is zero only when p = 0. In other words,
b:p eV — B, € V*is an isomorphism. A subspace W C V determines an
element of the Fano variety of X precisely when F is zero on W. This implies that
B is identically zero on W x W. So b maps W to (V/W)* C V*. Since b is injective,
this implies that dim W < dim(V/W), in other words that diim W < § dim V.

This condition is optimal. It not difficult to show that we can find coordinates
(T, ,T,) such that F = 15" T,T,_; so that B(v,v') = Y1 vl,_,; (the
matrix of B is the unit antidiagonal). If for instance dim X is even, say 2m (so that
n = 2m + 2), then let W resp. W’ be the linear subspace defined by T;,,11 = -+ =
Tomy1 = 0 resp. To = --- = T,, = 0. Note that V = W & W’ and that both [I¥]
and [W’] are in F,,,(X). The vector space Hom(W, W’) describes an affine open
subset of the Grassmannian of m-planes in P(V). An element @ € Hom(W, W’)

is given by o*T,,_; = Z;”:O a;;T;, ¢ = 0,...,m. The corresponding m-plane is
contained in X precisely when F(Ty, ..., T, Tyt ..., 05T,) = ZZ;:O a;; T;T;

is identically zero, i.e., if (a;;) is antisymmetric. It follows that [W] € F,,,(X) has a
neighborhood isomorphic to an affine space of dimension (™ 1) =im(m+1). In
particular, F,,,(X) is smooth.

EXERCISE 69. Let X be a quadratic hypersurface P(V') of odd dimension 2m+1
and assume that char(k) # 2. Prove that F,,,+1(X) = () and that F,,,(X) # 0. Prove
that F,,,(X) is a smooth variety and determine its dimension.

EXERCISE 70. Let X C P" be a hypersurface of degree d and let 0 < m < n.
Prove that the intersection of F,,(X) with a standard affine subset of Gr,, (P"™) is

given by (1) equations.

EXERCISE 71. Consider the universal hypersurface of degree d in P, H C
n+d)_1

pr x p("d

(a) For every m-plane Q C P”, let Y, denote the set of z € P(ngd)*l for which
the corresponding hypersurface H, contains ). Prove that Y, is a linear

n+4d
subspace of P("4") =1 of codimension (.

(b) Let Y C IF’(":lrd)_l be the set of z € P("L;d)_l for which H, contains an

m-plane. Prove that Y is a closed subset of P("")=1 of codimension at
most (m;d) — (m+1)(n—m).
(c) Prove that the family of m-planes contained in a generic hypersurface of
degree d in P" is of dimension (m + 1)(n — m) — ("/") or empty. In
particular, this is a finite set when (m + 1)(n —m) = (™14 ().

Let P be a projective space and let X be an irreducible closed subset of P of
dimension d. For every smooth point p € X, there is precisely one d-dimensional
linear subspace T'(X, p) of P which contains p and has the same tangent space at

For instance, every cubic surface in P? (so here n = 3, d = 3 and m = 1) contains a line. If it is
smooth, then it contains in fact exactly 27 lines. This famous result due to Cayley and Salmon published
in 1849 is still subject of research.
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p as X. In other words, it is characterized by the property that the ideals in Op,,
defining X resp. T(X, p) have the same image in Op,, /mB .

Proposition-definition 8.3. The map G : p € X,oq — [T(X,p)] € Gry(P) is a
morphism, called the Gaus map(®).

PROOF. We assume P identified with P(V') for some vector space V' of dimen-
sion n + 1 so that the Gauf3 map takes its values in Grgy1(V). Let p, € X,z and
choose a choose a basis (T, . .., T},) for V* such that p, € Py, = A" We regard X,
as a closed subset of A™. Theorem 11.15 of Ch. 1 tells us that there exists a princi-
pal neighborhood U of p, in P, and f1,..., fn—a € k[U] which define X NU in U
and are such that for all p € X N U, T, X is defined by df;(p) =0, j=1,...,n —d.
Then for p € X N U, G(p) is the affine subspace of A™ defined as the common zero
set of the n — d affine-linear equations ;" , gi L(p)(t; — p;) = 0, or in homoge-

neous coordinates, » .-, g;: L (p)(T; — piTo) = 0 (so this is the intersection of n — d
hyperplanes of P(V')).

We can now show that G| X NU is a morphism. With the help of Exercise 66 we
see that the map which assigns to a (d+1)-dimensional subspace of V' its annihilator
in V* (which is an (n — d)-dimensional subspace of V'*) defines an isomorphism of
Grgs1(V) onto Gr,,_gq(V*). Via this isomorphism, the Gauf} map takes its values in
Gr,,—4(V*) and assigns to p € X N U the span of the n — d linearly independent
covectors > 9f; (p)(T; — piTo), j = 1,...,n — d. Composed with the Pliicker

i=1 9z,
embedding Grn,d(V*) — P(A"~4V*) this gives the map
"~ 0 Ofn —dyr*
peXNU [ aﬁl( WTi —piTo) A Z J;x < (p)(T; — pZT())] e P(A"4V).
i=1 ¢

Its coordinates are clearly regular functions on X N U and so the associated map
X NU — Gry,_q(V*) is a morphism. O

REMARK 8.4. The closure of the graph of the Gauss map in X x Gry(P) is called
the Nash blowup of X. Its projection to X is clearly an isomorphism over the open-
dense subset X, and hence birational. A remarkable property of the Nash blowup
is that the Zariski tangent space of each of its points contains a distinguished d-
dimensional subspace (prescribed by the second projection to Gry(P)) in such a
manner that these subspaces extend the tangent bundle of X, in a regular manner.

9. Multiplicities of modules

Bézout’s theorem asserts that two distinct irreducible curves C, C’ in P? of de-
grees d and d’ intersect in dd’ points. Strictly speaking this is only true if C' and C’
intersect as nicely as possible, but the theorem is true as stated if we count each
point of intersection with an appropriate multiplicity. There is in fact a generaliza-
tion: the common intersection of n hypersurfaces in P has cardinality the product
of the degrees of these hypersurfaces, provided that this intersection is finite and
each point of intersection is counted with an appropriate multiplicity. One of our

8Thus named because it is related to the map that Gaul$ studied for an oriented surface ¥ in
Euclidian 3-space [E3: it is then the map ¥ — S2 which assigns to p € ¥ the unit outward normal vector
of ¥ at p.
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aims is to define these multiplicities. The tools from commutative algebra that we
use for this have an interest in their own right.

DEFINITION 9.1. We say that an R-module has length > d if there exist a d-step
filtration by submodules M = M° > M' O --. O M<? = {0}. The length of M is the
supremum of such d (and so may be o).

EXERCISE 72. Suppose R is a noetherian local ring with maximal ideal m and
residue field K. Prove that the length of a finitely generated R-module M is finite
precisely when m? )/ = 0 for some d and is then equal to Zf;ol dimg (m*M/miTtM).

Prove that if R is a K-algebra, then this is also equal to dim g (M).

In the remainder of this section R is a noetherian ring and M a finitely generated
(and hence noetherian) R-module.

Recall that if p is a prime ideal of R, then R, is a local ring with maximal ideal
pR, whose residue field can be identified with the field of fractions of R/p. We
define M, := R, ®r M. So this is a R,-module.

REMARK 9.2. We can describe M, and more generally, any localization S™'R ®r M,
as follows. Consider the set S~ M of expressions m/s with m € M and s € S with the
understanding that m/s = m'/s’ if the identity s”s'm = s’ sm holds in M for some s” € S
(so we are considering the quotient of S x M by an equivalence relation). Then the following

rules put on S~ ' M the structure of a R-module:

m/s—m'/s = (s'm —sm')/(ss"), r -m/s:=rm/s.
The map S™'R x M — S™'M, (r/s,m) — (rm)/s is R-bilinear and hence factors through
an R-homomorphism S™'R ®zr M — S 'M. On the other hand, the map S™*M —

ST'R ®r M, m/s — 1/s ®r m is also defined: if m/s = m'/s’, then s"(s'm = sm)
for some s” € S and so

1/s@rm=1/(ss's")@rs"s'm=1/(ss's")Qr s"sm =1/s' @r m.

It is an R-homomorphism and it immediately verified that it is a two-sided inverse of the
map above. So ST'R®r M — S~'M is an isomorphism.

This description shows in particular that if N C M is a submodule, then S~'N may be
regarded as submodule of S~ M (this amounts to: S-localization is an exact functor on the
category of R-modules).

DEFINITION 9.3. The multiplicity of M at a prime ideal p of R, denoted s, (M),
is the length of M, as an R,-module.

In an algebro-geometric context we may modify this notation accordingly. For
instance, if we are given an affine variety X and an irreducible subvariety Y, then
we may write py (-) for p,(-) , where it is understood that R = k[X] and p = I(Y').

REMARK 9.4. Let X be avariety, x € X and Z C Ox , an ideal with VI = mx .
Somy , CTCmx, for some positive integer r. Then dimy (Ox ,/Z) is finite (since
dimy (Ox . /m’ ) is) and according to Exercise 72 equal to the length of Ox ./ as
an Ox ,-module and hence to the multiplicity of Ox . /Z at the maximal ideal mx ,.
In agreement with our convention, we will denote this multiplicity by u,(Ox ./Z).
If X is affine and we are given an ideal I C k[X] whose image in Oy , is Z, then
Ox /T is the localization of k[X]/I at « and so p,(k[X]/I) = p(Ox/I) =
dimy(Ox 5 /Z). Note that « is then an isolated point of Z(I).



90 2. PROJECTIVE VARIETIES

If X is smooth at = of dimension n and I has exactly n generators fi,..., fn,
then we will see that p,(Ox »/(f1,..., fn)) = dimg(Osn ,/(f1,..., fn)) can be in-
terpreted as the multiplicity of p as a common zero of f1,..., f,.

We wish to discuss the graded case parallel to the ungraded case. This means
that when R is graded, R = &5°,R;, then we assume M to be graded as well, that
is, M is endowed with a decomposition as an abelian group M = &;cz M, such that
R; sends M, to M;; (we here do not assume that M; = 0 for ¢ < 0). For example,
a graded ideal in R is a graded R-module. In that case we have the notion of graded
length of M, which is the same as the definition above, except that we only allow
chains of graded submodules.

CONVENTION 9.5. Given an integer [ and a graded module M over a graded
ring, then M|[l] denotes the same module M, but with its grading shifted over [,
meaning that M[l]; :== M;,.

Note that with convention, if M is homogeneous of degree 0, then M][l] is
homogeneous of degree —I.

Let us call a (graded) R-module elementary if it is isomorphic to R/p ((R/p)[I]),
for some (homogeneous) prime ideal p (and some [ € Z).

Given a (graded) R-module M, then every m € M (m € M;) defines a homo-
morphism or R-modules r € R — rm € M. Its kernel is a (graded) ideal of R, the
annihilator Ann(m) of m, so that M contains a copy R/ Ann(m) (R/ Ann(m)[l]) as
a (graded) submodule.

Lemma 9.6. Let M be a finitely generated nonzero (graded) R-module. Then
the collection of annihilators of nonzero (homogeneous) elements of M contains a
maximal element and any such maximal element is a (homogeneous) prime ideal
of R. In particular, M contains an elementary (graded) submodule.

PROOF. We only do the graded case. The first assertion follows from the noe-
therian property of R. Let now Ann(m) be a maximal element of the collection
(so with m € M homogeneous and nonzero). It suffices to show that this is a
prime ideal in the graded sense (see Exercise 57), i.e., to show that if a,b € R are
homogeneous and ab € Ann(m), but b ¢ Ann(m), then a € Ann(m). So bm # 0
and a € Ann(bm). Since Ann(bm) 2 Ann(m), the maximality property of the latter
implies that this must be an equality: Ann(bm) = Ann(m), and so a € Ann(m). O

Corollary 9.7. Every finitely generated (graded) R-module M can be obtained as
a successive extension of elementary modules in the sense that there exists a finite
filtration by (graded) R-submodules M = M° > M' D ... 2 M? = {0} such that
each quotient M7 /M’*1, j =0,...,d — 1, is elementary.

PROOF. We do the graded case only. Since M is noetherian, the collection
of graded submodules of M which can be written as a successive extension of
elementary modules has a maximal member, M’, say. We claim that M’ = M. If
M /M’ were nonzero, then it contains an elementary submodule by Lemma 9.6. But
then the preimage N of this submodule in M is a successive extension of elementary
modules which strictly contains M’. This contradicts the maximality of M. O

The annihilator of M, Ann(M), is the set of r € R with rM = 0. It is clearly
an ideal of R. We denote by P(M) the set of prime ideals of R which contain
Ann(M) and are minimal for that property. According to Proposition 2.17 these are
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finite in number and their common intersection equals y/Ann(M) (recall that R is
noetherian). In the graded setting, Ann(M) is a graded ideal and then according
to Lemma 2.3 the members of P(M) are all graded.

Proposition 9.8. In the situation of the preceding proposition, let p(’) be the prime
ideal of R such that M7 /M7+! = R/p(). Then P(M) is the set of minimal members

of the collection {p(/) ?;5 and for every p € P(M), p,(M) is finite and p occurs

precisely j, (M) times in the sequence (p(®, ... pld=Y).

PROOF. We first show that /Ann(M) = p@ N-..npld=D Ifr € p©O ... N
p(@=1), then » maps M7~! to M7 and so % € Ann(M) and hence r € \/Ann(M).
Conversely, if r € R and | > 1 are such that ' € Ann(M), then for all j, r! € p(¥)
and hence r € p). This proves that \/Ann(M) = p©® N ... N p(@=1, Since every
prime ideal containing p(®) N- - -Np(¢=1) contains some p{/) it also follows that P (M)
is the collection of minimal members of {p()}9= 1.

Fix p € P(M). An inclusion of R-modules induces an inclusion of R,-modules
(but as we will see, a strict inclusion may become an equality). So we have a
filtration M, = M 2 --- 2 M¢ = {0} and MJ/M}*" = R,/pU)R,. Either
pl9) = p, and then the latter is equal to the residue field R,/pR, and hence of
length 1. Or p\¥) # p, and then we cannot have p(¥) C p by the minimality of p.
So there exists an 7 € p¥) \ p. This means that /1 € pl9) R, is invertible so that
p R, = R,, or equivalently Mg /Mg *1 — 0. Following our definition the first case
occurs precisely i, (M) times. O

We can of course pass from the graded case to the nongraded case by just
forgetting the grading. But more interesting is the following construction, which
we shall use to pass from a projective setting to an affine one and vice versa. The
example to keep in mind is when our graded ring is k[Cone(X)], with X a closed
subset X C P(V). If p C k[Cone(X)] is the graded prime ideal which defines a
point p € X, we then want to express the local ring Ox , in terms of k[Cone(X)]
and p and show that the multiplicity of a graded k[Cone(X)]-module M at this line
is the same as that of an associated Ox ,-module M,, at p. See Corollary 9.9 and
Example 9.10 below.

Let p C R be a graded prime ideal and let us write m, for the maximal ideal
pR, of thering R,. Given [ € Z, let R, ; denote the set of homogeneous fractions of
degree [ in R, i.e., that are representable as r/s with r € R;;; and s € R; \ p; for
some ¢ and put R, , := ®jez Ry and my, , :=my,NR, ,. Notethat R, o C R, , C R,
are ring inclusions of which R, o and R, are local rings (the maximal ideal m, o of
R, is obtained by taking in the previous sentence r € p;), but R, . has maximal
ideals other than m, , (see below).

Suppose now that p; # R; and choose s € Ry \ p; so that 1/s € R, ;.
Then multiplication with s' defines an R, o-module isomorphism of R, o & Ry,
(the inverse is given by multiplication with s=!). So R, is the ring of Laurent
polynomials Ry o[s,s™!] with m,, corresponding to m, o[s,s~!]. It follows that
Rp.o/mp. = (Ryo/mpo)ls,s™']. But R,,/m,, is a subring of the residue field
R, /m, which clearly has the latter as its field of fractions. So we also have a purely
transcendental field extension of residue fields:

Ry/my = (Ry0/myp0)(s) D Ryo/my 0.
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This also makes sense for any graded R-module M by letting M, ; be the set
of fractions m/s with m € M;,; and s € R; \ p; for some i. Note that this is a
R, o-module and that the direct sum M, , := &; M, ; isequal to R, , ®r M.

An R,-module M, /pM, is elementary if and only if it is isomorphic to a shift
of the big residue field R,/m,. And this is equivalent to M, o/m, oM, being
isomorphic to a shift of the small residue field R, o/m, o, which simply means that
the R, o-module M, o/m, oM, is elementary.

Corollary 9.9. In this situation (so with the setting noetherian and p; # R;) we
have i, (M) = pim, o(My o).

PROOF. An iterated extension M = M° 2 M! D ... D M9 = {0} of M by
elementary graded R-modules yields an iterated extension of M, resp. M, by
trivial or by elementary R, resp. R, o-modules. The corollary then follows from
the observation that a successive quotient M /Mj*" is obtained from Mio /Mgfgl
by extension of scalars (from the small residue field to the big one). In particular,
Mj /M ™" is nonzero if and only M,Z,O/MS,El is. O

We use this observation mainly via the following example.

EXAMPLE 9.10. Let V be a vector space of dimension n + 1, J C k[V] a ho-
mogeneous ideal and p € P(V') an isolated point of the closed subset Z[.J] C P(V)
defined by J. We take here M := k[V]/J and take for p the graded ideal I,, C k[V]
defining p. Then k[V];, o can be identified with the local k-algebra Op (v ,,. If 7, €
Op(v),p denotes the ideal corresponding to J;, o C k[V]y, 0, then /7, = mp()
and we can identify M;, o with Opy,,/J,. According to the above discussion
pr, (k[V1/J) = pp(Opvy,p/ Jp) and by Exercise 72 this is just dimy (Opev),p/ Tp)-

10. Hilbert functions and Hilbert polynomials

We shall be dealing with polynomials in Q[z] which take integral values on in-
tegers. Such polynomials are called numerical. An example is the binomial function

of degree n > 0:
(z) 2z-1)(z=2)---(z—n+1)

n n!

It has the property that its value in any integer 7 is an integer, for ¢ > n this is an
ordinary binomial coefficient and hence an integer, for : < —1 this is so up to sign,
for then we get (—1)”("‘;_") and for0 <i<n-—1itisO.

Let A : Q[z] — Q]z] denote the difference operator: Af(z) := f(z+1) —
f(2). This is a Q-linear map with kernel Q and has the property that it decreases
the degree of nonconstant polynomials. It clearly sends numerical polynomials to
numerical polynomials and a simple verification shows that it maps (,,%,) to (Z).

Let us say that a function f : Z — Z is eventually numerical of degree d if there
exists a P € Qlz] of degree d such that f(n) = P(n) for n large enough. It is clear
that this P is then unique; we call it the numerical polynomial associated to f.

Lemma 10.1. Every P € Q[z] which is eventually numerical is in fact numerical
and a Z-basis of the abelian group of numerical polynomials is provided by the
binomial functions.

If f:Z — Z is a function such that Af is eventually numerical of degree d,
then f is eventually numerical of degree d + 1, unless f is eventually zero.
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PROOF. The first assertion is proved with induction on the degree d of P. If
d = 0, then P is constant and the assertion is obvious. Suppose d > 0 and the
assertion known for lower values of d. So AP(z) = Y%} ¢;(?) for certain ¢; € Z.

Then P(2) — Y0 e, 71) is in the kernel of A and hence is constant. As this
expression takes integral values on large integers, this constant is an integer. This
proves that P is an integral linear combination of binomial functions.

The proof of the second assertion is similar: let Q € Q[z] be such that Q(i) =
Af(i) € Z for large i. By the preceding, Q(z) = >, ¢;(}) for certain ¢; € Z. So if
we put P(2) := 3, ¢i(, ), then P is a numerical polynomial with A(f — P)(i) =0
for large . This implies that f — P is constant for large i, say equal to ¢ € Z. So
f(@) = P(i) + c for large ¢ and hence P + ¢ is as required. O

We shall see that examples of such functions are furnished by the Hilbert func-
tions of graded noetherian modules.

REMARK 10.2. A function f : Z — Z which is zero for sufficiently negative integers de-
termines a Laurent series Ly := 3, _, f(k)u* € Z((u)). For the function k — max{0, ()1
this gives

k(k—1)---(k—n+1) , u™ d" gooutdto1 u” U \n
> > u = (="

n! YTl qun _Hdunl—u:(l—u)“: 1—u

k>n k>0

So if we also know that for sufficiently large integers f is the restriction of a polynomial
function, then Lemma 10.1 implies that Ly € Z[u][1].

In the remainder of this section V is a k-vector space of dimension n+ 1 (we allow
n = —1). We equip k[V] with the usual grading (for which each linear form on V has
degree one) and view it as the homogeneneous coordinate ring of P(V). A k[V']-module
is always assumed to be graded and finitely generated.

Let M be a finitely generated graded k[V]-module. Then for every i € Z, M; is
a finite dimensional k-vector space and so we may define the Hilbert function of M,
¢m 2 Z — Z, by ¢ppr(i) := dimy, M;. For example, the Hilbert function of k[V] itself
isi— (”” and so is given by a numerical polynomial of degree n.

The graded ideal Ann(M) defines a closed subset of P(V') that is called the
(projective) support of M and denoted supp(M). It is clear that if N is a graded
submodule of M, then dimy M = dimy N + dimg(M/N) and so we have ¢ =
¢N +dn/n- We also observe Ann(N)NAnn(M/N) has the same radical as Ann(M)
(in fact, Ann(M) C Ann(N) N Ann(M/N) and the square of Ann(N) N Ann(M/N)
is contained in Ann(M)). It follows that supp(M) = supp(N) U supp(M/N).

Theorem-definition 10.3 (Hilbert-Serre). Let M be a graded finitely generated
k[V]-module. Then ¢, is eventually numerical of degree dimsupp(M) (where
we agree that the zero polynomial has the same degree as the dimension of the
empty set, namely —1). Its associated numerical polynomial is called the Hilbert
polynomial of M and denoted Py, € Qlz].

PROOF. If N is a graded submodule of M such the theorem holds for N and
M/N, then by the observations above, it will hold for M. As M is a successive
extension of elementary modules, it therefore suffices to do the case M = A[l],
where A = k[V]/p with p a graded prime ideal. But ¢ 4p;1(i) = ¢ (i + ) and since
the degree of a polynomial does not change after the substitution z — z + I, we
only need to do the case M = A.
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So now supp(A4) = Z[p] is the closed irreducible subset of P(V') defined by the
graded ideal p. We proceed with induction on dim Z[p]. When dim Z[p] = —1 (or
equivalently, Z[p] = (), then p = k[V]; and A = Ay = k, and so 4; = 0 for ¢ > 0.
Hence P, is identically zero, so of degree —1 by convention.

Suppose therefore dim Z[p] > 0. Then p # k[V],, so that there exists a T €
k[V]; = V* that is not in p;. Denote by V' C V its zero hyperplane. Since k[V]/p is
a domain, multiplication by T" induces an injection A — A (increasing the degree
by one) with cokernel A’ := A/T A and so

par(i) = da(i) — dali —1) = Aga(i —1).
Since Ann(A4’) = p + (T), we have supp(4’) = supp(A) N P(V’). According to
Proposition 6.2 we then have dimsupp(A’) = dimsupp(A) — 1. Our induction
hypothesis tells us that ¢ 4. is eventually numerical of degree dim supp(A4’). Lemma

10.1 then implies that ¢4 is eventually numerical of degree dimsupp(A’) +1 =
dim supp(A). O

REMARK 10.4. For M as in this theorem we may also form the Laurent series Ly (u) :=
>, dim(M;)u’ (this is usually called the Poincaré series of M). It follows from Remark 10.2
and Theorem 10.3 that if Pys(2) = 30 ¢; (*7), then Las(u) — 30 ci(7%)" € Z[u].

3

1—u

Lemma 10.1 shows that when P, is nonzero, then its leading term has the
form cq2?/d!, where d is the dimension of supp(M) and ¢, is a positive integer.
This observation leads to a notion of degree (which should not be confused with
the degree of Py,):

DEFINITION 10.5. If d = dimsupp(M), then the (projective) degree deg(M)
is d! times the leading coefficient of its Hilbert polynomial (an integer, which we
stipulate to be zero in case supp(M) = ). For a closed subset Y C P(V), the Hilbert
polynomial Py resp. the degree deg(Y") of Y is that of k[V]/I(Y) as a k[V]-module.

REMARK 10.6. The homogeneous coordinate ring of a singleton {y} C P(V)
is isomorphic to k[T] and so we we have ¢,,(i) = 1 for all i > 0. Hence Py, is
constant equal to 1. In particular, {y} has degree 1. So if Y C P(V) is nonempty,
and y € Y, then ¢y (i) > ¢y,y(i) = 1 for all i > 0. Hence Py is nonzero with
positive leading coefficient, and so Y has degree > 1.

EXERCISE 73. Let M be a finitely generated k[V]-module and ¥ C P(V) is
projective variety.

(a) Suppose M not of finite length. Prove that there is a unique integer d > 0
such that i — A%, (i) is a nonzero constant for i sufficiently large. Show that d is
the dimension of the support of M and that the constant is its degree.

(b) Prove that if Y C P(V) is projective variety, then there exists a nonempty
open subset of linear subspaces ) C P(V) of dimension equal to the codimension
of Y in P(V') which meet Y in exactly deg(Y") points. (This characterization is in
fact the classical way of defining the degree of Y.)

EXERCISE 74. Compute the Hilbert polynomial and the degree of
(a) the image of the d-fold Veronese embedding of P" in p(": )*1,

(b) the image of the Segre embedding of P™ x P" in Pmntm+n,

EXERCISE 75. Let Y C P™ and Z C P" be closed and consider Y x Z as a closed
subset of P+ yia the Segre embedding. Prove that the Hilbert function resp.
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polynomial of Y x Z is the product of the Hilbert functions resp. polynomials of the
factors.

We may now supplement Theorem 10.3 as follows. Let M be as in that theo-
rem: a finitely generated graded k[V]-module. Recall that P(M) denotes the set of
minimal prime ideals containing Ann(M). For every p € P(M) not equal to k[V]4,
the associated closed subset Z[p] C P(V) is an irreducible component of supp(M)
and all irreducible components of supp(M) are so obtained. Denote by P,(M) the
set of p € P(M) that define an irreducible component of supp()M) of the same
dimension as supp(M).

Proposition 10.7. Let M be a finitely generated graded k[V]-module. Then
deg(M) =) pp(M)deg(Z[p).

PEP,(M)

PROOF. We write M as an iterated extension by elementary modules: M =
MO 2> MY D .o D M? = {0} with M7/MIT! = k[V]/pW[l;]. Then Py(z) =
Z?;é Py jpa (2 4 1j). Now Pyyy/0) is @ polynomial of degree equal to the di-
mension of supp(k[V]/p¥)) = Z[pU)] C P(V). This degree does not change if we
replace the variable z by z + [;. So we only get a contribution to the leading co-
efficient of Py; when pU) € P,(M). For any given p € P,(M) this happens by
Proposition 9.8 exactly j, (M,) times. The proposition follows. O

REMARK 10.8. Note the special case when M has finite support: then P,(M) =
P(M) ~ {k[V]+} and this set is in bijective correspondence with the points of
supp(M). For p € P,(M), Z[p] C P(V) is just a singleton {p} and so by Re-
mark 10.6, deg(Z[p]) = 1. Furthermore, p,(M) is the length of M, as a k[V]-
module and this is by Example 9.10 equal to dimj M,,, where M,, := M, , is a
Opv),p = k[V]p,0.-module of finite length. So the above formula then says that

deg(M) = Zpesupp(M) dimg (Mp).

EXERCISE 76. Let Y C P(V) be closed. Prove that if Y7, ..., Y, are the distinct
irreducible components of Y of maximal dimension (= dimY), then deg(Y) =
22:1 deg(Y5).

We can now state and prove a result of Bézout type.

Proposition 10.9. Let M be a graded k[V]-module and F' € k[V]q such that F' is
not a zero divisor in M. Then deg(M/FM) = ddeg(M).

PROOF. Our assumption implies that the sequence
0— M(—d) 5 M — M/FM —0
is exact. This shows that Py, pas(2) = Py(2) — Py (2 — d). Put e := dim supp(M)
so that Py(z) = >, a;2" /il with a. = deg(M). Since we have z° /il — (z—d)* /il =

dz'='/(i — 1)!+ lower order terms, we find that Py pp(2) = dacz®™"/(e — 1)1+
lower order terms. So deg(M/FM) = da. = ddeg(M). O

Note the special case for which M = k[V] and F is a generator of the ideal
defining a hypersurface H C P(V). Then Py (z) = ("*) and so the degree of M
(which is also the degree of P(V)) is 1 and hence the degree of H is d, just as we
would expect. Here is a first corollary.



96 2. PROJECTIVE VARIETIES

Corollary 10.10. Let P be a projective plane and C' C P be an irreducible (closed)
curve. Then the degree of C is equal to its number of intersection points with
a line L C P not contained in C' when multiplicities are taken into account: if
for every p € C N L, f, € mp, is a local equation for L at p, then deg(C) =

Zpec dimy (Oc,p/(fp))-

PROOF. Choose a homogeneous coordinate system on P. We apply Proposition
10.9: we take for M the homogeneous coordinate ring of C and for F' a linear form
which defines L. Then the proposition tells us that deg(C) is the degree of M/F M.
The latter is a module with support the finite set C' N H whose degree is computed
with the receipe of Remark 10.8. O

We can now also state:

Theorem 10.11 (Theorem of Bézout). Let H; C P(V) be a hypersurface of degree
d; > 0 (¢ = 1,...n), and assume that Z := H; N---N H, is finite. Each H;
determines at p € Z a principal ideal in Op(y ,; denote by Z,, C Op(v) ,, the sum of
these ideals. Then

dldg s dn = Z dimk (OP(V)J,/IP).

pEZ

Here dimy(Op(v),,/Zp,) should be interpreted as the intersection multiplicity
the hypersurfaces Hy, ..., H, at p. So the theorem can be paraphrased as saying
that Hy, ..., H, meetin d;ds - - - d,, points, provided we count each such point with
its intersection multiplicity(g).

We shall need the following result which we state without proof.

*Proposition 10.12. Let R be a regular local ring and let f1,..., f, € mg with
r < dim R be such that dim(R/(f1,..., fr)) = dim R — r. Then the image of f, in
R/(f1,..., fr—1) is not a zero divisor.

This implies the homogeneous version we shall need:

Corollary 10.13. Let » < m + 1 and let Fi,..., F, be homogeneous elements of
k[V] of positive degree such that dim(k[V]/(Fi,...,F,)) = n+ 1 —r. Then the
image of F. in k[V]/(F1,..., F._1) is not a zero divisor.

PROOF. Let G € k[V] be such that F,.G € (Fi,...,F._1). The homogeneous
components of G have then also this property and so it suffices to see that when
G is homogeneous, this implies that G € (Fi,...,F._1). The hypotheses of the
above proposition are fulfilled by the local ring k[V],,, and the images of F7, ..., F.
therein. So the image of F,. in the quotient k[V]/(F1,..., F._1) is not a zero divisor
after localization at o. This means that there exists a H € k[V] with nonzero con-
stant term such that GH € (F},..., F,._1). By taking at both sides the homogeneous
part of degree equal to the degree of G, we then see that G € (Fy,..., F,). O

PROOF OF THEOREM 10.11. Choose a definining equation F; € k[V]q, for H;
and put A’ := k[V]/(Fy,...,F;) (so that A° = k[V]). Then Propositions 10.9
and 10.12 imply that deg(A?) = d; deg(A*~!). Since deg A° = 1, it follows that
deg(A™) = dydy - --d,. The support of A™ is Hy N --- N H, and hence finite. Its
degree is then also computed as ), P, (Am) tp(A™). But according to Remark 10.8
this is just 3 , dim (Op(v) »/Zp)- O

°In the language of schemes, Z is a subscheme of P(V') whose local ring at p € Z is Op(vy ,/Zp-
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EXAMPLE 10.14. Assume char(k) # 2. We compute the intersection multiplic-
ities of the conics C' and C’ in P? whose affine equations are 2% + y?> — 2y = 0
and 22 — y = 0. There are three points of intersection: (0,0), (—1,1) and (1,1)
(so none at infinity). The intersection multiplicity at (0,0) is the dimension of
Ou2 (0,0)/(2? +y* — 2y, 2* —y) as a k-vector space. But Oz (g,0)/ (2% +y? — 2y, x* —
y) = Opio/(z* — 2?) = k[z]/(2?) (for (z? — 1) is invertible in Oy o). Clearly
dimy (k[z]/(2?)) = 2 and so this is also the intersection multiplicity at (0,0). The
intersection multiplicities at (—1, 1) and (1, 1) are easily calculated to be 1 and thus
the identity 2 4+ 1 + 1 = 2 - 2 illustrates the Bézout theorem.

REMARK 10.15. If Y C P™ is closed, then Py (0) can be shown to be an invariant
of Y in the sense that it is independent of the projective embedding. In many ways,
it behaves like an Euler characteristic. (It is in fact the Euler characteristic of Oy
in a sense that will become clear once we know about sheaf cohomology.) For
example, Py z(0) = Py (0)Pz(0).

We have seen that for a hypersurface Y C P" of degree d > 0, Py (z) = (Z:") —
(*~“*" and so Py(0) =1 — ("%") =1 (=1)"(*"). Forn = 2 (so that Y is a

curve), we get Py (0) = 1— 3(d—1)(d—2). The number 1 — Py (0) = 1(d—1)(d—2)
is then called the arithmetic genus of the curve. If the curve is smooth and k& = C,
then we may regard it as a topological surface (a Riemann surface) and g is then
just the genus of this surface (and so Py (0) is half its Euler characteristic). We will

encounter this in the next section.

11. Projective curves

In this section we will see that a finitely generated field extension of % of tran-
scendence degree 1 is the function field of a projective curve and that this curve is
unique up to unique isomorphism. This explains why of properties of and notions
associated with such field extensions admit a complete translation into a geometry.
We subsequently discuss notions like divisor, Riemann-Roch theorem and Serre du-
ality in terms that are particular to curves. (These can be given a meaning for all
projective varieties.)

Function fields of curves. Let C be a smooth curve. We recall from Corollary
Ch. 1, 11.21 that for every z € C, Oc¢, is a discrete valuation ring. Its fraction
field is of course k(C'). We recall from Remark 11.20 of Ch. 1, that thenassociated
with O¢ , is a valuation v,, : k(C)* — Z: it assigns to any f € k(C)* its ‘order of
vanishing’ v, (f) at € C: this is characterized by the property that f is contained

in mz;f,if ) \mvcfif )1 The function v, : k(C')~{0} — Z is a surjective homomorphism
satifying

v (f 4 g) > min{v.(f), v.(9)}-
This property continues to hold if we agree that v, (0) = +oc.
We first use this notion to prove:

Proposition 11.1. Let C be a nonsingular curve. Then every rational map from C
to a projective space is in fact a morphism.

PROOF. Let f : C' --» P™ be a rational map. Let x € C. We prove that
f is regular at « € C. Observe that = has an affine open neighborhood in C
on which there exist rational functions fy, ..., f,, such that f is there of the form
[fo : -+ ¢ fa]. Let r := min;v,(f;). Choose t € mg, \ mg , (a uniformizer:
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v.(t) = 1). Upon replacing each f; with ¢~" f; we still represent f near z, but
we have now arranged that min; v, (f;) = 0. In other words, each f; is a regular
function on a neighborhood of z and at least one of them takes a nonzero value in
x. This just means that f is defined on a neighborhood on z. O

Corollary 11.2. Let K/k be a finitely generated field extension of transcendence
degree 1. Then there exists a nonsingular projective curve whose function field is
k-isomorphic to K. This curve is unique: if C' and C’ are nonsingular projective
curves, then a k-isomorphism k(C) = k(C") is induced by a unique isomorphism
C = (. In particular (take C' = (), the Galois group of K/k can be identified
with the automorphism group of C.

We need:

Lemma 11.3. Let 7 : C — C be a finite morphism of irreducible curves with C
projective. Then C is projective.

PROOF. By assumption C' admits a finite covering {U; }/.,; by nonempty affine
open subsets such that for i = 1,...,m, 7~ 'U; is affine and finite over U;. Let
7~ 'U; < A™ be a closed immersion. By Proposition 11.1 this immersion extends
to a morphism f; : C' — P". It has the property that the preimage of A™ = P7/ is
71U, so that f; is a closed immersion over P77 . Consider the morphism

fi=(f e fm) s C— [, P

Its restriction to 7~ 1U; is a closed embedding and lands in the open subset W; C
[1; P™ defined by having the ith component lie in A™ C P7;. Then f~'W; = n~'U;
and since these open subsets cover C, it follows that f is a closed immersion. The
Segre embedding shows that [ [, P" is projective. Hence C is projective. O

PROOF OF COROLLARY 11.2. The uniqueness assertion is immediate from Propo-
sition 11.1. By Proposition 7.4 of Ch. 1, K = k(C°) for some irreducible affine
curve. Suppose C° closed in A™. Let C be its closure in P" and denote by v : ¢ — C
its normalization. This means that C is smooth. Since v is finite, Lemma 11.3 im-
plies that C is projective. It remains to observe that both ¢’ — C and C° C C
induce k-isomorphisms of function fields. d

REMARK 11.4. If C is as in the preceding corollary, then every « € C defines
a nonarchimedian discrete valuation in K(C) and hence on K. One can prove
that the converse is also true: every nonarchimedian discrete valuation on K(C)
mapping onto Z U {cc} and constant 1 on & \ {0} is defined by a point of C. So we
could define the underlying point set of a projective curve having K as its function
field as the set of such valuations and approach the theory of curves form this angle
(as some authors do).

We also note that when an element f € K is regarded as a rational map C --»
P!, then it is by Proposition 11.1 a morphism f : C' — PL. If f is nonconstant, then
this morphism is dominant and since K has transcendence degree one over k, the
extension of K/k(P') = K/k(t) must be finite. We denote by deg(f) its degree.

In the remainder of this section C' and C’ denote an irreducible smooth projec-
tive curves whose function fields we abbreviate by K its function field.
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Divisors on a curve. A divisor D on C is a Z-valued function on C whose
support supp(D) (the set of z € C for which d, # 0) is finite: D assigns to every
x € D an integer d, € Z such that d, = 0 for all but a finite number of z. In
other words, it is a formal integral linear combination of points of C. Note that the
divisors on C form an abelian group under pointwise addition: it is the free abelian
group Z(©) generated by the set of points of C.

We denote the generator defined by = € C' (its characteristic function) by (z),
so that we may write the divisor D as ) .- d.(x), the sum being finite. The
integer ) .. d, is called the degree of D, denoted deg(D) and defines a surjective
homomorphism deg : 7(©) — 7. The relation D > D’ (taken pointwise, so that
d, > d’, for all z € C) defines a partial order on the group of divisors. We say that
D is effective if D > 0 and we say that D is positive (and write D > 0) if D > 0 and
is nonzero. Obviously any divisor D can be written as D, — D_ with D, and D_
effective. When all the nonzero coefficients of D are 1, we say that D is reduced.

Every nonzero f € K has only finitely many zeroes and poles and hence z +—
v, (f) defines a divisor; we denote it by div(f). Any divisor thus obtained is called
a principal divisor. If f is a nonzero constant, then clearly div(f) = 0. The converse
also holds: if div(f) = 0, then f : C — P! is a morphism which takes its values in
P! \ {0, 00} and since f is closed, f must be constant.

Notice that div(f/g) = div(f) — div(g) and so div defines a homomorphism
K* — 7(©) from the (multiplicative) group of units of K to the (additive) group
of divisors. The cokernel of this homomorphism is called the Picard group of C' and
denoted Pic(C'). So we have an exact sequence

1= kX = KX = 72 5 Pic(C) - 1.

We say that two divisors D and D’ on C are linearly equivalent (and write D = D’)
if they have the same image in Pic(C), in other words, if their difference D — D’ is
a principal divisor.

This construction is functorial in the following sense. Let be given a morphism
7 : C — C' of smooth projective curves.

Assume first that 7 is nonconstant. Since = is closed, this implies that 7(C) =
(', in particular, 7 is dominant. For z € C, we let

e (m) 1= dimg(Oc /7" (Mer 7(2)) O,z

(if t € O¢r x(y) is a uniformizer, then this is also equal to v, (7*t)). We call this
the ramification index of m at x € C. It is clear that e, (7) > 1 with equality for
all but finitely many = € X. For every y € C’, we denote by 7*(y) the divisor
on C which assigns to z € C the value zero unless z € 7~1(y), in which case it
is equal to e, (7). So 7*(y) is a positive divisor with support 7~*(y). We extend
this to a homomorphism 7* : Z(©") — Z(©), Notice that then for every k(C"), we
have 7* div(f’) = div(z*f’). It follows that we have an induced homomorphism
Pic(7) : Pic(C”) — Pic(C).

When 7 is constant, we let Z(¢") — Z(®) and Pic(r) be the zero map.

It is clear from the definitions that when f € k(C) is nonzero, then div(f) =

F7(0) = f(00) = f*((0) = (00)).

EXERCISE 77. Prove that any two divisors on P! of the same degree are linearly
equivalent (so that deg identifies Pic(P') with Z).
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Proposition 11.5. Let 7 : C — C’ be a finite morphism of smooth irreducible
curves so that 7* defines a finite field extension K/K’. Then 7* multiplies the
degree of a divisor by the degree of this extension: for every divisor D’ on C’ we
have deg(m*D’) = [K : K'] deg(D").

For the proof we need the following lemmas.

Lemma 11.6. Let Y be an irreducible smooth affine curve and let M be a finitely
generated k[Y]-module without torsion: Ann(m) = 0 for all nonzero m € M. Then
M is alocally free over Y in the sense that we can cover Y by an affine open subsets
V such that k[V] ®;y] M is a free k[V]-module.

PROOF. We find such a neighborhood V' of any y € Y as follows. Letey, ..., e, €
M be such that (ei,...,e,) projects onto a k-basis of (Oy,,/my,) ®@ky; M. By
Nakayama’s lemma, ey, ..., e, then generate Oy, ®jy] M as a Oy,,-module.

We claim that these elements are in fact a Oy,,-basis of M. Suppose there
eyists a nontrivial relation _._, u;e; = 0 with u; € Oy,, We then choose one with
min; v(u;) minimal. Since this relation becomes trivial in (Oy,,,/my,,) @xy) M, we
must have v(u;) > 1 for all i. Choose a uniformizer ¢ € m. Then v} := u;/t € Oy,,.
Now }"7_, ule; is annihilated by ¢ and so it must be zero (for M is torsion free and
hence so is its localization Oy, ®[y] M). As min; v(w]) = min; v(u;) — 1, we get a
contradiction.

Now let my, ..., ms € M be k[Y]-generators. Then m; = 25:1 fi’e; for certain
fi? € Oy,. So if we take for V a neighborhood of y on which each f,? is regular,
then V is as desired. O

The following is a special case of what is known as the approximation lemma.

Lemma 11.7. Let U be an irreducible smooth affine curve and S C U a finite
subset. Then the natural k-algebra homomorphism k[U] — ©5e50u,s/my;  is onto
for all n > 0.

PROOF. Given n > 0 and an element of ®,csO0y,s/mf; ,, then represent the
latter by (fs € Ouy,s)ses. Let S’ be the union of S and the set of x € U for which
v (fs) < 0 for some s € S. This is a finite set. We then observe that here exists for
every s € S, a ¢s € k[U] which is zero on S’ \ {s} and 1 in s. We can of course
replace ¢, by ¢, = 1 — (65 — 1)* = 26, — ¢2. Since vy(¢), — 1) = v,((¢s — 1)?) >
vs(¢s —1) we can, by iterating this, also arrange that in addition that vs(¢s—1) > n.
For every m > 1, ¢" still has this property, but will then also vanish of order > m
at every point of S’ \ {s}.

It follows that for m > n, f := Y ¢ #%' fs is a regular function on U with the
property that it has the same image in O¢ . /m¢ , as f, forall s € S. O

EXERCISE 78. Show that in the situation of Lemma 11.7, the natural k-algebra
homomorphism k[U \ S] — @sesk(U)/my;  is also onto for all n > 0.

PROOF OF PROPOSITION 11.5. Itis enough to show that for every y € C’, 7*(y)
has degree [K : K']. Choose an open affine neighborhood U’ of y in C’. Then U :=
71U’ is also affine and k[U] is finite over k[U’]. Lemma 11.6 applied to Y = U’
and M = k[U] shows that upon replacing U’ be a possibly smaller neighborhood of
y we can arrange that k[U] is a free k[U’]-module of finite rank r, say. Proposition
8.4 of Ch. 1 then implies that r = [K : K'].
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Bu Lemma 11.7, the natural homomorphism of k-algebras
¢ : k‘[U] — @IEW—l(y)OC’w/myOC)I.

is onto by Lemma 11.7. We claim that ker(¢) = m,k[U]. The inclusion D is clear.
For the opposite inclusion, choose a uniformizer ¢t € mcr,, and let U, be an affine
neighborhood of y on which ¢ is regular and has no zeroes apart from y. If f €
ker(¢), then v, (f) > v,(t) for all € f~'y and hence ft~' is regular on 7~ 'U;.
This proves that ker(¢) C mor , @) k[U].

It follows that ¢ induces a k-linear isomorphism

Q_ﬁ : (Ocr/my) kU k}[U] — @meﬂfl(y)Ony/mC@yOar
So r, being the dimension of the right hand, equals the dimension of the left hand
side, deg 7*(y). O

Corollary 11.8. Two divisors which are linearly equivalent have the same degree
and hence the degree map factors through a homomorphism deg : Pic(C) — Z.
Moreover, for any nonconstant f € K, the divisors {f*(a)},cpr have the same
degree as f and are mutually linearly equivalent.

PROOF. It is enough to show that a principal divisor div(f) has degree zero.
By Proposition 11.5, f*(0) and f*(co) have the same degree and so their difference
(which is just div(f)) has degree zero. O

The Riemann-Roch theorem. Effective divisors on C' arise when we have a
morphism ¢ : C — P to a projective space of positive dimension such that the
image of ¢ is not contained in a hyperplane of P. Then ¢(C) is of dimension one
and any hyperplane H C P determines a divisor on C' as follows. First note that
¢~ 1H is a finite set. With every z € C is associated the intersection number of C
and H at x: a local equation f for H at = in Op, yields ¢*(f) € O¢, and the
intersection number in question is v,,(¢* f). This intersection number only depends
on C and H and is zero unless * € ¢~'H (when ¢(z) ¢ H, then we can take
f = 1). Denoting this intersection number (¢*H),, then we define the intersection
divisor by

¢O*H:xeCw (¢p*H),.

Lemma 11.9. The map |¢| which assigns to H the divisor ¢* H embeds the projec-
tive space P of hyperplanes in P in the set of positive divisors on C' and the image
of || lies in a single linear equivalence class.

In fact, if H, C P is one such hyperplane and L is the vector space of affine-
linear functions on the affine space P~ H,, (so that P may be identified with P(L)),
then the natural k-linear map . — K is injective, its image consists of a linear
subspace of the k-vector space of rational functions on C with divisor > —¢*H,,
and |¢| : P 2 P(L) < Z>,(®) is given by the map

[fl €P(L) — ¢"H, + div(f).

PROOF. H' C P is another hyperplane distinct from H, then we can choose
a homogeneous coordinate system [Ty : --- : T,] for P such that H = Z[T}] and
H' = Z[T1] and ¢* (T3 /To) will be a rational function on C with divisor ¢*H' — ¢* H
(so that ¢*H' = ¢*H). To see that |¢| is injective, suppose H' # H, but ¢*H =
¢*H'. Then the divisor of ¢*(T1/T}) is the zero divisor and hence ¢*(171/Tp) is
constant, say a on C. This means that ¢(C) would lie in the hyperplane defined by
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Ty — aTp = 0, thus contradicting our assumption. So |¢| is injective. This proves
the first assertion. The proof of the second assertion is straightforward. O

Note that in the situation of this lemma, the degree of ¢* H is independent of
H (for all such divisors belong to a single linear equivalence class). We refer to this
as the degree of ¢.

EXERCISE 79. Prove that L determines ¢ up to a projective-linear transforma-
tion: if (fo,..., fn) is a basis of L, then prove that [fo : --- : f,] : C — P"isa
morphism which can be identified with ¢ via an isomorphism P = P.

We now discuss a construction going in the opposite direction. We associate to
any divisor D on C' two k-vector spaces. The first is

L(D):={f e K : div(f) > =D}

This is indeed a k-vector space. Let us first note that L(D) = 0 when D < 0: then
any element of L(D) is a regular function on C having a zero and hence must be
identically zero. We further note that D < D’ implies L(D) C L(D’). We next
prove that L(D) is finite dimensional and give an upper bound for its dimension.
Let S C C be the finite set of z € C with d, > 0. Then for any z € S, f € L(D)
has a pole of order at most d,, at = and f has no poles at any point of C' \. S. So the
obvious k-linear map

L(D) = @zesmg’ /Oco

has a kernel consisting of regular functions on C. By Corollary 5.5 such functions
must be constant and so this kernel has dimension 1. Hence

dimy, L(D) < 14 3, co dimp(mg% /00 ) = 1+ Y, o0 da

is finite as asserted. The Riemann-Roch theorem to which we are heading provides
among other things a lower bound for dimy, L(D).

Proposition-definition 11.10. A complete linear system on C'is the set of positive
divisors in a linear equivalence class of divisors on C. It has naturally the structure
of a projective space: if D is a (not necessarily positive) divisor on C, then the
complete linear system it defines (which we shall denote by |D|) can be identified
as a projective space with P(L(D)). A linear system on C' is a subset defined by
linear subspace of a complete linear system.

PrROOF. If dim L(D) > 0 and (fo,..., fn) is a basis of L(D), then we can use
its elements to define a rational map ¢ := [fo : ---: f,] : C --» P™. By Proposition
11.1 this is in fact a morphism. Note that ¢(C') is not contained in a hyperplane.

The image of |¢| consists of all the positive divisors in the linear equivalence
class of D: if f € L(D)~ {0}, then clearly D + div(f) is effective and every positive
member D’ of | D| is so obtained. Clearly, D + div(f) does not change if we replace
f by af for some a € k*. This is in fact the only ambiguity, for if D +div(f) = D +
div(f’), then 0 = div(f’) —div(f) = div(f’/f), meaning that f’/ f has neither poles
nor zeros, so that f’/f € k*. This proves that we have a bijection |D| = P(L(D)).
This structure of a projective space is indeed independent of D: if D’ = D, so
that D’ = D + div(g) for some g € K*, then the composite map P(L(D’)) =
|D| = P(L(D)) is induced by the k-linear isomorphism L(D’) -% L(D) given by
multiplication with g and hence is projective linear isomorphism. O
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REMARK 11.11. So a complete linear system on C is naturally a projective
space, but as the proof of the above proposition already suggests, there is no canon-
ically defined vector space of which it is the projectivization: a divisor D in the
associated linear equivalence class must be chosen to obtain such a vector space.
This is why we defined the notion of a projective space as in 1.1.

The definition of the other vector space is somewhat more involved. Central
here is the following notion.

DEFINITION 11.12. The ring of repartitions of C, which we denote by X, is
the subring of K consisting of the g = (g, € K)sec € K(C) with g, € O¢,, for
all but a finite number of z € C. We write O¢ C K¢ for the subring [] .~ Oc ..

The map which assigns to f € K the element of K that has f in each factor
is well-defined (for f has only finitely many poles) and is a ring homomorphism;
it is clearly injective and so we regard K as a subring of K. This makes K¢ a
K-algebra and hence a K-vector space (not of finite dimension).

For every divisor D, we define O¢ (D) C K¢ as the set of g for which v,(g,) >
—d, for all z (so O¢(0) = O¢). This is an O¢-submodule of K. When D' < D,
then O¢(D’) C O¢(D). As k-linear subspaces of K¢, the O¢ (D) are not finite
dimensional, but they are still commensurable in size. For example if D > 0, then

OC(D)/OC = @w€supp(D)m;(?l;/OC,w7
which is of (finite) dimension deg(D). Since every element of X is in some O¢ (D),
we have K¢ = UpO¢(D). In particular, K¢ /O is the direct sum @,ec K/Oc,, (the
“space of polar parts on C”) and likewise X¢/Oc (D) = @zec K/ mad;.
Observe that L(D) = K N O(D). We put

I(D) :=X¢ /(K + O0c(D)).

Note that this is also the cokernel of the diagonal map Coker (K — @zecK/ mgfi'f )

In particular, 7(0) equals Coker (K = BrecK/ OC,I), that is, the space of polar
parts on C' modulo those that are realized by a rational function.

EXERCISE 80. Let D and D’ be divisors on C' such that D — D’ = div(f) for
some nonzero f € K. Prove that multiplication by f defines k-linear isomorphisms
L(D)= L(D"), O¢(D) 2 O¢(D’) and I(D) = I(D").

Our first goal is to show that 7(0) is finite dimensional. To this end we consider
for a finite nonempty subset S C C the natural map

O(C N 8) = BuesK/Oc 4.

and denote by P(S) its cokernel (we shall later see that C' ~ S is affine, so that we
can also write k[C' \ S] for O(U \ S)). If §” C S, then the preimage of the subsum
Bres K/Ocy C ®resK/Oc, in O(C N S) is just O(C \ S’). This implies that
P(S’) naturally embeds in P(5). It is also clear that UsP(S) (or rather lim P(S))
equals 7(0), where the union (limit) is taken over all finite subsets of C.

Lemma 11.13. Let ¢ : C — P be a closed immersion in a projective space and
H C P a hyperplane which does not contain the image of ¢ so that S = ¢~'H
is finite. If P4(z) the Hilbert-Serre polynomial of ¢(C), then P(S) has the (finite)
dimension 1 — P,4(0).
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PROOF. The map O(C \ S) — @;esK/Oc, has as its kernel the functions
regular on C and hence consists of the constants. We regard P \ H as an affine
space which contains C \ S as a closed subset (so that C \ S is affine). We observe
that we may identify the degree r-part of the homogeneous coordinate ring of
C with the k-vector space k[C ~ S|, of regular functions on C' \ S that are the
restriction of a degree r polynomial on P ~ H. Then for every > 0, the above
map restricts to an injection

k[C ~ S, /k = Oc(ré* H)/Oc.

The dimension of the target space is deg(r¢*H) = rdeg(¢(C)). We know that
Py(z) is of degree dim¢(C) = 1 and has leading coefficient deg(¢(C')) so that
Py(z) = deg(¢(C))z + Py(0). For r large enough, dimy, k[C' \ S], = Py(r) and so
the cokernel of this map has dimension 1 — P,(0). This proves that these cokernels
stabilize to P(S) and that dim P(S) = 1 — P,;(0). O

Corollary-definition 11.14 (Genus of a curve). For S as in the previous lemma,
P(S) — I(0) is an isomorphism. In particular, /(0) is of finite dimension 1 — P, (0).
We call this integer the genus of C' and denote it by g(C).

PROOF. Since I(0) = limg P(9), it suffices to show that for every finite S’ D S,
the natural map P(S) — P(S’) is an isomorphism. Given such an S’, choose a
hypersurface in P which contains ¢(S’), but does not contain ¢(C). If r is the
degree of this hypersurface, then let ¢’ : C' < P’ be the r-fold Veronese embedding
so that our hypersurface determines a hyperplane H’ in P’ which does not contain
#'(S) and for which S’ C ¢/~'H’. Then we have injections P(S) — P(5') —
P(¢'~'H'). Now the Hilbert-Serre polynomial for ¢’ is given by Py (z) = Ps(rz)
and so dimP(¢''H') = 1 — Py(0) = 1 — P,(0) = dimP(S). It follows that
P(S) — P(S’) is an isomorphism. O

EXAMPLE 11.15. We observed in Remark 10.15 that for a smooth plane curve
C of degree d, Pc(0) =1 — (d —1)(d — 2)/2 and so g(C) = (d — 1)(d — 2)/2.

EXERCISE 81. Prove that g(P!) = 0.

Corollary 11.16 (Riemann-Roch). For every divisor D on C, I(D) is finite dimen-
sional and we have

dim L(D) — dim I(D) = 1 — g(C) + deg(D).

In other words, the dimension of the complete linear system defined by a divi-
sor D is equal to dim I (D) — g(C) + deg(D).

PROOF OF COROLLARY 11.16. We compare the situation for two divisors D
and D’ which differ in the simplest possible way: D’ = D + (z) for some z € C.
We claim that we have an exact sequence of k-vector spaces

0— L(D) = L(D") = O¢(D")/O0c(D) — I(D) — I(D") — 0.

First note that the term in the middle is a k-vector space of dimension one: if
d; is the coefficient of x in D, then it is just mgifl /mad;. Let us now indicate
what the maps are and establish at the same time exactness. The obvious map
L(D) — L(D') is fact an inclusion. It is an equality unless there exists an f’ € L(D’)
with v, (f') = —d,—1 (and then the obvious map L(D’) — O¢(D’)/O¢(D) is onto).
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On the other hand, O¢(D’)/O¢(D) is also the kernel of X /O¢ (D) — Ko /O (D).
So we have an evident surjection

I(D) = Coker (K — ch/Oc(D)) — Coker (K — xc/OC(D/)) = I(D/)

whose kernel can be identified with the image of O¢(D’)/O¢ (D) in the left hand
side. This image is zero precisely when O¢(D’) C O¢(D) + K, i.e., when there
exists a f/ € KN O¢(D') = L(D') such that v, (f’) = —d, — 1. Thus our claim
follows.

Returning to the proof of the corollary, we note that it is trivially true for D = 0.
The alternating sum of the dimensions of the terms of a finite exact sequence of
finite dimensional vector spaces is zero and so dim L(D) —dim I (D) = dim L(D") —
dim I(D’) — 1. Since we can restate this as dim L(D) — dimI(D) — deg(D) =
dim L(D)—dim I(D)—deg(D), this assertion proves that the Riemann-Roch formula
holds for D if and only if it holds for D’. This reduces the assertion to the trivial
case D = 0. (]

REMARK 11.17. We may also regard O(D) as an abelian sheaf of rational (k-valued)
functions on C. For such a sheaf there are defined (sheaf) cohomology groups and L(D)
resp. I(D) has then the interpretation of H*(C, Oc (D)) resp. H'(C, Oc(D)). A very general
theorem asserts that the cohomology groups of such sheaves on a projective variety X are
finite dimensional k-vector spaces and vanish in degree > dim X. So the Riemann-Roch
theorem can be understood as a formula for the alternating sum of the Betti numbers (the
Euler characteristic) of the sheaf O¢(D) and this is the way it has been generalized to an
arbitrary projective variety X with (what is called) a coherent O x-module taking the place
of O¢ (D).

Residues. The Riemann-Roch theorem becomes much more effective when we
use an interpretation of the k-dual of I(D) in terms of the differentials on C. Let
us first recall that we have universal k-derivation d : K — Qg ;. The target Qg ;.
is a K-vector space of dimension one: if ¢ € K is such that K is a finite separable
extension of k(t)/k, then dt is nonzero as an element of 2/, and generates it as K-
vector space: indeed, if ¢ € K has minimal polynomial F = z"4+a, 2" ' +---+a, €
k(t)[z] (so with a; € k(t)), then F is separable so that F’(¢) # 0 and from

0=d(F(¢)) = F'(9)do + ) aj(t)a""dt.

it then follows that d¢ € Kdt.

For every x € C we also have a universal k-derivation d : Oc . — Qo /k =:
Q¢,. The universal property of the latter makes that we have a natural homo-
morphism of O¢ ,-modules Qc, — Qg which extends d : K — Qg/;. This
homomorphism is nonzero and since ¢, is free O¢ ,-module of rank one, the re-
sulting K-linear map K ®o.., Qc,. — Qs is an isomorphism of K-vector spaces
of dimension one. So every a € Qg/;, defines a differential on an open-dense
subset of C. If a@ # 0, we define the order v,(«) of a at « by the property that

Vg ()

aemy, Vo, N mUCf(O‘HIQC@. We have a divisor div(a) on C defined by

div(a) 1z € C — vy().
Any divisor thus obtained is called a canonical divisor for C.
Given a divisor D, we define the k-vector space

A(D) := {a € Qg | div(a) > —D}.
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This is also a finite dimensional vector space, for if a, € Qg is nonzero, then
A(D) is the space of fa, with div(f) > —div(a,) — D and hence we can identify
A(D) with L(div(e,) + D). Note that A := A(0) is the space of regular differentials
on C. It is clear that when D > D', then A(D) O A(D’) and that Q /, = UpA(D).

Let 7 : C — (' be a finite morphism between smooth projective curves. This
gives rise to the finite field extension K/K’, for which we have defined the trace
Trg/x : K — K'. This is K'-linear map which assigns to f € K the trace of the
endomorphism of the (finite dimensional) K’-vector space K defined by multipli-
cation with f. This trace has a counter part for differentials: we have a K’-linear
map Trg/ g : Qi — Qi characterized by the property that if o/ € Qg
and f € K, then Trg/x/(frn*a’) = Trg x:(f)’. It is easy to check that this is
unique: if o/ is nonzero, then so is 7"’ and hence generates Q ;. as a K-vector
space. So every a € {2k, can then be written as fr*a’ with f € K. To see this is
well-defined, suppose 3’ € Q- ;, is another nonzero element. Then 3’ = uf for a
unique u € K’ and so if o = gn* ', then f = gu and hence

Trg/i (f)o) = Trg g (gu)a’ = uTrg g (9)a’ = Tr(g) 5.

In what follows we need the residue map, that is, a k-linear map Res, : Qg —
k, which has all the properties familiar in the complex case in terms of a uni-
formizer t € mg, \ mg . if we write o = (N a_it=H)dt/t (mod Qc), then
Res, (a) = ag. That this is well-defined when k£ = C is a consequence of the Cauchy
residue formula, but such an argument is not immediately available in positive
characteristic. The most elegant approach, due to Tate, is explained below. We
here show (following Serre [2]) how we can reduce the general case to the com-
plex case. It is based on the fact that an element of Z[z1, . .., x,] is zero if and only
if the associated function C* — C has that property.

Proposition 11.18. There is a unique k-linear map Res, : i/, — k such that
(1) Resy a =0when a € Q¢ 4,
(ii) for any f € K* and n € Z, Res, f"~df is zero unless n = 0, in which
case we get the image of v,.(f) € Z in k (so zero when v, (f) is a multiple
of the characteristic of k).

PROOF. We fix a uniformizer ¢ of O¢, as above. If o = (Z?LO a_it=Hdt/t
(mod Q¢ ), then (i) and (ii) imply that Res, () = ag. So the uniqueness of the
residue is clear. We must show that if Res, is defined by this formula, then it
satisfies (ii), so that this definition is independent of the choice of ¢.

Let f € K* and let us we write f = ut” with » = v, (f) so that v,(u) = 0.
After multiplying f with a scalar, we may assume that v = 1 (mod m¢,). This
ensures that if u; denotes the ith Taylor coefficient of « in its formal expansion:
u=1+ut+- -+t (mod mlg{;), then the I/th Taylor coefficient of u~! is a

universal polynomial with integral coefficients in u4, ..., u;. Now
dt
[ = (r+ u’/u)u"tm?

and so we need to verify that the coefficient of =™ in (r + u'/u)u™ is zero for
n # 0 and r for n = 0. Now note that we obtain this coefficient as some polynomial
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A€ Z[Uy,...,Uj, evaluated in (uy, ..., u).,|) and then mapped to k. So it suffices
to show that A is constant r or 0 according to whether or not n = 0. But by the
Cauchy residue formula, this is the case when we regard A as a function C!"™*l — C
(these |rn| coefficients of u can be arbitrary) and so the same is true for A as an
element of k[Uy, ..., Uy O

Corollary 11.19. Let 7 : C' — C’ be a finite separable morphism between smooth
projective curves. Then for any y € C’ we have

Z Res, = [K : K'|Res, Tr/ g/

zem—1(y)

(as an identity of maps Qg — k).

PROOF. Let t be a uniformizer of O¢,,. Then any element of Qg ;, is as a k-
vector space generated by Q¢ , and the differentials t~"~'dt, n > 0. So we only
need to verify this assertion for an element of Q¢ , and for t~"~'dt. The above
proposition shows that in each of these cases all terms in our equality vanish, except
for t~'dt. In that case, the residue of t~'dt in y equals 1, whereas (by 11.18) its
residue in x € 7 1(y) equals by v,(7*t) = e, (7). By Proposition 11.5, the sum
> zen—1(y) €x(m) equals [K : K'] and so the corollary follows. O

For a € Qg 4, Res, o can only be nonzero if a has a pole at . So we can form
the (finite) sum ) _ . Res, a. We have:

Theorem 11.20 (Residue theorem). For every a € Qg i, > cc Res, a = 0.

PROOF. Choose ¢t € K such that K is finite an separable over k(¢). This cor-
responds to a finite separable morphism 7 : C' — P!. Corollary 11.19 shows that
if the theorem holds for P!, then it holds for C. But for P! this is easy: the forms
(t —to)"'dt (to € A" and n € Z) span Q) as a k-vector space (we leave this
as an exercise) and it is clearly true for them: for n # 0 all residues are zero and
for n = 0 we get only two residues: a residue 1 in ¢, and a residue —1 at oo, which
indeed add up to zero. O

A more satisfactory proof, due to Tate [3], is given below.

The residue according to Tate. In this discussion k can actually be any field, it is only
when we apply this to curves (which are assumed to be defined over &) that we assume it to
be algebraically closed.

Let V be a k-vector space. We say that a k-linear map f : V' — V is finipotent if for some
n > 0, fV is finite dimensional. Such a map has a trace: since the sequence { "V },.>0
is nonincreasing, it becomes stationary, and we let Try (f) be the trace of the map f has on
the finite dimensional V; := N, >0 f"V (or on any other other f-invariant finite dimensional
subspace V' C V for which f is nilpotent on V/V"). Some of the usual properties of the trace
continue to hold for finipotent endomorphisms. For example, if f : V' — V is finipotent and
W C V is a f-invariant k-linear subspace, then f induces finipotent maps in W and V/W
and we have Try (f) = Trw (f) + Try,w(f). Also, if ¢ : V — V' and ¢' : V — V' are
k-linear maps of k-vector spaces, and ¢’'¢ : V — V is finipotent, then so is ¢¢’ : V' — V'
and ¢¢’ has the same trace as ¢’¢. This is because ¢ induces an isomorphism Vy, — Véw
with inverse induced by ¢'.

More generally, we say that a k-linear subspace £ C End (V) is finipotent if for some
n >0, fn--- f1V is finite dimensional for all n-tuples (fi,- -, fn) € E™. The trace then
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defines a k-linear map E — k and, as with the usual trace, we have Tr([f,g]) = 0 when
fyg € E. Tate’s approach to the residue exploits the fact that in certain situations [f, g] is
finipotent, but may have nonzero trace (so that neither fg nor gf is finipotent).

We wish to consider k-linear subspaces of V' up to finite dimensional k-linear subspaces
of V: given two such subspaces A, A’, we say that A is not much bigger than A’ (and we
write [A] < [A]) if A/(AN A’) is finite dimensional. If both [A] < [A’] and [A'] < [A], we
say that A and A’ are about the same. This is clearly an equivalence relation and so if [A] is
understood to mean the equivalence class of A, then < is indeed a partial order on the set
of equivalence classes.

Suppose given a k-linear subspace A C V. Let E* resp. E4 denote the space of k-linear
maps f : V — V with [fV] < [A] resp. [fA] < [0]. Then E4 := Ea N E4 is finipotent and
hence the linear form Tr : E4 — k is defined. We claim that E* + E. is the space E(A)
of k-linear maps V' — V with [fA] < [A]. This is easily seen if we choose a supplement
A for Ain E: V = A® A’, and write any f € Endi(V) as a matrix with respect to this

decomposition: f = (;‘1’2 ;?1) Then the condition f € E* resp. f € E4 means that

the bottom row ( fio f11) resp. the left column (;22) has finite rank, whereas f € F(A)

means that the bottom left entry fio is of finite rank. It is clear that E(A) is a (possibly
noncommutative) k-subalgebra of Endy (V') which contains F4 and E* as two-sided ideals.
This implies that when (f,g) € E* x Ea or (f,g) € E(A) x E4, fg and gf lie in E4 and
will have the same trace.

If f,g € E(A) happen to commute, then we can take this one step further: Since
E(A) = Ea+E*, EAN(f+Ea) # 0. If we choose f* € E*N(f+ FEa), then it is clear that
[f“,g] € E“. But we also have [f4,g] € [f + Ea,g] C [Ea,g] C Ea and so [f4,g] € E4.
This means that Try ([f4, g]) € k is defined. In case f € E4, we have f4 € E4 and hence
Try ([f*,g]) = 0. So Trv([f*, g]) is well-defined, with the dependence on f via its coset
f + E4. We will write TrY ([f, g]) for this trace. We may interchange the roles of f and g¢
and conclude that TrY ([f, g]) only depends on the pair of cosets (f + Ea,g + E4) and is
antisymmetric.

It is easy to check that the dependence on A is through [A]: changing A by a finite di-
mensional subspace of V does not change TrY; ([f, g]). In particular, Tr¥ ([f, 9]) = 0 when A
has finite dimension or finite codimension. In the same vein, V' hardly matters in the sense
that if have a k-linear subspace V' C V which contains A4, and V" is preserved by f and g,
then Trxl ([f,g]) = T4 ([f, g]). We may therefore write Tr(4([f, g]) instead.

Now let R be a commutative k-subalgebra of E(A) (so that A C V is an almost R-
submodule, in the sense that [fA] < [A] for all f € R).

Proposition 11.21. For f,g € R, Tri4([f,g]) only depends on fdg € Qg/, and hence
defines a linear map Resj4} : Qg — k. We have Res4;(fdg) = 0 when f and g preserve
A.

PROOF. Recall that Qg can be obtained as the quotient of R ®x R by the k-linear
subspace spanned by the tensors f ® gh — fg ® h — fh ® g. So all we need to do is to
check that the corresponding identity holds for Tr(4. Choose f*,g*, h* as above. Then
f%g* € E* N (fg + E4) (and similar for the other products). The required property then
follows from the identity [f#, g*h?] = [f2 g4, hA] + [RA 4, g

When fA C A and gA C A, then if 7 € Endk (V) is a projection onto A, we may take
f4 = frand g* = gr, so that [f*, g*] = 0 and hence TrY ([f, g]) = 0. O

It is clear from the definition that if n» > 0, then for any f € R, Resp4)(f"df) = 0. So if
f is invertible in R, then also Resa(f " 2df) = Resj4)(—f "d(f~"')) = 0. It is an amusing
exercise to show that Res(a) f~'df = Trja)(f, £~ ') = dimg(A/ANFA) —dimi fA/(ANfA).
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EXAMPLE 11.22. Let V be a field containing k and let v : V* — Z be a (surjective) val-
uation such that the associated DVR A C L defined by v > 0 has k as its residue field. Then
A is an almost V-module and we have therefore defined a k-linear map Res4) : Qv — k.
We verify the two basic properties that characterize it as a residue:

(i) Res(ya) is zero on the image of Q 4/, — Qv 4,
(i) forany f € V* and n € Z, Resja) f*~ 'df is zero unless n = 0, in which case we
get v(f).
All of this has already been established, except for the assertion that Resjaj(df/f) = v(f).
But since A N fA = m™>{02(N} we indeed get

Resa)(df /f) = dimy (A/m™1*EF) — dimy, (m*) w0000y = o (f).

Of special interest here is the case when A = Oc¢, and (hence) V = K. In view of
Proposition 11.18 this returns our old residue map: we have Res, = Resjoc .1+ Qr/e — k.

With this definition in hand, it is not hard to prove the residue theorem.

PROOF OF THE RESIDUE THEOREM. Our R is here K and our ambient K-module V' will
be K. First we show that ZPEC Res, = Resjo,). Let f,g € K and consider o = fdg €
Qg /. We assume a # 0 and let S C C be a finite set which contains the poles of f and
g. Put U := C \ S and write K¢ as a finite direct sum of K-modules X¢c = K% @ Ky so
that Oc = @2es50c,« @ Ov. It follows that Resjo] = Reso,,] + ZpGC Res,. Since f and g
preserve the summand Oy C Ky, we find that Resjoj o = Zpec Resy a.

So it now remains to show that Resjo) = 0. Since K N O¢, being the space of regular
functions of C, is equal to k, we have an exact sequence

0>k—>K®O0c K+ 0c—0.
This shows that Res{x 1 0,] + Resjy) = Resjxgo,] = Res|x) + Res[o,]. But the terms distinct
from Res|o,,] all vanish: Resj;) = 0 because & is finite dimensional, Res{x 0] = 0 because

K 4+ 0¢ C Xc is of finite codimension, and Res|x} = 0 because K is a K-submodule of Xc¢.
It follows that Resjo) = 0, also. O

Duality. Given g = (9, € K).cc € K¢ and an a € Q/y, then for only finitely
many z € C, g« has a pole at € C and hence the sum ) _. Res, g« is also
finite. The residue theorem tells us that this sum is zero on the main diagonal
K C X¢ and so we have defined a pairing

(a,g+ K) € Qi x (Ko /K) = >, co Resg g
If f € K, then (fa,g + K) and (a, fg + K) have clearly the same image, and so

this pairing factors through Qg ®x (Xc/K). When viewed as a pairing between
(infinite dimensional) k-vector spaces, it gives rise to a k-linear map
R: QK/k — Homk(ﬂCc/K, k‘),

which is even K-linear when we let Hom (X /K, k) inherit the structure of a K-
vector space via K¢ /K (soif f € K and a € Homy (K¢ /K, k), then fa: Ko/K — k
is obtained by first multiplying in X¢ /K with f and then applying a). So R(Qx /1)
is a K-linear subspace of Homy (K¢ /K, k).

Note that if a € A(D), then R(«) vanishes on O¢(—D). In other words, it
induces a k-linear map of finite dimensional k-vector spaces

Rp : A(D) — Homy(I(—=D),k) = I(-D)".
Since Q/y, is the union of the A(D), the image of R lies in the union of the finite

dimensional subspaces I(—D)¥ C Homy(X¢/K, k). We call the latter union the
topological dual of X /K and denote it by Homj, (X /K, k). Concretely, a k-linear
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form o : X/ K — k lies in Homy, (X /K, k) if and only if it vanishes on the image
of O¢(—D) — K¢ /K for some divisor D (*°). This is a K-linear subspace, for
if f € K, and « is as above, then fa : X¢/K — k vanishes on the image of
Oc (=D +div(f)) = Kc /K.

Theorem 11.23 (Duality theorem). The map R : Qg/, — Homj(Kc/K, k) is a
K-linear isomorphism and for every divisor D on C, Rp : A(D)) — I(—D)V is a
k-linear isomorphism.

So the Riemann-Roch theorem can now be stated as:
dim L(D) — dim A(=D)) = 1 — g(C) + deg D.
The proof of Theorem 11.23 relies on:
Lemma 11.24. The K-vector space Homy (X /K, k) is of dimension < 1.

PROOF. We follow the proof given in Serre [2]. Suppose a,b € Homj (Ko /K, k)
are K-independent. Choose a divisor D > 0 such that both « and b lie in I(—D)",
in other words, vanish on the image of O(—D) — K¢ /K and let F be a positive
divisor of degree n > 3¢g(C) — 3 + deg(D). Since a and b are K-independent, the
k-linear map

(f,9) € L(E)® L(E) — fa+ gb € Homj (KXo /K, k)

is injective. The image lies in I(—D—FE)V. Since —D—F < 0, we have L(—D—FE) =
0 and hence by the Riemann-Roch theorem,

dim(I(=D — E)Y) =dim I(—D — E) = g(C) — 1 + deg(D) + n.

The Riemann-Roch theorem also tells us that dim L(F) > 1 — ¢g(C) + n. It follows
that 2(1 — g(C) +n) < g(C) — 1+ deg(D) + n. But this contradicts our assumption
that n > 3(g(C) — 1) 4+ deg(D). O

PROOF OF THE DUALITY THEOREM 11.23. The K-linear map R is injective, has
1-dimensional source and a target of dimension < 1. So if we prove it to be
nonzero, then it will be an isomorphism. For this we fix some p € C' and a nonzero
a € Q. Then choose for every z € C a g, € K with v;(g,) = —v,(a) except
when = = p, where we require that v,(g,) = —vp(a) — 1. Then Resz(g.a) = 0
unless z = p and hence R(«)(g) = Res,(gpa) # 0. So R is an isomorphism.

To prove that Rp is an isomorphism, it suffices to show that R~*I(—D)V =
A(D). But this amounts to: if o € Qg ;, and for all z € C, Res, g,a = 0 for all g,
with v(g,) > d,, then v, () > —d,, for all z € C and this is obvious. O

Some consequences of the Riemann-Roch theorem. There are quite a few.

Corollary 11.25. The k-vector space of regular differentials on C' has dimension
¢(C) and the degree of a canonical divisor on C' is 2¢g(C') — 2.

PROOF. The duality theorem asserts that A(0) can be identified with the k-dual
of 7(0) and so its dimension is g(C).

10We can make K/ K a topological k-vector space by stipulating that the images of the maps
O(—D) — X¢ /K make up a neighborhood basis of the origin (these are subspaces of finite codimension
by Corollary 11.16). If we give k the discrete topology, then Hom{, (X /K, k) is the space of continuous
linear forms on X¢ /K.
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Let D be a canonical divisor. We have L(D) = A(0), while A(—D) is spanned
by « (and is hence of dimension 1). The Riemann-Roch theorem then says that
deg(D) = dim L(D) —dim A(—D) — 1+ g(C) = 2¢(C) — 2. O

Corollary 11.26. A complete linear system on C of degree d > 2¢(C) — 1 has
dimension d — ¢(C).

PROOF. Let D be a divisor of degree d. In that case a divisor for A(—D) has
degree < 2¢(C) —2 —d < —1, and so A(—D) = {0}. The assertion then follows
from the Riemann-Roch theorem: dim L(D) =1 — g(C) + d. d

We say that p € C is a fixed point of a linear system if p is in the support of
each of its members. So p is a fixed point of |D| if D' := D — (p) is such that
|D| = (p) + |D'|. Or equivalently, the inclusion L(D’) C L(D) is an equality.

Corollary 11.27. A complete linear system on C of degree d > 2¢(C) has no
fixed point. If d > 2¢(C), then this linear system defines an embedding of C' in a
projective space.

PROOF. Let D be a divisor of degree d > 2¢(C') and let p € C. We then have
dim|D — (p)| =d—1—-g(C) < d—¢g(C) = dim|D| and so there exists a member of
|D| such that p is not in its support.

Now assume d > 2¢g(C) + 1. When p, q € C, then Corollary 11.26 implies that
dim |D — (p)| > dim|D — (p) — (¢q)]- So if p # ¢, then there exists a member D’
of |D| with p € supp(D’) and ¢ ¢ supp(D’). This means that for the associated
map ¢ : C — P, there exists a hyperplane H C P such that ¢(p) € H and ¢(q) ¢
H. In other words, ¢ is injective. In case p = ¢, this means that there exists
a hyperplane H C P such that ¢*H has multiplicity 1 at p, which means that
¢+ mp g /mp oy = Mep/mé, is onto. Nakayama’s lemma then implies that
¢* : Opy(p) — Oc,p is also onto.

In order to show that ¢ is a closed immersion, it now suffices to show that for
every p € C, there exists an affine neighborhood V,, C P of ¢(p) in P such that ¢
defines a closed immersion of ¢!V, into V,,. To prove this, let U, be an open affine
neighborhood of p in C and let fi,..., f, € k[U,] generate k[U,] as a k-algebra.
Then by the above there exists an affine neighborhood V,, C P of ¢(p) in P and
gi € k[V,] such that U, O ¢!V}, and ¢*g; = fi|¢~'V,. Hence ¢ defines a closed
immersion of ¢~V into V. O

REMARK 11.28. The original Riemann-Roch theorem was stated in a complex-analytic
setting, where C' is a compact connected Riemann surface. The notion of a divisor is then
defined as before and the Riemann-Roch theorem and the duality theorem are for spaces
of meromorphic functions resp. differentials (rather than for their rational counterparts). It
is then proved that the genus is in fact the genus of the underlying topological surface (by
showing that every element of H'(C; C) is uniquely represented as the sum of a holomorphic
differential and the complex conjugate of one, so that the first Betti number of C' is 2¢(C)).
The holomorphic version of Corollary 11.27 tells us that C' can be holomorphically embedded
in a complex projective space and with a bit more work one may show that the image is
in fact Zariski closed. Consequently, C' can be endowed with the structure of a smooth
complex projective curve for which every meromorphic function is a rational function. It
is not hard to show that this structure must be unique. So a compact connected Riemann
surface is essentially the same thing as an irreducible smooth complex projective curve and
the topological genus of the surface is equal to the genus as defined here.
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Corollary 11.29. If S C C is finite and nonempty, then C \ S is affine.

PROOF. Let D = ) _o(p) and choose an integer n > 0 such that n deg(D) >
2¢(C) + 1. By Corollary 11.27 this defines a closed immersion ¢ : C' — P in a
projective space and a hyperplane H C P such that nD = ¢*H. So ¢ maps C \. §
isomorphically onto a closed subset of the affine space P . H. Hence C \ S is
affine. O

EXERCISE 82. Prove that if D is a divisor of degree 2¢(C) — 2, then dim L(D) =
g(C) — 1, unless D is canonical.

EXERCISE 83. Let C be a smooth irreducible projective curve of genus 1 and let
oeC.

(a) Prove that C has a differential with neither poles nor zeroes.

(b) Let p,q € C. Prove that there is a unique r € C such that (p) + (q) =
(0) + (r). Prove that if we define r := p x ¢, then this defines on C the
structure of an abelian group having o as its unit element.

(c) Prove that the linear system |3(o)| maps C isomorphically onto a cubic
curve in a projective plane with o mapping to a flex point and that pxgxr =
o means that (p) + (¢) + (r) is the preimage of a line.

The (defining) identity dim I(0) = ¢g(C) tells us that in order that a given polar
part (fz + Ocz)zcc € @rec(K/Oc) = Kc/Oc¢ be the polar part of a rational
function, the Laurent coefficients of the (f,).cc must obey g(C) linearly indepen-
dent linear equations. These linear equations are defined by residue identities. To
be precise, we have an exact sequence

0 K @zeCK/OC,z —_— A(O)V — 0,

where the last map assigns to (g, + Oc¢ z)zec the linear function o € A(0) —
> wcc Resg gza. The next corollary gives a similar characterization for the polar
parts of differentials. It is simpler, as it involves just one equation:

Corollary 11.30. The sequence

> . Resy

0 —— Qg/p — Daeck/k/Q0w k 0

is exact.

PROOF. It is clear that the composite map is zero, that the first map is injective
and that the last map is surjective. In order to check exactness in the middle, we
choose a nonzero w € Qg ;, and denote by D = > . d,(z) its divisor. It is then
clear that A(—D) is of dimension one and spanned by w. The duality theorem
identifies this with I(D)Y. This means that for f = (f,).cc € K¢ the property
> wcc Resg fyw = 0 is equivalent to f mapping to zero in I(D) = K¢ /(K +O¢c(D).
This, in turn, is equivalent to the existence of an f € K such that v, (f — f,) > —d,
forallz € C.

Now let a € ©,cck 1/, e in the kernel of ) Res, and represent it by
(az)eec € ®recQk ks S0 that 3~ Res, a, = 0. We can write o, = f,w, with
fe € K. Since for all but finitely many = € C, v,(w) = vy(ay) = 0, the same
is true for (f;)zec: we have v,(f,) = 0 for all but finitely many = € C and so
(fz)zerx € Kc. Since ) - Res, fow = 0, it follows by the above argument that
there exists an f € K such that v,(f — f,) > —d, for all z € C. This means
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that v, (fw — ay) = v ((f — fo)w) > 0 for all z € C and so « is the image of
fw S QK/k: [l

Let us see what happens with canonical divisors with respect to a separable
morphism. Let 7 : C' — C’ be a finite morphism of smooth projective curves. Recall
that the ramification index e, (7) of m at 2 € C'is equal to v, (7*t), whent € O¢/ r(a)
is a uniformizer. It is clear that e,(7) > 1 with equality for all but finitely many
x € X and so we can define the ramification divisor R, of m by x € C — e, (7) — 1.
Note that this divisor is effective.

Lemma 11.31. Let 7 : C — C’ be a separable morphism of projective curves and
assume that no ramification index is divisible by the characteristic of k. If D’ is a
canonical divisor for C’, then 7*D’ + R, is a canonical divisor for C.

PROOF. Let D’ be the divisor of a differential o/ on C’. It suffices to show
that 7*D’ + R, is the divisor of 7*a/. Choose x € C and write e for e, (7). Let
t € Ocr f(z) and s € O¢,, be uniformizers so that 7*¢ = us® for some unitu € Oc¢,.
Then

d(r*t) = s°du + eus® 'ds = eus®"'ds (mod me Qo).

and so v, (d(7*t)) = e — 1. The corollary follows easily from this. O

So if in the situation of Lemma 11.31 we compare the degrees of the canonical
divisors we obtain:

Corollary 11.32 (Riemann-Hurwitz). Let = : C' — C’ be a separable morphism of
projective curves and assume that no ramification index is divisible by the charac-
teristic of k. Then 2¢(C) — 2 = deg(w)(29(C") — 2) 4+ deg(Rx).

PROOF. By Corollary 11.25 the degree of D’ is 2¢g(C’) — 2. So by Proposition
11.5, the degree of 7* D’ + R is deg(m)(29(C’) — 2) + deg(R ). This is by Lemma
11.31 the degree of a canonical divisor of C' and hence equal to 2¢(C) — 2. O

EXAMPLE 11.33. Assume k not of characteristic 2 and let 7 : C — P! be of
degree 2. Then the hypotheses of the above Corollary are fulfilled and and R, will
be a reduced divisor. We find that its degree must be 2¢(C) + 2. Such a curve C'is
said to be hyperelliptic.
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